DE GRUYTER Open Mathematics 2020; 18: 540-551 a

Research Article

Jinxia Cen, Chao Min, Van Thien Nguyen, and Guo-ji Tang*

On the well-posedness of differential quasi-
variational-hemivariational inequalities

https://doi.org/10.1515/math-2020-0028
received November 14, 2019; accepted January 23, 2020

Abstract: The goal of this paper is to discuss the well-posedness and the generalized well-posedness of a
new kind of differential quasi-variational-hemivariational inequality (DQHVI) in Hilbert spaces.
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1 Introduction

The differential variational inequalities (DVIs) have been introduced and systematically studied by
Pang-Stewart [1] on a finite-dimensional space. As the powerful mathematical tools, recently, DVIs have
been applied to the study of various problems involving both dynamics and constraints in the form of
inequalities, which arise in many applied problems in our real life, for instance, mechanical impact
problems, electrical circuits with ideal diodes, the Coulomb friction problems for contacting bodies,
economical dynamics, dynamic traffic networks, and so on. Based on this motivation, Chen and Wang [2]
in 2014 used the idea of DVIs to investigate a dynamic Nash equilibrium problem of multiple players with
shared constraints and dynamic decision processes; Wang et al. [3] proved an existence theorem for
Carathéodory weak solutions of a differential quasi-variational inequality in finite dimensional Euclidean
spaces and established a convergence result on the Euler time-dependent procedure for solving the initial-
value differential set-valued variational inequalities; and Migorski et al. [4] used the surjectivity of set-
valued pseudomonotone operators combined with a fixed point principle to prove the unique solvability of
a history-dependent DVI, and then they used the abstract frameworks to study a history-dependent
frictional viscoelastic contact problem with a generalized Signorini contact condition. For more details on
these topics, the reader is welcome to refer to [5-18] and references therein.
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More recently, Liu et al. [19] initially introduced the notion of differential hemivariational inequalities
(DHVIs), which is a generalization of variational inequalities. After that, Migoérski and Zeng [20] proposed
a temporally semi-discrete algorithm based on the backward Euler difference scheme together with a
feedback iterative method to explore a DHVI, which is formulated by a parabolic hemivariational
inequality and a nonlinear evolution equation in the framework of an evolution triple of spaces; Li and Liu
[21] considered a sensitivity analysis of optimal control problems for a class of systems governed by DHVIs
in Banach spaces; by applying the theory of measure of noncompactness, a fixed point theorem of a
condensing multivalued map and theory of fractional calculus, Jiang et al. [22] explored an impressive
existence result of the mild solutions of a global attractor for the semiflow governed by a fractional DHVI
in Banach spaces. For other results on DHVIs, the reader may refer to [23-25] and references therein.

The current paper represents a continuation of [10]. In fact, the paper [10] was devoted to discuss the
well-posedness and the generalized well-posedness of a differential mixed quasi-variational inequality
and to provide criteria of well-posedness and well-posedness in the generalized sense of the inequality.
However, the abstract frameworks of the paper [10] cannot be applied for solving the problems or
phenomena described by nonconvex superpotential functions, which are locally Lipschitz. To overcome
this flaw, in this paper, we are interested in studying a new kind of differential quasi-variational-
hemivariational inequality (DQHVT).

Let X be a Hilbert space whose norm and scalar product are |-|x and <-,-)x, respectively. In what
follows, the norm convergence is denoted by “—” and the weak convergence by “—”. Let 0 < T < co and
I := [0, T]. Note that the space L*>(I; X) is endowed with the scalar product

T

Qui, W) x) = J i (t), up (t))xdt  for all wy, u, € I2(I; X),
0

to be a Hilbert space. Set W (X) = {x € L2(I; X)|x € L?>(I; X)}, where x stands for the generalized derivative
of x, namely,

T T
j)‘((t)(]b(t)dt - I xO)@)dt for all ¢ e CO I X).
0 0

Indeed, it is not difficult to prove that W (X) is a Hilbert space with the scalar product
O, 0w ) = X, Xopx) + G Xy for all x, % € W(X),

and it is densely and continuously embedded in C (I; X).

Given the Hilbert spaces X and V, let K be a fixed nonempty, closed, and convex subset of V. Let
Y: I x X x V = X be a set-valued mapping. In what follows, we denote the set-valued Nemytskii operator
@: I’(I; X) x L2(I; X) = L?(I; X) of Y by

D, u)(t) =y, x(t),u(t)) for all tel.

Set K = {u € L2(I; V): u(t) € K, for a.e. t € I}. We also consider a set-valued mapping S: K = K, which is
specialized in Section 3. Let G: I>(I; X) x L2(I; V) — L*(I; V) be such that

G, u)(t)y =g(t,x(t),u(t)) for all tel,
where g: I x X x V— V is a given function. Assume that I': X x X — X, J: I?(I; V) —» R is a locally

Lipschitz function, and ¢: L?(I; V) — R is a convex functional, the current paper is devoted to study the
following DQHVI

X € D(x,u),
uce SOL(S ()! G(X’ ')9 ]y ¢)9 (1.1)
I'(x(0), x(T)) = 0,
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where SOL(S(-), G(x, ), ], ¢) stands for the set of solutions to the quasi-variational-hemivariational
inequality: find u € S (u) such that

(GO, u), v —wpg.x +J%w; v-uw) + V) - ) =0 for all veSu),

where J°(u; v) denotes the generalized directional derivative of J at u in the direction v. Indeed, when
J = 0, then our problem (1.1) reduces the one considered by Liu et al. [10].

The rest of the paper is organized as follows. In Section 2, we survey preliminary material needed in
the sequel and introduce the concepts of well-posedness and of well-posedness in the generalized sense
for problem (1.1). Section 3 is concerned with the study of the relation between metric characterizations
and well-posedness of DQHVI.

2 Notation and preliminary results

In this section, we briefly review basic notation and some results which are needed in the sequel. For more
details, we refer to monographs [26-28].

Let V be a Banach space. Throughout the paper, the Clarke generalized directional derivative of a
locally Lipschitz function h: V — R at u € V in the direction v € V is defined by

KO (u; v) = lim sup hw + ) - h(w).
A-0",w—u /‘

However, the generalized Clarke subdifferential of h at u € V is defined by
oh(u) = {u* € V*|h°(u; v) = u*,v)y for all v e V}.

The next proposition provides basic properties of the generalized directional derivative and the
generalized gradient, see, for example, [26,29].

Proposition 2.1. Let V be a Banach space. If h: U — R is a locally Lipschitz function on a subset U of V, then

(i) for everyu € U, the set dh(u) is a nonempty, convex, and weakly' compact subset of V*. More precisely,
oh(u) is bounded by the Lipschitz constant K, > 0 of h near u;

(ii) the graph of oh is closed inV x (w* — V*) topology, namely, if {wi} ¢ U and{{,} c V* are sequences such
that § € oh(w) anduy - uinV, § — ¢ weakly” in V*, then we have { € dh(u) (where w* — V* denotes
the space V* equipped with weak™ topology);

(iii) the set-valued operator Usu — oh(u) € V* is upper semicontinuous from U into w* — V*;

(iv) for each v € V, there exists z, € oh(u) such that

h°(u; v) = max {{z, V)v, Iz € dh(u)} = {zy, V)v;

(v) the function Usv +— h°(u; v) € R is finite, positively homogeneous, and subadditive on U, and satisfies
[R° (u; V)| < Kyllvilvs
(vi) h°(u; v) as a function of (u, v) is upper semicontinuous, and as a function of v alone is Lipschitz of rank
K, on U;
(vii) hO(u; —v) = (=h)°(u; v) for allu,v € U.

Definition 2.2. Let V be a Banach space and A, B ¢ V be nonempty.
(i) The measure of noncompactness for A is defined by

UA) = inf{e > 0|A = CJAi, diam(4;) <e, i=1,..., n},
i=1

where diam(4;) denotes the diameter of the set A;;
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(i) The Hausdorff distance between subsets A and B is defined by
H(A, B) = max {e(4, B), e(B, A)},
where e (A, B) = supqcad (a, B) with d(a, B) = infycglla — blly.

Let {A,} be a sequence of nonempty subsets of V. We say that A, converges to A in the sense of Hausdorff
metric if H(4,, A) — 0, as n — co. Moreover, we review the definitions of Painlevé-Kuratowski limits.

