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ON THE WEIGHTED ORTHOGONAL RICCI CURVATURE

KYLE BRODER AND KAI TANG

Abstract. We introduce the weighted orthogonal Ricci curvature – a two-parameter ver-

sion of Ni–Zheng’s orthogonal Ricci curvature. This curvature serves as a very natural object

in the study of the relationship between the Ricci curvature(s) and the holomorphic sectional

curvature. In particular, in determining optimal curvature constraints for a compact Kähler

manifold to be projective. In this direction, we prove a number of vanishing theorems using

the weighted orthogonal Ricci curvature(s) in both the Kähler and Hermitian category.

1. Introduction

Let (Mn, ω) be a compact Kähler manifold. One of the central problems in modern complex

geometry is the relationship between the Ricci curvature Ricω and the holomorphic sectional

curvature HSCω. The Wu–Yau theorem [34, 35, 33, 12, 40, 26, 31, 16, 3, 4] is one such

manifestation of this relationship: If M supports a metric of negative holomorphic sectional

curvature, then M supports a (possibly different) metric with negative Ricci curvature. It is

known from Hitchin’s metrics on Hirzebruch surfaces [14], however, that HSCω > 0 does not

imply Ricω > 0.

In an attempt to further understand this relationship, Ni–Zheng [24] have studied the orthogo-

nal Ricci curvature (which first appeared under the name “anti-holomorphic Ricci curvature”

in [20]):

Ric⊥ω : T 1,0M → R, Ric⊥ω (X) :=
1

|X|2ω
Ricω(X,X)−HSCω(X).

It was observed in [24, 15, 25] that Ric⊥ω is, in an appropriate sense, the trace of the or-

thogonal bisectional curvature HBC⊥
ω (i.e., the restriction of the bisectional curvature to

pairs of orthogonal vectors). This justifies the terminology orthogonal Ricci curvature (c.f.,

Remark 2.6).

It is suspected (c.f., [24]) that the orthogonal Ricci curvature should give a sharp measure

of the projectivity of compact Kähler manifolds. For instance, Ricω > 0 implies that the

anti-canonical bundle K−1
M is ample, hence M is projective. Recently, it was shown by Yang

[39] that HSCω > 0 implies hp,0 = 0 for all 1 ≤ p ≤ n. Ni [23] showed that any compact

Kähler manifold with Ric⊥ω > 0 must be projective and simply connected (also see [24]).
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With this aim of generating a sharp curvature constraint for compact Kähler manifolds to

be projective, we introduce the following weighted orthogonal Ricci curvature:

Definition 1.1. Let (Mn, ω) be a compact Kähler manifold. For α, β ∈ R, we define the

weighted orthogonal Ricci curvature to be the function

Ric⊥α,β : T 1,0M → R, Ric⊥α,β :=
α

|X|2ω
Ricω(X,X) + βHSCω(X).

Remark 1.2. Of course, when α = 1, β = −1, we recover the orthogonal Ricci curvature

Ric⊥. Chu–Lee–Tam [11] showed that, for α > 0 and β > 0, a compact Kähler manifold with

Ric⊥α,β < 0 must be projective with ample canonical bundle, extending the aforementioned

Wu–Yau theorem. Further, they also show that a compact Kähler manifold with Ric⊥α,β > 0

for α > 0, β > 0, is projective and simply connected.

By considering the weighted orthogonal Ricci curvature, in place of merely the orthogonal

Ricci curvature, natural questions concerning the extent to which the holomorphic sectional

curvature and Ricci curvature are related easily proliferate. For instance, the following ques-

tion is of tremendous interest:

Question 1.3. Determine all (α, β) ∈ R
2 such that a compact Kähler manifold with Ric⊥α,β >

0 or Ric⊥α,β < 0 is projective.

In this direction, we have the following theorem:

Theorem 1.4. Let (Mn, ω) be a compact Kähler manifold with Ric⊥α,β > 0 for some

α > 0 > β. If, moreover, 3α+ 2β > 0, then M is projective.

In a similar spirit, we have the following natural question:

Question 1.5. Determine all (α, β) ∈ R
2 such that a compact Kähler manifold with Ric⊥α,β >

0 satisfies hp,0 = 0.

We have the following partial answer to the above question:

Theorem 1.6. Let (Mn, ω) be a compact Kähler manifold with Ric⊥α,β > 0 for some α > 0

and β < 0. If, moreover, (p + 1)α + 2β > 0, then hp,0 = 0 for all 1 ≤ p ≤ n. In particular,

M is projective.

