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On the Velocity o f  S te a d y  Fcdl o f  S p h erica l P a rtic les  through

F lu id  M e d iu m .

By E. Cu n n i n g h a m , M .A ., E ello w  of S t. J o h n ’s C ollege, C am b ridg e ,

A s s is tan t P ro fe sso r of A p p lied  M a th e m a tic s , U n iv e rs i ty  C ollege, L ondon .

(Com m unicated by S ir Joseph  L arm or, Sec. R.S. R eceived Ja n u a ry  18,— R ead

J a n u a ry  27, 1910.)

1. R ece n t in v es tig a t io n s*  h av e  ca lled  a t te n t io n  to  th e  q u e s tio n  as to  how  

closely th e  ra te  of fa l l of p a r t ic le s  th ro u g h  a f lu id  w h e n  v e ry  sm a ll a p p ro x i

m ates to  th a t  g iv en  b y  th e  law  o b ta in ed  by  S to k es  fro m  h y d ro d y n am ica l 

reasoning. T h is p a p e r  d ea ls  th e o re tic a l ly  w ith  tw o  of th e  m a in  sou rces of 

d ivergence fro m  th a t  law .

F irs t ly , ta k in g  th e  p a r t ic le s  to  be  sm o oth  sp h e re s  m o v in g  th ro u g h  a gas, i t  

is show n th a t  th e  d e v ia tio n  to  be e x p ec te d  on a cc o u n t of th e  d ia m e te r  of th e  

p a rtic le  b e in g  sm all, co m p ared  w ith  th e  m o le cu la r  free  p a th , is  e x tre m e ly  

sm all fo r such  p a r t ic le s  as h a v e  b een  e x p e r im e n te d  w ith  ; a n d  a m odified  

form ula  is g iv en  w h ich  m ay  he  ta k e n  to  h o ld  a p p ro x im a te ly  for lo w er 

p ressu res or p a r tic le s  of sm a lle r  d im ensio n s. S econd ly , a n  a p p ro x im a te  

tre a tm e n t is m ad e  of th e  effect of th e  s im u lta n e o u s  p re sen ce  of a la rg e  

n u m ber of p a rt ic le s  m ov in g  w ith  th e  sam e v e lo c ity  th ro u g h  th e  fluid , an d  i t  

is found  th a t  th e  fo rce  r e q u ire d  to  m a in ta in  th e  m o tio n  of one of th e m  

depends n o t o n ly  on th e  d ia m e te r , b u t  on  th e  ra t io  of th e  d ia m e te r  to  th e  

d istance b e tw een  th e  p a rtic le s , an d  in  su ch  a  w ay  as to  in c rea se  ra p id ly  as 

th is  ra tio  in c rea se s  b ey o n d  th e  v a lu e  0*1.

W ith  th e  figures o b ta in ed  b y  J .  J .  T h o m so n ,f  i t  is show n th a t  th ese  

corrections to g e th e r  w ou ld  im p ly  an  in c rea se  of n o t  m ore  th a n  0*07 x  10~10 

in th e  charge  on th e  gaseous ion.

* S ee  th e  p r e lim in a ry  e x p e r im en ts  o f Z e len y  w ith  sp ore s  (B r it is h  A sso c ia t io n , 1909), 

and o f B u lle r  ( ‘ N a tu r e ,5 A p r il ,  1 9 0 9 );  a lso  th e  la te r  c on co rdan t r e su lts  o f Z e len y  w ith  

spherica l p a r tic le s  ( ‘ N a tu r e ,5 D ec ., 1 9 0 9 );  a lso  M il l ik a n  ( ‘ P h y s ic a l  R e v ie w /D e c . ,  1909)^ 

S ince th is  p ap er  w as  p repared , P ro f . L arm or  h a s  in form ed  th e  w r it e r  th a t  P ro f.  Z e len y  is  

pursu in g  th e  su b je c t  o f fa ll  in  g a se s  a t  d im in ish ed  p r essu re s , w ith  a  v iew  to  th r o w in g  l ig h t  

on th e  n a tu re  o f a  m o lecu lar  co llis io n  w ith  a  so l id  b od y , su ch  a s  is  re qu ired  fo r  th e  th e o r y  

of th e  rad iom eter  and  o th er  p u rpo se s  (cf. M a xw e ll,  ‘ P h i l .  T r a n s ./  1879). F o r  c o n v en ien ce  

of re feren ce , a  sh o r t  ca lcu la tio n  on  th is  p o in t  h a s  b e en  ad d ed . T h e  fo rm u la  o b ta in ed  in  

the  fir st p art  o f th is  p aper  a g rees  w ith  th e  g en era l c o n c lu s io n  th a t  e x p e r im en ts  o f th is  

k ind  cann o t lea d  to  a d e te rm in a tio n  o f m o le cu la r  m a gn itu d e s , a s  a t  fir st s ig h t  seem ed  n o t  

impossible..