Definition 2.3. The Painlevé-Kuratowski strong limit inferior and (sequential) weak limit superior of a
sequence {A,} c V are defined by

s-liminfA, ={x € V]| 3 x, € Ay, n € N, with x, —» x in V},
w-limsupA, ={x € V| Im T + 00, I X, € Ay, k €N, with x,, — x in V}.

Definition 2.4. Let V and Y be Banach spaces and A: V = Y be a set-valued mapping. A is called
(i) (s,w)-closed, if w-lim supA (x,,) € A(x) as x, — x in V;
(ii) (s,s)-closed, if s-lim supA(x,) € A(x) as x, — x in V;
(iii) (s,s)-lower-semicontinuous, if A(x) < s-lim infA (x,,) as x, — x in V;
(iv) (s,w)-subcontinuous, if for every sequence {x,} strongly converging in V, every sequence {y,} ¢ Y with
¥, € A(x,) has a weakly convergent subsequence in Y.

Obviously, from [30, Theorem 1.1.4], we can see that a set-valued mapping being (s,w)-upper semi-
continuous and with closed values is sequentially (s,w)-closed as well.
In what follows, for each € > 0, we set
Q(e) ={(x,u) € WX) x L>(I; V)|dpq.x) (X, @ (x, W) < & dp2gyyu, SW)) < ¢,
(GO w,v-wpegy +1°Wv-w+ W) + W) = —¢lv - ulpqy) 2.1)
for all v e S(u), and |I"(x(0),x(T))|x < &}.

We end the section by introducing the approximating sequences, the well-posedness and the generalized
well-posedness of DQHVI.

Definition 2.5. A sequence {(x,, u,)} in W (X) x L?(I; V) is called an approximating sequence for DQHVI, if
there exists a sequence €, — 0* as n — oo such that for all v € S (uy,)
dp2(g,x) (X, @ (Xn, Un)) < &g,
dp2 g, vy (Un, S (Un)) < &n,

(G (Xny Un), V = Un) 2y + O (Uns vV — tn) + (V) + P (Un) = —&xllv — Unll2 vy
IT" (xn (0), X (T))llx < &

(2.2)

Definition 2.6. Problem DQHVI is said to be strongly well-posed, if it has a unique solution (xq, up) and
every approximating sequence {(x,, u,)} strongly converges to (xq, Up).

Definition 2.7. Problem DQHVI is said to be strongly well-posed in the generalized sense, if the solution
set X of DQHVI is nonempty and every approximating sequence {(x,, u,)} has a subsequence which
strongly converges to some point of X.
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3 Main results

In this section, we deliver the main results concerning the essential relation between metric
characterizations and the well-posedness of DQHVI, and the criteria of well-posedness and well-
posedness in the generalized sense of DQHVI. Also, we prove that the set of solutions to DQHVI is
compact, when DQHVI is well-posed in the generalized sense.

To do so, we impose the following assumptions.
(4)) @: W(X) x L2(I; V) = L?(I; X) is (s,w)-closed and sequentially (s,w)-subcontinuous;
(4;,) S: K = K is (s,w)-closed, (s,s)-lower semicontinuous, and (s,w)-subcontinuous with convex values;
(43) J: I*(I; V) — R is a locally Lipschitz function;
(A4) ¢: K — R is a convex and continuous function;
(4s5) G: I2(I; X) x L?(I; V) — L?(I; V) is upper semicontinuous, that is, u, — ug, X, — Xo, and v, — v, imply

lim sup <G (Xn, Un), Va2 q;vy < <G (X0, Uo), Vodr2 ;)3

n—oo

(Ag) I': X x X — X is a continuous function.
Remark 3.1. Actually, assumption (4,) indicates that S has closed and convex values in K.
Besides, we recall the concept of relaxed a-monotonicity for a single-valued mapping, see [10].

Definition 3.2. Given a: I2(I; V) — R, the mapping G: K — L2(I; V) is said to be relaxed a-monotone if

(GW) - G),v-wpgy 2av-u) forall v,ueKk.

Remark 3.3. However, it is obvious that

(i) if a(u) = 0, then G is monotone;

(ii) if a(u) = mg|ul®> with mg > 0, then G is strongly monotone;
(iii) if a(u) = —mg||u|?* with mg > 0, then G is relaxed monotone.

Furthermore, we suppose that the following conditions are satisfied.
(B) @: W(X) x L2(I; V)=3L2(I; X) is (s,s)-closed;
(By) ¢: K — R is a convex and lower semicontinuous function;
(B3) For every x e W(X), G(x,-): L>(I; V) —» I*(I; V) is upper semicontinuous, relaxed a-monotone
with a: L2(I; V) — R such that lim sup,_.a (u,) > a(u), where u, — u, and limtw@ =0 for all
v € [*(I; V), and for every u € K, if x, — xo and v, — vy, one has
lim sup <G (X, W), V)2 ;) < <G (X0, W), Vodr2(1;v)-

n—oo

Remark 3.4. From the above two groups of conditions, we draw some conclusions:

(i) condition (B,) is weaker than condition (4;). Indeed, we make use of it in Theorems 3.6 and 3.7;
(ii) condition (B,) is weaker than condition (4;). We make use of it in Theorem 3.7;
(iii) condition (B,) is weaker than condition (4s).

3.1 Characterizations of well-posedness for DQHVI

In this section, we are interesting to establish the metric characterizations of well-posedness for problem (1.1).
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Theorem 3.5. Let S: K = K and @: W (X) x L>(I; V) = L?>(I; X) be set-valued maps. Then, DQHVI is
strongly well-posed, if and only if the solution set ¥ of DQHVI is nonempty and

lim diam (Q(g)) = O,
gl 5 iam(Q(¢)) (3.1)
where Q (€) is given in (2.1).

Proof. Suppose that DQHVI is strongly well-posed. Then, DQHVI has a unique solution (xg, ug) in
W (X) x L2(I; V), this means X = {(xo, Up)}. We now prove that (3.1) holds. Arguing by contradiction, we
assume that diam(Q (¢)) does not tend to 0 as € — 0. Therefore, we are able to find a constant f > 0 and a
positive sequence {g,} with &, — 0" such that

1oV, ul?y = 62, u) lw xyx2 vy > B for all ne N (3.2)
with (x{V, u{?), (x?, u?) € Q(e,). Owing to the strong well-posedness of DQHVI, it finds

lim (7, u”) = lim (62, uf?) = (xo, uo) in W (X) x L2(I; V). (3.3)
n—oo

n—oo

Combining (3.2) and (3.3) deduces

0<B <l ulMy - (x?, ur(lz))"W(X)xLz(I;V)
< (Xr(ll), upgl)) — (X0, Up) ”W(X)xLz(I;V) + (Xr(lz), ur(12)) — (Xo, Up) ||W(X)><L2(I;V) - 0.

This generates a contradiction, hence, (3.1) is valid.

Conversely, suppose that 2~ # & and (3.1) is available. Then, we conclude that X is a singleton point
set, i.e., X = {(xo, Uo)}. Let {(xn, Up)} € W (X) x L2(I; V) be an approximating sequence of problem DQHVI.
Hence, there exists a sequence &, — 0™ as n — oo such that for all v € S (uy,)

dp2 (1,5 (s @ (Xn, Un)) < &,

dp vy (Un, S (Un)) < &,

(G (Xny Un), V = Un)2 vy + 0 (Uns V — Up) + (V) + P (Un) = —&4llv — Unl2 gy
I (X (0), X (T))llx < En-

This reveals (x,, u,) € Q(&,) for all n € N. Using the fact (xq, ug) € Q(g,) for alln € N and (3.1) gives

lim || (X, Un) — (Xo, Uo) lw coyxz2 ;) < lim diam(Q(g,)) = O.
n—oo n—oo

This means that {(x,, U,)} strongly converges to (xo, up) in W (X) x L2(I; V), asn — oo. Therefore, DQHVI is
strongly well-posed. O

Observing the proof of Theorem 3.5, we could see that the assumption X # & plays a significant role.
However, by invoking other conditions, we can remove this condition.

Theorem 3.6. Assume that (By), (A,)—(A¢) are satisfied. Then DQHVI is strongly well-posed, if and only if it
holds
Q)+ @ for all € >0 and lim diam(Q(g)) = 0. (3.4)

-0

Proof. Indeed, the necessity part is a direct consequence of Theorem 3.5. Therefore, it is enough to verify
the sufficiency.

Suppose (3.4) holds. For any positive sequence {€,} with €, | 0 as n — oo, we could find a sequence
{(xn, up)} such that (x,, u,) € Q(g,) for alln € N. Note that Q () < Q(6) for € < §, it follows from (3.4) that
{(xn, uy)} is a Cauchy sequence. Therefore, {(x,, u,)} converges strongly to some (xo, ug) € W (X) x L>(I; V),
as n — oo. Furthermore, we show the following claims.
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Claim 1. ug € S(up) and I' (x¢(0), xo(T)) = 0.

Recall that x, — xo in W(X) and the embedding from W (X) to C(I; X) is continuous, it yields
X, (0) = x0(0) and x,(T) — xo(T) in X, as n — oo. The latter combined with the continuity of I' (see (4¢))
and the inequality |I" (x, (0), x,(T))|x < &, indicates

I'(x0(0), xo(T)) = '}Lngof(xn(O),Xn(T)) =0.
On the other side, we assert that
dp2,v)(uo, S (up)) < lirfgglf dr2 vy (un, S (up)). (3.5)
If the above inequality is not true, then we could find a constant y > 0 such that
1irllllioglfdﬁ(1;v)(um S(un)) <y < dpgv)(Uo, S(Uo))- (3.6)
Hence, along subsequence {up,} and {p,,} with p,, € S(uy,), it holds
lun, — P llzgvy <y for all k eN,

However, the reflexivity of L?(I; V) and the boundedness of p,, allow us to assume that p, — po in
I?(I; V). But, the (s, w)-closedness of S (see condition (4,)) guarantees p, € S (up). Following the above
analysis and (3.6), it leads to the contradiction

y < d(uo, S(uo)) < lluo — pPolzg,vy < 111131 inf |ty — P l2gsv) < y-
So, (3.5) holds. Using (3.5) and the fact d;2 .y (up, S (Un)) < &, we verify Claim 1.
Claim 2. ug € SOL(S(-), G(x, -), ], ).

Let v € S (up) be fixed. Invoking the (s,s)-lower semicontinuity of S (see (4,)), there exists a sequence
{va} ¢ L?(I; V) with v, € S(uy) such that v, — v in L?(I; V). Taking into account (4s), (44), and (4s), it yields

(G (X0, Uo), V — Uo) 2,y + T (Uo; v — Up) + (V) — ¢ (uo)

>lim Sup|:<G(Xm un)’ Vn — un>L2(I;V) + ]0 (un§ Vn — un) + ¢(Vn) - ¢(un)]

n—oo

> lim sup [_gn”Vn — Uy "LZ(I;V)] =0,

n—oo

for all v € S(up). This implies ug € SOL(S(-), G (x, -), ], ).
Claim 3. xy € @ (xg, Up).

By virtue of d;2 ;,x)(%n, @ (X, Uy)) < &, there exists p, € @ (x,, uy) satisfying
1%, — pn ”Lz(I;X) < 2¢,.

Employing the hypothesis (B;) and the convergence x, — xo in W (X), it gives x, — Xo in L*(I; X)
and xg € @ (xg, Up).

Claim 4. X contains the only one element (xq, up).

Let (xq, Uo), (x1, wy) € . Hence, (xo, Up), (X1, U1) € Q(€) for all € > 0. Therefore, (3.4) gives

(X0, uo) = (a, W) lw x)x2;vy < diam(Q(e)) —» 0, as € — 0.

Consequently, X is a singleton set. O
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Additionally, if the set-valued mapping is specialized by S (u) = K, then we have the following results.

Theorem 3.7. Assume that conditions (By), (B,), (43), (4s), and (4g) hold or conditions (B;)—(Bs), (43), and
(Ag) hold. Then DQHVI is strongly well-posed, if and only if

Q) + G, for all € >0, and lim diam(Q(e)) = 0.
£—0

Proof. The necessity part could be obtained directly by employing the same arguments with the proof of Theorem 3.6.

