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ON THE WEIGHTED ORTHOGONAL RICCI CURVATURE

KYLE BRODER AND KAI TANG

ABSTRACT. We introduce the weighted orthogonal Ricci curvature — a two-parameter ver-
sion of Ni-Zheng’s orthogonal Ricci curvature. This curvature serves as a very natural object
in the study of the relationship between the Ricci curvature(s) and the holomorphic sectional
curvature. In particular, in determining optimal curvature constraints for a compact Kéhler
manifold to be projective. In this direction, we prove a number of vanishing theorems using

the weighted orthogonal Ricci curvature(s) in both the Kéhler and Hermitian category.

1. INTRODUCTION

Let (M™,w) be a compact Kéhler manifold. One of the central problems in modern complex
geometry is the relationship between the Ricci curvature Ric,, and the holomorphic sectional
curvature HSC,,. The Wu—Yau theorem [34, 35, 33, 12, 40, 26, 31, 16, 3, 4] is one such
manifestation of this relationship: If M supports a metric of negative holomorphic sectional
curvature, then M supports a (possibly different) metric with negative Ricci curvature. It is
known from Hitchin’s metrics on Hirzebruch surfaces [14], however, that HSC,, > 0 does not
imply Ric,, > 0.

In an attempt to further understand this relationship, Ni-Zheng [24] have studied the orthogo-
nal Ricci curvature (which first appeared under the name “anti-holomorphic Ricci curvature”
in [20]):

Rict : T%°M — R, Rick(X) :

1 —

It was observed in [24, 15, 25] that Ricj is, in an appropriate sense, the trace of the or-
thogonal bisectional curvature HBC. (i.e., the restriction of the bisectional curvature to
pairs of orthogonal vectors). This justifies the terminology orthogonal Ricci curvature (c.f.,
Remark 2.6).

It is suspected (c.f., [24]) that the orthogonal Ricci curvature should give a sharp measure
of the projectivity of compact Kéahler manifolds. For instance, Ric, > 0 implies that the
anti-canonical bundle K]T/[l is ample, hence M is projective. Recently, it was shown by Yang
[39] that HSC,, > 0 implies h?? = 0 for all 1 < p < n. Ni [23] showed that any compact
Kihler manifold with Ric > 0 must be projective and simply connected (also see [24]).
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With this aim of generating a sharp curvature constraint for compact Kahler manifolds to
be projective, we introduce the following weighted orthogonal Ricci curvature:

Definition 1.1. Let (M™,w) be a compact Kéhler manifold. For «, 5 € R, we define the

weighted orthogonal Ricci curvature to be the function

Rict 4 : TWM — R, Ricly:= %Ricw(X, X) + BHSC,,(X).
w
Remark 1.2. Of course, when o = 1, 8 = —1, we recover the orthogonal Ricci curvature

Rict. ChuLeeTam [11] showed that, for & > 0 and 8 > 0, a compact Kihler manifold with
Ricé’ﬁ < 0 must be projective with ample canonical bundle, extending the aforementioned
Wu—Yau theorem. Further, they also show that a compact Kéhler manifold with Rici 3>0
for a > 0, B > 0, is projective and simply connected.

By considering the weighted orthogonal Ricci curvature, in place of merely the orthogonal
Ricci curvature, natural questions concerning the extent to which the holomorphic sectional
curvature and Ricci curvature are related easily proliferate. For instance, the following ques-
tion is of tremendous interest:

Question 1.3. Determine all («, 3) € R? such that a compact Kéhler manifold with Ricj; 5>
0 or Ric(i 5 < 0 is projective.

In this direction, we have the following theorem:

Theorem 1.4. Let (M",w) be a compact Kahler manifold with Rici‘ﬁ > 0 for some
a > 0> g. If, moreover, 3a + 23 > 0, then M is projective.