t  J .  J .  T hom son , ‘ P h il.  M a g ./  vo l.  5, 1903.
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3 5 8 M r .  E .  C u n n i n g h a m .  V elocity  o f  S te a d y  [ J a n .  18 ,

On the B a te o f  D iffusion  o f  a Cloud o f  Particles through a Gas.

2. Suppose th a t  a  cloud of p a rtic le s  of m ass M  a t a concen tra tion  of 

N  p a rtic le s p e r u n i t  vo lum e is diffusing th ro u g h  a gas, th e  m ean  velocity of 

th e  p a rtic le s  being  V 0, th e  m ass of th e  gas m olecule being  m, an d  th e  num ber 

of m olecules p e r u n i t  vo lum e be ing  n. I t  is desired  to  find th e  m ean force 

p e r p a rtic le  req u ire d  to  m a in ta in  th e  ve loc ity  Y 0.

I t  w ill be assum ed  in  th e  firs t in s tan ce  th a t  th e  collisions are  of the  nature 

of im pulses b e tw een  sm ooth  e lastic  spheres, an d  th a t  a collision tak es place 

be tw een  a  m olecule an d  a  p a rtic le  w hen  th e  d istan ce  a p a r t of th e ir  centres 

is a.

C onsider the  c ircum stances of collisions of th is  ty p e  w ith  a single  particle, 

th e  cen tre  of th e  m olecu le  a t  collision  be ing  w ith in  a sm all a rea

dco =  a2 sin  0 d0  dcf>

of th e  sphere of rad iu s  a  su rro u n d in g  th e  p a rtic le , (r, 0, </>) being  spherical 

p o la r co -o rd in a te s h av in g  th e  d irec tio n  of Y 0 as axis.

L e t th e  v eloc ity  of th e  m olecule be (u , v, w) an d  th a t  of th e  particle  

(V 0 +  U ,V , W ).

T he p ro b a b ility  of m o lecu la r v e lo c ity  ly in g  w ith in  a range  d u  dv dw 

abo u t (u , v, w ) is
A e ~ hm (*2+**+^) d u  dv div, 

w here  A  (7r /A m )l =  1 •

and  th a t  of th e  v e loc ity  of . th e  p a rtic le  ly ing  w ith in  a range  d\J  d V  d W  is 

. <u«+v*+w») d u  dy  d W

w here  B (t t /AM)* =  1.

I n  o rder th a t  a collision  m ay  tak e  p lace  w ith in  th e  g iven  lim its  in  a given 

in te rv a l of tim e  St, th e  cen tre  of m olecule m u st a t  th e  beg inn ing  of i t  lie 

w ith in  a cy lin d rica l vo lum e of base dco an d  h e ig h t (U  +  Y oco s0 -—u) St, w ith 

th e  re s tr ic tio n  th a t  (U  +  Y 0 cos 8 — u ) m u st be positive.

T he m ag n itu d e  of th e  im pu lse  I  is (2 M m /M  +  m) ( U - f  Y 0 cos 0 — u).

T hus th e  p ro bab le  im pu lse  in  th e  d irec tio n  of Y 0 on th e  pa rtic le  pe r un it 

tim e  is

H i l l  A e~ h(u2+V*+W*) I  cos 0 n  (U  +  V 0 cos 0 — u) dco d .udv dw,

th e  lim its  for v, w, 8, </> being u n re s tric ted , b u t n o t so for u. T his expression 

is equal to

A n  2 7 f fe~hmu2 (U  +  Y 0 cos 0 — u )2 sin  0 cos 0 du  d0. 
hm  M  +  m J J
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3 5 91 9 1 0 . ] F a l l  o f  S p h e r ic a l  , etc.

