
O n th e  V ib ra t io n a l  S p e c tru m  o f  a  T h re e -  

D im e n s io n a l  L a t t ic e

By  M. B l a c k m a n , T r i n i t y  C o llege, C a m b r id g e

(C o m m u n ic a te d  b y  R .  H .  F o w le r , F . R . S . — R e c e iv e d  7 D ece m b er  1936)

1—  A ll th o se  p ro p e r tie s  o f  a  c ry s ta l  w h ich  d e p e n d  o n  th e  h e a t  m o tio n  

th e  c o n s ti tu e n t p a r tic le s , re q u ire  fo r th e i r  d e ta i le d  e x p la n a tio n  a  know ledge 

o f  th e  a c tu a l  fo rm  o f  th e  v ib ra t io n a l  s p e c tru m ; a b o u t  th is  v e ry  l i t t le  is 

know n , e v en  q u a li ta t iv e  fe a tu re s  b e in g  d ifficu lt to  o b ta in . I t  w as su p p o sed  

a t  f irs t (B o rn  a n d  v . K a rm a n  1913) t h a t  th e  law  p ro p o se d  b y  D eb y e  fo rm ed  

a  good  a p p ro x im a tio n  to  th e  t r u th ,  b u t  th e  e x p e r im e n ta l ev id en ce , w hich  

g ra d u a lly  a c c u m u la te d , te n d e d  to  sh o w  t h a t  th e  specific  h e a t  d id  n o t  v a ry  

e x a c tly  as T 3 a t  te m p e ra tu re s  w h e re  th is  la w  w as e x p e c te d  

T h e o re tic a l in v e s tig a tio n s  (B la c k m a n  1935) o f  th e  p ro p e r tie s  o f  a  tw o- 

d im en sio n a l la t t ic e  sh o w ed  t h a t  th e  s p e c tru m  co u ld  h a v e  m a rk e d ly  d ifferen t 

fe a tu re s  fro m  th o se  o f  a  c o n tin u u m  d is tr ib u tio n . I t  w as fu r th e rm o re  fo u n d  

th a t  la rg e  v a r ia tio n s  o f  0 D w ith  te m p e ra tu re  co u ld  o ccu r a n d  t h a t  sp u rio u s

T 2 reg ions w ere  possib le . O n  a c c o u n t o f  th e  s im ila r ity  o f  th e  tw o - a n d  th re e - 

d im en sio n a l cases as  re g a rd s  th e  fre q u e n c y  e q u a tio n  a n d  in  c e r ta in  p a r t ic u la r  

fe a tu re s , i t  w as a ssu m e d  t h a t  th e  s p e c tru m  w o u ld  n o t  b e  v e ry  d iffe ren t in  

th e  th re e -d im e n s io n a l case; w ith  th is  a s s u m p tio n  i t  w as possib le  to  e x p la in  

th e  rise  in  th e  d D v a lu e  o f  su b s ta n c e s  lik e  KC1 a t  lo w  te m p e ra tu re s , a n d  th e  

d isc rep an c ies  b e tw ee n  e la s tic  a n d  th e rm a l d a ta .

T h e  th e o re tic a l  p re d ic tio n s  h a v e  b een  co n firm ed  to  som e e x te n t  b y  th e  

re c e n t e x p e r im e n ta l w o rk  o f K eeso m  a n d  C la rk  (1935). T h e y  find  t h a t  th e  rise  

o f  th e  0D cu rv e  s to p s  a t  h e liu m  te m p e ra tu re s , as h a d  b een  e x p ec ted , b u t  

t h a t  th e  v a lu es  decrease  a t  s till lo w er te m p e ra tu re s . W h e th e r  th is  la s t  effect 

is rea l o r n o t  does n o t  a p p e a r  to  b e  d e fin ite ly  s e tt le d . A  possib le  th e o re tic a l 

e x p la n a tio n  w ill be  co n sid e red  below .

T h e  m a in  o b je c t o f  th is  p a p e r  is  to  d iscuss th e  sp e c tru m  o f  a  th re e - 

d im en sio n al B o rn -v . K a rm a n  la ttic e . T h is  h a s  b een  c a lc u la te d  n u m erica lly , 

a n d  th e  re su lts  a re  co m p le te ly  an a lo g o u s  to  th o se  o f  th e  tw o -d im en sio n a l 

case.

2—  W e consider a  s im ple  cub ic  la t t ic e  c o n ta in in g  one ty p e  o f  p a rtic l

o f m ass m . F o rces  b e tw ee n  n e ig h b o u rs  a lo n g  th e  ax es  a n d  a long  th e  face 

d iagonals  on ly , a re  ta k e n  in to  a c c o u n t; th e se  a re  o f  th e  q u asi-e la s tic  k in d  

a n d  a re  lab e lled  a  a n d  y  re sp ec tiv e ly . A n y  n o rm a l v ib ra tio n  o f th e  la ttic e  is
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S p e c tr u m  o f  a  T h r e e -D im e n s io n a l L a ttic e 417

o f  a  p e rio d ic  n a tu re  a n d  is d e sc rib ed , in te r  a l ia ,  b y  th re e  q u a n ti t ie s  (<j)l , 0 2, 0 3) 

w h ich  a re  th e  p h a se  d ifferences o f  n e ig h b o u rin g  p a r tic le s  a lo n g  th e  th re e  axes. 

T h e  fre q u e n c y  e q u a tio n  is g iv e n  b y :

^ (0 i ) + £ (0 i ;02>03) - ww2 % , ^ 2) <7(0! ,0 3)

(7(02,0i) A (02) H- - (̂02 5 03 ; 0l) UKÔO(02,03)

0(03,0i) 0(03,0 2) ^ (03) + JB(03;01,0 2)-m w 2

w h ere  A(a?) =  2 a ( l  — cosa:),

.#(£; y , z )  — 4y (2  — cos a; cos ?/ — cos x  cos z ) ,

C ( x ,y )  =  4 y s in a :s in y .

= 0,

( 1 )

F o r  e v e ry  ( 0 i , 0 2)03) w e h a v e  th re e  so lu tio n s , co rre sp o n d in g  to  th e  th re e  

m o d es o f  v ib ra t io n  o b ta in e d  b y  in te rc h a n g in g  th e  p h ase s . I n  g en e ra l w e 

h a v e  th re e  f re q u e n c y  h y p e rsu rfa c e s . A n y  v a lu e  o f  th e  f re q u e n c y  v  =  co n st, 

g ives th re e  su rface s  in  0  sp ace . I t  w ill b e  su ffic ien t fo r o u r  p u rp o se  to  

co n sid e r th e  ra n g e  0 ^  0 X, 0 2, 0 3 :§ tt on ly , b e cau se

r ( 0 i , 0 2, 0 3) =  y ( - 0 i , - 0 2 , - 0 3)> e tc .

I t  is c lea r t h a t  th e  s p e c tru m  o f  th e  la t t ic e  c an  b e  o b ta in e d  o n ly  b y  som e s o r t  

o f  n u m e ric a l c a lc u la tio n . T h e  s tu d y  o f  th e  c ro ss-sec tio n s  in  0  sp ace  as in  

th e  tw o -d im en s io n a l case  is, h o w ev er, n o t  p ra c tic a b le , b u t  a  so m ew h a t 

s im ila r  m e th o d  c an  b e  u sed . T h e  0  sp ace  w as d iv id e d  e v e n ly  in to  a  th re e -  

d im e n s io n a l a r r a y  o f  p o in ts ; th e  fre q u e n c y  w as c a lc u la te d  fo r each  o f  th e se  

p o in ts  a n d  th e  n u m b e r  b e tw e e n  tw o  v a lu e s  o f  th e  fre q u e n c y  w as d e te rm in e d . 

I t  is o b v io u s  t h a t  a  go o d  a p p ro x im a tio n  c a n  b e  o b ta in e d  b y  ta k in g  a  v e ry  

la rg e  n u m b e r  o f  p o in ts . I t  w as  fo u n d  t h a t  a b o u t  30,000 p o in ts  w ere  n eed e d  

to  g iv e  a  sm o o th  c u rv e  fo r th e  d e n s ity  o f  th e  n o rm a l v ib ra tio n s . O f course  

ev en  th is  w ill g iv e  n o  m o re  th a n  a  q u a l i ta t iv e  re p re se n ta tio n , b u t  t h a t  is 

a ll w e d esire  fo r th e  p re se n t.