In a similar spirit, we have the following natural question:

Question 1.5. Determine all («, 3) € R? such that a compact Kéhler manifold with Ricfx" 5>
0 satisfies h?"0 = 0.

We have the following partial answer to the above question:

Theorem 1.6. Let (M™,w) be a compact Kéhler manifold with Rici 5 > 0 for some o >0
and B < 0. If, moreover, (p + 1)a + 23 > 0, then A?° = 0 for all 1 < p < n. In particular,
M is projective.

We will exhibit a number of theorems of this type in this manuscript. The utility of such
theorems is also seen if one has knowledge of the Hodge numbers. Indeed, we can show

that certain manifolds do not support metrics with particular relations on the Ricci and
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holomorphic sectional curvature. To state one such instance of this, let us first observe that
we can define Hermitian extensions of the weighted orthogonal Ricci curvature:

Definition 1.7. Let (M"™,w) be a Hermitian manifold. For 1 < k < 4, we define the weighted
kth orthogonal Ricci curvature of w to be the function

Ric"), : TYOM — R, Ric*}(X) = —

= XE Ric® (X, X) 4+ BHSC,,(X).

Since we know the Hodge numbers of the Iwasawa threefold, we can prove the following:

Theorem 1.8. There is no balanced metric on the Iwasawa threefold such that Ricg% >0
for « > 0 > 8 and 3a+ 25 > 0.

2. SOME REMINDERS OF CURVATURE IN COMPLEX GEOMETRY

Let (M",w) be a Hermitian manifold. The Chern connection V on T%°M is the unique

Hermitian connection whose torsion has vanishing (1, 1)-part. Fix a point p € M. In a local

coordinate frame {%} of Tp1 Onr , the components of the Chern curvature tensor R read

gy 7109k 99,7
8Zi82j 0z; 82]- '

Rz’}k?

Reminder 2.1: Chern—Ricci and scalar curvatures. The Chern curvature is an End (70 M )-
valued (1,1)—form. The first Chern—Ricci curvature is the contraction over the endomorphism
part:

Ricg) = v —1Ric%)dzi NdZ; = —1ngRﬁkzdzi N dz;,

and is a (1,1)-form representing the first Chern class the anti-canonical bundle ¢; (K]T/[l)
The second Chern—Ricci curvature is a contraction over the (1,1)-part:

c@ — Ric® — iR
Ric;’ = Ric,7 = g"Rzq.

Similarly, the third and fourth Chern—Ricci curvature are defined:

. (3 . (3 i . (4 . (4 kj
Rlc&) = RIC](CE) =g R Rlco(J) = RICZ(,Z) =g ]Rﬁkz.
The contraction
] 7 KT
Scal, := g”Rlc%) = g ngRﬁkZ
is the Chern scalar curvature. The contraction

—_— 7 . 3 i —
Scal, := glec](ﬁ) = glzgijim

will be referred to as the alterred Chern scalar curvature.
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Remark 2.2. If the Hermitian metric is Kéahler, then the Ricci curvatures all coincide. Of
course, this implies that the scalar curvatures coincide if the metric is Kéhler, too. In fact,
these statements are true in the more general setting of Kéhler-like metrics. That is, a metric
is said to be Kéhler-like [38] if the Chern curvature tensor satisfies the symmetries of the
Kahler curvature tensor. The Iwasawa threefold shows that a Kéhler-like manifold is not
necessarily Kéhler.

For convenience, let us restate the definition of the curvatures of primary interest in this

manuscript:

Definition 2.3. Let (M"™,w) be a compact Hermitian manifold. For 1 < k < 4, we define
the weighted kth orthogonal Ricci curvature of w to be the function

Rlc(k) cTYOM - R, Rlc(k) 5(X) = WRm(k) (X, X) + BHSC,(X).

In particular, if the metric is Kéhler!, we can speak of the weighted orthogonal Ricci curva-
ture:

Definition 2.4. Let (M",w) be a compact Kéhler manifold. For o, € R, we define the
weighted orthogonal Ricci curvature to be the function

Ricy 4 : T"'M — R, Ricy 3 := ‘ X’ ——=Ricy (X, X) 4+ BHSC,(X).