M u lt ip ly in g  b y  th e  p ro b a b i l i ty  of th e  g iv en  v e lo c ity  (U , Y , W )  an d  

in te g ra tin g , th e  m ean  im p u lse  p e r  p a r t ic le  p e r  u n i t  tim e  becom es

ABm(̂j  ) +  cos %)2 sin  ^  cos

the  lim its  fo r 6  b e in g  0 a n d  ir, U  a n d  u  ta k in g  a ll  v a lu e s  for w h ich  

u  <  U  +  Y 0 cos 6.

T he e v a lu a tio n  of th e  la s t  in te g ra l  is o n ly  p o ss ib le  on  th e  a s su m p tio n  th a t  

V 0 is sm a ll co m p ared  w ith  th e  m ean  re la t iv e  ve loc ity .' M a k in g  th is  

a ssum p tion , a n d  ca llin g  th e  in te g ra l  K , w e h av e

K =

w here

T hu s

e-h  [»M«H(»+MW/(™+M) (* +  y 0 cos 0 f  s in  0  cos 0 d 0  da

a =  TJ — u, f t  =  (M U  +  m u )/(M + t o).

K  =  {  — 5 ( a  +  y 0 cos 0 ?  s in  0  cos 0 d 0  da .

I f  th e  lo w er l im i t  fo r a w e re  0, th e  v a lu e  of th is  ex p re ss io n  w o u ld  he

{
7T

h  (M + t o)
± a y oC-A»Ma7(M + m) dcl =  | y 0v / { 7 r(M  +  TO)//l3TO2M 2}.

T he  e r ro r  in  ta k in g  th is  v a lu e  for K  is

IT

L h(M + t o)
V  p [ ° e -AmMaV(M+m) (a + V() COS 0 f
- J  J  0«J — V  c o s  9

s in  6 cos 6 dO dot,

an d  is th e re fo re  of th e  o rd e r  Y 0/c  tim e s  K , w h e re  c is th e  m ean  v a lu e  of a, so 

th a t  to  th e  f irs t o rd e r  th e  above  v a lu e  m ay  be ta k e n  fo r K .

H en ce  th e  m ea n  im p u lse  p e r  p a r t ic le  p e r  u n i t  t im e  is

{ A B ^ (7 r/A )2 47ro-2/ ( M  +  m )} f  Y 0 {7r (M  +  m ) /h 3m 2M 2}

=  f  (72Y 0^ v / { 7 r M m / ( M  +  m )2} *

T his, th e n , is  th e  force p e r  u n i t  p a r t ic le  re q u ire d  to  m a in ta in  a  d r i f t  Y 0 of 

t h e  p a rt ic le s  re la tiv e  to  th e  gas. I t  re p re s e n ts  th e  r a te  of t r a n s fe r  of 

m o m en tu m  fro m  a  p a r t ic le  to  th e  su rro u n d in g  gas b y  rea so n  of co llisions.

I t  m ay  be ex p ec ted  th a t ,  in  th e  case  w h e re  th e  p a r tic le s  a re  few  in  n u m b er  

com pared  w ith , a n d  of th e  sam e  o rd e r  of m a g n itu d e  as, th e  m o lecu les, th e  m ass 

v e loc ity  of th e  gas in  th e  n e ig h b o u rh o o d  of a  p a r tic le  w ill be v e ry  s l ig h tly  

affected  b y  th e  m o tio n  of th e  p a r t i c l e ; b u t  if  th e  d ia m e te r  of th e  p a rtic le  

becom es co m p arab le  w ith  th e  m ea n  free  p a th  of th e  m olecu le , i t  w ill becom e

*  T h is  ex p re ss io n  is  a lso  o b ta in ed  a s  a p a rt icu la r  ca se  o f a  g en era l fo rm u la  b y  L a n g e v in  

(‘ A n n a le s  d e  C h im ie  e t  d e  P h y s iq u e ,1 v o l. 5, 1905 , p . 266 ), a n d  is  a p p lied  b y  h im  to  th e  

con sid era t io n  o f  th e  m o b il it y  o f  ion s .
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3 6 0

im poss ib le  to  n eg lec t th e  m ass v e loc ity  p roduced  in  th e  gas by th e  m otion of 

th e  p a rtic le . I t  w ill be necessary  to  s u b s ti tu te  for Y 0 in  th e  above expression 

for th e  tra n s fe r  of m o m entum , th e  d ifference be tw een  th e  m ean  velocity  of 

th e  p a rtic le  an d  th e  m ass v e loc ity  of th e  gas.

