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Abstract

We prove the local wellposedness of three-dimensional incompressible inho-
mogeneous Navier—Stokes equations with initial data in the critical Besov spaces,
without assumptions of small density variation. Furthermore, if the initial velocity
field is small enough in the critical Besov space le/ 12 (R3), this system has a unique
global solution.

1. Introduction

In this paper, we consider the local and global wellposedness of the following
three-dimensional incompressible inhomogeneous Navier—Stokes equations with
initial data in the critical Besov spaces:

3 p +div(ou) =0, (t,x) € RT xR,

0 (pu) +div(pu @ u) — div(uM) + VI1 = 0,
divu =0,

pli=0 = po, pulr=0 = mo,

(1.1)

where p and u = (u1, u, u3) stand for the density and velocity of the fluid, respec-
tively, M = %(a,-u j + 9ju;), I is a scalar pressure function, and in general, the
viscosity coefficient p(p) is a smooth, positive function on [0, c0). This system
describes a fluid obtained by mixing two miscible fluids which are incompressible
and which have different densities. It can also describe a fluid containing a melted
substance. The reader may refer to [20] for the detailed derivation.

KazHikov [18] proved that the inhomogeneous Navier—Stokes equations (1.1)
have at least one global weak solution in the energy space when (o) is independent
of p, thatis, u is a positive constant, and pg is bounded away from 0. In addition,
he also proved the global existence of strong solutions to this system for small data
in three space dimensions and all data in two dimensions. However, the uniqueness
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of both types of weak solutions has not been solved. LADYZENSKAJA and SOLONNI-
Kov [19] firstaddressed the question of unique resolvability of (1.1). More precisely,
they considered the system (1.1) in bounded domain €2 with homogeneous Dirichlet

2
boundary conditions for u. Under the assumption that ug € w2 P ()(p > N)
is divergence-free and vanishes on 92, and that pp € C 1(©) is bounded away from
zero, then they [19] proved

— Global wellposedness in dimension N = 2;
— Local wellposedness in dimension N = 3. If in addition uo is small in

2
w2 P (£2), then global wellposedness holds true.

Similar results were obtained by DANCHIN [11] in RN with initial data in the
almost-critical Sobolev spaces.

In general, DIPERNA and Lions [15,20] proved the global existence of weak
solutions to (1.1) in any spacial dimensions. Yet the uniqueness and regularities
of such weak solutions are big open questions even in two space dimensions, as
mentioned by LioNs [20]. Except under the additional assumptions that

n(po)
C

inf

c>0

1 <e and wuge HY(T?),

Lo°(T2)

DESJARDINS [14] proved that u € L ([0, T]; H'(T?)) and p € L*>([0, T] x T?)
for the weak solution (p, u) constructed in [20]. Moreover, with additional regular-
ity assumptions on the initial data, he could also prove that u € L*([0, t]; H>(T?)
for some short time 7. In [17], the last two authors of the present paper proved
that in the two-dimensional case, if the initial density is close enough to a positive
constant, then for any given smooth initial velocity field, (1.1) has a unique global
smooth solution. Moreover, the velocity u(z, x) decays to 0 with a precise decay
rate at t = oo. One may also check [23] for a modified two-dimensional model
system of (1.1), where the author proved the global wellposedness of this system
with general large initial data. Very recently, we [2] investigated the large time
decay and stability of any given global smooth solution of (1.1) for the constant
viscosity coefficient case.

On the other hand, if the density p is away from zero, which we denote by

a def p~ 1 — 1 and fi(a) def w(p), then the system (1.1) can be equivalently

reformulated as

da+u-Va=0, (t,x)eR" xRV,
oru+u-Vu+ (1+a)(VII —div(it(a)M)) = 0,
divu =0,

(@, u)|;=0 = (ap, uo)-

(INS)

Just as the classical Navier—Stokes system, which is the case when a = 0 in (INS),
the system (INS) also has a scaling; indeed if (a, u) solves (INS) with initial data
(ag, ug), then for V¢ > 0,