We will exhibit a number of theorems of this type in this manuscript. The utility of such

theorems is also seen if one has knowledge of the Hodge numbers. Indeed, we can show

that certain manifolds do not support metrics with particular relations on the Ricci and
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holomorphic sectional curvature. To state one such instance of this, let us first observe that

we can define Hermitian extensions of the weighted orthogonal Ricci curvature:

Definition 1.7. Let (Mn, ω) be a Hermitian manifold. For 1 ≤ k ≤ 4, we define the weighted

kth orthogonal Ricci curvature of ω to be the function

Ric
(k)
α,β : T 1,0M → R, Ric

(k)
α,β(X) :=

α

|X|2ω
Ric(k)ω (X,X) + βHSCω(X).

Since we know the Hodge numbers of the Iwasawa threefold, we can prove the following:

Theorem 1.8. There is no balanced metric on the Iwasawa threefold such that Ric
(k)
α,β > 0

for α > 0 > β and 3α+ 2β > 0.

2. Some Reminders of Curvature in Complex Geometry

Let (Mn, ω) be a Hermitian manifold. The Chern connection ∇ on T 1,0M is the unique

Hermitian connection whose torsion has vanishing (1, 1)–part. Fix a point p ∈ M . In a local

coordinate frame
{

∂
∂zi

}
of T 1,0

p M , the components of the Chern curvature tensor R read

Rijkℓ = − ∂2gkℓ
∂zi∂zj

+ gpq
∂gkq
∂zi

∂gpℓ
∂zj

.

Reminder 2.1: Chern–Ricci and scalar curvatures. The Chern curvature is an End(T 1,0M)–

valued (1, 1)–form. The first Chern–Ricci curvature is the contraction over the endomorphism

part:

Ric(1)ω =
√
−1Ric

(1)

ij
dzi ∧ dzj =

√
−1gkℓRijkℓdzi ∧ dzj ,

and is a (1, 1)–form representing the first Chern class the anti-canonical bundle c1(K
−1
M ).

The second Chern–Ricci curvature is a contraction over the (1, 1)–part:

Ric(2)ω = Ric
(2)

kℓ
= gijRijkℓ.

Similarly, the third and fourth Chern–Ricci curvature are defined:

Ric(3)ω = Ric
(3)

kj
= giℓRijkℓ, Ric(4)ω = Ric

(4)

iℓ
= gkjRijkℓ.

The contraction

Scalω := gijRic
(1)

ij
= gijgkℓRijkℓ

is the Chern scalar curvature. The contraction

Ŝcalω := giℓRic
(3)

kj
= giℓgkjRijkℓ

will be referred to as the alterred Chern scalar curvature.
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Remark 2.2. If the Hermitian metric is Kähler, then the Ricci curvatures all coincide. Of

course, this implies that the scalar curvatures coincide if the metric is Kähler, too. In fact,

these statements are true in the more general setting of Kähler-like metrics. That is, a metric

is said to be Kähler-like [38] if the Chern curvature tensor satisfies the symmetries of the

Kähler curvature tensor. The Iwasawa threefold shows that a Kähler-like manifold is not

necessarily Kähler.

For convenience, let us restate the definition of the curvatures of primary interest in this

manuscript:

Definition 2.3. Let (Mn, ω) be a compact Hermitian manifold. For 1 ≤ k ≤ 4, we define

the weighted kth orthogonal Ricci curvature of ω to be the function

Ric
(k)
α,β : T 1,0M → R, Ric

(k)
α,β(X) :=

α

|X|2ω
Ric(k)ω (X,X) + βHSCω(X).

In particular, if the metric is Kähler1, we can speak of the weighted orthogonal Ricci curva-

ture:

Definition 2.4. Let (Mn, ω) be a compact Kähler manifold. For α, β ∈ R, we define the

weighted orthogonal Ricci curvature to be the function

Ric⊥α,β : T 1,0M → R, Ric⊥α,β :=
α

|X|2ω
Ricω(X,X) + βHSCω(X).

We say that Ric⊥α,β (or Ric
(k)
α,β > 0 for some 1 ≤ k ≤ 4) is positive (negative, zero, quasi-

positive, etc.) if this is true for some (α, β) ∈ R
2.

To justify the terminology, let us recall the Quadratic Orthogonal Bisectional Curvature

introduced in [36]:

Definition 2.5. Let (Mn, ω) be a Hermitian manifold. The Quadratic Orthogonal Bisec-

tional Curvature (from now on, QOBC) is the function

QOBCω : FM × R
n\{0} → R, QOBCω : (ϑ, v) 7→ 1

|v|2ω

n∑

α,γ=1

Rααγγ(vα − vγ)
2,

where Rααγγ denote the components of the Chern connection of ω with respect to the unitary

frame ϑ (a section of the unitary frame bundle FM ).

This curvature first appeared implicitly in [2] and is the Weitzenböck curvature operator (in

the sense of [27, 28, 29]) acting on real (1, 1)–forms. See [5, 6, 7] for alternative descriptions of

the QOBC. From [17], the QOBC is strictly weaker than the orthogonal bisectional curvature

1Or more generally, Kähler-like.
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HBC⊥
ω (the restriction of the holomorphic bisectional curvature HBCω to pairs of orthogonal

(1, 0)–tangent vectors). From [13], the Kähler–Ricci flow on a compact Kähler manifold with

HBC⊥
ω ≥ 0 converges to a Kähler metric HBCω ≥ 0. Hence, Mok’s extension [21] of the

solution of the Frankel conjecture [22, 30] shows that all compact Kähler manifolds with

HBC⊥
ω ≥ 0 are biholomorphic to a product of Hermitian symmetric spaces (of rank ≥ 2) and

projective spaces. In particular, although HBC⊥
ω is an algebraically weaker curvature notion

than HBCω, the positivity of HBC⊥
ω does not generate new examples.

Remark 2.6. Recall that the orthogonal Ricci curvature Ric⊥ω , which first appeared in [20]

under the name anti-holomorphic Ricci curvature, is defined

Ric⊥ω : T 1,0M → R, Ric⊥ω (X) :=
1

|X|2ω
Ricω(X,X)−HSCω(X).

From [24, 15, 25], we observe that, in a fixed unitary frame, we have

QOBCω =
∑

i,k

Riiρkiρik −
∑

i,j

Riijjρiiρjj −
∑

i 6=ℓ or k 6=j

Riℓkjρℓiρjk.

Choosing ρij = 0 for all i, j, except ρ11, we see that

QOBCω = (R11 −R1111)|ρ11|2 ≥ 0.

This implies that Ric⊥ ≥ 0. Since Ric⊥α,β > 0 is defined for some α, β ∈ R, it is immediate

that Ric⊥ > 0 implies Ric⊥α,β > 0. Hence, the quadratic orthogonal bisectional curvature

dominates the weighted orthogonal Ricci curvature Ric⊥α,β.

In light of this remark, we pose the following:

Question 2.7. Determine all values of (α, β) ∈ R
2 such that QOBCω ≥ 0 implies Ric⊥α,β ≥ 0.

Let −
∫
S2n−1 := 1

vol(S2n−1)

∫
S2n−1 . If (M

n, ω) is a compact Kähler manifold, then we have

Scalω = 2n −
∫

S2n−1

Ricω, and Scalω = n(n+ 1) −
∫

S2n−1

HSCω.

Hence,

−
∫

S2n−1

Ric⊥α,β =
α(n + 1) + 2β

2n(n+ 1)
Scalω,

and subsequently, Ric⊥α,β > 0 implies Scalω > 0 if α(n + 1) + 2β > 0. Since QOBCω ≥ 0

implies Scalω ≥ 0 (see [9]), this argument gives a partial answer to Question 2.7:

Proposition 2.8. Let (Mn, ω) be a compact Kähler manifold with QOBCω ≥ 0. If Ric⊥α,β ≥
0, then α(n+ 1) + 2β ≥ 0.
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3. Vanishing theorems

In this section, we will prove a number of vanishing theorems for Hodge numbers, using the

weighted orthogonal Ricci curvature(s).

An important technique that will be used throughout is Ni’s technique of viscosity consid-

erations (see [23, §3]). Let us briefly describe this technique for the purposes needed here.

Let V a vector space, and let η be a k–covector. We say that η is simple if there exist

v1, ..., vk such that η = v1 ∧ · · · ∧ vk. Let S(1) := {η : η is simple with ‖η‖ = 1}. Here, ‖ · ‖
is the norm induced by the scalar product defined on simple covectors η = v1 ∧ · · · ∧ vk and

ω = u1 ∧ · · · ∧ uk by the formula

〈η, ω〉 := det(〈vi, uj〉)

and subsequently extended bilinearly to all r–covectors which are linear combinations of

simple covectors. Define the comass of a k–covector ρ:

‖ρ‖0 := sup
η∈S(1)

|ρ(η)|.

