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1. Introduction. It is known that Nijenhuis’s theory of natural bundles [8], [10],
[12] allows us to characterize differential-geometrical (= invariant) operations and
mappings as natural transformations of some liftings, or equivalently, as certain
differential invariants in the sense of [6]. Moreover, this theory, combined with the
prolongation theory of liftings [4], [5], is an important tool for computation of
differential-geometrical operations — either by “infinitesimal”, or ““direct” methods
(see e.g. [7], [9])-

The purpose of this paper is to apply Nijenhuis’s theory to the problem of uni-
queness of the exterior derivative of forms, the Lie bracket of vector fields, and the
Levi-Civita connection of metric fields.

As a motivation, consider the exterior derivative w — dw of forms on a differential
manifold X. It is known that the exterior derivative may be defined by various proper-
ties. For example (see [ 1]), one may require (1) if & = f is a function, then df is the
differential of f, (2) the domain of definition of dw coincides with the domain of
definition of w, (3) the mapping @ — dw is R-linear, (4) for each p-form w and each
g-form n, dlw A n) =do Ay + (-1 o A dy, and (5) d(dw) = 0 for each .
There is also another definition of d (see [11]), based on its behaviour under map-
pings: d is the unique R-linear mapping such that for each local diffeomorphism
of X,

(1.1) do*ew = o* do .

Let APTX be the bundle of p-foims over X, j"A?TX its r-jet prolongation, 2, the
category of smooth n-dimensional manifolds and their embeddings, P its sub-
category of morphisms o: U — ¥, where U, V < X, and ﬁ.%’(A”TX) the category of
Iocal bundle homomorphisms of A?TX whose projections are morphisms of Zy.
If ©,: Dy - FB(A’TX) denotes the natural lifting and j't,: D5 — FAB(j*A°TX)
its 1-jet prolongation, then d may be regarded as a natural transformation of j'z, to
T,4+1 OF, Which is equivalent, a differential invariant do: T,)A’R" — AP*!R", where
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T, APR" (AP*'R") is the type fiber of j'APTX (A" ' TX, respectively); the differential
invariant d, obtained in this way is a linear mapping. Thus the problem of uni-
queness consists in the uniqueness of the differential invariant d, or, if we allow higher
order liftings, in the uniquenss of dy: T/A?R" — AP*1R" where r = 1 is arbitrary.

The problem of uniqueness of the Lie bracket and the Levi-Civita connection may
analogously be formulated in terms of appropriate liftings, their natural transfor-
mations, and the corresponding differential invariants. The methods we use are,
however, more general, and should be compared with [11] and, in the case of the
Levi-Civita connection, with [3], [13].

2. Basic geometrical structures. Throughout this paper, R denotes the field of real
numbers, R" the real, n-dimensional Euclidean space. If R" is considered with its
natural vector-space structure, its dual vector space is denoted by R™. X denotes
a smooth n-dimensional differential manifold. Our notations given below follow
[5]. [7].

Recall that the rth differential group L, of R" is the group of invertible r-jets
with source and target at the origin 0 € R". Let K, denote the kernel of the canonical
projection I}, - L., and let ¢,: L}, - L, be the canonical homomorphism of the Lie
groups. It is known that K} is a nilpotent normal subgroup of L, diffeomorphic
with some Euclidean space, and that L, = L} x K} (= semi-direct product).

The canonical (global) coordinates b}, bi,....bi ;,, 1Sign 15j, ...
...2Jj, £ n, on L, are defined as follows. Let jio e L, where o = (o, o, ..., o)
is a local diffeomorphism of R", let o™ = (a; ', 05", ..., ;') be the inverse dif-
feomorphism. We set
(2.1) bi (joo) = D;a;*(0), ..., b (joo) = D, ... D;a;7'(0),
where D; is the partial derivative operator with respect to the j-th variable in R".
We define ai(joa) = bi(joa™'); then ajb? = 6} (= the Kronecker symbol).