I n  o rd e r  to  s h o r te n  th e  w o rk  as  m u c h  as  p o ssib le  i t  w as d ec id ed  to  a v o id  

th e  la b o rio u s  so lu tio n  o f  th e  th i r d  o rd e r  e q u a tio n s . T h is  can  be  d o n e  w h en  

th e  y / a  r a t io  is  su ffic ien tly  sm all. T re a tin g  th is  as a  p e r tu rb a t io n  i t  w ill b e  

seen  t h a t  th e  d iag o n a l te rm s  g iv e  th e  firs t o rd e r  a p p ro x im a tio n . T h e  sq u a re  

o f  th e  f re q u e n c y  is no w  lin e a r  in  c o s0 . T h is  a p p ro x im a tio n  a m o u n ts  to  

cro ssin g  o v e r th e  fre q u e n c y  su rfaces  in  (f> sp ace  in  a  c e r ta in  w ay ; in  th e  reg io n  

o f  sm all freq u en c ies  i t  is e q u iv a le n t to  re p la c in g  th e  fre q u e n cy  su rfaces  b y  

e llip so id s as d iscu ssed  in  a  p rev io u s  p a p e r  (B la ck m an  1935). T h is  w as 

sh o w n  to  be  p e rfe c tly  ju s tified . T h e  co rrec tn ess  o f  th e  a ssu m p tio n  o v e r th e  

w hole  freq u e n cy  ra n g e  c an  be  te s te d  in  th e  tw o -d im en sio n a l case w here  th e  

sp e c tru m  h a s  b een  w o rk ed  o u t  u sin g  th e  co rre c t ex p ress io n  fo r f req u e n cy

 D
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418 M. B lack m an

(B la ck m an  1935). I t  is fo u n d  t h a t  th e  s p e c tru m  is  q u a lita tiv e ly  co rrect, 

th e  o n ly  d ifference b e in g  in  th e  in te n s i ty  a t  c e r ta in  p o in ts , e.g . th e  m a x im a  

w ill te n d  to  be  less sh a rp . S in ce w e a re  in te re s te d  h e re  in  q u a lita tiv e  re su lts  

on ly , n o t  in  a n  a b so lu te ly  c o rre c t r e p re s e n ta t io n  o f  th e  d e n s ity , th is  is no  

e sse n tia l d is a d v a n ta g e . I t  sh o u ld  b e  e m p h a s iz e d  t h a t  th e  p o s itio n  o f th e  

m a x im a  w ill b e  g iv en  w ith  fa ir  a c c u ra c y  a n d  t h a t  th e re  w ill be  no  v e ry  

g re a t re la tiv e  e rro rs  in  in te n s ity .

1— -

F i g . 1— C ro s s -s e c tio n s  o f  t h e  f r e q u e n c y  s u r f a c e s  o f  a  tw o - d im e n s io n a l

l a t t i c e  ( y / a  =  0 -05 ).

T h e  so lu tio n s  o f  th e  fre q u e n cy  e q u a tio n  in  th is  case becom es

( а ) m o)2 — 2 a ( l  — cos 4y(2  —c o s ^  cos 0 2 — cos ̂ c o s ^ ) , !

(б ) row2 =  2 a ( l  — c o s ^ 2) +  4y(2  — c o s ^ c o s ^  — c o s ^ 2c o s ^ 3), > (2)

(c) m o 2 =  2a( 1 — cos 0 3) +  4y(2  — cos (j)z c o s — c o s 0 3 cos

I t  w ill be  n o te d  t h a t  each  e q u a tio n  can  be  o b ta in e d  fro m  th e  o th e r  b y  

in te rc h an g in g  <pl f  (J)2 , (j)z su ita b ly , a n d  t h a t  h en ce  each  o f th e se  so lu tions 

w ill give th e  sam e  freq u e n cy  d is tr ib u tio n , i.e. th e  sam e sp ec tru m . T h e  

p ro b lem  now  arises  as to  w h e th e r  w e can  c a lcu la te  th e  sp e c tru m  fo r each  

o f th e  freq u en cy  b ran c h es  se p a ra te ly . T h is  can  be done. T he  m e th o d  will 

be d iscussed  firs t in  th e  tw o -d im en sio n a l case, as th is  is v e ry  m u ch  sim pler.

W e consider th e  c ross-sections in  th e  tw o -d im en sio n a l (ji space; th ese  

y ie ld  tw o  cu rves a  a n d  b (fig. 1) fo r a  defin ite  v a lu e  o f  th e  freq u en cy  v
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S p e c tr u m  o f  a  T h r e e -D im e n s io n a l L a tt ic e419

w h ich  w e a re  ta k in g  to  be  v e ry  sm a ll fo r  th e  p re se n t. T h e  cu rv es  enclo se  

a ll p o in ts  c o rre sp o n d in g  to  a  f re q u e n c y  sm a lle r  th a n  v. O u r a p p ro x im a tio n  

co n sists  in  re p la c in g  th e  tw o  cu rv e s  b y  p a r ts  o f  a n  e llip se  in d ic a te d  b y  th e  

d o tte d  lines. T h ese  n ew  cu rv e s  a re  n o w  id e n tic a l. I t  w ill b e  n o tic e d  t h a t  th e  

a re a  en c lo sed  b y  th e  c u rv e  a  is v e ry  n e a r ly  t h a t  w h ich  is c o v e red  b y  b o th  

th e  ellip ses. H en ce , i f  w e c o v er th e  (f> sp ace  e v e n ly  w ith  a  n u m b e r  o f  p o in ts  

a n d  i f  w e k n o w  w h ic h  p o in ts  a re  en c lo sed  b y  e ac h  ellip se, th e n  th e  n u m b e r  

o f  p o in ts  w h ich  a re  c o m m o n  to  b o th  e llip ses is  a  m e asu re  fo r th e  a re a  

enclosed  b y  th e  lo w er c u rv e . K n o w in g  th e  p o in ts  en clo sed  b y  one ellip se  

w e can  im m e d ia te ly  w rite  d o w n  th o se  en c lo sed  b y  th e  o th e r . H a v in g  fo u n d  

th e  n u m b e r  in  th e  o v e rla p p in g  reg io n , w e c an  o b ta in  th e  n u m b e r  en clo sed  

b y  th e  u p p e r  c u rv e  b y  s u b tr a c t in g  i t  fro m  th e  to ta l  n u m b e r  o f  p o in ts . 

W h ere  th e  f re q u e n c y  is  n o t  sm all th e  cu rv e s  a re  n o  lo n g e r e llipses b u t  th e  

sam e  p rin c ip le  ho lds.

T h e  th re e -d im e n s io n a l t r e a tm e n t  is  v e ry  m u c h  th e  sam e . H e re  th e  th re e  

fre q u e n c y  su rfa ce s  in  f  sp ace  a re  re p la c e d  b y  th re e  o th e rs  w h ich  fo r sm all 

v a lu es  o f  th e  f re q u e n c y  a re  th re e  in te rs e c tin g  e llip so id s. F o r  a  d e fin ite  v a lu e  

o f  th e  f re q u e n c y  v  w e can  w o rk  o u t  a ll p o in ts  h a v in g  fre q u e n c y  v a lu es  fro m  0 

to  v  b e lo n g in g  to  e ac h  o f  th e se  e llip so ids. T h e  n u m b e r  o f  t r ip le  “ co incidences ” 

w ill g iv e  a  m e asu re  fo r th e  v o lu m e  en c lo sed  b y  th e  lo w est su rface . T h e  

n u m b e r  o f  “ p a i r s ” a n d  o f  “ s in g le s”  th e n  g ive , w h e n  s u ita b ly  co m b in ed  

w ith  th e  n u m b e r  o f  “ t r i p le s ” , th e  c o rre sp o n d in g  v o lu m es  en c lo sed  b y  th e  

o th e r  tw o  su rfaces .

I n  th is  w a y  th e  c u rv e  a*  (fig. 2) w as fo u n d  fo r  th e  d e n s ity  o f  th e  n o rm a l 

v ib ra tio n s , a n d  fro m  th e  d e ta i le d  re s u lts  th e  cu rv es  b, c, d ,  th e  c o n tr ib u tio n s  

o f  th e  in d iv id u a l b ra n c h e s , w ere  o b ta in e d . T h e  v a lu e  y jc t  =  0*05 w as chosen ; 

e ach  ax is  in  (ft sp ace  w as d iv id e d  in to  30 p a r ts ,  so t h a t  th e  to ta l  n u m b e r  o f  

p o in ts  w as 313 =  29 ,791; th e  fre q u e n c y  scale  h a d  16 d iv is io n s, so t h a t  on  

th e  a v e rag e  a b o u t  2000 p o in ts  fe ll in to  each  reg io n  co n sid ered .

T h e  m a in  fe a tu re  o f  th e  s p e c tru m  as a  w hole  is th e  la rg e  h e a p in g  u p  o f  

freq u en c ies  in  th e  m id d le . F o r  sm all v a lu es  o f  th e  fre q u e n c y  th e  2 law  

ho lds, b u t  th e n  th e re  is  a n  im m e d ia te  rise  to  a  m a x im u m  a f te r  w h ich  th e  

d e n s ity  re m a in s  m o re  o r less c o n s ta n t  u n ti l  th e  o p tic a l f re q u e n c y  is reach ed , 

w h en  a  su d d e n  in c rease  occu rs. T h e  g e n e ra l fo rm  is v e ry  m u c h  th e  sam e  as 

in  th e  tw o -d im en s io n a l case , th e  re sem b lan ce  b e in g  m u c h  clo ser th a n  h a d  

b een  e x p ec te d . I t  w ill be  n o te d  t h a t  th e  d e n s ity  cu rv e  te n d s  to  a p p ro a c h  

t h a t  o f  th e  o n e -d im en sio n a l case , th e  f la tte n in g  o u t  o f  th e  cu rv e  b e in g  one

* A  d e ta i le d  a c c o u n t  o f  t h e  d a t a  u s e d  in  c o n s t r u c t in g  t h e  c u rv e s  h a s  b e e n  g iv e n  in  

a n  a p p e n d ix  a t  t h e  e n d  o f  t h e  p a p e r ,  in  o r d e r  n o t  to  d i s tu r b  t h e  a r g u m e n t  a t  th i s  

s ta g e .
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420 M. B lack m an

o f i ts  m a in  fe a tu re s ; fo r sm all freq u en c ies  th e  th re e -d im e n s io n a l c h a rac te r  

w ill o f  course  p re d o m in a te .

| |  10000

^  8000

U 02 0-4 06 0-8 10 12 14 1-6

r - >

F ig . 2— T h e  d e n s i ty  o f  n o r m a l  v ib r a t io n s  a s  a  f u n c t io n  o f  t h e  f r e q u e n c y  fo r  a  s im p le  

c u b ic  l a t t i c e  ( y /a  =  (M)5, Vj} = ,1 -3 2 , vmax. =  1-55 in  a r b i t r a r y  u n i t s ;  t h e  u n i t  o f  t h e  

d e n s i ty  is  s u c h  t h a t  t h e  t o t a l  n u m b e r  o f  p o in t s  is  8 9 ,3  7 3). T h e  u p p e r  c u rv e  a  r e p r e s e n ts  

th e  t o t a l  s p e c t r u m , t h e  lo w e r  c u rv e s  b , c , d  t h e  s p e c t r u m  fo r  e a c h  o f  t h e  th r e e  

f r e q u e n c y  b ra n c h e s .  T h e  “ s t e p ”  c u rv e  th r o u g h  w h ic h  c u r v e  a  is  d r a w n  is  g iv e n  to  

i l lu s t r a te  t h e  m e th o d  u s e d  in  c o n s t r u c t in g  t h e  c u rv e s . T h e  “ s t e p s ”  a r e  o b ta in e d  b y  

c a lc u la t io n  (A p p e n d ix  I ) ,  a n d  r e p r e s e n t  t h e  t o t a l  n u m b e r  o f  v ib r a t io n s  (i.e . t o t a l  

a r e a )  fo r  a  f r e q u e n c y  r a n g e  o f  O T ; t h e  c u rv e s  a r e  d r a w n  th r o u g h  th e s e  “ s t e p s ”  in  

s u c h  a  w a y  a s  to  k e e p  t h e  a r e a  u n d e r  t h e  c u rv e  e q u a l  to  t h e  a r e a  o f  t h e  “ s t e p ” fo r  

a n y  p a r t i c u la r  f r e q u e n c y  r a n g e .
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S p e c tr u m  o f  a  T h r e e -D im e n s io n a l L a tt ic e 421

T h e  v a r io u s  f re q u e n c y  b ra n c h e s  c o n ta in  som e r a th e r  in te re s t in g  fe a tu re s . 

T h e  b ra n c h e s  b, d  a re  v e ry  s im ila r  to  th o se  o f  th e  tw o -d im e n s io n a l case in  

t h a t  th e y  h a v e  o n ly  o n e  m a x im u m , in  th e  m id d le  a n d  a t  th e  e n d  o f  th e  

s p e c tru m  re sp e c tiv e ly  (for sm all v a lu e s  o f  y /a ) .  T h e  b ra n c h  c is  r a th e r  like  

a  m ix tu re  o f  th e  o th e r  tw o ; i t  possesses a  r a th e r  sm a ll m a x im u m  a t  th e  e n d  

o f  th e  sp e c tru m , a n d  a  v e ry  s lig h t th o u g h  b ro a d  one  in  th e  m id d le . I t  sh o u ld  

be  n o te d  th a t ,  a l th o u g h  th e re  c e r ta in ly  seem s to  b e  a  “ h u m p  ” o f  som e k in d , 

th e  e x is ten c e  o f  th is  s lig h t m a x im u m  is d iff icu lt to  g u a ra n te e , a s  i ts  h e ig h t 

is p ro b a b ly  o f  th e  sam e  o rd e r  a s  th e  e r ro r  o f  th e  c a lc u la tio n . I t  w as th o u g h t  

im p o r ta n t  to  h a v e  so m e ch eck  o n  th e  sm a ll b u t  d is t in c t  m a x im u m  a t  th e  

e n d , a n d  th is  c a n  fo r tu n a te ly  b e  o b ta in e d  w ith o u t  d ifficu lty . T h e  case 

y  =  0 w as u sed , a s  e x p lic it  fo rm u la e  fo r  th e  d e n s ity  cu rv e s  can  b e  o b ta in e d . 

A ll c ro ss-sec tio n s  a re  p la n e s  in  th is  lim itin g  case.

T h e  f re q u e n c y  e q u a tio n s  b eco m e

(a ) m o )2 =  2 a ( l  — c o s ^ ) , '

(b) m o )2 =  2 a ( l  — c o s ^ 2), ► (3)

(c) row2 =  2 a ( l  —c o s ^ 3).^

P u t t in g  a  =  a rc  co s( l - m w 2/2 a ) th e  v o lu m es  in c lu d e d  b y  th e  th re e  su rfaces  

co rre sp o n d in g  to  a  f re q u e n c y  v  a re  re sp e c tiv e ly

(i) V1 =  a 3,

(ii) V2 =  3 a 2u  — 2a3,

(iii) V3 =  37T2a  — S a 27T +  a 3.

T h e  d e n s ity  o f  th e  n o rm a l v ib ra tio n s  c an  be  o b ta in e d  b y  d iffe re n tia tin g  th e  

v o lu m es  w ith  re sp e c t to  th e  freq u e n cy . T h e  fo rm u lae  fo r th e  th re e  cu rv es  a re

Pi(v) 

p 2(v) = 6 a ( n - a  ■

, .  xo da
p 3(v)  =  3(7 T - a

w h ere  on  p u t t in g  a> =  2 n v

(4)

T h e  su m  o f th e  th re e  cu rv es  g ives th e  d e n s ity  fo r th e  o n e -d im en sio n a l case  

(fig. 3, cu rv e  a )  as is to  b e  e x p ec te d .

I t  w ill b e  n o te d  t h a t  c u rv e  d  changes h a rd ly  a t  a ll as y - »  0. T h e  v ib ra tio n s  

co n ce rn ed  a re  e ssen tia lly  lo n g itu d in a l a n d  th e se  a re  l i t t le  a ffec ted  b y  th e
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422 M. B lack m an

v a lu e  o f  y  as lo ng  as y /a  re m a in s  sm all ( th e  v a lu e  fo r th is  cu rv e  is p ro ­

p o rtio n a l to  J (a . +  4y)). S u ch  a  cu rv e  is p ro b a b ly  th e  n e a re s t  a p p ro a c h  to  a  

D eb y e  cu rv e  t h a t  c an  b e  o b ta in e d  fro m  c o n s id e ra tio n s  o f  la t t ic e  th e o ry .*

F ig . 3— T h e  v ib r a t io n a l  s p e c t r u m  o f  a  s im p le  c u b ic  la t t i c e  in  t h e  p a r t i c u la r  c a se  

w h e re  y  =  0, a y  0 . T h e  t o t a l  s p e c t r u m  is g iv e n  b y  c u r v e  a ;  b , c a n d  d  a r e  th e  c o n ­

t r ib u t io n s  o f  t h e  th r e e  f r e q u e n c y  b ra n c h e s .