Let σ ∈ Ωp,0(M) be a holomorphic (p, 0)–form. Write ‖σ‖0(x) for its comass at x. Let x0 be

the point at which ‖σ‖0 attains its maximum. The idea is to construct a simple (p, 0)–form

σ̃(x) in a neighborhood of x0 such that the L2–norm of σ̃ attains its maximum at x0. See

[23, p. 277] for details. Computing ∂v∂v log ‖σ̃‖2 at x0 then yields

0 ≥
p∑

j=1

Rvvjj,

for all v ∈ T 1,0
x0

M .

Reminder 3.1. Fix a point x ∈ M , and let Σ ⊂ T 1,0
x M be a k–dimensional subspace. Write

S
2k−1 ⊂ Σ for the unit sphere inside Σ. Recall that the k–scalar curvature is defined

Scalk(x,Σ) := k −
∫

S2n−1

Ricω(X,X)dϑ(X)

Using Ni’s method of viscosity considerations, we have the following:

Theorem 3.2. Let (Mn, ω) be a compact Kähler manifold with Ric⊥α,β > 0 for some α > 0

and β < 0. If, moreover, (p + 1)α + 2β > 0, then hp,0 = 0 for all 1 ≤ p ≤ n. In particular,

M is projective.

Proof. Assume there is a non-zero holomorphic (p, 0)–form σ ∈ Hp,0

∂
(M) ≃ H0(M,Ωp(M)).

Let x0 ∈ M be the point at which the comass ‖σ‖0 attains its maximum. From Ni’s viscosity
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considerations, we have (in a fixed unitary frame ek near x0)

p∑

k=1

Rvvkk ≤ 0 (3.1)

for any v ∈ T 1,0
x0

M . Let Σ denote the span of {e1, ..., ep}, and write Scalp(x0,Σ) for the scalar

curvature of R|Σ. The inequality (3.1) implies that Scalp(x0,Σ) ≤ 0. From Ric⊥α,β > 0, we

observe that

0 < −
∫

X∈Σ,|X|=1
αRicω(X,X) + βHSCω(X)dϑ(X)

=
α

p

p∑

k=1

Rickk +
2β

p(p+ 1)
Sp(x0,Σ)

=
α

p


Sp(x0,Σ) +

n∑

ℓ=p+1

p∑

k=1

Rℓℓkk


+

2β

p(p+ 1)
Sp(x0,Σ)

≤ α

p
Sp(x0,Σ) +

2β

p(p+ 1)
Sp(x0,Σ) =

(p+ 1)α + 2β

p(p+ 1)
Sp(x0,Σ).

If (p + 1)α+ 2β > 0, then Sp(x0,Σ) > 0, furnishing the desired contradiction. �

Let us raise the following natural question:

Question 3.3. Let (Mn, ω) be a compact Kähler manifold. Determine all (α, β) ∈ R
2 such

that hp,0 = 0 for all 1 ≤ p ≤ n. In particular, determine the (α, β) ∈ R
2 such that M is

projective and simply connected.

To address the simply connectedness problem, let us exhibit the following extension of the

diameter estimate in [11, Proposition 6.2]:

Proposition 3.4. Let (Mn, ω) be a complete Kähler manifold with Ric⊥α,β ≥ λ for some

α > 0 > β, with 3α+ 2β > 0 and some λ > 0. Then M is compact with

diam(M,ω) ≤ π

√
α(2n − 1) + β

λ
.

Proof. Analogous to the argument in the proof of the Bonnet–Meyer theorem, for p, q ∈ M ,

let γ : [0, ℓ] → M be a minimizing geodesic which connects p and q. Following [11], we will

show that

ℓ ≤ π

√
α(2n − 1) + β

λ
.
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Let ei be an orthonormal set of parallel vector fields along γ such that e2n−1 = Jγ̇ and

e2n = γ̇. Here, J is the underlying complex structure. For each 1 ≤ i ≤ 2n− 1, set

Vi(t) := sin

(
πt

ℓ

)
ei(t),

φi(t, s) := expγ(t)(sVi(t)),

Li(s) := length(φi(·, s)).

For each t, we have φi(t, 0) = γ(t), and since γ is minimizing, Li has a minimum at s = 0.