We denote by TX the tangent bundle of X, by A’TX (j"A?TX) the bundle of
p-forms (the r-jet prolongation of the bundle of p-forms, respectively) over X. The
type fiber of APTX (j"APTX) is denoted by A’R" (T;A’R", respectively), and the
canonical coordinates on A?R" (T, A’R") are denoted by ®;,i,..i,, 1 £ iy <ip <
<y 21 (Diigeiys Diyigeeip ks> s Pigigevipishgeoder | S 0y <l <o < i, Em, 1 £
S ky £k, £... £k, £ n, respectively). APR" (T;APR") has a natural structure of
an Li-module (L, -module, respectively).

Put
(2.2) Q = R"® (R™ O R™),

where © denotes the symmetric tensor product, and denote by I j-k, 1£ign,
1 £ j £ k £ n, the canonical coordinates on Q. Q may be endowed with the struc-
ture of an L}-module as follows. For each (3o, g) € L}, x Q we set

(23) Ti(ige - a) = apjoe) (b3(jox) biliow) Tila) + bl(iaw))
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or, with the obvious meaning of the symbols,
(24) Ty = a(bibiIs, + bj) .

The mapping (3, g) = jo. q introduced by either of these formulas, defines a left
action of L? on Q.

Consider the r-jet prolongation T,Q of Q, i.e. the set of r-jets with source 0 € R”
and target in Q, with its natural manifold structure. Let I, Iy oees Doy s
1fign 12jsksn 1Em £m,<..<m £n, be the canonical co-
ordinates on T, Q. Recall that foreach p = 1,2,...,r,

(2.5) Fj'k,ml...mp(j:)q) =D, ... Drnp(rji'kq) (O) .

The I, '-module structure of T;Q may be easily described by formal differentiation
of (2.4). We obtain

(2.6) Tivm = asapbin(bIbiG, + bY) +
+ ay(bubi + bibL,) Th, + b3bibLIS, , + bl,)
etc.

3. The uniqueness of exterior derivative. The fact that the exterior derivative as
defined above (see (1.1)) is unique was proved by Palais [11]. Our proof is based on
a generalization of the following lemma proved in [7]: The left L, >-manifold T,Q
has the structure of a left principal K.*?-bundle. This left principal K*2-bundle is
trivial, and its base is diffeomorphic with some Euclidean space. The canonical pro-
jection g,: T,Q — T;Q/K,"? is equivariant in the sense that for each ji"?a e L2,
Joae T,Q,

(3.1) e(jo e joa) = jou - 0,(Joq) -

Let us reformulate this lemma for spaces arising by prolongations of tensor bundles.
Let E be the space of tensors of type (p, g) on R", let ¢ be the canonical coordi-
nates on E. Consider the product T, 'Q x T;E (T,E = the space of r-jets with
source 0 € R" and target in E), endowed with the natural structure of an L '-manifold.

Lemma. The left I} '-manifold T:"'Q x TrE has the structure of a left principal
K7 *1-bundle. This left principal K,**-bundle is trivial, and its base is diffeomorphic
with some Euclidean space. The canonical projectionn,: T, 'Q x TiE —» (T;™'Q x
x T'E)K,*! is equivariant in the sense that for each jy*'ae L', (j57'q, jo¢) €
eT:"'Q x TiE,

(3.2) m(jo" o (o705 Jo8)) = Jox - m(J5™ a5 7€) -

i

Proof. Following [7] denote by R}, the components of the formal curvature
tensor 00 T2, bY Riumis, (Rjimss,ss,) the comonents of its first (second, respectively)
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formal covariant derivative, etc. Put

(3.3) ri

i
Jkmy.. = Uk,my...ms) »
where (jk, m, ... m,) means the symmetrization of (2.5), and denote by fi'r,
A A t}‘ljj'_'j';;m,;._;,,,r the formal covariant derivatives of ¢} For example,

iyod i
(34 G m = m + Iy j'f P 4 Tiegi "’ R s

smiJ.. mjy »SJZ -Ja
— I

m!q Jx lq 15"