We now prove the sufficiency part. Indeed, when assumptions (B;), (B,), (43), (4s), and (A¢) are
satisfied, obviously, the desired conclusion is a direct consequence of Theorem 3.6.

In contrast, we assume that conditions (B;)—(B3), (43), and (4¢) hold. Let {(xy, u,)} be an approximating
sequence to DQHVI. Note that diam(Q (¢)) tends to 0, as € — 0, so, {(x,, u,)} is a Cauchy sequence. We
may suppose that {(x,, u,)} converges strongly to some point (xo, up) € W (X) x K ¢ W(X) x L>(I; V). The
latter together with the continuity of I' deduces

I'(x0(0), x0(T)) = 0.
Since {(xy, u,)} is an approximating sequence of problem DQHVI,
(G (Xny Un), V = Un) vy + 0 (Uns V — Un) + (V) — P (Un) = —&xllv — Unll2 iy

for all v € S(uy). Let v € S(up) be fixed. Invoking the (s, s)-lower semicontinuity of S (see (4;)), there exists
a sequence {v,} ¢ L2(I; V) with v, € S (uy) such that v, — v in I?(I; V). Using conditions (B,), (Bs), (43), (4¢)
and relaxed a-monotonicity of G, we obtain

(G (X0, V), vV — Uo)p2yy + JO (Uos v — Uo) + P (V) — ¢ (uo)

>lim Sup[<G(Xm Vn)s Vo — U2y + JO (Uns Vi — Un) + P (V) — ¢(un)]

n—-oo

> 1im sup [ (G (X, Un), Vi = Un D2y + JO (Uns Vo — Un) + P (V) — P (Un) + & (Ve — Uy) ]

n—oo

> lim sup [a(Vn — Uy) — &xllVn - un"LZ(I;V)] > a(v — up)

n—oo

for all v € S(up). Because S(ug) c L2(I; V) is convex. For each v e S(uy) and A € [0, 1], we insert
vi=Av + (1 - Dug € S(up) into the above inequality to yield

(G (X0, V), o — Uo Y2ty + JO (U3 VA — Uo) + P (V1) — @ (Uo) = a(Vy — Uo).
However, the positive homogeneity of v — J°(u; v) and convexity of ¢p guarantee

(G (X0, V1),V — Uoyp2rvy + J% (o3 v — uo) + ¢ (v) — p(ug) = M
for all v € S(up). Letting A — 0, it finds
(G (X0, Ug), V — Uo)p2q.vy + % (Uos v — o) + p(v) — p(up) >0

for all v € S (up), where we have used the upper hemicontinuity of v — G (x, v) and hypothesis (Bs). Recall
that dj2 . x) (X0, @ (Xn, Un)) < &, We are able to find p, € @ (x,, u,) such that

"Xn — Dn "LZ(I;V) < 2‘gn-

Taking into account that @ is (s,s)-closed as known from (B;) and that X, — X,, we conclude
Pn — Xo € @ (xo, Ug), namely, (xo, Up) is a solution of DQHVI.

It remains to illustrate the uniqueness of solution to DQHVI. Let (x*, u*), (xo, Ug) be two solutions to
DQHVI, so, (x*, u*), (xq, Ug) € Q(€), for all € > 0. But, the estimate

(X0, uo) — (xX*, u)llw xyxr2 vy < diam(Q(g)) — 0, as € — O,

points out (x*, u*) = (X, Up). =
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3.2 Characterizations of well-posedness in the generalized sense of DQHVI

In this section, we explore the metric characterizations of well-posedness in the generalized sense for
DQHVI. Besides, the compactness of solution set of DQHVI is proved, when DQHVI is well-posed in the
generalized sense. First, we deliver the following important result that for each £ > 0, the set Q(¢)
introduced in (2.1) is closed.

Lemma 3.8. Assume that conditions (A;)—(As) hold. Then, for every € > 0, Q(¢) is closed.

Proof. Let {(x,, u,)} c Q(g) be a sequence such that (x,, u,) — (xo, Up) in W (X) x L?>(I; V), as n — oo.
Hence, it holds for all v € S (u,)

dp2g,x) (ny D@ (X, Un)) < €,

dp2 vy (up, S(uy)) < &,

(G (Xny Up), V = U2ty + T (Uns V= Up) + P (V) + P (Un) = —&nllV — Unll2,vys
11" (%2 (0), X, (T)) lIx < €.