Hence, the second variation of arc length formula yields

0 ≤ d2

ds2

∣∣∣∣∣
s=0

Li(s)

=

∫ ℓ

0
(|∇Vi|2g −R(Vi, γ

′, γ′, Vi))dt

=

∫ ℓ

0

((π
ℓ

)2
cos2

(
πt

ℓ

)
− sin2

(
πt

ℓ

)
R(ei, γ

′, γ′, ei)

)
dt.

Let X = 1√
2
(γ′ −

√
−1Jγ′). Then Ric⊥α,β(X) ≥ λ implies

α

2n−1∑

i=1

R(ei, γ
′, γ′, ei) + βR(e2n−1, γ

′, γ′, e2n−1) ≥ λ.

Since 3α+ 2β > 0 implies α(2n − 1) + β > 0 for n ≥ 2, we see that

0 ≤ d2

ds2

∣∣∣∣∣
s=0

(
α

2n−1∑

i=1

Li(s) + βL2n−1(s)

)

=

∫ ℓ

0
(α(2n − 1) + β)

(π
ℓ

)2
cos2

(
πt

ℓ

)
dt−

∫ ℓ

0
sin2

(
πt

ℓ

)2

Ric⊥α,β(X)dt

≤
∫ ℓ

0

(
(α(2n − 1) + β)

(π
ℓ

)2
cos2

(
πt

ℓ

)
− λ sin2

(
πt

ℓ

))
dt

=
ℓ

2

(
(α(2n − 1) + β)

(π
ℓ

)2
− λ

)
.

�

Remark 3.5. Note that Chu–Lee–Tam [11] assume that α, β > 0. Of course, the argument

requires only that α(2n − 1) + β > 0.

Proposition 3.6. Let (Mn, ω) be a compact Kähler manifold with Ric⊥α,β > 0 for some

α > 0 > β and α+ β > 0. Then M is simply connected.
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Proof. Let OM denote the structure sheaf of M . The Euler characteristic is given by

χ(OM ) :=
∑n

k=0(−1)khk,0. For any finite ν–sheeted covering M̃ → M , the Riemann–Roch–

Hirzebruch formula states that

χ(O
M̃
) = νχ(OM ).

If there is a metric on M with Ric⊥α,β > 0 for some α > 0 > β and α + β > 0, then hp,0 = 0

for all 1 ≤ p ≤ n. From [24, Theorem 3.2], the universal cover M̃ affords a metric with

Ric⊥α,β > δ > 0. In particular, M̃ is compact and projective with χ(O
M̃
) = 1. It follows that

ν = 1, and thus π1(M) = 0. �

Conjecture 3.7. Let (Mn, ω) be a compact Hermitian manifold.

(i) If Ric
(1)
α,β > 0 for some α > 0 and β < 0, then hp,0 = 0 for all 1 ≤ p ≤ n.

(ii) If Ric
(2)
α,β > 0 for α > 0 and β < 0, then hp,0 = 0 for all 1 ≤ p ≤ n.

In this direction, we have the following:

Proposition 3.8. Let (Mn, ω) be a compact Hermitian manifold.

(i) If Ric
(1)
α,−α > 0 for some α > 0, then hn−1,0 = 0.

(ii) If Ric
(2)
α,β > 0 for some α > 0, β < 0 with α+ β ≥ 0, then h1,0 = 0.

Proof. We observe that Ni’s technique of viscosity considerations extends to the Hermitian

category. Let σ ∈ Hn−1,0

∂
(M) be a non-trivial holomorphic (n−1, 0)–form on M . Let p ∈ M

be the point at which the comass ‖σ‖0 achieves its maximum. The Bochner technique,

together with the maximum principle implies that

n−1∑

k=1

Rvvkk ≤ 0 (3.2)

for all v ∈ T 1,0
p M . Hence, for any α > 0,

0 ≥ α
n−1∑

k=1

Rnnkk = α
n∑

k=1

Rnnkk − αRnnnn = Ric
(1)
α,−α,

contradicting Ric
(1)
α,−α > 0. This proves (i).

Similarly for (ii), let σ ∈ H1,0

∂
(M) be a non-trivial holomorphic (1, 0)–form. The same

argument implies (in a fixed unitary frame e1, ..., en)

Rvv11 ≤ 0 (3.3)
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for any v ∈ T 1,0
p M , where p is the point where |σ|2 achieves its maximum. Choose v such

that v = e1, then

α
n∑

k=2

Rkk11 ≤ 0, (α+ β)R1111 ≤ 0.

Hence,

0 ≥ α

n∑

k=2

Rkk11 + (α+ β)R1111 = Ric
(2)
α,β,

contradicting Ric
(2)
α,β > 0 if α+ β ≥ 0. This proves (ii). �

Corollary 3.9. Let M3 be a compact Kähler threefold. If M supports a Hermitian metric

with Ric
(1)
α,−α > 0 for some α > 0, then M is projective.

Proof. From part (i) of Proposition 3.8, we have h2,0 = 0. It is well-known that a compact

Kähler manifold satisfying h2,0 = 0 is projective. �

Recall that the Chern scalar curvature of a Hermitian metric ω is defined by

Scalω := gijgkℓRijkℓ.

We also have the alterred scalar curvature Ŝcalω := giℓgkjRijkℓ.

Theorem 3.10. Let (Mn, ω) be a compact Hermitian manifold with Ric
(k)
α,β > 0 for some

1 ≤ k ≤ 4, and α > 0 > β. If Scalp(ω) = Ŝcalp(ω) and (p + 1)α + 2β, then hp,0 = 0 for all

1 ≤ p ≤ n.

Proof. Assume there is a non-zero holomorphic (p, 0)–form σ ∈ Hp,0

∂
(M) ≃ H0(M,Ωp(M)).

Let x0 ∈ M be the point at which the comass ‖σ‖0 attains its maximum. From Ni’s viscosity

considerations, we have (in a fixed unitary frame ei near x0)

p∑

i=1

Rvvii ≤ 0 (3.4)

for any v ∈ T 1,0
x0

M . Let Σ := span{e1, ..., ep}, and write Scalp(x0,Σ) for the Chern scalar

curvature of R|Σ. Similarly, write Ŝcalp(x0,Σ) for the alterred scalar curvature of R|Σ. If

ω is balanced, then Scalp(x0,Σ) = Ŝcalp(x0,Σ), and (3.4) implies Scalp(x0,Σ) ≤ 0. Assume
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Ric
(k)
α,β > 0 for some 1 ≤ k ≤ 3, then

0 < −
∫

S2p−1

αRic(k)ω (X,X) + βHSCω(X)dϑ

=
α

p

p∑

i=1

Ric
(k)

ii
+

2β

p(p+ 1)
(Scalp(x0,Σ) + Ŝcalp(x0,Σ))

=
α

p
Scalp(x0,Σ) +

2β

p(p+ 1)
(Scalp(x0,Σ) + Ŝcalp(x0,Σ))

=
(α(p + 1) + β)Scalp(x0,Σ) + βŜcalp(x0,Σ)

2p(p+ 1)

=
α(p + 1) + 2β

2p(p+ 1)
Scalp(x0,Σ),

where the last equality makes use of the balanced condition. If α(p + 1) + 2β > 0, we have

the desired contradiction. �

From [18], we have the pointwise equality

Scalω = Ŝcalω + 〈∂∂∗
ω, ω〉.

In particular, if ω is balanced, then Scalω = Ŝcalω:

Corollary 3.11. Let (Mn, ω) be a compact Hermitian manifold with a balanced metric of

Ric
(k)
α,β > 0 for some 1 ≤ k ≤ 4, and α > 0 > β. If α(n + 1) + 2β > 0, then hn,0 = 0.

Of course, when n = 2, i.e., on compact complex surfaces, the balanced condition is equivalent

to the Kähler condition.

Remark 3.12. Petersen–Wink [29] have established estimates on the Hodge numbers of

Kähler manifolds in terms of the eigenvalues of the Kähler curvature operator. In particular,

they show that if R : u(n) → u(n) denotes the Kähler curvature operator with eigenvalues

λ1 ≤ λ2 ≤ · · · ≤ λn2 , then h2,0 = 0 if

λ1 + · · ·+ λn−1 > 0.

That is, M is projective if the metric is (n− 1)–positive. Let us remark that is quite strong:

for n = 3, this reduces to the 2–positivity of the Kähler curvature operator, which is known to

be equivalent to the positivity of the orthogonal bisectional curvature HBC⊥
ω . In particular,

such metrics are all biholomorphically isometric to (P3, ωFS).

If (M,ω) is a compact Kähler surface, the orthogonal Ricci curvature Ric⊥ω is equivalent to

the orthogonal bisectional curvature HBC⊥
ω . From the work of Gu–Zhang [13], any compact

simply connected Kähler surface with Ric⊥ω > 0, therefore, deforms under the Kähler–Ricci
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flow to a metric with HBCω > 0. It follows from the solution of the Frankel conjecture that

M is biholomorphic to P
2.