I t  m ay  be rem ark ed  th a t  th o u g h  a  c loud  of p a rtic le s has been spoken of 

above, th e  re s u lt  w ill ho ld  eq u a lly  w ell for th e  m ean  v e loc ity  of a single 

p a rt ic le  ta k e n  over a  tim e su fficien tly  long  to  inc lu d e  a v e ry  large  n um b er of 

collisions. T h is is th e  case th a t  m u st  be considered  in  ex am in ing  th e  

d ev ia tio n  from  S to k es’ Law , w h ich  is d em o n stra ted  on ly  for a single partic le 

in  an  in fin ite  fluid.

3. W e  m ay  o b ta in  now  a m odifica tion  of th e  law , ta k in g  in to  accoun t the 

m ach in e ry  b y  w hich  th e  tra n s fe r  of m o m en tu m  from  p a rtic le  to  fluid  tak es 

place. T h is is n o t considered  in  th e  o rd in a ry  h y d rod y n am ica l investigation . 

In s te a d , a  k in em a tic  a ssu m p tio n  is m ade, n am ely , th a t  th e  m ass v e loc ity  in 

th e  ne ighb ou rh oo d  of th e  p a rtic le  is Y . L e t us assum e, in  p lace of th is , th a t 

th e  m ass v e loc ity  is JeY. T hen  th e  ra te  of d iss ip a tion  of m om en tum  on th e  

h y d rod y nam ica l th eo ry  is a  be ing  used  now  for th e  effective rad ius

of th e  p a rtic le , in a sm u ch  as i t  is assum ed  to  be la rge  com pared  w ith  the  

m olecule. I n  th e  s tead y  m o tio n  th is  diffusion of m o m en tu m  m u st ju s t  

b alance  th e  m o m en tu m  com m un ica ted  by  th e  p a rt ic le  to  th e  gas. T aking  

M large  com pared  w ith  m, th is  is, from  th e  above fo rm ula ,

1

H e n c e  6 7r/tak =  f  f f j  « 2« ( V  -  * V ),

or ,  4 ^ ( 7 r m / y  =  / 1 +  | i  / 3

4 an  (7rm /  li)* +  pirp, \  4  a  V  2 j

w here  l* is th e  m ean  free  p a th  of th e  m olecules in  th e  air. H ence  th e  force 

req u ired  to  m a in ta in  th e  v e lo c ity  Y  is

X  =  6 7r /ia k V  =  6 TTfiaV (1 +1*63 l ja )~ l ;

th a t  is, th e  l im itin g  v e loc ity  of a fa llin g  p a rtic le  w ill exceed th a t  g iven  by 

th e  o rd in a ry  fo rm u la  in  th e  ra tio  of (1 +  1*63l /a )  to  u n ity . T his ra tio  for a 

g iven  gas sh ou ld  th e re fo re  differ from  u n ity  by  an  am o u n t w hich  varies 

in v erse ly  as th e  d ensity .

F o r a ir  a t  o rd in a ry  p ressu re  and  te m p e ra tu re  l m ay  be tak e n  to be about 

0*9 x  10~5, so th a t  th e  l im itin g  v e lo city  w ould , on th e  p re sen t calcu lation , be 

double th e  u su a l v a lu e  for a  p a rtic le  of rad iu s  abo u t 1*5 x  10 -5 . F o r p artic les

* l is  th e  m ean  free  p a th  ob ta in ed  from  th e  v isco s ity  b y  th e  form u la  /x =  J pci, n o t the* 

va lu e  correc ted  fo r  p ers is ten c e  o f v e lo c ity  (vide  J ean s, ‘ K in e t ic  T heory  o f G ases ,’ p. 250)..

M r .  E .  C u n n i n g h a m .  V elocity o f  S te a d y  [ J a n .  1 8 ,

 D
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1 9 1 0 . ] F a l l  o f  S p h e r ic a l  P a r tic le s , etc. 3 6 1

of th e  m ag n itu d e  o f th e  sm a lle s t spo res in  Z e len y ’s e a r l ie r  e xp e r im e n ts  th e  

ra tio  w ould  be a b o u t 1*07.