(@ )t x) & @@, 0, -, 0
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is also a solution of (INS) with initial data (ag(€-), €ug(£-)). In particular, the norm
of (a,u) € BN/2 (RM) N L®@RY) x B(N/z) 1(IRN) is scaling invariant under this
change of scale In [9], Danchin studled in general space dimension N, the unique
solvability of the system (INS) with constant viscosity coefficient and in scaling
invariant (or critical) homogeneous Besov spaces, which generalized the celebrated
results by Fuiita and Kato [16] devoted to the classical Navier—Stokes equations.
More precisely, he proved that if the initial data (ag, ug) € B N/2 (RN YN L™ (RN ) X

BN/ 2= 1(RN ) with ag sufficiently small in BN/ 2 RMN LOO(RN ), then the system
(INS) has a unique local-in-time solution. In [1] Abidi proved thatif 1 < p < 2N,

0 <p<pulp)uoeB) P ®RY)andag = po~' —1 € BN/”(RN) then (INS)
has a global solution prov1ded that ||a0|| N/p + ||u0|| N/p-1 = < ¢ for ¢g sufficiently
I’ I’

small. Furthermore, the solution thus obtained is unique if 1 < p < N. This
result generalized the corresponding results of [9,11] for the constant viscosity
case. ABIDI and Paicu [3] further improved the wellposedness results in [1,9] for
more general p when fi(a) equals a positive constant.

In summary, all the wellposedness results of (INS) in the critical spaces obtained
so far carry the additional assumption that the initial density is close enough to
a positive constant. We should mention that in the very interesting paper [13],
Danchin first proved the local wellposedness of compressible isentropic Navier—
Stokes equations in critical Besov spaces, but without the small density variation
assumption.

Motivated by [13], we shall investigate the local and global wellposedness
of the three-dimensional incompressible inhomogeneous Navier—Stokes equations
(1.1) with a constant viscosity coefficient and with initial data in the critical Besov
spaces. Compared with [13], the main difficulty of our local wellposedness result,
below, lies in the estimate of the pressure term.

For simplicity, we just take (o) = 1 and the space dimension N = 3. In this
case, (INS) becomes

ora+u-Va=0, (t,x) e RT x R3,
o +u-Vu—+ (1+a)(VIT — Au) =0, (12)
divu =0, ’
(a,u)|r=0 = (ao, uo),
or equivalently

[0, p+u-Vp=0, (t x)eRxR3,
0 (pu) +div(pu @ u) — Au+ VI1 =0,

17! (1.3)
divu =0,
(p, Wi =0 = (po, uo),

1
forp = 1.

Our main result in this paper concerns the unique solvability of (1.2) with ini-
tial data in the critical Besov spaces but without a smallness assumption on ag. We
should mention the method in [13] will be very useful in the proof of Theorem 1,
below.
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Theorem 1. Let ag € B;{f(ﬂ@), ugy € B;f(R% with div ug = 0, and
l4ap=b 1.4)
for some positive constant b. Then there exists a positive time T such that (1.2)

has a unique local-in-time solution (a,u) € Cp([0, T, B3/2(]R3)) x Cp([0, TT;

1/Z(R3))OL ([0, T1; BS/Q(RS)) Moreover, there exits a small constant ¢ depend-
ing on ||ao|| 32 such that lf
2,1

<
uoll 12 S c,
Il 0||32{] =

(1.2) has a unique global solution (a, u) satisfying

Il zpe g2, + 10z g2, Nl gz, + IV e

= Clllaoll g3z + lluoll 112) exp{C~/t} foranyt > 0. (1.5)
Scheme of the proof and organization of the paper The main difficulty in proving

Theorem 1 lies in the fact that when a is not small, we cannot use the classical
arguments in [1,3,9,11] to deal with the following linearized system of (1.2):

ou — (1 4+ a)(Au — VII) = f,
divu =0, (1.6)
Ul =0 = uo.
Motivated by [13], for some large enough integer m, we shall rewrite (1.6) as
ou — (1 + Spa)(Au — VII) = (a — Spa)(Au — VII) + f,
divu =0, (1.7)
il =0 = uo,

where S;,a is the partial sum of a defined in (2.3). The energy method can then be
used to solve (1.7).