Then the system of functions I'} ;. , “os F‘ e 1 =g 1£ji£...8 )41 S
=1, R Rigaimys o Rty soime o 1500050, 100 B my e . sm, CONAINS a sUb-
system defining a global chart on T’“ Q x T,E. The coordinate functions belonging
to this chart will be referred to as the adapted coordinates. In terms of this chart,

the action of ;"' on T 'Q x T,E is expressed by the formulas

i — i i i
(35) k le»--ms+2 - le-~~ms+2 + sml...ms+2 + bml...m_h»; 4
i. — Fit..ip _ n 1,,.
Jklymy s..img Rjkl HOTEN P t.l'lm.l'q;mn---;!m t wJgiMesms 3

where s, . .. is a polynomial in the canonical coordinates on Kf;“ and in the
adapted coordinates on T;~'Q. Consequently, the K. '-orbits in T~ 'Q x T'E
are defined by the equations

(3.6) Ri, = a;.k,, R

— i
Jhlymysomp—y = ajklmt,,,mr-z ’
t' 'p e b'l tH = pit-ip
*> Y1 Jq;ml' my J1eejgmy..mip 3

with arbitrary constants on the right-hand sides.

To prove the lemma it is sufficient to show that the equivalence relation ‘‘there
exists jptlae LY such that (j{,"‘ql,jgl,‘l) = jo o (57 gy, j5 1 E,)” is a closed
submanifold of the product (T;"'Q x T;E) x (T;"'Q x T/E), and that the action
of Ki'*! on T!"'Q x T'E is free. In the adapted coordinates on the first and
the second factor, this eequlvalence has the equations R’ = Riy .. R:

—. Jklmy s gme -y T
= Ritimsime-s L = B 8 ime = T om, and is therefore
closed. Equatlons 3. 5) 1mplv that K7*! acts freely on R" 'Q x TE. The remaining
assertions are verified in the same manner as in [7].

We are now in position to prove the uniqueness of the exterior derivative. To this
purpose we put E = APR” in the lemma, and denote by w; the canonical co-

Jidr
ordinates on AFR".

Theorem 1. There exists a unique, up to a multiplicative constant factor, linear
differential invariant from T'APR" to AP*'R". In canonical coordinates, this dif-
Serential invariant is expressed by the equations

(3.7) Djigejpipsr = Ppjsejpip+il?

where [y ... Jp jp+1] means antisymmetrization.
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Proof. 1) Existence. Using the structure of an 't '-manifold on TIAPR" one
directly verifies that (3.7) defines an L, '-equivariant mapping from T;A’R" to
APTIR,

2) Uniqueness. Let d,: T;A’R* - A?*'R" be a linear differential invariant. Con-
sider the product 7'~ 'Q x TIAPR" together with its structure of a principal K**-
bundle. We have the diagram

r—1 r Appn rpnd’ pt+1lpn
T™1Q x TIAPR" —s T'A’R APFIR

—>

:'&.
=]

(3.8) 7,

——

(T;7'Q x TIAPR)K, '

where proj denotes the projection onto the second factor. Since the mapping d, - proj
is K'*'.equivariant, it can be factored through the projection =, Denote by
[/ 'q, joew] the equivalence class of a pair (ji~'q, jow)e T;'Q x Ty APR". Then
by definition

(39) dr,o([j(')—]q’ ]660]) = dr(]Bw) M

Since d, is linear, we have for each j5"'q, jho,, jho,

(3-10) d,'o([jg_lq,jf)wl + jng]) = dr,o([jgnlq,j:)wl]) + dr,o([j:)—lq,jf)wz])-

. . . ; ;
In coordinates, d, o is @ mapping (Rj, - Rit,. om_ss @iyciys -+ or @i poipimysonyme) =