T he n a tu r e  of th e  co llision  b e tw ee n  m o lecu le  a nd  p a r t ic le  has , so far , b een  

a ssu m ed  to  be t h a t  w h ic h  occurs b e tw een  sm o o th  e la s tic  sph e re s . I f  th is  is 

rep laced  b y  su p po sing  th a t  e ach  m o lecu le  becam e e n ta n g le d  in  th e  p a rt ic le , 

so th a t  on re -em iss ion  th e re  w as no  c o rre la tio n  b e tw een  i ts  v e lo c ity  a n d  th a t  

w ith  w h ich  i t  co llided , a s im ila r  c a lcu la tio n  can  be eas ily  m ade. T he  im p u lse s  

by w h ich  th e  m o lecu le s a re  th ro w n  o u t fro m  th e  p a r t ic le  h av e  no r e s u lta n t,  if 

a ll  d irec tio n s  of re -e m iss io n  a re  su p p o sed  e q u a lly  p ro bab le . T he  im p u lse  a t  

co llision  in  th e  d irec tio n  o f th e  v e lo c ity  Y 0 is

I f  th e  in te g ra t io n  be effected  as befo re, th e  m ean  im p u lse  is fo u nd  to  b ea r  to

th a t  p rev io u s ly  fo u n d  th e  ra t io  of j (1 +  cos2 6) s in  0 d 0  to  j 2 cos2 0 sin  0 dd ,
J o  J o

t h a t  is, i t  is e x ac tly  double.

If, now , i t  is assu m ed , fo llow ing  M ax w e ll, t h a t  a fra c tio n  “ / ” of th e  co llid ing  

m olecu les e x p e rien c e  co llis ion s of th e  e a r l ie r  ty p e , a n d  th e  re m a in d e r  of th e  

la t te r  ty p e , th e  e q u a tio n  g iv in g  th e  l im itin g  v e lo c ity  becom es

M axw 'ell ( loc. c it .) d ed uces from  e x p e r im e n ts  of K u n d t  a n d  W a rb u rg  th a t  

for im p a c ts  of a ir  m olecu le s on  g lass  th e  f ra c tio n  f  is a p p ro x im a te ly  ha lf . 

T h is  w ou ld  red u ce  th e  d iv e rg en ce  from  S to k e s ’ Law’ to  tw o - th ird s  of th a t  

o b ta in ed  by  p u t t in g  /  =  1. I f  no  m o lecu les  ex p e rien ce  p e rfe c t reflex ion , 

f  wo.uld be zero, a n d  th e  d iv e rg en ce  wTo u ld  be red u c ed  to  o ne -ha lf . I f  i t  be 

assum ed  th a t  for th e  m a jo r ity  of m a te r ia l  p a r t ic le s  /  lies b e tw ee n  th e  v a lu es  

0 an d  th e  r e s u l t  is t h a t  S to k e s’ fo rm u la  w ill y ie ld  a v e lo c ity  equal to  h a lf  

th e  a c tu a l for p a rt ic le s  wdiose ra d ii  lie  b e tw een  0*75 x  1 0 “ 5 a n d  1 x  1 0 -5 , w h ile  

for p a rtic le s  of d iam e te r  2 x  1 0 “ 4, su ch  as th o se  u sed  in  Z e len y ’s e a r lie r  

ex p e rim en ts , i t  w ill y ie ld  a v e lo c ity  b e tw een  1*05 an d  1*036 too  sm all. 

E x p e r im e n ts  a t  lo w er p re s su re s  sh o u ld  show  g re a te r  d ev ia tio n s, an d  m ay  

th ro w  lig h t  on th e  v a lu e  of / .

On the M u tu a l In fluence  o f  the P articles in  a  C loud .

4. A  possib le source  of d ev ia tio n  fro m  S to k e s’ Lawr for a c loud  of p a rtic le s  

o f d im ensions for w h ich  th e  h y d ro d y n a m ica l co n d itio n  of no su rface  s lip p in g  

is satisfied , is th e  m u tu a l  in fluence  of th e  p a rtic le s , an d  th e  effect of th e  

boundaries. T he  ex ac t so lu tio n  of th is  p rob lem  is c le a r ly  beyond  analy sis. 

B u t an  ap p ro x im a te  m e th o d  of a t ta c k  sug g ests itse lf , based  on th e  fac t

M m
{V 0 +  ( U — u )  cos # +  (Y  — v)  s in  0}.