Proposition 3.13. Let (Mn, ω) be a compact Kähler manifold with Ric⊥α,β < 0 for some

α > 0 and β < 0. If α+β ≥ 0, then M does admit any non-trivial holomorphic vector fields.

Proof. Let X be a non-trivial holomorphic vector field. The Bochner formula gives
〈√

−1∂∂|X|2, 1√
−1

v ∧ w

〉
= 〈∇vX,∇wX〉 −RvwXX .

At the point p ∈ M where |X|2 attains its non-zero maximum, we have

RvvXX ≥ 0, (3.5)

for all v ∈ T 1,0
p M . Let {e1, ..., en} be a local unitary frame near p, such that X|p = e1|p.

From (3.5), we have

α

(
n∑

k=2

Rkk11

)
≥ 0, (α+ β)HSCω(X) ≥ 0. (3.6)

Since Ric⊥α,β < 0, however,

α

(
n∑

k=2

Rkk11

)
+ (α+ β)HSCω(X) < 0,

violating (3.6). �

Immediate from the argument in the Kähler category, is the following:

Proposition 3.14. Let (Mn, ω) be a compact Hermitian manifold. Suppose Ric
(2)
α,β < 0 for

α > 0, β < 0, with α + β ≥ 0. Then M does not admit any non-trivial holomorphic vector

fields.

Let us close this section by extending an old result of Cheung [10]:

Theorem 3.15. Let (M2, ω) be a Kähler–Einstein surface with Ricω = λω. The metric ω

has negative holomorphic sectional curvature if and only if

Ric⊥2,−1 < 0 and |R1212|2 < |Ric⊥2,−1|2.

Proof. Fix a point p ∈ M , and assume the holomorphic sectional curvature achieves a min-

imum in the direction e1. Taking partial derivatives of
∑

i,j,k,ℓRijkℓvivjvkvℓ, we see that

R1112 = R1121 = 0 at p. Since the metric is Kähler–Einstein, we further deduce that the

following components of the curvature vanish:

R1112 = R1121 = R1211 = R1222 = R2111 = R2122 = R2212 = R2221 = 0.
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The holomorphic sectional curvature at p, in the unit direction (v1, v2) is given by

∑

i,j,k,ℓ

Rijkℓvivjvkvℓ = R1111(v1v1)
2 + 4R1122v1v1v2v2 +R2121(v2v1)

2

+R1212(v1v2)
2 +R2222(v2v2)

2

= R1111 + 2(2R1122 −R1111)|v1v2|2 + 2Re
(
R1212(v1v2)

2
)
.

Write R1212 = |R1212|eiϑ1 and consider the direction v1 =
1√
2
, v2 =

√
−1√
2
eiϑ1/2. The holomor-

phic sectional curvature in this direction is therefore

R1111 +
1

2
(2R1122 −R1111) + 2Re

(
−1

4
|R1212|eiϑ1e−iϑ1

)

= R1111 +
1

2
(2R1122 −R1111 − |R1212|).

Since e1 minimizes the holomorphic sectional curvature, we have

2R1122 −R1111 ≥ |R1212|,

which implies 2R1122 ≥ R1111, i.e., 2λ ≥ 3R1111.

Extending the above calculation,

∑

i,j,k,ℓ

Rijkℓvivjvkvℓ ≤ R1111 + 2(2R1122 −R1111)|v1v2|2 + 2|R1212||v1v2|2

= R1111 + 2(2R1122 −R1111 + |R1212|)|v1v2|2

≤ R1111 +
1

2
(2R1122 −R1111 + |R1212|)(|v1|2 + |v1|2)2

= R1111 +
1

2
(2R1122 −R1111 + |R1212|).

A variation argument similar to the one above shows that the upper bound is achieved when

v1 = 1√
2
and v2 = 1√

2
eiϑ1/2. Hence, the holomorphic sectional curvature is maximized at p

with value

R1111 +
1

2
(2R1122 −R1111 + |R1212|).

Since this equantity is negative if and only if

λ− 1

2
R1111 +

1

2
|R1212| < 0

if and only if

2λ−R1111 < 0 and |R1212|2 < |2λ−R1111|2,

this completes the proof. �
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4. Examples

Example 4.1. The Iwasawa Threefold. Let X = G/Γ denote the Iwasawa threefold

given by the quotient of

G :=







1 z1 z3

0 1 z2

0 0 1


 : (z1, z2, z3) ∈ C

3





by the discrete group

Γ :=







1 z1 z3

0 1 z2

0 0 1


 : z1, z2, z3 ∈ Z+

√
−1Z





.