T he  second  cu rv e  c rises to  a  c o n s ta n t v a lu e  a t  th e  e n d  o f th e  sp ec tru m . 

T h is  is o f  course ro u n d e d  off w h en  y  #  0 (as th e n  th e  sp e c tru m  e x ten d s  to  

* T h is  d o e s  n o t  m e a n  t h a t  i t  is  a  b e t t e r  r e p r e s e n ta t io n  w i th  w h ic h  to  w o rk .
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S p e c tr u m  o f  a  T h r e e -D im e n s io n a l L a tt ic e 423

a  h ig h e r fre q u e n c y  th a n  th e  o p tic a l  freq u e n c y ) , a n d  h en ce  th e  sm all m a x im u m  

o f  fig. 2, c u rv e  c is  c e r ta in ly  re a l. I t  m a y  also  b e  n o te d  t h a t  th e  h e ig h t o f  

m a x im a  is n e a r ly  th e  sam e  w h e n  th e  cu rv e s  a re  a d ju s te d  to  th e  sam e  scale ; 

th is  is a n  a d d it io n a l  c o n firm a tio n  o f  th e  c o rre c tn ess  o f  th e  n u m e ric a l 

c a lc u la tio n . A t th e  lo w er e n d  o f  th e  s p e c tru m  th e  lin e a r  rise  in  d e n s ity  

ch an g es  in to  a  v 2 law  a n d  a  c e r ta in  n u m b e r  o f  v ib ra t io n s  w ill be  tra n s fe r re

to  a  h ig h e r p a r t  o f  th e  s p e c tru m . H e n ce  som e k in d  o f  i r r e g u la r i ty  is to  be  

e x p e c te d  h e re  th o u g h  th e  re a so n  fo r a  m a x im u m  is n o t  q u ite  c lear.

T h e  c u rv e  b w ill d ro p  fro m  a  c o n s ta n t  v a lu e  to  zero  a t  =  0 w h en  y  #  0, 

a n d  sin ce  th e  m a in  p a r t  o f  th e  c u rv e  a t  c o m p a ra tiv e ly  h ig h  freq u en c ies  w ill 

be l i t t le  a ffec ted  b y  th e  c h an g e  in  y , w e sh a ll e x p e c t th e  a d d it io n a l  v ib ra tio n s , 

w h ich  o r ig in a te  a ro u n d  v  =  0, to  b e  a c c o m m o d a te d  in  a  m a x im u m

fa r  fro m  th is  p o in t  ( it  b e in g  c lea r t h a t  th e  to ta l  n u m b e r  o f  v ib ra tio n s  in  a  

b ra n c h  is c o n s ta n t  fo r a ll v a lu e s  o f  th e  fo rces).

3— I t  w ill be  n o te d  t h a t  th e re  a re  v e ry  few  m a x im a  (one o f  im p o r ta n c e  p e r  

b ra n c h ) , a n d  t h a t  th e  w ho le  c h a ra c te r  o f  th e  d e n s ity  c u rv es  is r a th e r  sm o o th  

(fig. 2). I t  m ig h t  b e  a rg u e d  t h a t  th e  m e th o d  o f  c a lc u la tio n  w o u ld  show  

o n ly  a n  a v e ra g e d  c u rv e , b u t  th e re  is go o d  re a so n  to  b e liev e  t h a t  th e se  cu rv es  

a re  re a lly  sm o o th . E v e n  th e  th e o re tic a l  d e n s ity  is in  i ts e lf  a n  a v e ra g e  o v e r 

a n  e n o rm o u s  n u m b e r  o f  v ib ra tio n s . T a k in g , fo r in s ta n c e , a  c ry s ta l  o f  o rd in a ry  

d im en sio n s, one c a n  eas ily  e s t im a te  t h a t  a  ra n g e  o f  %  o f  th e  freq u e n cy  

( ta k e n  a n y w h e re  e x c e p t a t  th e  e x tre m e  lo w er e n d  o f  th e  sp e c tru m ) w ill 

c o n ta in  so m e th in g  o f  th e  o rd e r  o f  1018 v ib ra t io n s  tra v e llin g  in  a ll d ire c tio n s  

th ro u g h  th e  c ry s ta l. H e n ce  v io le n t f lu c tu a tio n s  o f  th e  d e n s ity  o v e r a n  

a p p re c ia b le  f re q u e n c y  ra n g e  w o u ld  be  e x tre m e ly  p u zz lin g . F u r th e rm o re , 

one c an  see fro m  a  c a re fu l e x a m in a tio n  o f  th e  tw o -d im en s io n a l case  t h a t  

th e re  a re  no  su ch  f lu c tu a tio n s , a n d  th e  s im ila r ity  o f  th e  tw o - a n d  th re e -  

d im en s io n a l cases su g g es ts  t h a t  th is  is a lso  t r u e  fo r th e  la t te r .

T h e  n e x t  p o in t  to  b e  d ec id ed  is w h e th e r  i t  is p o ssib le  to  in d ic a te  w here  

th e  m a x im a  in  th e  v a r io u s  b ra n c h e s  lie. W e  co n sid e r th e  cube  0 ^  , <;

in  0  sp ace  a n d  th e  c ro ss-sec tio n s  v =  c o n st., ta k in g  each  b ra n c h  s e p a ra te ly . 

F o r  th e  lo w est b ra n c h  (fig. 2, c u rv e  c) th e  e n d -p o in ts  o f  th e  cube  h a v e  th e

fo llow ing  v a lu es :
{cf)l9 4>2i ^3) 

(0 0 0)

F r e q u e n c y  

v  =  0

( 0  0  77-) (0 77 0) (77 0  0 ) (8
Z77

(0 77 7 l) (77 0  77) (77 77 0) v = —  ( 1 6y/m)% 
277

(77 77 77) v =  (4a/m)i
277

 D
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424 M. B lack m an

A s we in c rease  v  fro m  zero , th e  su rface s  e x p a n d  o u tw a rd s , a t  f irs t  u n ifo rm ly  

(c o n tin u u m  reg ion ), a n d  re a c h  th e  e n d -p o in ts  o f  th e  cu b e  in  th e  o rd e r g iven 

ab o v e . I t  is c lea r th a t ,  o n  p ass in g  th e  (0 0 p o in ts , th e  su rface s  h a v e  p le n ty  

o f space  in  w h ich  to  e x p a n d , a n d  i t  is o n ly  a f te r  th e  (0 t t  p o in ts  a re  p assed  

t h a t  th e  su rfaces  w ill c o n tra c t  in w a rd s  to w a rd s  th e  p o in t  O ne can

th e re fo re  conclude  t h a t  a  co n sid e rab le  in c re a se  in  th e  d e n s ity  w ill occur 

w h en  th e  fre q u e n cy  passes  th e  v a lu e  v(0 0 a n d  t h a t  a  m a x im u m  w ill be 

re ach ed  before  th e  (0 t t  t t ) p o in ts  a re  p a sse d ; a f te r  th is  th e re  w ill be  a  s te a d y  

decrease  to  zero . T h ese  co n clu sio n s fit in  w ith  th e  cu rv e  fo u n d , e.g . i t  w ill 

be n o tic e d  t h a t  th e  m a x im u m  is a t  0-55, w h e reas  v(0 0-65 in  th e  sam e

u n its  ( P(00n) =  0-4).