M  -f m
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3 6 2 M r .  E .  C u n n i n g h a m .  V elocity  o f  S te a d y  [ J a n .  1 8 ,

th a t  if a cloud of pa rtic le s  is u n ifo rm ly  d is tr ib u te d  th ro u g ho u t an 

enclosed vo lum e of fluid an d  a re  m oving  w ith  equal p a ra lle l velocities, the 

d r if t  of th e  fluid w ith  each p a rt ic le  in  th e  d irec tio n  of its  m otion  in  the 

im m ediate  v ic in ity  of th e  p a rt ic le  m u st  be com pensa ted  by  a d r if t  in  the 

opposite  d irec tion  be tw een  th e  partic les. I n  fact, if th e  d is tr ib u tio n  is 

u n ifo rm  th e  m ean  flux  of flu id  across an y  a rea  is zero if th e  fluid is 

co n ta ined  w ith in  fixed b oundaries. I n  S to k es’ p rob lem  th is  condition 

is absen t.

T he m eth od  em ployed  to  ob tain  an idea  of th e  m ag n itud e  of the 

in fluence of th is  co ns id era tio n  is to  im ag ine  th a t  each p a rtic le  is effectively 

lim ite d  to  m ov ing  w ith in  a con cen tric  sp h e rica l m ass of fluid  w hose boundary  

is fixed. If , for in stan ce , supposing  th e  p a rtic le s  to  be of rad iu s a , and 

su rrou n ded  by  con cen tric  sp h eres of rad iu s  6, th e  a rra n g em e n t of p artic les 

being  such  th a t  th ese  la t te r  sp h e res  a re  p ack ed  in  th e  closest possible 

a rran g em en t, th e  flu id  in  th e  spaces be tw een  th em  being  supposed occupied 

by  flu id  a t  re s t, th e  cond itions of th e  p rob lem  a re  to  som e e x te n t realised  

b u t  th e  v e loc ity  of each  p a rt ic le  in  i ts  ow n sph e re  w ill be som ew hat less 

th a n  th e  a c tu a l l im itin g  v e lo c ity  ow ing  to  th e  re s tr ic tio n  im posed on the  

fluid  be tw een  th e  spheres. W e  m ay  th e re fo re  ex p ec t by  th is  m ethod  to 

o b ta in  a  low er l im it  fo r th e  ve loc ity  so u g h t in  te rm s of th e  rad iu s  of each 

p a rtic le  an d  th e  n u m b er  of p a rt ic le s  p e r  u n i t  volum e.

T he p rob lem  is th e re fo re  to  be so lved  of th e  d rag  due to  v iscosity  on 

a p a rtic le  m ov ing  w ith  v e lo c ity  Y  a t  th e  cen tre  of a  sp h erica l envelope. 

T h is can  be effected ex ac tly , th e  m e th o d  ad o p ted  be ing  th a t  g iven  by  Lam b* 

for th e  so lu tio n  of S to k es’ p roblem .

T ak in g  th e  ax is of x  in  th e  d irec tio n  of m o tion , th e  velocity  a t  a p o in t can  

be exp re ssed  in  te rm s of sp h e rica l h a rm o n ics of th e  f irst order.

P u t t in g  p \  =  olx, p - 2  =  A x / r 3f

(pi =  ftx , (p-2 =  R x / r 3,

an d  using  th e  fo rm u la  of ty p e

___ 1 ^  f  T2 dpn _______ n r2n + 3______  y n v  C(pn

11 fL L 2 ( 2 ^  +  l )  dx (n  + 1) (2 n  + 1) (2 n  +  3) dx r 2n+1J  dx  r

we o b ta in

u  =  

v — 

w  =

J L  f  2 . r 2- 3 a ? \  

6 /*  L £

\  2 A f  1 r2— 3 x 2\  r>

I  + i v  +  B - 7 * -  + '

a

l o ^
x y

a

W jx
xz

A  x y

2 /a r 3 

A  xz

2 fi r 3

_ 3 B ^ ,

— 3 B
XZ

*  ‘ H yd rod yn am ic s / 3rd ed it., § 32 4 -5 .
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Now  a t  th e  su rfa ce  o f th e  p a r t ic le  w h e re  r  =  a,

u  — V , v  =  0, w  — 0, 

and a t  th e  sp h e re  r  =  b

These co n d itio n s  g ive  th e  e q u a tio n s

a 2a , 2 A  . n it  a  . A

1 9 1 0 . ]  F a l l  o f  S p h e r ic a l  P a r tic le s ,  etc. 3 6 3

6 fj, 3 fia

b2u. 2 A  

6 3

■ /3 — V ,

+  £  =  0,

10 yu. 2 yu.a3 a.5 

a  . A  3 E

10 ya 2 ^ 3

=  0,

=  0.