The continuity of the embedding from W (X) to C (I; X) indicates x,, — X in C(X), so x,(0) — xo(0) and
Xn (T) — xo(T) in X. Therefore, from the continuity of I, it has

I (x0(0), xo (T llx < €. (3.7)
We now assert

dLZ(I;V)(uO, S (uO)) < h}ln lnf dLZ(I;V)(un, S (un)). (3_8)

If (3.8) were not true, there would exist y > 0 such that

11'11'11 inf dLZ(I;V)(un, S (un)) <y< dLZ(I;V)(uO’ S (uO))' (3.9)

Without loss of generality, we could find subsequences {uy,} of {u,} and py, € S(uy,,) satisfying

"unk - p”k "LZ(I;V) <Yy f01’ all k eN,

In addition, we may suppose that p,, — po in L2(I; V) and p, € S (uo) due to hypothesis (4;). Using (3.9),
we reach the contradiction

Y < dpq,v)(uo, SWo)) < lluo = pollzgvy < 1111(11 inf lun, — P llzg;v) < V-
—00

Consequently, we can conclude via (3.8) that
dp vy ("o, S (Uo)) < &. (3.10)
Similarly, by (4;), it yields
dp2 g, vy (Xo, @ (X0, Up)) < €. (3.11)

Finally, for any v € S (up), by the (s, s)-lower semicontinuity of S in (4,), there exists a sequence {v,} with
Vn € S (uy,) such that v, — v. It follows from (43)-(45) that

(G (X0, Uo), V = Uo )2ty + O (Uo; v — o) + @ (V) + ¢ (uo)

> 1im sup[<{G (Xn, Un), Vo — Un)2qsvy + JO (Uns Vo — Un) + P () + P (Un)] = —€llv — uoll2r,v)-

n—oo

(3.12)

Since v € S (ug) is arbitrary, we can apply (3.7) and (3.10)—(3.12) to conclude (xq, up) € Q(€). a
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Theorem 3.9. Problem DQHVI is strongly well-posed in the generalized sense if and only if, the solution set X
of DQHVTI is nonempty, compact, and

Elir(l)le([) (€),2) =0. (3.13)

Proof. Suppose that DQHVI is strongly well-posed in the generalized sense. Then, X is nonempty and
2 cQ(e) + @ for all € > 0. We now claim that X is compact. For all € > 0, let {(x,, u,)} ¢ £ c Q(¢) be an
arbitrary sequence and {&,} be such that g, | 0 as n — c0. So, {(x,, u,)} with (x,,, u,) € Q(g,) is also an
approximating sequence for DQHVI. However, by virtue of Definition 2.7, we infer that {(x,, u,)} has a
subsequence converging to some point of X, which shows that 2 is compact.

Next, we demonstrate (3.13). Arguing by contradiction, we assume that for every sequence &, — 07,
there exist > 0 and (x;, u;) ¢ Q(g,) such that

dW(X)XLZ(I;V)((X;;’ u;), Z) > B for all n e N,

Note that {(x;, u,)} is an approximating sequence for DQHVI, from the generalized well-posedness, we are
able to find a subsequence {(xy,, u, )} of {(x;, u;;)} strongly converging to some point of X. This means
0< B < dW(X)XLz(I;V)((Xer’ u;k), 2) -0 as k— oo,
which generates a contradiction.
Conversely, assume that (3.13) holds. Let {(x,, u,)} ¢ W (X) x L>(I; V) be an approximating sequence

of DQHVI, i.e., there exists &, — 0t as n — oo such that (x,, u,) € Q(g,) for all n ¢ N. However, (3.13)
ensures us to take a sequence {(x;, u;)} in X such that

| Otns Un) — > ) lw oyxr2;v) — 0 @s n — oo.