T h e  e n d -p o in ts  o f  th e  cu b e  h a v e  th e  fo llow ing  v a lu es  fo r th e  second  

b ra n c h  (fig. 3, cu rv e  c):

(0i> 02> 03) 

(0 0 0)

F r e q u e n c y  

v  = 0

(0 0 77) (77 0 0) (O77O) v = ^ T ( 8 y / m ) i

(0  77 77) ( t t  0 77) (77 77 0) v = J -  ( 4 a  +  8y /m ) i
277

(77 77 77) r  =  ~  ( 4 a /m ) t  
277

T h e  (0 0 t t ) p o in ts  c o rre sp o n d  to  a  c o m p a ra tiv e ly  sm all v a lu e  o f th e  f r e ­

q uency , th e  (0 t t  t t )po in ts , o n  th e  o th e r  h a n d , to  a  h ig h e r f re q u e n cy  

( t t  t t  t t ) .  H en ce  th e  su rfaces, a f te r  e x p a n d in g  acro ss th e  (0 0 t t ) p o in ts , w ill 

e x te n d  to w a rd s  th e  c en tre  o f  th e  cube  a n d  w ill a v o id  th e  (0 co rners. 

T h is  c o n tin u es  u n ti l  ( t t  t t  t t )is re a c h e d  w h en  th e  su rfaces  sh r in

(0 t t  t t ) , e tc . O ne sh o u ld  e x p e c t a  s te a d y  in c rease  in  th e  d e n s ity  a t  first, a n d  

a  m a x im u m  ju s t  b e fo re  th e  ( t t  t t  t t ) p o in t  is re a c h e d  b ecau se  h e re  th e  su rfaces 

b re a k  th ro u g h  th e  c en tre  p o r tio n ; w h a t  h a p p e n s  in  b e tw een  is r a th e r  d ifficult 

to  see because  o f  th e  p e c u lia r  fo rm  o f  th e  su rfaces . W e h a v e  n o t  considered  

th e  d is tan ces  b e tw ee n  su rfaces, a ssu m in g  ta c i t ly  t h a t  th e se  w ill n o t  v a ry  in  

such  a  w ay  as to  d is tu rb  th e  g en era l conclu sio ns; one can  in  g en era l see in  

w hich  w ay  th e  v a r ia tio n  w ill a ffec t th e  re su lt  as long  as  th e  su rfaces a re  n o t 

v e ry  co m p lica ted , e.g . w h en  th e  su rfaces  p a ss  a  co rn e r o f  th e  cube  th e  

d is tan ces  b e tw een  su rfaces te n d  to  in crease , a n d  hen ce  th e  m a x im a  w hich  

arise  n e a r  th e se  p o in ts  a re  a ll th e  m ore  p ro n o u n ced . I n  th e  case we a re  

consid erin g  a  closer e x a m in a tio n  o f  th e  cross-sections is n ecessary . T h is 

show s th a t  a f te r  th e  (0 0 t t )po in ts  a re  p a ssed  th e  su rfaces

to g e th e r  especia lly  n e a r  th e  (O 0203b ( ^ i h ^ 3), (<pi<p2 0) faces; th is  suggests
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t h a t  th e re  w ill b e  l i t t l e  v a r ia t io n  in  th e  d e n s ity  o v e r q u ite  a  w id e  fre q u e n c y  

ran g e , th o u g h  th e  s lig h t m a x im u m  does n o t  fo llow ; a  m o re  d e ta i le d  n u m e ric a l 

c a lc u la tio n  o f  th e  c ro ss-sec tio n s  is n e e d e d  to  e s ta b lish  th e  e x is ten c e  o f  th e  

m a x im u m  i f  i t  is  re a l, a n d  th is  is n o t  o f  su ffic ien t im p o r ta n c e  a t  p re se n t.

I n  th e  case  o f  th e  th i r d  b ra n c h  (fig. 3, c u rv e  a )  th e  re la t io n  b e tw e e n  th e  

e n d -p o in ts  o f  th e  cu b e  a n d  th e  f re q u e n c y  is  g iv e n  in  th e  fo llow ing  schem e:

(/ )2? ^ 3) F r e q u e n c y

(0  0 0) v =  0

(0  77 0) (0  0 77) (77 0 0)
1 , 

v =  —  (4 a  +  16 y/m)®
277

(0  7777 ) (77 0 77) (77 77 0) v  =  (4 a  +  8 y / m ) i
277

(77 77 77) v  =  - J -  ( 4 a /m ) i
277

H e re  b o th  th e  (0 0 n )and th e  (0 n  t t ) p

th a n  t h a t  c o rre sp o n d in g  to  (n  n  n ).Hence th e  f re q u e n c y  su r

in  to w a rd s  th e  m id d le  o f  th e  cu b e  a v o id in g  a ll c o rn e rs ; th e y  in c rease  m o re  

o r less s te a d ily  to w a rd s  th e  ( t t  t t  tt ) p o in t. I t  w o u ld  see

m a x im u m  sh o u ld  lie a  l i t t le  o n  th e  h ig h  f re q u e n c y  side  o f  th is  p o in t, b u t  

th e  c a lc u la tio n s  c a n  h a rd ly  d ec id e  th is . T h e  d e n s ity  fa lls  off ra p id ly  a f te r  

th e  m a x im u m  is re a c h e d  a n d  e v e n  m o re  so a f te r  th e  (0 p o in ts  a re  

p assed , b u t  t h a t  a g a in  c a n n o t b e  d e te c te d  o n  th e  cu rv e  as  th e  effect is 

to o  sm all.

I t  sh o u ld  b e  n o te d  t h a t  th e  e n d -p o in ts  o f  th e  cu b e  do  n o t  p la y  a n  im ­

p o r ta n t  p a r t*  in  fix ing  th e  m a x im a  a lth o u g h  th e y  a re  u sefu l in  th e  d iscu ss io n  

o f  th e  q u a li ta t iv e  fe a tu re s ;  th e y  do  n o t  in  g e n e ra l co incide  w ith  th e  m a x im a  

as h a d  a t  f irs t  b e en  th o u g h t  lik e ly  (cf. B la c k m a n  1935), e.g . th e  v e ry  

im p o r ta n t  m a x im u m  o f  c u rv e  b c a n n o t b e  lin k e d  to  a n y  su ch  p o in t.

A ll th e  ab o v e  re m a rk s  a p p ly  o n ly  i f  th e  y / a  ra t io  is su ffic ien tly  sm a ll. 

I t  w ill, h o w ev er, b e  seen  t h a t  th e  sam e  re su lts  h o ld  as  lo n g  as th e  e n d -p o in ts  

o f  th e  cu b e  r e ta in  th e i r  re la tiv e  p o s itio n s , i.e . y / a  <  0-25. A fte r  th a t ,  th e  

cu rv e  c w ill p ro b a b ly  ch an g e  a  l i t t le  in  a p p e a ra n c e  b u t  th e  g e n e ra l fo rm  

o f th e  to ta l  s p e c tru m  w ill n o t  be  c h an g e d  v e ry  m u c h ; th e  sm a ll m a x im u m  

w ill be  re p la c e d  b y  a  “ h u m p ” a n d  th e  sp e c tru m  w ill e x te n d  a p p re c ia b ly  

ab o v e  th e  m a in  m a x im u m . I t  is o n ly  w h en  y / a  4= 0 -5 f t h a t  th e  m a in  m a x i­

* T h is  is  o f  in t e r e s t  in  v ie w  o f  t h e  t h e o r y  o f  S e i tz ,  B r i t t a i n  a n d  B a r n e s  ( 1 9 3 5 ) in  

w h ic h  s u c h  p o in t s  a r e  a s s u m e d  t o  b e  a s s o c ia te d  w i th  m a x im a  o f  t h e  d e n s i ty .

t  T h e  e f fe c t  w ill o c c u r  b e fo re  y / a  =  0-5 b e c a u s e  t h e  m a x im u m  o f  c u rv e  c lie s  

b e tw e e n  v(00w) a n d  v (07T7r).
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426 M. B lack m an

m u m  will o v e rlap  w ith  th e  “ h u m p ” a n d  o v e r a  ra n g e  o f  v a lu es  o f  y /a  th e  

sp e c tru m  w ill co n sis t o f  a  sin g le  m a x im u m  in  th e  m id d le .