To deal with the global wellposedness part of Theorem 1, we observe that as
longas [|uol| 41 /2 is sufficiently small, the lifespan of the local solution thus obtained

should be > 1 Moreover there exists #; € (0, 1) such that
. . < .
IIM(ll)Ilgzlflan;(lz s C||u0||321f12~ (1.8)
We shall first solve v via the classical Navier—Stokes system
ov+v-Vv— Av+ VII, =0,
divv =0, (1.9)
V|r=r = u(ty),
and then solve w = u — v via
orp+divip(v+w)) =0, divw =0,
porw+pv+w) - Vw— Aw+ VI, = (1 — p) (;v+v-Vv) — pw - Vo,
Pli=y, = p(t1), wl=, =0. (1.10)
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This result can be reached through an energy estimate. One may check Remark 10

for the technical reason which precludes using the replacement that to def u—vr
with v, () = e~ 4u(t).

In the second section, we shall collect some basic facts on Littlewood—Paley
analysis and various product laws in Besov spaces; then in Section 3 we apply the
Littlewood—Paley theory to study the linearized inhomogeneous Navier—Stokes
type equations. With these estimates, we shall prove the local-in-time wellposed-
ness part of Theorem 1 in Section 4. Finally in the last section, we present the proof
of the global existence part of Theorem 1.

Let us complete this section by describing the notations we are going to use in

this context.
Notations. Let A, B be two operators. We denote [A, B] = AB — BA, the com-
mutator between A and B. For a < b, we mean that there is a uniform constant C,
which may be different on different lines, such that @ < Cb. We shall denote by
(al|b) (or (a|b);2) the LQ(R3) inner product of a and b.

For X a Banach space and / an interval of R, we denote by C(/; X) the set of
continuous functions on / with values in X, and by Cp,(/; X) the subset of bounded
functions of C(I; X). For g € [1, +00], the notation L7 (I; X) stands for the set
of measurable functions on / with values in X, such that r — || f(¢)||x belongs
to L91(1).

We always denote the Fourier transform of a function u by u or F(u), by
{cj.r}jez a generic element of the sphere of £ (Z) and by (ck)kez (resp. (d)) jez)
a generic element of the sphere of £2(Z) (resp. £1(Z)).

2. The Functional Tool Box

The proof of Theorem 1 requires a dyadic decomposition of the Fourier vari-
ables, or Littlewood—Paley decomposition. Let us briefly explain how this may be
built in the case x € R (see for example [4]). Let ¢ be a smooth function supported

in the ring C def {&' e R3, % < gl S %}, such that
> @) =1 forg #0.
qel

Then for u € S'(R?), we set

VgeZ, Aju=¢Q2 D)u and S,u= Z Aju. (2.1)
JSq—1

We have the formal decomposition

U= z Agu, Yue S R/PIRY,
q€Z

where P[R3] is the set of polynomials (see [21]). Moreover, the Littlewood—Paley
decomposition satisfies the property of almost orthogonality,
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AyAgu=0 iflk—q| =2 and Ap(S;_1udgu) =0 iflk—g| =5 (2.2
We recall now the definition of homogeneous Besov spaces from [22].

Definition 1. Let (p, r) € [1, 40012, s € Rand u € S'(R?), we set

def .
lullgs = QTN AqullLe)er-

— Fors <%(ors=%ifr= 1), we define

. def
B, ,(®) = (u e S'®) | |lullzy, < o).
- Ifke Nand%—i—k <s < %+k+1(ors = %+k+lifr = 1), then B}, ,(R?)

is defined as the subset of distributions u € S'(R?) such that 3fu € B‘I‘,;k (R3)
whenever |8| = k.

Remark 1. Similar to Definition 1, we can also define the inhomogeneous Besov
spaces. Indeed, let x € [0, 1] be a smooth function supported in the ball
{geR g < %} such that

XE+D 9278 =1 forVéeR’.
q20
For u € S'(R?), we set
Vg20, Aqu=¢Q2 ‘Du; A_ju = x(D)u;
Agu=0 if g<-2 and Su= Y Aju. (2.3)

iSq-1

Then for all u € S’(R?), we have the inhomogeneous Littlewood—Paley decom-
position u = quz Agu, and for (p,r) € [1, +00]%, s € Rand u € S'(R?), we
define the inhomogeneous Besov space B;’r(R3) as

def

3 3 def
B, ®) % e S®) | fullg,,

= Q¥ AqullLr)er < oo}

Remark 2. 1. We point out that if s > 0 then BS (R%) = B3 (R%) N L7 (R?)
and

lullsy, ~ lulgs +lullze. 2.4)