(60“ JPH(R;u; RJum‘, 2> Wiy +oes Diyne lp,mu"-;mr)) and (3 ]0) means

that for each fixed le,, R}k, s soesmn— 20 @y depends linearly on w;,..;, ...
o Dyt imy e sy Hence
— i1.. Peeipsmys. iy
(3‘11) wjl"‘jp+1 AJ: Jp+1wil"'fp + . AJ1 JZ+1 wil"‘ip:mti"':mr
where the coefficients depend on R;k,, s Ritamasoime o SiNCE @, . is an Li-

equivariant mapping and @;,..;., -+ Qi imypsm, Ar€ tensors, the coefficients
in (3.11) must also be tensors: take for examp]e cu“ i = Os oo Oty i, =
= 0; then after a transformation jjo € L,

D = "! L7 2 = kl kp+1 gi1. —
(3]2) w.il"‘jp+l - b ¢ b]p+lwk1"'kp+1 - b b1p+1Ak1 k‘,+,wi1-'~ip =
— Al--lp 11 ip
Afl Jpnwh = A.lx cdpt1 b @y

which is possible if and only if
(3.13) A =ait.oapbl. bl

Jlendp+1 i o Mgty Jp+1¥ik1kpsy ”

We now apply the condition that the composed mapping d, o proj = d, ¢ o 7, should
be independent of ji™'q. In coordinates this means that the expression (3.11)
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rewritten in the canonical coordinates on T' 'Q x TIA'R", does not depend on

Iy,...T ;k my..me— - Applying the formulas for the formal covariant derivatives
analogous to (3.4) one easily obtains that A ‘W"l ~imr (= the coefficient at

@i,..ipmy-m,) 18 independent of | S o mimros (unless r = 1); the classical
invariant theory then says, however, that A j’l j;’,’:"l’ """ = 0 (see e.g. [2]) Repeating
this argument we obtain
iy...d — ig...0p;mism
(314) Aix-»-jl;wl - 0’ Alll II;H *=0.
Hence
= i.oip;m
(3'15) Djycdprr — AJx ]I:rrlwil“‘ip;m =
it...dpsm 'S
A.h }i+l(wll sip,m Fz,m Sigeeip Ffpm ig- --i,,.-lx) .

Hence A%'~'»™ js a constant tensor. Since it is antisymmetric in the subscripts, it

J1edp+1
must be a multiple of the permutation tensor &:"?" and we have

Jiedp+12

wjl"'jp+! =cC. w[jl"‘jp;jp+1] .

This completes the proof.

4. The uniqueness of the Lie bracket. Using the notation of the fundamental lemma
of Section 3, put E = R" x R”", and examine the bilinear differential invariants from
T(R" x R") to R". The canonical coordinates on T,(R" x R") (on R") are denoted
by &, 0, &, 8, L &L G (A Tespectively). As before, we shall also consider
the left principal K;“-bundle 7, T,7'Q x T;(R" x R") - (T;7'Q x TJ(R" x
x RM)[K;*' and denote by &, ¢, &L ¢, .., & L the adapted coordi-
nates on the total space of this bundle.

Theorem 2. There exists a unique, up to a multiplicative constant, bilinear
differential invariant from T)(R" x R") to R" In canonical coordinates, this dif-
ferential invariant is expressed by the equations

(4.1) 2= g g

Proof. 1) Existence. The mapping (j5&, jol) — A(joé,jol) defined by (4.1) has
all the properties required.

2) Uniqueness. Let A,: Tj(R" x R") —» R" be a bilinear differential invariant.
In the diagram

70 x TI(R" x RY) 2 Ti(Rr x RY) 21 RO

4

|

(4.2) , o]
1

:

(T;71Q x THR" x RY))KH o mmm == -
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the mapping A, - proj can be factored through =,. Hence A, is, in the sense of the clas-
sical invariant theory, a vector (= element of R” endowed with the standard action
of L) depending on the tensors Ri, ..., Rigimis im-pr €505 oo €L 0 Cn s
by the bilinearity assumption, the components A* of A, are linear combinations of
tensors &, {4, EC, L L E s E s Chs, Whose coefficients are constant
tensors. Therefore the only non-vanishing coefficients are at the tensors &'/, | &, ¢,
and A* must have the form