T h e  6d - T  cu rv es  o b ta in e d  fro m  c ry s ta ls  h a v in g  th e  a b o v e  ty p e  o f  sp ec tru m  

w ill d e p en d  to  a  la rg e  e x te n t  o n  w h a t  v a lu es  o f  y / a  w e choose . F o r  y /a  =  0-05 

(cf. A p p e n d ix  I I  a n d  fig. 4) th e  in i t ia l  d D v a lu e  (i.e. T  =  0) is lo w er th a n  th e  

v a lu e  fo r h ig h  te m p e ra tu re s . T h e re  is f irs t  th e  d ro p  in  0 D w h ich  is a  fe a tu re  

o f  a ll th e se  la ttic e s , a n d  th e n  a  sh a rp  rise  to  a  c o n s ta n t  v a lu e . F o r  m uch  

sm alle r v a lu es  o f  y / a  th e re  w ill be  a  s lig h t d ro p  fo llow ed  b y  a n  ap p rec iab le  

rise. F o r  y /a  v a lu es  n e a r  0-05 w e sh o u ld  a lso  e x p e c t to  fin d  a  m ax im u m  

o f 0D a f te r  th e  m in im u m . W h e n  th e  y / a  v a lu e  reach es  th e  n e ig h b o u rh o o d  

o f 0-5, th e  dD v a lu e  w ill p ro b a b ly  fa ll s te a d ily  w ith  in c reas in g  te m p e ra tu re  

to  a  c o n s ta n t v a lu e , th o u g h  i t  is p o ssib le  t h a t  th e re  is a  m in im u m  follow ed 

b y  a  s lig h t rise .

4— T h e  ab o v e  c o n s id e ra tio n s  a p p ly , s t r ic t ly  sp eak in g , o n ly  to  a  sim ple  

cubic  la tt ic e  co n sis tin g  o f  p a r tic le s  o f  th e  sam e  k in d , w h ere  th e  forces are  

o f  th e  c e n tra l fo rce  ty p e  a n d  fa ll off v e ry  r a p id ly  w ith  d is ta n ce . T h e re  are  

no  c ry s ta ls  f i t t in g  th is  d e sc r ip tio n  e x a c tly . F ro m  th e  p o in t  o f  v iew  o f th e  

fo rces th e  n e a re s t  a re  p ro b a b ly  th e  ra re  gases in  th e  so lid ified  fo rm ,*  b u t  

th e se  h a v e  th e  w ro n g  la t t ic e  s tru c tu re . If , a s  seem s lik e ly , th e  effect o f 

sy m m e try  is n o t  su ch  as  to  a l te r  a  g e n e ra l q u a li ta t iv e  re su lt, th e  conclusions 

re a ch e d  a b o v e  su g g es t t h a t  th e  d D v a lu e  sh o u ld  fa ll in itia lly . S ince in  no  

case does th e  t ru e  c o n tin u u m  reg io n  a p p e a r  to  h a v e  b een  reach ed , th is  

c a n n o t be  te s te d  b y  co n sid e rin g  th e  e x p e r im e n ta l re su lts  a t  p re se n t 

av a ilab le .

T h e  B o rn -v . K a rm a n  m o d e l is, h o w ev er, o f te n  u sed  as a n  a p p ro x im a te  

re p re se n ta tio n  o f  p o la r  c ry s ta ls  o f  th e  KC1 ty p e . H e re  o f  course  th e  forces 

b e tw een  p a r tic le s  e x te n d  o v e r c o m p a ra tiv e ly  la rg e  d is tan ces , a n d  we h av e  

to  consider w h a t  effect th is  w o u ld  h a v e  o n  th e  q u a lita tiv e  re su lts . I t  seem s 

rea so n ab le  to  su p p o se  t h a t  good  a g re e m e n t can  be o b ta in e d  b y  in tro d u c in g  

a  n u m b e r o f  p a ra m e te rs  o f  th e  ty p e  a , y , w h ere  som e o f  th e se  p a ra m e te rs  

can  be n e g a tiv e  as w ell as  p o s itiv e . T w o a re  su ffic ien t to  g ive th e  e lastic  

c o n s ta n ts  (if th e  C au ch y  re la tio n  ho ld s) a n d  fa ir  v a lu es  fo r th e  p o in ts  

( 0  0 t t ) ,  etc . T h e  ( n  t t  t t ) p o in t is u su a lly  w ith in  a  ra n g e  o f  10-20  %  a b o u t

th e  e x p e r im e n ta l v a lu e , th o u g h  th e  o th e rs  m a y  be co n sid e rab ly  d ifferen t 

(B lack m an  1933). S ince th e  e n d -p o in ts  o f  th e  cube  in  (j) space  a re  re p re se n te d  

suffic ien tly  w ell fo r q u a lita tiv e  p u rp o ses, one m ig h t th in k  th a t  th e  m odel 

sh o u ld  give a  good  q u a lita tiv e  re p re se n ta tio n  o f  th e  sp ec tru m . T h ere  is, 

how ever, one re s tr ic tio n  on  th e  a p p lic a tio n  o f  th e  ab o v e  re su lts  to  KC1,

* H e l iu m  m u s t  b e  e x c lu d e d  b e c a u s e  o f  i t s  u n u s u a l  p ro p e r t ie s .
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a n d  th is  co n ce rn s  th e  b e h a v io u r  o f  th e  s p e c tru m  fo r sm a ll v a lu es  o f  th e  

freq u e n cy . A n  in d e p e n d e n t  in v e s t ig a tio n  (to  b e  p u b lish e d  sh o rtly )  h a s  

sh o w n  t h a t  a  la t t ic e  o f  th e  k in d  d iscu ssed  h e re  h a s  a  d e n s ity  w h ich  a lw ay s  

in c reases  f a s te r  t h a n  v2 im m e d ia te ly  o u ts id e  th e  c o n tin u u m  reg io n ; b u

i t  is p o ssib le , b y  in tro d u c in g  a d d it io n a l  n e g a tiv e  p a ra m e te rs ,  to  ch an g e  th is  

so t h a t  th e  d e n s i ty  does n o t  in c re a se  as  fa s t  as  o v e r  a  sm a ll reg io n  th o u g h  

th is  v a r ia t io n  so o n  ch an g es  in to  th e  u su a l s te e p  rise . N o w  th e  p a ra m e te rs  

a , y  c o rre sp o n d  to  seco n d  d e r iv a tiv e s  o f  th e  p o te n tia l ,  a n d  th e se  a re  u su a lly  

n e g a tiv e  w h e n  th e  p a r tic le s  co n ce rn e d  a re  n o t  n e ig h b o u rs . S in ce th e  fo rces 

in  p o la r  c ry s ta ls  e x te n d  o v e r la rg e  ra n g e s , th e  p o ss ib il ity  o f  su ch  a n  effect 

c a n n o t b e  e x c lu d e d  a t  p re se n t. T h is  p o in t  is o f  sp ec ia l in te re s t ,  b ecau se  

a lth o u g h  th e  q u a li ta t iv e  fe a tu re s  o f  th e  c u rv e  o f  KC1 do  ag ree  w ith  th e  

p re d ic tio n s  o f  th e  th e o ry  ( th e  e ffec tiv e  v a lu e  o f  y/oc b e in g  la rg e r  th a n  0-05 as  

sh o w n  b y  th e  r a t io  d 0ld D (in itia l)) ,*  th e re  is a  d isc re p a n c y  a t  th e  lo w est 

te m p e ra tu re s  w h e re  th e  0 D v a lu e  in s te a d  o f  re m a in in g  c o n s ta n t  a

fa ll s lig h tly . T h i s f  fa ll co u ld  be  e x p la in e d  b y  th e  h y p o th e s is  m a d e  a b o v e ; 

th e re  re m a in s , h o w ev er, one  f u r th e r  p o in t, t h a t  th e  effect s till e x is ts  fo r 

a  6 d I T  v a lu e  o f  a b o u t  100. A cco rd in g  to  p re v io u s  w o rk  th e  c o n tin u u m  

reg io n  fo r a  B o rn -v . K a rm a n  la t t ic e  (a n d  y /a  =  0-05) is re a c h e d  w h en  6 Dj T  

is a b o u t  50. H e re  o n ly  n e a re s t  n e ig h b o u rs  w ere  co n sid e red . W h e n  th e  fo rces 

fro m  p a r tic le s  w h ic h  a re  f a r th e r  a w a y  a re  im p o r ta n t ,  th is  l im it fo r 6 Dj T  is 

o f  cou rse  re m o v e d  to  a  la rg e r  v a lu e , a n d  i t  w o u ld  n o t  be  su rp r is in g  to  fin d  

th e  c o n tin u u m  reg io n  a t  100 o r e v e n  m ore . A t p re s e n t to o  l i t t le  is k n o w n  

a b o u t  th e  v a r ia t io n  to  m a k e  a  d e fin ite  p ro n o u n c e m e n t;  in  p a r t ic u la r  i t  

w o u ld  b e  im p o r ta n t  to  f in d  o u t  w h en  th e  c o n tin u u m  reg io n  does a p p e a r . 