It is well-known that X is non-Kähler, but supports a balanced metric. Indeed, the projection

map f : X → Z[
√
−1] given by

f :



1 z1 z3

0 1 z2

0 0 1


 7→ z1

is a surjective holomorphic map with Kähler fibers. The map

σ : z1 7→



1 z1 z3

0 1 z2

0 0 1




defines a holomorphic section of f . By [19, Theorem 5.5], X admits a balanced metric. The

Hodge numbers of X are detailed in [1, p. 49]. In particular,

h1,0 = 3, h2,0 = 3, h3,0 = 1.

We, therefore, have the following:

Corollary 4.2. Let X be the Iwasawa threefold. There is no balanced Hermitian metric on

X with Ric
(k)
α,β > 0 for α > 0 > β and 3α+ 2β > 0.

Example 4.3. U(n)–invariant Kähler metrics on C
n. In the standard coordinates on

C
n≥3, a U(n)–invariant Kähler metric is given by

gij = f(r)δij + f ′(r)zizj ,

where r =
∑n

k=1 |zk|2, and the function f is smooth on [0,∞). Set h = (rf)′.

We first recall the following lemma of Wu–Zheng [37]:
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Lemma 4.4. The U(n)–invariant metric g defined above is a complete Kähler metric if and

only if f > 0, h > 0, and

∫ ∞

0

√
h

r
dr = ∞.

For h > 0, the function ξ = −rh′/h is smooth on [0,∞), with ξ(0) = 0. The components of

the curvature tensor of a U(n)–invariant Kähler metric in the unitary frame

e1 :=
1√
h
∂z1 , ek :=

1√
f
∂zk , k ≥ 2,

at the point p = (z1, 0, ..., 0) are given by

A := R1111 = ξ′/h

B := R11ii =
1

(rf)2

[
rh− (1− ξ)

∫ r

0
hds

]
, i ≥ 2,

C := Riiii = 2Riijj =
2

r2f2

(∫ r

0
hds − rh

)
, 2 ≤ i 6= j.

All other components (not given by symmetries of the above) vanish. By the unitary-

invariance, it suffices to calculate the curvature at the point p.

In the above notation (c.f., [15, p. 6]), we have

R11 = A+ (n − 1)B,

R1111 = R11 − (n− 1)B

Rii = B + C +
(n− 2)

2
C = B +

n

2
C, i ≥ 2,

Riiii = Rii −B − (n− 2)

2
C, i ≥ 2.

Proposition 4.5. Let ω be the complete U(n)–invariant metric above. In the above nota-

tion,

Ric⊥α,β(e1) = α(n− 1)B + βA,

and for each i ≥ 2,

Ric⊥α,β(ei) =
(αn

2
+ β

)
C + αB.

Example 4.6. Hopf Manifolds. Let X = S
2n−1 × S

1 be the standard Hopf manifold of

dimension n ≥ 2. On X there is a natural metric (inheritted from the cyclic group action of

z 7→ 1
2z on C

n − {0}):

ω0 =
√
−1gijdzi ∧ dzj =

√
−1

4δij
|z|2 dzi ∧ dzj .
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From [18, §6.1], the components of the Chern curvature tensor read

Rijkℓ = gpq
∂gpℓ
∂zi

∂gkq
∂zj

− ∂2gkℓ
∂zi∂zj

=
4δkℓ(δij |z|2 − zjzi)

|z|6 .

Let v ∈ T 1,0X be a (1, 0)–tangent vector of unit length. Then

HSCω(v) =
n∑

i,j,k,ℓ=1

4δkℓ(δij |z|2 − zjzi)

|z|6 vivjvkvℓ

=
4

|z|6
n∑

k=1

|vk|2
n∑

i 6=j=1

(
|vi|2|z|2 − zjzivivj

)
.

Moreover, we have that

Ric(1)ω (v) = n
√
−1∂∂ log |z|2

and

Ric(2)ω (v) =
n− 1

4

(
4

|z|2
n∑

i=1

|vi|2
)

=
n− 1

|z|2 .

Hence,

Ric
(2)
α,β =

α(n− 1)

|z|2 +
4β

|z|6
n∑

k=1

n∑

i 6=j=1

(|vi|2|z|2 − zjzivivj)
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