(43) M= AP+ BUE = AR + DLET) + BHUE + Tem)

Since A* does not depend on I'i, ..., Tty.t,,» We have

(4.4) A’;}é;é;" + B?}é;&'; + A’{}"(’Sj,éfl + B’f}‘é;é; =0.
But
(4.5) A’,‘j = aé’ﬁé} + bé’}éﬁ, B’,‘J' = a’é’}é} + b’é‘;éf.

for some a, b, a’, b’ € R so that
(4.6) (adké} + b&%s1) 5i0m + (a'd6) + b’5';5§) 5;6; +
+ (ad87 + bOJOT) 6,0, + (4’010} + b'330T) 8,0, =
= a(8i0kom + 5’1‘,533‘5') + b(s%sLow + 5’;5';6,’,) +

JUrrq q i"rrq
+ /(933307 + 01876;) + b(&50;8; + 81570;) =
= (b + b) (858167 + 555USL) + adk(slo™ + 67SL) + a'dK(SIn + STSL) =0

If n =1, then (4.3) is rewritten in the form A = A&’ + I'() + B{(E + I¢) =
= A’ + B{Z + (A + B)I'éC, and the independence of I’ means that A + B = 0,
ie., 4, is of the form (4.1). Let n > 1. Take forexample j =k =1, p=qg=m =
= | = 2. Then (4.6) gives

@7 b+ b =0.
Similarly take k = p =1, ] = j = m = g = 2. In this way we get
(4.8) a=0, a=0.

Returing back to (4.3) we get
(49) A= AU + BiLE = b8l + bofaie] = b(E' - D)
This completes the proof.

5. The uniqueness of the Levi-Civita connection. Let us consider the space E =
= R™ © R™ of tensors of type (0, 2) on R" and denote by g;;, | S i <j < n, the
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canonical coordinates on E. Let E, = E\{g e E | det(g,/(g)) = 0} be the subset
of regular tensors; E, is endowed with the natural structure of an L!-manifold. It
is of great interest to know all differential invariants from L.*'-invariant open
subsets of T;E, to Q which correspond in a well-known manner to linear con-
nections which are geometric objects (= concominants) of the metric tensor and its
derivatives of order <r.

An example of a connection of this type is the Levi-Civita connection V, for which
r = 1. For r > 1, however, some other examples may be given which differ from
the Levi-Civita connection. For this reason we shall consider the problem of uni:
queness only for r = 1. We note that the problem of uniqueness of the Levi-Civita
connection has been stated and solved in a different way in [3] and [13].

Let g,;, g;;,x be the canonical coordinates on T, E,, and let (g if) denote the inverse
matrix of (g;;). As before, let I'}; be the canonical coordinates on Q.

Theorem 3. There exists a unique differential invariant from T} E, to Q. In canoni-
cal coordinates, this differential invariant is expressed by the equations

(5-1) Fj’k = Jz‘gim(gmj,k + Gomk,j gjk,m) .
Proof. The action of the group I2 on T}E, and Q is expressed by
(5'2) gij = bibig,,
Gijm = (bhbS + bIBY,) g, + bIDIbLG g

and by (2.4). The fundamental vector fields on T E, relative to this action, are

(5.3) £ = %) 0 (%um\ 9 _
abz e agij 6175 e 6gij,m
—_ 511 5‘1 a 5‘1 q 5‘1 s a
= (819, + igip)a_ + (019 psm + OiGipm + Ondisp)
ij ifum
. G i m i "0 d )
é;;=(g§;> =gi,,( " )
abqr e 6gij,m . agiq,r agir,q
and the fundamental vector fields on Q relative to (2.4), are
or: 3 ; . i\ 0
5.4 o= () = (=80 4 8, + S ) ——
( ) ) 14 <6b"; )e 6F}k ( v Jk Jtpk U Yk jp)a },‘

[

g (Tx) 2 _ 9
" \ewr ) ori, orn’

qr

where e denotes jj id (= the identity of I2). Hence each L:-equivariant mapping
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(9i» 91j.5) = (T2(91j> 9i5.4)) of T, Eo to Q must obey the system of equations

X or:
(55) (5391711 + 6ggap) “!i + (5agpb m éggap,m + églgab,p) o =
gab agab,m
= —5pfjk + 53F;k + 5"FH, ,
ari, _ari,

+

. = 16i(6%6] + 895"
" 0agr  OGura 10,(090% + 0105) .

(5.6)

Consider the system (5.6). Multiplying both sides by g?* and rewriting the system
for cyclic permutations of the subscripts of the independent variable one gets

or: or,

(5.7) —dk Ik = 159, + 6857),
agsq,r agsr »q
6ij + 61—' lgnr((sséq + 53 5)
0rs.a  Grgs
_6_1“1'1 - ﬂ’i = %grq(gr(;k + 5r5s)

which implies

or: . . ,
(5.8) —;L’i = i(g"(é}’é," + 5;{5}) + g"(éjéz + 6;5}) —_ g"’(é;é‘; + 6;53) -
sr.q
Hence
(5-9) F‘;k = %(!]is(gsk,j + g, k) + gir(gjr,k + Gur.j) —

= 9 Guj0 T i) + Ve = 39 (Gsjk + Istj — Gjns) + Vi

where 7}, does not depend on g,,,. Substituting this expression into (5.5) one obtains

(5.10) ik _ g,
09.aq

which means that y}, € R. This shows that each differential invariant from T, E,
to Q must belong to the family of mappings (5.9), where y}, are real numbers. Con-
sider the transformation properties of these mappings. It is directly seen that among
these mappings there is one and only one which is I2-equivariant; this is the mapping
for which 7}, = 0. This completes the proof.

596



References

[1] R. L. Bishop, R. J. Crittenden: Geometry of Manifolds, Academic Press, New York and
London, 1964.
[2] J. A. Dieudonné, J. B. Carrel: Invariant Theory, Old and New, Academic Press, New York
and London, 1971.
[3] D. B. Epstein: Natural tensors on Riemannian manifolds, J. Differential Geom. 10 (1975),
631—645.
[4] I. KoldF: On the prolongations of geometric object fields, An. Sti. Univ. “Al. I. Cuza”
Tasi, 17 (1971), 437—446.
[5) D. Krupka: Differential Invariants, Lecture Notes, Faculty of Science, Purkyn& University,
Brno, 1979 (preprint).
[6] D. Krupka: Elementary theory of differential invariants, Arch. Math. XIV (1978), 207—214.
[7} D. Krupka: Local invariants of a linear connection, Colloquia Mathematica Socictatis
Janos Bolyai, 31. Differential Geometry, Budapest (Hungary), 1979, North-Holland, 1982,
349—369.
[8) D. Krupka: Reducibility theorems for differentiable liftings in fiber bundles. Arch. Math.
XV (1979), 93— 106.
[9] V. MikoldSovd: On the functional independence of scalar invariants of curvature for di-
mensions # = 2, 3, 4, Math. Slovaca 32, 1982, 349—354.
[10) A. Nijenhuis: Natural bundles and their general properties, Differential Geometry, in honour
of K. Yano, Kinokunyia, Tokyo, 1972, 317—334.
[11] R. S. Palais: Natural operations on differential forms, Trans. Amer. Math. Soc. 92 (1959),
125 141.
[12] R. S. Palais, C. L. Terng: Natural bundles have finite order, Topology 16 (1977), 271—277.
[13] P. Stredder: Natural differential operators on Riemannian manifolds and representations
of the orthogonal and special orthogonal groups, J. Differential Geom. 10 (1975), 647— 660.
[14] C. L. Terng: Natural vector bundles and natural differential operators, Amer. J. Math,
100 (1978), 775—828.

Authors® address; 611 37 Brno, Kotlaiska 2, CSSR (Univerzita J. E. Purkyng).

597