T h e re  does n o t  seem  to  b e  a n y  case  w h ere  one  c a n  be  c e r ta in  t h a t  i t  h as  

b e en  re a ch e d .

I n  th e  case  w h e re  th e  C au c h y  re la tio n  does n o t  h o ld , a n  a d d itio n a l 

p a ra m e te r  is su ffic ien t to  d e sc rib e  th is  n ew  fe a tu re . N o  q u a lita tiv e  ch an g es 

n e ed  to  be  m a d e  in  th e  d e sc r ip tio n  o f  th e  sp e c tru m . T h is  is t ru e  a lso  fo r tw o  

o r m o re  p a r tic le s  p e r  cell as  long  as  th e  m ass  d ifferences a re  n o t  la rg e . J

T h e  m o d e l is n o t  d ire c tly  a p p lic ab le  w h ere  one  c a n n o t sp ea k  o f  th e  fo rces 

b e tw ee n  p a r tic le s  as su ch , e .g . in  m e ta ls . H e re  one w o u ld  n e ed  e i th e r  a n

* 6 0 =  h v (j, jrn) /k  a n d  v(.mrn) is  k n o w n  f ro m  t h e  c o n s t a n t s  o f  t h e  la t t i c e .

f  T h e  e x p la n a t io n  o f fe re d  d o e s  n o t  e x c lu d e  t h e  p o s s ib i l i ty  o f  t h e  e f fe c t b e in g  d u e  

t o  a n o t h e r  c a u s e ;  i t  d is a g re e s  w i th  t h e  dD v a lu e s  d e d u c e d  f ro m  r e c e n t  m e a s u re s  o f  

t h e  e la s t ic  c o n s ta n t s  o f  K C1 a t  lo w  te m p e r a tu r e s  ( D u r a n d  1 9 3 6 ).

% T h e  s p l i t t i n g  o f  t h e  f r e q u e n c y  b r a n c h e s  le a d s  to  m o re  c o m p l ic a te d  f r e q u e n c y  

s u r fa c e s , a  p h e n o m e n o n  t e r m e d  “ z o n e  s t r u c t u r e ”  b y  S e itz , B r i t t a i n  a n d  B a r n e s  ( 1 9 3 5 ). 

T h is ,  h o w e v e r ,  d o e s  n o t  le a d  to  g r e a t  c o m p l ic a t io n s  in  t h e  s p e c t r u m , a s  th e s e  a u th o r s  

m a in ta in ,  in d e e d  fo r  s m a ll  m a s s  d if fe re n c e s  th e r e  w ill h a r d ly  b e  a n y  f lu c tu a t io n s .

2 FVol. CLIX A.
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428 M. B lack m an

in d e p e n d e n t in v e s tig a tio n  o f  th e  fre q u e n c y  e q u a tio n  o r a  c a re fu l ex am in a tio n  

o f th e  specific h e a t  cu rv es  fro m  w h ich  i t  m ig h t be  p o ssib le  to  d ed u ce  a  fa ir 

re p re se n ta tio n  o f  th e  sp e c tru m .

I  sh o u ld  lik e  to  ex p re ss  m y  th a n k s  to  P ro fe sso r  R . H . F o w le r, F . R . S ., a n d  to  

D r  R . P e ie rls  fo r d iscu ssio n s a n d  su g g estio n s . I  a m  in d e b te d  to  th e  D e p a r t­

m e n t o f  S cien tific  a n d  I n d u s tr ia l  R e se a rc h  fo r a  “ S en io r R e se a rc h  A w a rd ” 

w h ich  h as  m a d e  th e  a b o v e  w o rk  possib le .

Su m m a r y

T h e  v ib ra tio n a l s p e c tru m  o f  a  s im p le  cu b ic  la t t ic e  o f  th e  B o rn -v . K a rm a n  

ty p e  is c a lc u la te d  in  a  p a r t ic u la r  case  (y /a  =  0-05) b y  a  n u m e ric a l m e th o d . 

T h e  fe a tu re s  o f  th is  s p e c tru m  a re  c h eck ed  b y  co n sid e rin g  a n  e x tre m e  case 

(y =  0, a  #  0) in  w h ich  fo rm u lae  fo r th e  s p e c tru m  o f  each  o f  th e  freq u en cy  

b ran c h es  a re  d e riv ed . G en era l c o n s id e ra tio n s  o n  th e  fo rm  o f  th e  freq u en cy  

su rfaces  in  “ p h a s e ” sp ace  a re  u sed  to  d e te rm in e  q u a li ta t iv e ly  th e  fo rm  o f 

th e  sp e c tru m  fo r s im p le  cu b ica l la t t ic e s  c h a ra c te r iz e d  b y  o th e r  v a lu es  o f  th e  

p a ra m e te r  y /a .  T h e  re su lts  o b ta in e d  a re  u sed  in  a  d iscu ss io n  o f  th e  ty p e  

o f specific h e a t  cu rv es  to  be  e x p e c te d  fo r th e se  la tt ic e s . T h e  a p p lic a b ili ty  

o f  th e  conclu sio ns to  a c tu a l  c ry s ta ls  is co n sid ered .

A P P E N D I X  I

I n  o rd e r to  g iv e  a n  in d ic a tio n  o f  th e  s c a tte r in g  fro m  th e  sm o o th  d e n s ity  

cu rv e  (fig. 2) th e  d a ta  u sed  is g iv en  in  T a b le  I .

T h e  c a lcu la tio n s  y ie ld  th e  to ta l  sp e c tru m  d ire c tly , g iv en  in  th e  second  

co lu m n. A c tu a lly  o n ly  a  th i r d  o f  th e se  p o in ts  w ere  c o u n te d  b ecause  th e  

c o n tr ib u tio n s  cou ld  be  d iv id e d  in to  th re e  s im ila r  p a r ts .  T h e  to ta l  d e n s ity  is 

h ence  th re e  t im e s  th e  d e n s ity  fo u n d  fo r one o f th e  p a r ts  (cf. e q u a tio n  (2)). T he  

d e n s ity  v a rie s  re g u la r ly  o v e r th e  sp e c tru m  e x c e p t fo r th e  tw o  reg io ns from  

1-0 to  1*2. T h e  rea so n  fo r th e  ir re g u la r ity  can  be  seen  fro m  e q u a tio n  (2) (a), 

w here  on  p u t t in g  <j)x =  \ n  a ll freq u e n cy  v a lu es  becom e e q u a l to  (2 a  +  8y/ra)*, 

w h a tev e r th e  v a lu e  o f o r . T hese  p o in ts  a re  a m o n g  th o se  ca lcu la ted , a n d  

hence 312 =  961 p o in ts  h a v e  th e  sam e fre q u e n cy  v a lu e  in s te a d  o f  h av in g  

a  ran g e  o f freq u e n cy  v a lu es . T h is  h a s  th e  effect o f  fo rcin g  u p  th e  d e n s ity  

o f  th e  reg ion  1 •0-1*1, a n d  o f  d ep ress in g  th e  d e n s ity  fo r th e  n e x t  reg ion . T he  

ir re g u la r ity  w o u ld  be  sm o o th e d  o u t i f  one w ere  to  ta k e  a  m u ch  la rg er 

n u m b e r o f  p o in ts , a n d  is o f  no  th e o re tic a l significance.

T he  m e th o d  o f o b ta in in g  th e  d e n s ity  fo r th e  in d iv id u a l b ran ch es  h as  been
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d iscussed  in  § 2. I t  s h o u ld  b e  n o te d  t h a t  w e sh o u ld  e x p e c t th e  f lu c tu a tio n s  

here  to  be  m u c h  la rg e r  th a n  in  th e  o rig in a l sp e c tru m . T h e  m e th o d  a d o p te d  

leads n e ce ssa rily  to  a d d it io n a l  e rro rs  in  c o u n tin g  th e  n u m b e r  o f  “ t r ip le s ” , 

“ d o u b le s ” a n d  “ s in g le s” , a n d  th e  e rro rs  a re  m u ltip l ie d  b y  fa c to rs  o f  th re e , 

tw o , a n d  one  re sp e c tiv e ly  w h e n  th e  d e n s ity  o f  th e  b ra n c h e s  a re  d e te rm in e d  

fro m  th e se  n u m b e rs . S in ce  th e  to ta l  n u m b e r  o f  p o in ts  sh o u ld  be  th e  sam e  

fo r a ll th e  th re e  b ra n c h e s , th e  f lu c tu a tio n s  sh o u ld  a v e ra g e  o u t. T h e  to ta ls  

a re  sh o w n  in  th e  la s t  lin e  a n d  i t  w ill b e  seen  t h a t  th e y  a re  w ith in  260 o f  th e  

co rre c t v a lu e  29 ,791. T h is  is s a t is fa c to ry  b ecau se  one h a s  n o  m e th o d  o f 

c h eck in g  e x c e p t b y  re p e a tin g  th e  sam e  w ork .

T a b l e  I

D e n s i t y  ( n u m b e r  o f  p o in t s  p e r  f r e q u e n c y  r a n g e )

S p e c tr u m  o f  a  T h r e e -D im e n s io n a l L a ttic e  429

F r e q u e n c y T o t a l B r a n c h B r a n c h B r a n c h T o ta l

r a n g e s p e c t r u m d c b d b 4" c

0 -0 - 0 1 81 8 26 47 81

0 1 - 0-2 3 6 6 19 109 238 36 6

0 -2- 0 -3 9 6 6 34 247 667 948

0 -3 -0 -4 2 1 3 6 47 5 2 4 1566 2 137

0 -4 -0 -5 5 217 228 1209 3 7 7 6 5213

0 -5 -0 -6 6801 176 1 570 5 2 8 5 7031

0 -6- 0 -7 6 7 1 4 195 1809 4 7 0 0 6704

0 - 7 - 0 -8 5 7 2 7 607 1870 3 1 5 4 5631

0 -8- 0 -9 5 6 4 2 413 2527 2 7 7 9 5 7 1 9

0 -9 -1 -0 5 7 0 8 992 2 9 1 3 1952 5 857

1-0 - 1 1 6 6 4 5 1303 2 9 8 6 2341 6 6 3 0

1 1 - 1-2 5 5 2 9 1643 2 9 7 3 1191 5 807

1-2—1-3 7293 2 558 2 1 4 2 1212 5 9 1 2

1-3—1-4 10161 4 3 8 0 5 8 2 9 810 11019

1 -4 -1 -5 17031 14492 3 2 0 6 164 1 7 864

1 -5 -1 -5 5 3 2 5 3 2853 111 0 2 9 6 4

T o ta l  n u m b e r 8 9 2 7 0 2 9 9 4 8 30051 2 9 8 8 2 8 9 8 8 3

o f  p o in t s

T h e  f lu c tu a tio n s  in  th e  n e ig h b o u rh o o d  o f  =  T 2  a re  p ro d u c e d  b y  th e  

f lu c tu a tio n  in  th e  o rig in a l s p e c tru m  a lre a d y  d iscu ssed , a n d  h a v e  th u s  a  

d iffe ren t cause. T h is  f lu c tu a tio n  does n o t  a ffec t th e  te n d e n c y  o f  th e  cu rv es  

fo r th e  d e n s ity  to  a n y  a p p re c ia b le  e x te n t ;  th e  m a x im u m  o f  b ra n c h  b a t  

v =  1-2 is m a d e  u n c e r ta in  b y  th is  fa c to r, b u t  th e re  is no  d o u b t a b o u t  th e  

f la tte n in g  o u t  o f  th e  cu rv e  in  th is  reg io n .

A P P E N D I X  I I

(a) F ro m  th e  c a lc u la te d  cu rv e  fo r th e  d e n s ity  o f  th e  n o rm a l v ib ra tio n s  o f  

a  s im ple  cu b ica l la ttic e , i t  is possib le  to  find  th e  n u m e ric a l c o n s ta n ts
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430 M. B lack m an

in v o lv e d  in  th e  d e n s ity  fu n c tio n  fo r sm a ll v a lu e s  o f  th e  freq u en cy . W e 

ex p re ss  th e  fu n c tio n  in  th e  fo rm *

p { v ) =  

w here  vD is th e  D eb y e  m a x im u m  fre q u e n c y  d e fin ed  in  th e  u su a l w ay .

T h e  to ta l  n u m b e r  o f  v ib ra tio n s  b e tw e e n  =  0 a n d  =  is

a v D 3v '3 +  bvD V 5.

T ak in g  th e  a c tu a l  cu rv e  (fig. 3) one  c an  d ra w  th e  co rre sp o n d in g  D ebye 

cu rv e  a n d  can  e s tim a te  th e  a re a  ( a v ^ 3v >3 u n

a re a  V 5) b e tw ee n  th e  D e b y e  cu rv e  a n d  th e  a c tu a l  cu rv e . F o r  v' =  0-3, 

vD =  1-32, th e  ra t io  o f  th e  tw o  a re a s  is 6 r '2/ a i ' |  =  0-22 a n d  6 /a  =  4-26. W e 

can  ca lc u la te  th e  m e a n  en e rg y  o f  th e  la t t ic e , m a k in g  th e  a s su m p tio n  th a t  

th e  te m p e ra tu re  is su ffic ien tly  sm all as  th is  is th e  ra n g e  w e a re  in te re s te d  in.

3a

i:
h v  . 7 56

eh v i k T _ i v d v  +  r i

'6 f *

i  J o gh v I k T __i
vi d v

3 a h / J c T V ^  6 6.

n 4̂ +v 3n \ h

120

P u tt in g  a  =  3N  a n d  N k  =  Rso as to  o b ta in  th e  u su

th e  re la tio n s

^  1 7 t 4’

9 0 ’
V _  _ _____ n  __

^  — 9 4 5 ’ D ~  7/1

w e o b ta in  fo r th e  specific h e a t

a .
12774  R

5 e 3

127T4 R

0%

H

6
1 +  47-05 - 22-

a d l )

T 2\

1 + 2015 |) -

T his show s th a t  fo r 6D/ T  =  100 th e  ch an g e  in  th e  specific h e

m ean s a  0-7 %  ch an g e  in  th e  0D v a lu e .

(6) O ne can  also  c a lcu la te  th e  0Dv a lu e  as a  

n u m erica lly  th ro u g h o u t th e  te m p e ra tu re  ran g e . T h e  ca lc u la te d  cu rv e  is 

show n in  fig. 4. T h e  0D v a lu e  d ro p s  fro m  132 a t  T  0° to  114 a t  T  =  8° an d  

th e n  rises sh a rp ly  to  i ts  final v a lu e  144. I t  sh o u ld  be  n o te d  th a t  th e  v a lu e  

is re m a rk a b ly  c o n s ta n t fro m  40° K . o n w ard s, th is  rem a in in g  so fo r va lues

* T h is  fo rm  fo llo w s f ro m  a n  in v e s t ig a t io n  o f  t h e  lo w  f r e q u e n c y  e n d  o f  t h e  s p e c t ru m  

o f  a  l a t t i c e  o f  t h e  a b o v e  t y p e  ( to  b e  p u b l is h e d  s h o r t ly ) .  I t  is  p r o b a b le  t h a t  i t  h o ld s  

g e n e ra l ly  fo r  a  th r e e -d im e n s io n a l  l a t t i c e .
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o f 6 Dh ig h e r  th a n  th o se  sh o w n  in  th e  figure . T h e  h ig h  te m p e ra tu re  v a lu e  is

n o t  f a r  fro m  th e  low  te m p e ra tu re  v a lu e  o f  132, b u t  th e re  is  a  w ide  v a r ia t io n  

b e tw ee n  th e se  v a lu es , sh o w in g  t h a t  o n e  c a n  d ra w  n o  co n clu sio n s  fro m  th e  

k n o w led g e  o f  th e  0 D v a lu e s  fo r  v e ry  low  a n d  fo r h ig h  te m p e ra tu re s  as  to  

th e  p ro b a b le  0 D c u rv e ; a  q u a l i ta t iv e  k n o w led g e  o f  th e  s p e c tru m  is n e c e ssa ry  

befo re  th e  0 D c u rv e  c a n  b e  p re d ic te d .

F ig . 4— T h e  D e b y e  dD v a lu e  a s  a  f u n c t io n  o f  t h e  t e m p e r a t u r e  fo r  a  s im p le

c u b ic  l a t t i c e  ( y /a  =  0 -0 5 ).
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