2. Lets € R, 1< p,r < oo,andu € §'(R?). Then u belongs to BS, , (R?) if and
only if there exists {c; ,} jez such that ||c; [l = 1 and

|Ajulle £ Cejr 27 |lully,  forall j € Z.
. s

For the convenience of the reader, we recall some basic facts of Littlewood—Paley
theory; one may refer to [4,5,22] for more details.
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Lemma 1. Let B be a ball and C a ring of R? . A constant C exists so that for any
positive real number A, any non-negative integer k, any homogeneous function o of
degree m smooth outside of 0, and any pair of real numbers (a, b) withb = a = 1,
the following hold:

1_1
Supp @& C AB = sup [|0%|» < Ck+lkk+3(" h)||u||La,

la|=k
Supp it € AC = CT' AR u| e < sup 0%l e < CHAKu|l e,
lee|=k
~ m+3(l7%)
Supp it C AC = llo(D)ullp £ Comd N ) u| pa. (2.5)

In what follows, we shall frequently use Bony’s decomposition [5] in both the
homogeneous and the inhomogeneous context:
uv = Tuv + R(u, v) = Tuv + Tvu + 7'€(u, v) and
uv =T,v+ R(u,v) = T,v + Tyu + R(u, v), (2.6)

where

Tuv d§f Z Sq,luA'qv, R(u, v) dg Z Aqusq+2v,
q€Z qeZ
7'3(14, v) déf Z Aqquv and qu déf z Aq/v,
g€ lg'—q|=1
and similar definitions for 7T, v, R(u, v) and R(u, v).

In order to obtain a better description of the regularizing effect of the transport-
diffusion equation, we will use Chemin—Lerner type spaces L;(B;’V(RS)) from
[6,8].

Definition 2. Let s < % (resp. s € R), (r, A, p) € [1, +00] and T €]0, +00].
We define Z?(B‘;r(]l@)) as the completion of C([0, T']; S@®R?)) by the norm

1

T %
def :
ANz y,) = qu”(/o ||Aqf<r)||2pdz) < o0,

qeZ

with the usual change if » = oco. For short, we denote this space by ZAT(B;,). In
the particular case when p = r = 2, we denote this space by ZAT (H%).

3. Preliminaries

For the sake of completeness, we shall first recall the following commutator’s
estimates which will be frequently used throughout the succeeding sections.

Lemma 2. [2] Let r € [1,00],u € Bi’r(]l@) and v € Bg’/lz(Rg’) with divv = 0.

Then there hold
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() if—3 <s <3 (ors=3withr = 1),

I0Ag, v Vil S cqr 27 0l gyl g - 3.1
() Ifs>—-l,u=mv,

I[4g. v - VIvli2 € dg27 [ VullLlivll gy - (3.2)

Remark 3. In the framework of inhomogeneous Besov spaces, thanks to (3.1),
(2.4) and Lemma 2.2 in [10], we have for 0 < s < 5/2 (or s = 5/2 withr = 1)

IAg, v Viull2 < cg 27 IIUIIB;Iz llull B3, (3.3)
and
I[Ag, v Viull2 < qu_‘YqIIVvllnglz lullgy, with —5/2 <5 =5/2. (3.4)
Thanks to Lemma 2, we have

Proposition 1. [2] Let v be a divergence free vector field with Vv € L0, TY;
Bgf(R%). For s € (—%, %] given fy € Bé,l(R3)’ F e L'([0,T]: 35,1(R3))’

the following transport equation

3.5
fli=o = fo G-)

has a unique solution f € C([0, T]; Bi](ﬂ@)). Moreover, there holds for all
t €0, T]

Ia,f—i—v-Vf:F in RT x R3,

13
| lizzeci ) < I follgy, +C /0 L7 @)y 190Gy’ + CUF s -
(3.6)

Remark 4. [2] In the framework of inhomogeneous Besov spaces, there similarly
holds for s € (0, 3]

t
I W zpe (s ) = Nl follsg, + C/O ||f(t/)||B§’1||Vv(t/)||1;§{12 dt’ + CIFNLy B3 -
3.7

Proposition 2. Let m € Z,ap € By (R®).u € LL(B5) with div u = 0, and

ae€C(0,T]; Bi/f(R3))) such that (a, u) solves

[8,a+u-Va:O, (3.8)

aly=0 = ao.
Then there holds forNt < T
— Sl 7o, 232, S D 2%2) A 32V 1), (39
la = Swallpe gz, £ 27221 4qa00 2 + Nlaoll 32 e ). (39
q=m

withU(t) = ”u”L,‘(B;/]Z)'
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Proof. Applying Aq to (3.8) yields
dAqa+u-VAga=1[u-V,Ala. (3.10)

Taking the L? inner product of (3.10) with Aqa, and then performing a time inte-
gration, we obtain

t
I 4ga)ll2 < 1 4qaoll 2 + / Il - V. 4glall 2 () de.
0
while, thanks to (3.1), we have
A —3q/2
- V. Aglallia S dg 2702 ull g llal e,

which together with the fact deduced from Proposition 1 that [a(?)]] B2
2,1

= Cllaollég/lzecu(’), implies

t
D92 Aga()l o2y < 2972 Agaoll 2 + llaoll g / dg(1)CU'(1)e V™ dr.
! 2,1 Jo
(3.11)
Then, summing up (3.11) on {g = m} leads to (3.9). O

Remark 5. In the framework of inhomogeneous Besov spaces, it follows from the
same line of the proof to (3.9) that Vi < T

la = Snalle ey < 2 221 Aga0ll2 + llaol o€V = 1), (3.12)
’ q2m '
with U (t) = ||u||L}(B§/12)
To deal with the pressure term in (1.2), we need:

Lemma3. (i) Leta € B;ff(ﬂ@) and VII1 € L2(R>), then there holds

IAg. VT2 S g2 all 32 [ VT 2. (3.13)

(ii) Leta € H*(R®) and VI1 € H~'(R?), then there holds
I[Ag, alVTTl| 2 < dg27?|al| g2 I V]| -1 (3.14)
Proof. Again thanks to (2.6), we get by a standard commutator argument that
[A;,alVITI = [A,, T,IVIT + AyTyna + AyR(a, VIT) — R(a, A,VID). (3.15)
We first deduce from || Sy—1Valjpe < ||Va||B;‘/lz that

I4g, Tl VT2 S270 3 1Sk-1 Vall oIV ATl 2 S g2~ llal s I VI 2,
k—q| <4 ’
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and as || Sg_1 VI < ¢x2%K/2||VIT| 2, which leads to

~

lg—k| =4

1agTonal e S D ISk—1 VI e | Arall 2 S dg27llall s [ VI 2.

Applying Lemma 1 again gives

1A R(a, VIDll;2 S 2% > |l Akal 2l ARV 2
k=g-3

2 2~—5k/2 -
S22 [ D7 2R | all e VT2 S dg27 4 Nlall s (VI 2,
k=q—3

and a similar argument gives the same estimate for ||R(a, A, VID)| ;2. Whence,
thanks to (3.15), we arrive at (3.13).

Finally, let us turn to the proof of (3.14). We get first from || Sx—1Vallp~
< k282 ||a| 2 that

Ay, TVl 2 S 279 D 11Sk-1 Vallos [ VAT 2
lk—q|=4

< dg 272 lall g2 VI 1.

Note that ||Sg_1 VIT|| 100 < cx2°%/2||VIT|| -1, which leads to

1A Tvnall 2 S D I1Sk-1VITllze | Agall 2
lg—k| <4

< d, 297 lall g2 | V| gyt (3.16)
Applying Lemma 1 once again yields
1Ay R (@, VID |2 S22 D" | Arall 2| 4 VI 2
k2q-3
S22 27 ) lall g IV -1 S dg24lall g2 | VI g1 (3.17)
k>q—3

The same estimate holds for ||R(a, A;VID)| 2. Combining the above estimates
with (3.15), we conclude the proof of (3.14). O

_ d
Proposition 3. Let F = (F1, F>, F3) € Lh(By%),a e LF(H?) with b &
inf(t,x)e[O,T]xR3(l +a(t,x)) >0and VII € LlT(H_l), which solves
(E) div((1+a) VIT) = div F.

Then there holds

DIVl i) S € (anLlT(Bzyz) + ||a||L;O(Hz)||Vn||L1T(H1)) . (3.18)
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Proof. Acting Aq to (E) and taking the L? inner product of the resulting equation
with A, T, we get

(1 +a)A,VIT|A,VIT) 2 = (A, F|A, VD) 2 + ([a, 4,1VIT|A,VID) 2.

Taking square root of the above equality and then integrating the resulting inequality
over [0, T'] gives

bl AVl 2y S 1AgF N1 g2y + /0 ' Ila, A IVIL(E) |2 d’. (3.19)
Then, applying (3.14)—(3.19) yields (3.18). O
Proposition 4. Let a € B23/ 12 (R?) such that0 < b < 1+a < b, and
la — Spall B <c (3.20)

for some sufficiently small positive constant ¢ and some integer m € Z. Let

F e H_I(R3) and VT1 dzebe(F) € H_I(RS) solves
div ((1 + a)VII) = div F. 3.21)

Then there holds
IVl g1 < (1 + 2mllallBg/]Z) 1F N -1 (3.22)
Proof. We first deduce from (3.20) and b < 1 + a that

1+Spa=1+a+ (Spa—a) = =. (3.23)

NS

Motivated by [12], we shall use a duality argument to prove (3.22). For the sake
of simplicity, we just prove (3.22) for sufficiently smooth function F. In order to
make the following computation rigorous, one has to use a density argument, which
we omit here.

For this, we first estimate || VII|| 51 under the assumption that ' € H LR,
Indeed, we write

div[(1 + S;pa)VIT] = div F + div [(S;pa — a) VIT],
applying A, to the above equation gives
div[(1 + Spa)A,VIT=div A, F+div Ay[(Spa — a)VIT]+div ([Spa, A VD).
Taking the L? inner product of this equation with A, T and using (3.13), we obtain
IV S WSma = @) VTl + 1 F g1 + [Small 32 19T 2

< 18ma = all 2 I VI + (1+ 2" lall gy | F e,
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where we used the classical elliptic estimate | VIT|;2 < || F| 2. This along with
(3.20) leads to

VIl S (1 +2m||a||B;/12)IIF||H1' (3.24)

Now we use a duality argument to estimate ||VII|g-1 in the case when
F € H ' (R%). Notice that

IVII|| -1 = sup (g, VII) = sup —/Hdivgdx, (3.25)
gl <1 gl <1

where (g, VII) denotes the duality bracket between S’ (R?) and S(R?), whereas
(3.24) ensures that for any g € H'(R?)

div((1 +a)Vhy) =divg

has a unique solution Vi, € H 1(R?) satisfying

[Vhgllg S 1+ 2m||a||B;/12)”g”H19 (3.26)
which along with (3.25) yields
[VIT|[z-1 = sup —(I1,div((1+a)Vhy))
gl <1
= sup ((1+a)VII,Vhg) = sup —(hg, div((1+a)VII))
gl <1 gl 1 <1
= sup —(divF,hg)= sup (F,Vhy). (3.27)
gl <I gl 1 <1

Thanks to (3.26), we obtain

VIl -1 S sup  [|Fllg-1IVhgl g S(1+2’"||aIIB;/]z)IIFIIH—1,
gl <1 *

which completes the proof of this proposition. O

Proposition 5. Let ug € B;’ ]1/ 2 (R3) and v be a divergence free vector field satisfy-

ing Vv € LL(ByD). Let f € L}(B;|'*) anda € L§F(H?) with 1 +a = ¢1 > 0.

We assume that u € LC}O(B;}/Z) N LlT(st,/lz) and VII € LIT(H_I), which solves

du+v-Vu—(1+a)(Au—VI) = f, (r,x) e RT xR>,

divu =0, (3.28)
Uj=0 = UQ.
Then there holds:

T
< C 1 lluoll p-172 + —172, + u®)|| ,-12|IVo@)| 32 dt
< C ol 1y g [ IO 1900

+ ||61||L709(H2)(||Vn||L1T(H71) + ”VM”LIT(LZ)) + ”u”LIT(LZ)] . (3.29)
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Proof. Applying A, to (3.28), then a standard commutator process gives

0 Mg+ (V- V) Agu — div((1 + @)V Agu) + AV (Ti4oTT)
=[v, Ayl Vu — Ay(Va - Vu) + Ay (Ty,Tl) — A, Tyna
— A R(VIL, a) 4 div[A,, alVu + A, f. (3.30)

Denoting ufl dif u — A_qu, and thanks to the fact that divu = divv = 0 and
1 +a = ¢y, we get by taking the L? inner product of (3.30) with Aju,

d
3 18qulz2 + 2201 Agu™ 17
S Aqul 2w, Agl- Vul 2 + 14g(Va - