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Abstract

In this paper we introduce the definition of weak type of meromor-
phic functions and establish its integral representation. We also inves-
tigate some growth properties related to the weak type of meromorphic
functions.
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1 Introduction, Definitions and Notations.

Let f be a meromorphic function of finite positive order ρf defined in the open
complex plane C. The type σf of f is defined as follows :

σf = lim sup
r→∞

T (r, f)

rρf
.

When f is entire one can easily verify that

σf = lim sup
r→∞

log M (r, f)

rρf
, 0 < ρf < ∞.

In the paper we introduce the following two definitions :
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Definition 1 The weak type τf of a meromorphic function f of finite positive
lower order λf is defined by

τf = lim inf
r→∞

T (r, f)

rλf
.

For entire f,

τf = lim inf
r→∞

log M (r, f)

rλf
, 0 < λf < ∞.

Definition 2 A meromorphic function f of finite non zero lower order λf is

said to be of weak type τf if the integral
∞∫
r0

exp{T (r,f)}
[exp(r

λf )]
k+1 dr (r0 > 0) converges for

k > τf and diverges for k < τf .

In this paper we establish the equivalence of Definition 1 and Definition 2.
We also study some growth properties related to the weak type of meromorphic
functions. We do not explain the standard definitions and notations of the
theory of entire and meromorphic functions as those are available in [4] and
[3].

2 Lemmas.

In this section we present some lemmas which will be needed in the sequel.

Lemma 1 ([1]) If f is meromorphic and g is entire then for all sufficiently
large values of r,

T (f ◦ g) ≤ {1 + o (1)} T (r, g)

log M (r, g)
T (M (r, g) , f) .

Lemma 2 Let the integral
∞∫
r0

exp{T (r,f)}
[exp(r

λf )]
k+1 dr (r0 > 0) converges where 0 < λf <

∞. Then

lim inf
r→∞

exp {T (r, f)}
[exp (rλf )]

k
= 0.

Proof. Since the integral
∞∫
r0

exp{T (r,f)}
[exp(r

λf )]
k+1 dr (r0 > 0) converges, then

∞∫
r0

exp {T (r, f)}
[exp (rλf )]

k+1
dr < ε, if r0 > R (ε) .
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Therefore,

exp{(ro)
λf}+r0∫

r0

exp {T (r, f)}
[exp (rλf )]

k+1
dr < ε.

Since exp {T (r, f)} increases with r, so

exp{(ro)
λf}+r0∫

r0

exp {T (r, f)}
[exp (rλf )]

k+1
dr ≥ exp {T (r0, f)}[

exp
(
r

λf

0

)]k+1
.
[
exp

(
r

λf
o

)]
.

i.e., for all large values of r,

exp{(ro)
λf}+r0∫

r0

exp {T (r, f)}
[exp (rλf )]

k+1
dr ≥ exp {T (r0, f)}[

exp
(
r

λf

0

)]k
,

so that

exp {T (r0, f)}[
exp

(
r

λf

0

)]k
< ε if r0 > R (ε) .

i.e., lim inf
r→∞

exp {T (r, f)}
[exp (rλf )]

k
= 0.

This proves the lemma.

3 Theorems.

In this section we present the main results of the paper.

Theorem 1 Let f be a meromorphic function of lower order λf and of weak
type τf . Also let 0 < λf < ∞. Then Definition 1 and Definition 2 are
equivalent.

Proof.
Case 1. τf = ∞.
Definition 1 ⇒ Definition 2.
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As τf = ∞, from Definition 1 we obtain for arbitrary G and for all sufficiently
large values of r,

T (r, f) > G.
(
rλf

)
i.e., exp {T (r, f)} >

[
exp

(
rλf

)]G
. (1)

If possible let the integral
∞∫
r0

exp{T (r,f)}
[exp(r

λf )]
G+1 dr (r0 > 0) be converge.

Then by Lemma 2,

lim inf
r→∞

exp {T (r, f)}
[exp (rλf )]

G
= 0.

So for a sequence of values of r tending to infinity

exp {T (r, f)} <
[
exp

(
rλf

)]G
. (2)

Therefore from (1) and (2) we arrive at a contradiction.

Hence
∞∫
r0

exp{T (r,f)}
[exp(r

λf )]
G+1 dr (r0 > 0) diverges whenever G is finite, which is the

Definition 2.

Definition 2 ⇒ Definition 1.

Let G be any positive number. Since τf = ∞, from Definition 2, the

divergence of the integral
∞∫
r0

exp{T (r,f)}
[exp(r

λf )]
G+1 dr (r0 > 0) gives for arbitrary

positive ε and for all sufficiently large values of r that

exp {T (r, f)} >
[
exp

(
rλf

)]G−ε

i.e., T (r, f) > (G − ε) rλf ,

which implies that

lim inf
r→∞

T (r, f)

rλf
≥ G − ε.

Since G is arbitrary, it follows that

lim inf
r→∞

T (r, f)

rλf
= ∞.

Thus Definition 1 follows.

Case 2. 0 ≤ τf < ∞.
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Subcase (a) . 0 < τf < ∞.

Let f be of type τf , where 0 < τf < ∞. Then according to the
Definition 1, for arbitrary positive ε and for a sequence of values of r tending
to infinity we obtain that

T (r, f) < (τf + ε) rλf

i.e., exp {T (r, f)} <
[
exp

(
rλf

)]τf +ε

i.e.,
exp {T (r, f)}
[exp (rλf )]

k
<

[
exp

(
rλf

)]τf +ε

[exp (rλf )]
k

i.e.,
exp {T (r, f)}
[exp (rλf )]

k
<

1

[exp (rλf )]
k−(τf +ε)

. (3)

Therefore
∞∫
r0

exp{T (r,f)}
[exp(r

λf )]
k+1 dr (r0 > 0) converges for k > τf .

Again by Definition 1, we obtain for all large values of r that

T (r, f) > (τf − ε) rλf

i.e., exp {T (r, f)} >
[
exp

(
rλf

)]τf−ε
. (4)

So for k < τf , we get from (4) that

exp {T (r, f)}
[exp (rλf )]

k
>

1

[exp (rλf )]
k−(τf−ε)

.

Therefore
∞∫
r0

exp{T (r,f)}
[exp(r

λf )]
k+1 dr (r0 > 0) diverges for k < τf .

Hence
∞∫
r0

exp{T (r,f)}
[exp(r

λf )]
k+1 dr (r0 > 0) converges for k > τf and diverges for k < τf .

Subcase (b). τf = 0.

When f is of weak type τf = 0, Definition 1 gives for a sequence of
values of r tending to infinity that

T (r, f)

rλf
< ε.

Then as before we obtain that
∞∫
r0

exp{T (r,f)}
[exp(r

λf )]
k+1 dr (r0 > 0) converges for k > 0

and diverges for k < 0.
Thus combining Subcase (a) and Subcase (b), Definition 2 follows.
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Definition 2 ⇒ Definition 1.

Since f is of weak type τf , by Definition 2, for arbitrary positive ε the integral
∞∫
r0

exp{T (r,f)}
[exp(r

λf )]
τf+ε+1 dr (r0 > 0) converges.

Then by Lemma 2,

lim inf
r→∞

exp {T (r, f)}
[exp (rλf )]

τf +ε = 0.

So we obtain for a sequence of values of r tending to infinity that

exp {T (r, f)}
[exp (rλf )]

τf +ε < ε

i.e., exp {T (r, f)} < ε.
[
exp

(
rλf

)]τf +ε

i.e., T (r, f) < log ε + (τf + ε) rλf

i.e., lim inf
r→∞

T (r, f)

rλf
≤ τf + ε.

Since ε (> 0) is arbitrary, it follows from above that

lim inf
r→∞

T (r, f)

rλf
≤ τf . (5)

On the otherhand the divergence of the integral
∞∫
r0

exp{T (r,f)}
[exp(r

λf )]
τf−ε+1 dr (r0 > 0)

implies that

lim inf
r→∞

exp {T (r, f)}
[exp (rλf )]

τf−ε = ∞,

i.e., for all sufficiently large values of r,

exp {T (r, f)} >
[
exp

(
rλf

)]τf−ε

i.e., T (r, f) > (τf − ε) rλf .

As ε (> 0) is arbitrary, it follows that

lim inf
r→∞

T (r, f)

rλf
≥ τf . (6)

So from (5) and (6) we obtain that

lim inf
r→∞

T (r, f)

rλf
= τf .

This proves the theorem.
In the following theorem we obtain a relationship between τf and σf .



Weak type of meromorphic functions 575

Theorem 2 Let f be a meromorphic function such that λf and ρf are both
finite. Also let f be of regular growth i.e., λf = ρf . Then τf = σf .

Proof. Since f is of regular growth, we get that

σf = lim sup
r→∞

T (r, f)

rρf

≥ lim inf
r→∞

T (r, f)

rρf
= lim inf

r→∞
T (r, f)

rλf
= τf . (7)

On the otherhand Definition 7 (cf.[2]) implies that the integral
∞∫
r0

exp{T (r,f)}
[exp(r

ρf )]
k+1 dr (r0 > 0) converges for k > σf and diverges for k < σf .

From Definition 2 it follows that the integral
∞∫
r0

exp{T (r,f)}
[exp(r

λf )]
k+1 dr (r0 > 0) is

convergent for k > τf and diverges for k < τf .

Also all the quantities in the expression[
exp {T (r, f)}
[exp (rλf )]

k+1
− exp {T (r, f)}

[exp (rρf )]k+1

]

are of non negative type. So
∞∫

r0

[
exp {T (r, f)}
[exp (rλf )]

k+1
− exp {T (r, f)}

[exp (rρf )]k+1

]
dr (r0 > 0) ≥ 0.

i.e.,

∞∫
r0

exp {T (r, f)}
[exp (rλf )]

k+1
dr ≥

∞∫
r0

exp {T (r, f)}
[exp (rρf )]k+1

dr for r0 > 0.

i.e., τf ≥ σf . (8)

Hence from (7) and (8) we obtain that

τf = σf .

Thus the theorem is established.

Theorem 3 If f be a meromorphic function of regular growth i.e., λf = ρf ,
then the following quantities

(i) σf = lim sup
r→∞

T (r, f)

rρf
, (ii) τf = lim inf

r→∞
T (r, f)

rλf
,

(iii) lim inf
r→∞

T (r, f)

rρf
and (iv) lim sup

r→∞

T (r, f)

rλf

are all equivalent.



576 S. K. Datta and A. Jha

Proof.
(i) ⇒ (ii) .

In view of Theorem 2, as f is of regular growth

σf = lim sup
r→∞

T (r, f)

rρf
= τf = lim inf

r→∞
T (r, f)

rλf
.

(ii) ⇒ (iii) .
Since f is of regular growth i.e., λf = ρf we get that

τf = lim inf
r→∞

T (r, f)

rλf
= lim inf

r→∞
T (r, f)

rρf
.

(iii) ⇒ (iv) .
In view of Theorem 2 and the condition λf = ρf it follows that

lim inf
r→∞

T (r, f)

rρf
= lim inf

r→∞
T (r, f)

rλf
= τf = σf

= lim sup
r→∞

T (r, f)

rρf
= lim sup

r→∞

T (r, f)

rλf
.

(iv) ⇒ (i) .
As f is of regular growth i.e., λf = ρf , we obtain that

lim sup
r→∞

T (r, f)

rλf
= lim sup

r→∞

T (r, f)

rρf
= σf .

Thus the theorem follows.

Theorem 4 Let f be a meromorphic function and g be an entire function
satisfying (i) 0 < λg ≤ ρg < ∞, (ii) τg > 0, (iii)σg < ∞,
(iv) 0 < λf◦g < ∞ and (v) 0 < τf◦g < ∞. Then

(a) . lim inf
r→∞

T (r,f◦g)
T (r,g)

≥ τf◦g

σg
if λf◦g = ρg and

(b) . lim inf
r→∞

T (r,f◦g)
T (r,g)

≤ τf◦g

τg
if λf◦g = λg.

Proof. From the definitions of τf◦g, τg and σg we get for arbitrary positive ε
and for all sufficiently large values of r,

T (r, f ◦ g) ≥ (τf◦g − ε) rλf◦g (9)

T (r, g) ≥ (τg − ε) rλg (10)
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T (r, g) ≤ (σg + ε) rρg . (11)

Also for a sequence of values of r tending to infinity,

T (r, f ◦ g) ≤ (τf◦g + ε) rλf◦g . (12)

Hence from (9) and (11) we obtain for all sufficiently large values of r that

T (r, f ◦ g)

T (r, g)
≥ (τf◦g − ε) rλf◦g

(σg + ε) rρg
.

Since λf◦g = ρg and ε (> 0) is arbitrary it follows from above that

lim inf
r→∞

T (r, f ◦ g)

T (r, g)
≥ τf◦g

σg

.

This proves Theorem 4 (a).
Also for a sequence of values of r tending to infinity we get from (10) and (12)
that

T (r, f ◦ g)

T (r, g)
≤ (τf◦g + ε) rλf◦g

(τg − ε) rλg
.

Since ε (> 0) is arbitrary and λf◦g = λg, we obtain from above that

lim inf
r→∞

T (r, f ◦ g)

T (r, g)
≤ τf◦g

τg

.

This proves Theorem 4 (b).

Corollary 1 If in addition g be of regular growth i.e., λg = ρg then

lim inf
r→∞

T (r, f ◦ g)

T (r, g)
=

τf◦g
σg

=
τf◦g
τg

.

Proof. Since g be of regular growth i.e., λg = ρg, Corollary 1 follows from
Theorem 2 and Theorem 4.

Theorem 5 Let f be a meromorphic function and g be an entire function with
(i) 0 < λg = ρf◦g < ∞, (ii) σfog < ∞ and (iii) τg > 0. Then

lim sup
r→∞

T (r, f ◦ g)

T (r, g)
≤ σfog

τg

.
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Proof. From the definition of σfog we get for all sufficiently large values of r
that

T (r, f ◦ g) ≤ (σfog + ε) rρf◦g . (13)

Now from (10) and (13) it follows for all sufficiently large values of r that

T (r, f ◦ g)

T (r, g)
≤ (σfog + ε) rρf◦g

(τg − ε) rλg
.

Since ε (> 0) is arbitrary and λg = ρf◦g, we obtain from above that

lim sup
r→∞

T (r, f ◦ g)

T (r, g)
≤ σfog

τg

.

Thus the theorem is established.

Theorem 6 If f be meromorphic and g be entire such that (i) 0 < ρg < ∞,
(ii) σg < ∞, (iii) ρg = λf , (iv) 0 < λf ≤ ρf < ∞ and (iv) τf > 0 , then

lim sup
r→∞

log T (r, f ◦ g)

T (r, f)
≤ ρf .

σg

τf
.

Proof. In view of Lemma 1 and T (r, g) ≤ log+ M (r, g), we get for all suffi-
ciently large values of r that

log T (r, f ◦ g) ≤ o (1) + log T (M (r, g) , f)

i.e., log T (r, f ◦ g) ≤ o (1) + (ρf + ε) log M (r, g) . (14)

Now from the definition of σg we obtain for all sufficiently large values of r
that

log M (r, g) ≤ (σg + ε) rρg . (15)

Also from the definition of τf we have for all sufficiently large values of r,

T (r, f) ≥ (τf − ε) rλf . (16)

So from (14), (15) and (16) it follows for all sufficiently large values of r that

log T (r, f ◦ g)

T (r, f)
≤ o (1) + (ρf + ε) (σg + ε) rρg

(τf − ε) rλf
.

Since ε (> 0) is arbitrary and ρg = λf we get from above that

lim sup
r→∞

log T (r, f ◦ g)

T (r, f)
≤ ρf .

σg

τf

.

This proves the theorem.
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Theorem 7 Let f be meromorphic and g be entire satisfying (i) 0 < λg < ∞,
(ii) ρf < ∞, (iii) σg < ∞ and (iv) τg > 0 . Also let g be of regular growth

i.e.,λg = ρg. Then

lim sup
r→∞

log T (r, f ◦ g)

T (r, g)
≤ ρf .

Proof. In view of (10), (14) and (15) we obtain for all sufficiently large values
of r that

log T (r, f ◦ g)

T (r, g)
≤ o (1) + (ρf + ε) (σg + ε) rρg

(τg − ε) rλg
.

Since ε (> 0) is arbitrary and λg = ρg,Theorem 7 follows from Theorem 2.
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