We say that Ricj 5 (or Ric(k% > 0 for some 1 < k < 4) is positive (negative, zero, quasi-
positive, etc.) if this is true for some («, 8) € R2.

To justify the terminology, let us recall the Quadratic Orthogonal Bisectional Curvature
introduced in [36]:

Definition 2.5. Let (M",w) be a Hermitian manifold. The Quadratic Orthogonal Bisec-
tional Curvature (from now on, QOBC) is the function

QOBC,, : Fyr x R"\{0} — R, QOBC,, : (9, ~h ’2 Z Ruzr (Ve — v4)%,
ay=1
where R,a+5 denote the components of the Chern connection of w with respect to the unitary
frame ¥ (a section of the unitary frame bundle Fyy).

This curvature first appeared implicitly in [2] and is the Weitzenbock curvature operator (in
the sense of [27, 28, 29]) acting on real (1, 1)—forms. See [5, 6, 7] for alternative descriptions of
the QOBC. From [17], the QOBC is strictly weaker than the orthogonal bisectional curvature

10r more generally, Kéhler-like.
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HBCt (the restriction of the holomorphic bisectional curvature HBC,, to pairs of orthogonal
(1,0)-tangent vectors). From [13], the K&hler-Ricci flow on a compact Kéhler manifold with
HBCL > 0 converges to a Kihler metric HBC,, > 0. Hence, Mok’s extension [21] of the
solution of the Frankel conjecture [22, 30] shows that all compact Kéhler manifolds with
HBCL > 0 are biholomorphic to a product of Hermitian symmetric spaces (of rank > 2) and
projective spaces. In particular, although HBCj is an algebraically weaker curvature notion
than HBC,,, the positivity of HBCj does not generate new examples.

Remark 2.6. Recall that the orthogonal Ricci curvature Ricy, which first appeared in [20]
under the name anti-holomorphic Ricci curvature, is defined

1
Rict : TVOM — R, Rict(X) :

From [24, 15, 25], we observe that, in a fixed unitary frame, we have
QOBC, = Z Ripyipig, — Z Rij5parz — Z RipgPal s
i,k 1,5 £l or k#j
Choosing pi; =0 for all 7, j, except p;1, we see that
QOBC, = (R7-— RlTlT)|PlT|2 > 0.

This implies that Rict > 0. Since Rici‘ﬁ > 0 is defined for some «, 8 € R, it is immediate
that Rict > 0 implies Riciﬁ > (0. Hence, the quadratic orthogonal bisectional curvature
dominates the weighted orthogonal Ricci curvature Rici 3

In light of this remark, we pose the following:

Question 2.7. Determine all values of («, 8) € R? such that QOBC,, > 0 implies Rici 5= 0.

Let foo,y = W Jezn—1- If (M™,w) is a compact Kéhler manifold, then we have
Scal, = 2n][ Ric,,, and Scal, = n(n+ 1)][ HSC,,.
§2n71 §2n71
Hence,

1)+ 2
][ Ric} g = MSC&IW,
§2n—1 ’ 2n(n + 1)

and subsequently, Riciﬁ > 0 implies Scal,, > 0 if a(n + 1) + 28 > 0. Since QOBC, > 0

implies Scal, > 0 (see [9]), this argument gives a partial answer to Question 2.7:

Proposition 2.8. Let (M™,w) be a compact Kéahler manifold with QOBC,, > 0. If Rici‘ﬁ >
0, then a(n + 1) + 28 > 0.
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3. VANISHING THEOREMS

In this section, we will prove a number of vanishing theorems for Hodge numbers, using the
weighted orthogonal Ricci curvature(s).