The r e s u l ta n t  t r a c t io n  on th e  s p h e re  is fo u n d  to  be, e x a c tly  as in  th e  

s im p le r  p rob lem ,*

X  =  — 4  7 r A .

The v a lu e  of A  o b ta in e d  fro m  th e  fo u r  e q u a t io n s  above  g ives

4
^  ^ b _ a y  _ b sa _ Q  b 2a 2 _ b a 3 _ 4: a i y

a re s u lt  w h ich  red u ces  a t  once to  S to k e s’ law  w h en  a  is la rge .

E x p an d e d  in  pow ers of ( a/b ), th e  r e s u l t  is

x - « ^ . v ( i + » f + g  £ + . . . ) .

I t  w as sa id  abo ve  th a t  th e  v a lu e  so fo u n d  is a  lo w er l im it  fo r th e  a c tu a l  

v e loc ity  u n d e r  a g iv en  force, ow ing  to  th e  co n d itio n s  im p o sed  be ing  poss ib ly  

m ore r ig id  th a n  th e  p ro b lem  d em an d ed .

5. I f  now  ro u n d  each  p a r t ic le  be d e sc r ib ed  a  sp h e re  of ra d iu s  su ch  th a t  

the  new  sp h e re s  o v e rlap , b u t  o n ly  b y  so m u ch  t h a t  th e y  j u s t  in c lud e  th e  

w hole of th e  f lu id , e ach  p a r t ic le  be ing  ag a in  supposed  to  m ove in  i ts  ow n 

sphere, a  new  v a lu e  for th e  v e lo c ity  w ill be  o b ta in ed . T h e  a rra n g e m e n t of 

p a rtic le s b e in g  a s befo re, V  w ill be th e  d is ta n c e  from  a  co rn e r to  th e  c en tro id  

of a te tra h e d ro n  w hose edge is 2 6, so th a t  V  =  b (3 /2 ) .

I t  is n o t c lear, h ow ev er, t h a t  in  th is  w ay  a n  u p p e r  l im it  to  th e  v e lo c ity  of 

the  p a rtic le s  is o b ta in ed , th o u g h  th e  fo llo w ing  co n s id e ra tio n s  p o in t in  th a t  

d irec tion .

I n  e ith e r  case th e  a rg u m e n t is t h a t  if th e  v e lo c ity  sy s tem  fo r th e  fluid  be 

ob ta ined  w h en  th e  flu id  w ith in  one of th e  sp h e re s  is se t  in  m o tio n  by  th e  

enclosed p a rtic le , th e  e x te rn a l  f lu id  be ing  a t  r e s t ; a n d  if  th e  v e lo c ity  

system s th u s  o b ta in ed  for a ll th e  p a rt ic le s  a re  sup e rp o sed , th e  re s u l ta n t  

velocity  sy s tem  w ill a p p ro x im a te  to  th e  a c tu a l in  th e  sense  th a t  in  th e  

neighbourhood  of each  p a r tic le  th e  co n d itio n s  im posed  b y  th e  c o n tin u ity  of

* Loc. cit., p. 552 , eq u a tio n s  (5 ) and  (13).
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veloc ity  is satisfied, and  th a t  th e  h yd rodynam ica l equa tio n s , be ing  linear, are 

also sa tisfied.

Thus, in  th e  fo rm er case, th e  reg ion e x te rn a l to  a ll th e  spheres of rad ius b 

is k e p t  a t  r e s t ; w h ile, in  th e  la tte r , th e  m o tion  in  a reg ion in te rn a l to two or 

m ore spheres is com pounded  of th e  co n tr ib u tio n s  from  th e  m otions in  the 

sep ara te  spheres .

B u t th e  d iff icu lty  is th u s  in tro d u ced , th a t ,  a t  th e  surfaces of the  aux iliary 

spheres, d isc o n tin u i ty  occurs in  th e  v e loc ity  g rad ien t. I n  th e  ac tu a l problem 

th e  d isc o n t in u i ty  is sm oothed  out.