Invoking the compactness of X, we are able to find a subsequence {(x,,, uy,)} of {(x;, u;)} strongly
converging to some point (xq, Up) € 2, which leads to

| (Xnk, unk) — (X0, Uo) ||W(X)><L2(I;V) < (Xnk’ unk) - (X:fk, u;fk)”W(X)xLZ(I;V) + (X,Tk, u;fk — (Xo, Up) ”W(X)xLZ(I;V)
-0

as k — oo. Therefore, DQHVI is strongly well-posed in the generalized sense. O

In fact, we can observe that the compactness of X plays a central role for the proof of Theorem 3.9.
However, under certain circumstances we can develop a different approach.

Theorem 3.10. Assume that (4;) — (Ag) hold. If, in addition, S: K = K is a closed, convex set-valued mapping,
then DQHVI is strongly well-posed in the generalized sense, if and only if

Q)+ 3, for all €>0 and lim u(Q(€)) = 0. (3.14)
-0

Proof. Suppose that DQHVI is well-posed in the generalized sense. Then, for every € > 0 it is true
2 c Q(e) + @. It follows from Theorem 3.9 that

H(Q(€), X) = max{e(Q(e), 2), e, Q(e))} =e(Q(e), 2) (3.15)
for all € > 0, and
u) =o0. (3.16)
Combining (3.15) and (3.16) implies
nQ(E) <2HQ(€), 2) + u) = 2e(Q(), 2). (3.17)

The above inequality and (3.13) indicate lim._,ou(Q(g)) = 0.
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Conversely, assume that (3.14) holds. However, Lemma 3.8 points out that for every € > 0 the set Q (¢)
is closed. Set Q = Ng0(Q(€)). From the generalized Cantor theorem (see cf. [31]), we conclude
lim, ,oH(Q(€),2) = 0 and Q # &. Next, we prove Q = 2. Obviously, X ¢ Q, therefore, it reminds us to
illustrate that Q ¢ X. For any (xo, Up) € Q and € > 0 fixed, it has dy )2 (,v)((Xo, Uo), 2(€)) = 0. Besides,
for each n € N, there exists (x,,, u,) € Q(g,) such that

(X0, Uo) — (X Un) lw xyx121;v) < En

with &, | 0 as n — oo. This infers x, — xo in W (X) and u, — ug in L>(I; V), as n — oo. As before we have
done, it is not difficult to show that x,,(0) — x(0) and x,,(T) — xo(T) in X, as n — oo. This couples with
the continuity of I to get

I (x0(0), xo(T)) = nle I (xy(0), x,(T)) = 0. (3.18)

By using the same arguments as in Theorem 3.6 and Remark 3.4, it concludes

dLZ(I;V)(u(), S(uo)) < lim inf dLZ(I;V)(un, S(u,,)) < lim En = O,
n—oo

n—oo
and

dp2g,x)(Xo, @ (X0, Up)) < lirfln glf dp2g,x)(n, @ (X, Un)) < lim g, = 0.

n—oo
The last two inequalities indicate
Ug € S(up) and xg € D (xo, Up). (3.19)

Furthermore, we verify that ug is a solution of SOL(S (-), G (xo, ), J, ). Let v € S (up) be fixed. Recall
that S is (s, s)-lower semicontinuous, there exists v, € S(u,) such that v, > v as n — co. Invoking
conditions (43) - (4s), we have

(G (X0, Uo), V — U2ty + JO (U3 V — Uo) + P (V) + ¢ (uo)
> lim sup [ (G (Xn, Un)s Vo = Un D12ty +JO (Uns Vi = Un) + D (Vo) + b (un) ]

> lim sup [-&nllva — Unl2q.v) ] > 0.

n—-oo

(3.20)

The arbitrariness of v € S (up) and the facts (3.18)-(3.20) guarantee (xo, up) € X, thus 2 = Q.
At this point, we know that lim._,oH (Q(g), 2) = 0 and lim._qe (Q(g), 2) = 0. Taking account of the
compactness of 2 and Theorem 3.9, it concludes that DQHVTI is strongly well-posed in the generalized sense. [

Moreover, using the same arguments as Theorem 3.7 and Remark 3.4, we have the following result.

Theorem 3.11. Assume that conditions (4,), (43), (4s), (A¢), and (B,) hold or conditions (4;), (43), (4¢), (By),
and (Bs) hold. Then, DQHVI is strongly well-posed in the generalized sense, if and only if

Q)+ 3, for all €>0 and limu(Q(e)) = 0.
£e—0
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