An important technique that will be used throughout is Ni’s technique of viscosity consid-
erations (see [23, §3]). Let us briefly describe this technique for the purposes needed here.
Let V' a vector space, and let 1 be a k—covector. We say that n is simple if there exist
V1, ..., U such that n = vy A+ Avg. Let 8(1) := {n : n is simple with ||n|| = 1}. Here, || - ||
is the norm induced by the scalar product defined on simple covectors n = vy A --- A v and
w = u A --- Aug by the formula

(n,w) = det({vi, u;))

and subsequently extended bilinearly to all r—covectors which are linear combinations of
simple covectors. Define the comass of a k—covector p:

lpllo == sup [p(n)l-
n€s(1)

Let o € QP°(M) be a holomorphic (p, 0)—form. Write ||o||o(z) for its comass at z. Let zo be
the point at which ||o|p attains its maximum. The idea is to construct a simple (p,0)—form
o(x) in a neighborhood of x( such that the L?>norm of & attains its maximum at zg. See
[23, p. 277] for details. Computing 9,0y log ||5||? at x¢ then yields

p
0 > > Ry
j=1

for all v € TJ}(’)OM .

Reminder 3.1. Fix a point x € M, and let ¥ C T, g} M be a k-dimensional subspace. Write
S?=1 ¢ ¥ for the unit sphere inside ¥. Recall that the k-scalar curvature is defined

Scalg(z,X) = k Ricy, (X, X)dd(X)

§2n—1

Using Ni’s method of viscosity considerations, we have the following:

Theorem 3.2. Let (M™,w) be a compact Kéhler manifold with Ricf]‘ﬁ > 0 for some av > 0
and B < 0. If, moreover, (p + 1)a + 28 > 0, then A?? = 0 for all 1 < p < n. In particular,
M is projective.

Proof. Assume there is a non-zero holomorphic (p,0)—form o € Hg’O(M ) ~ HY(M,QP(M)).
Let xg € M be the point at which the comass || ||p attains its maximum. From Ni’s viscosity
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considerations, we have (in a fixed unitary frame ey near xg)
p
g Rz < (3.1)
k=1

for any v € Ty’ M. Let ¥ denote the span of {e1, ..., ep}, and write Scal,(zg, X) for the scalar
curvature of R|y. The inequality (3.1) implies that Scal,(zo,X) < 0. From Ricéﬁ > 0, we
observe that

0 < ][ aRic, (X, X) + BHSCL (X)dd(X)
Xex,|X|=1

= ZRICkk 25 ———5p(20, %)

p+1)7
o 28
= — | Splzo, X Z ZRZZkk + 75})(1’07 )
p p+1)
(=p+1k=1
a 203 (p+1a+23
< 28 (20,5) + —L 8 (20,%) = LTVYT G 00 5).
p S0 B ey Sl X) p+1) o)
If (p+1)a+ 28 >0, then Sp(xp, X) > 0, furnishing the desired contradiction. O

Let us raise the following natural question:

Question 3.3. Let (M™ w) be a compact Kihler manifold. Determine all (a, 3) € R? such
that h?Y = 0 for all 1 < p < n. In particular, determine the (o, 3) € R? such that M is
projective and simply connected.

To address the simply connectedness problem, let us exhibit the following extension of the
diameter estimate in [11, Proposition 6.2]:

Proposition 3.4. Let (M",w) be a complete Kédhler manifold with Rici‘ﬁ > A for some
a > 0>, with 3a + 28 > 0 and some A > 0. Then M is compact with

a@n-1)+8

diam(M,w) < = 3

Proof. Analogous to the argument in the proof of the Bonnet—Meyer theorem, for p,q € M,
let v : [0,¢] — M be a minimizing geodesic which connects p and ¢g. Following [11], we will
show that

< ai2n—1)+p
< —
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Let e; be an orthonormal set of parallel vector fields along + such that es,—1 = J% and
eon, = . Here, J is the underlying complex structure. For each 1 <¢ < 2n — 1, set

Vi(t) = sin (7%) ei(t),
di(t,s) == expyy(sVi(t)),
Li(s) = length(6i(-5)).

For each t, we have ¢;(t,0) = v(t), and since ~ is minimizing, L; has a minimum at s = 0.
Hence, the second variation of arc length formula yields

d2
ds?

o
IN

Li(s)
s=0

¢
- / (VViP — R(Vir/ o Vi)t
0

= —) cos®| — | —sin“ | — | R 6@'77/77/761' ) dt.
LG e (5 7) R )

Let X = %(’y’ —+/—1J9'). Then RiciB(X) > X implies

2n—1
« Z R(eiﬁ/ﬁ/,ei) + ﬁR(e2n—177/77/762n—1) > A
=1

Since 3a + 23 > 0 implies a(2n — 1) + f > 0 for n > 2, we see that

2n—1
(Oé Z Li(s) + 5L2n—1(8))
s=0

1=1

2
= /Z(a(Qn —-1)+p) (z ’ cos? <7T—t> dt — Zsin2 <7T—t> Rici‘ﬁ(X)dt
0

d2
ds?

O

Remark 3.5. Note that Chu-Lee-Tam [11] assume that «, 5 > 0. Of course, the argument
requires only that a(2n — 1) + 8 > 0.

Proposition 3.6. Let (M",w) be a compact Kéhler manifold with Rici‘ﬁ > 0 for some
a>0>pand o+ > 0. Then M is simply connected.
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Proof. Let Op denote the structure sheaf of M. The Euler characteristic is given by
X(On) == 3 p_o(=1)*R*0. For any finite v-—sheeted covering M — M, the Riemann-Roch-
Hirzebruch formula states that

x(Oz) = vx(Om).

If there is a metric on M with Rici‘ﬂ > 0 for some o >0 > B and a + 8 > 0, then h?? =0
for all 1 < p < n. From [24, Theorem 3.2], the universal cover M affords a metric with

Ricj; g >0 > 0. In particular, M is compact and projective with x(Og7) = 1. It follows that
v =1, and thus 7 (M) = 0. O

Conjecture 3.7. Let (M™,w) be a compact Hermitian manifold.

(i) If Rics)ﬁ > 0 for some o > 0 and 3 < 0, then A?Y =0 for all 1 < p < n.

(i) If Ric((j)ﬁ >0 for a >0 and 8 < 0, then h?? =0 for all 1 < p < n.

In this direction, we have the following;:

Proposition 3.8. Let (M",w) be a compact Hermitian manifold.
(i) If Rics’)_a > 0 for some a > 0, then A"~ 10 = 0.

(i) If Ricg)ﬁ > 0 for some o > 0, B < 0 with o + 8 > 0, then A0 = 0.

Proof. We observe that Ni’s technique of viscosity considerations extends to the Hermitian
category. Let o € Hg_l’O(M) be a non-trivial holomorphic (n—1,0)—form on M. Let p € M
be the point at which the comass ||o||o achieves its maximum. The Bochner technique,
together with the maximum principle implies that

n—1
> Rz <0 (3:2)
k=1

for all v € Tpl’OM. Hence, for any o > 0,

n—1 n
. (1
0> a Z Romr = @ Z R % — aRpmpm = RIC((X’)_OC,
k=1 k=1

contradicting Ricg)_a > 0. This proves (i).
Similarly for (ii), let o € H%’O(M ) be a non-trivial holomorphic (1,0)-form. The same

argument implies (in a fixed unitary frame eq, ..., ;)

RUEIT <0 (33)
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for any v € T;,,1 Onr , where p is the point where |o|? achieves its maximum. Choose v such
that v = e, then

a) Bypr = 0, (@+B)Rgr < 0.
k=2
Hence,
n
. (2
0 > o) R+ (ot BBy = Ricl,
k=2

contradicting Ric((f)ﬁ > 0 if &+ > 0. This proves (ii). O

Corollary 3.9. Let M3 be a compact Kahler threefold. If M supports a Hermitian metric

with Ricg)_a > ( for some o > 0, then M is projective.

Proof. From part (i) of Proposition 3.8, we have h>? = 0. It is well-known that a compact
Kihler manifold satisfying h*? = 0 is projective. (]

Recall that the Chern scalar curvature of a Hermitian metric w is defined by
Scal,, := gingRﬁkz.

We also have the alterred scalar curvature S/cglw = izg’“;Rﬁkz.

Theorem 3.10. Let (M™,w) be a compact Hermitian manifold with Ric((lk)ﬁ > 0 for some

1<k<4 and o > 0> g. If Scal,(w) = S/cglp(w) and (p + 1)a + 23, then 0 = 0 for all
I<p<n.

Proof. Assume there is a non-zero holomorphic (p,0)-form o € Hg’O(M ) ~ HY(M,QP(M)).
Let xg € M be the point at which the comass ||o||p attains its maximum. From Ni’s viscosity
considerations, we have (in a fixed unitary frame e; near )

p
D Ry <0 (3.4)
=1

for any v € T;&OM. Let ¥ := span{ei,...,ep}, and write Scal,(x¢,>) for the Chern scalar
curvature of Rl|y. Similarly, write Scal,(xg,X) for the alterred scalar curvature of R|y. If
w is balanced, then Scal,(xg,X) = Scal,(xo, X), and (3.4) implies Scal,(xg,>) < 0. Assume
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Ric(k)

0B > 0 for some 1 < k < 3, then

0 < ][ aRic® (X, X) + BHSC,, (X )d
S2p—1

p

= % 2 Ricg) + 1)(;7?_1)(80&1,,(:170, )+ S/czlp(:no, )

= gScaulp(gno, Y)+ i(Scalp(xo, Y)+ S/cglp(azo, Y))
p p(p+1)

_ (alp+1) + p)Scaly(wo, 5) + fScaly(x, )

B 2p(p + 1)

— WSC&%(&:O, Y),

where the last equality makes use of the balanced condition. If a(p + 1) + 25 > 0, we have
the desired contradiction. O

From [18], we have the pointwise equality
Scal, = Scal, + (09" w,w).
In particular, if w is balanced, then Scal,, = S/cglw:

Corollary 3.11. Let (M"™,w) be a compact Hermitian manifold with a balanced metric of
Ric&k)ﬁ >0 for some 1 <k <4,and a > 0> 3. If a(n + 1) +28 > 0, then A" = 0.

Of course, when n = 2, i.e., on compact complex surfaces, the balanced condition is equivalent
to the Kahler condition.

Remark 3.12. Petersen-Wink [29] have established estimates on the Hodge numbers of
Kaéahler manifolds in terms of the eigenvalues of the Kéhler curvature operator. In particular,

they show that if R : u(n) — u(n) denotes the Kéhler curvature operator with eigenvalues
A <Ay <--- < \,2, then R20 =0 if

A+ + A1 > 0.

That is, M is projective if the metric is (n — 1)—positive. Let us remark that is quite strong:
for n = 3, this reduces to the 2—positivity of the Kéahler curvature operator, which is known to
be equivalent to the positivity of the orthogonal bisectional curvature HBCQL). In particular,
such metrics are all biholomorphically isometric to (P?, ws).

If (M,w) is a compact Kéhler surface, the orthogonal Ricci curvature Rict is equivalent to
the orthogonal bisectional curvature HBCj. From the work of Gu—Zhang [13], any compact
simply connected Kéhler surface with Ricj > 0, therefore, deforms under the Kéhler—Ricci
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flow to a metric with HBC,, > 0. It follows from the solution of the Frankel conjecture that
M is biholomorphic to P2.

Proposition 3.13. Let (M",w) be a compact Kahler manifold with Riciﬁ < 0 for some
a>0and 8 <0. If a4+ 8 >0, then M does admit any non-trivial holomorphic vector fields.

Proof. Let X be a non-trivial holomorphic vector field. The Bochner formula gives

_ o, 1
<\/—_188|X|,\/__1

At the point p € M where |X|? attains its non-zero maximum, we have

v A w> = (VoX,VuX) — Rypyx-

Raxx = 0, (3.5)

for all v € Tpl’OM. Let {ej,...,e,} be a local unitary frame near p, such that X|, = ej]p.
From (3.5), we have

a (Zn:ka> > 0, (a + B)HSC,(X) > 0. (3.6)
k=2

Since Rici 3 < 0, however,

a ( kal) + (a+ B)HSCL(X) < 0,
k=2

violating (3.6). O

Immediate from the argument in the Kéahler category, is the following:

Proposition 3.14. Let (M"™,w) be a compact Hermitian manifold. Suppose Ric((f)ﬁ < 0 for

a>0,8 <0, with a4+ 8 >0. Then M does not admit any non-trivial holomorphic vector
fields.

Let us close this section by extending an old result of Cheung [10]:

Theorem 3.15. Let (M2 ,w) be a Kéhler-Einstein surface with Ric,, = Aw. The metric w

has negative holomorphic sectional curvature if and only if
Riczl,_l <0 and IRi55° < |Ric2L7_1|2.

Proof. Fix a point p € M, and assume the holomorphic sectional curvature achieves a min-

imum in the direction e;. Taking partial derivatives of >, ik ¢ Ri70iU0k0g, we see that

ijk
Ri1;5 = Ri751 = 0 at p. Since the metric is Kahler-Einstein, we further deduce that the

following components of the curvature vanish:

Riti3 = Ripor = Ry;ir = Ryggs = Romit = Rotgs = Rogizs = Rogor = 0.
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The holomorphic sectional curvature at p, in the unit direction (vq,v9) is given by
Z R qviUjoete = Ry111(011)? 4 4R, 19501010203 + Ropor (v971)?
i7j7k7é

+Ry515(0102) 4 Ryzy5(v202)°

= Ry +2(2R793 — Ry7y7)[0102|* + 2Re (Rliﬁ(”l@)z) .

: I _ |0 : : : _ 1 _ V=1 _i9q/2
Write Ry5,5 = |Ry313/€’”" and consider the direction v = —=, vy = Y5 1/2_ The holomor-

V2!
phic sectional curvature in this direction is therefore
R Lor R 9Re [~ 1| Rygpgleie "
111+ 5( 1122 — Ri117) + 2Re _Z’ 1z1ale™ e
1
= Rip1 + 5(2R1T2§ — Ry1i1 — [Ryzisl)-
Since e; minimizes the holomorphic sectional curvature, we have
2R3 — Rimit 2 [Rymal;
which implies 2R 155 > R1y7, i-e., 2\ > 3R 17
Extending the above calculation,
_ _ — 12 = |2
Z Ri}kZ”i"’j"’kW < Riqit +22R195 — Biqip) 102" + 2| Ry53( (0172
Z"j7k7z
= |2
= Ryt +2(2R153 — Ryqig + [Rygal) o172
1

< R+ 5(2R1T2§ — Ri7i7 + [Ryzis)) (Jor[* + [v1]?)?

1
= R+ 5(2Rﬁ2§ — Rygi1 + [Rygpsl)-

A variation argument similar to the one above shows that the upper bound is achieved when

v = % and vy = %ewl/ 2. Hence, the holomorphic sectional curvature is maximized at p
with value
1
Riqi1 + 5(2R1T2§ = Ryqi1 + [Ryzgsl)-

Since this equantity is negative if and only if
1 1
A= gfmT + §|R1§1§| <0
if and only if
2A =R <0 and |Ryg5* < [2A = Ry7y7/°,

this completes the proof. O
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4. EXAMPLES

Example 4.1. The Iwasawa Threefold. Let X = G/I'" denote the Iwasawa threefold
given by the quotient of

1 21 <3
G = 0 1 2| :(21,22,23)€C3
0 0 1
by the discrete group
1 Z1 Z3
I' = 0 1 2| :21,20,23€Z+V—1Z
0 0 1

It is well-known that X is non-Ké&hler, but supports a balanced metric. Indeed, the projection
map f: X — Z[v/—1] given by

1 Z1 <3
f:10 1 2| — =
0 0 1

is a surjective holomorphic map with Kéhler fibers. The map

1 Z1 23
c:z1 = |0 1 2z
0 0 1

defines a holomorphic section of f. By [19, Theorem 5.5], X admits a balanced metric. The
Hodge numbers of X are detailed in [1, p. 49]. In particular,

RO =3 pn0=3 =1
We, therefore, have the following:

Corollary 4.2. Let X be the Iwasawa threefold. There is no balanced Hermitian metric on
X with Ric&k)ﬁ >0 for « > 0> and 3a + 25 > 0.

Example 4.3. U(n)—invariant Kahler metrics on C". In the standard coordinates on
C"=3, a U(n)-invariant Kihler metric is given by

95 = f(r)oi+ f(r)ziz,

where r = Y7'_; |2k/?, and the function f is smooth on [0,00). Set h = (rf)’.

We first recall the following lemma of Wu-Zheng [37]:
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Lemma 4.4. The U(n)-invariant metric g defined above is a complete Kéhler metric if and

only if f >0, h > 0, and
< |/h
/ \/jdr = o0.
0 T

For h > 0, the function £ = —rh’/h is smooth on [0, 00), with £(0) = 0. The components of
the curvature tensor of a U(n)—invariant K&hler metric in the unitary frame

1 1
€1 = —821, € = —8Zk, k Z 2,

Vh i

at the point p = (21,0, ...,0) are given by

A = RITIT = g//h
1 " .
B = Rui = o 7p [rh—(l—@/o hds}, i>2,
2 " . .
C = Ry; = 2R;;; = r2—f2</0 hds—rh), 2<i#].

All other components (not given by symmetries of the above) vanish. By the unitary-
invariance, it suffices to calculate the curvature at the point p.
In the above notation (c.f., [15, p. 6]), we have
Ryy = Ryg—(n—1)B
-2
R- = B+C+%C:B+ga P> 2,

(n—-2)

R:- = R-—B-— c, i>2.

Proposition 4.5. Let w be the complete U(n)-invariant metric above. In the above nota-

tion,
Rici"ﬁ(el) = a(n—1)B + pA,
and for each i > 2,
. an
RIC(J);B(GZ') = (7 + ﬁ) C+ aB.

Example 4.6. Hopf Manifolds. Let X = S~ x S! be the standard Hopf manifold of
dimension n > 2. On X there is a natural metric (inheritted from the cyclic group action of
z+ 22 on C" — {0}):

46,
wo = /—1g,-3dzi/\d3j = V—l—ydzi/\d?j.

|22
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From [18, §6.1], the components of the Chern curvature tensor read

R-, = =
ikt 9 0z; 82]- 822'85]' ‘2’6
Let v € TY°X be a (1,0)-tangent vector of unit length. Then

0% 00 Powg _ Adke(dl2]” — 2%i)

n 2 —
HSC,(v) — Z 45k£(5u‘2’6 Z]ZZ)UﬁjUkW
0,4k, 0=1 2]
n
= DTl Y (P - 57em).
k=1 i£j=1

Moreover, we have that

RicM(v) = nv=180log |z|?

and

Ric? (v) =

4 & 9 n—1
WZW = T
i=1

Hence,

2 a(n—1)
RIC() = (’2‘2 Z Z (Jvil?|2|? — 2;Ziv;T;)

k=1i#j=1
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