T he d iag ram  below  show s, for b /a  =  5, the  va ria tio n  of th e  v e rtica l velocity 

of th e  flu id  as o b ta in ed  a b o v e : (i) a long  a line  th ro ugh  th e  cen tre s  of two of

3 6 4  M r .  E .  C u n n i n g h a m .  V elocity  o f  S te a d y  [ J a n .  18 ,

th e  spheres supposed  a t  d istance  2 b a p a r t  in  a ho r izo n ta l l i n e ; (ii) along a 

m ed ian  of an  eq u ila te ra l tr ia ng le  of side 2 b, th ere  be ing  supposed three 

spheres w ith  th e ir  c en tre s  a t  th e  corners . T he con tinuous line refers to the 

veloc ity  found  by  th e  use of th e  la rg e r spheres, th e  b roken  line to th a t  given 

b y  th e  sm aller. C om parison of these  curves and  of o thers n o t g iven here 

ind ica tes  fa ir ly  c learly  th a t  th e  form er is m ore like ly  to  be near, to the  true 

facts. A ccord ing ly  th e  v a lues are  ta b u la te d  below  of th e  ra tio  of the  forces 

requ ired  to  m a in ta in  a ve loc ity  Y  accord ing  to th e  m ethod  adop ted  above, 

us ing  th e  large r sphere, and , accord ing  to S tok es’ Law, for d ifferen t values of 

V / a ; th e  second row  of th e  tab le  g ives the  correspond ing  va lue of b/a.
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1 9 1 0 . ]  F a l l  o f  S p h e r ic a l P a r t ic le s , etc. 3 6 5

b'\a ...... 2 3 4 5 6 7 8 9 10 20 30 GO

b/a.......... 1 *63 2 *45 3*26 4*08 4*90 5 *71 6*50 7 *35 8 -1 6 16*3 24 -5 X

X /6  TTfidV 7*29 3 *02 2 *10 1 *76 1 *57 1 *46 1 38 1 *32 1 *28 1 *14 1 *08 1

. 6. A ssum ing , now , th a t  th e  m od ified  law s o b ta in ed  above a re  co rrec t, we 

m ay see w h a t co rrec tio n  th e y  im p ly  as n ecessa ry  to  J .  J .  T h o m son ’s ca lcu la 

tion of th e  charge  on th e  gaseous ion.

The figures g iv en  by  h im  fa ll in to  fo u r g rou ps co rre spond ing  to  v a lues of 

the  charge  on th e  io n—

10lo e =  3*2, 3-50, 3*45, 3*39,

respec tively . T ak ing  th e  f igures g iven  for th e  n u m b er  of d rop s p e r  cub ic  

cen tim e tre , we a re  ab le  to  c a lc u la te  th e  co rre spond ing  v a lu e s  of V / a ,  and  

thence  th e  co rrec tio n  to  be m ade  as in  § 5. T he  re s u l t  is th a t  e m u s t be 

inc reased  by  6 ’2, 7*4, 6, 5*9 p e r  cen t, in  th e  fo u r cases resp ec tiv e ly . F o r  th e  

calcu la ted  v a lu es of th e  rad ii  of th e  drops, how ever, th e  co rrec tio n  on accou n t 

of th e  f irst cause  (§ 3) am o u n ts  to  a b o u t 4  p e r cen t, an d  is in  th e  opposite  

sense, an d  th e re fo re  co rre sp o nd s to  a d im in u tio n  of 4  p e r  cen t, in  e.

On accou n t of b o th  causes w e m ay  say  th a t  e is to  be  in crea sed  b y  a b o u t 

2 p e r cent., th a t  is by  a b o u t 0*07 x 1 0 “ 10.

I t  is c lear, the re fo re , th a t  n e ith e r  of th e  causes d iscussed  acco u n ts  fo r m ore 

th an  a sm all frac tio n  of th e  d isc rep an cy  b e tw ee n  th e  o lder an d  th e  m o re  

recen t e s tim a te s .*

*  Vide R u th er fo rd , P r e s id en t ia l  A d d r e s s  to  B r it is h  A sso c ia t io n , S e c t io n  A , 1909  ; a lso  

M illik an , ‘ P h y s ic a l  R e v iew ,’ D ec .,  1909.
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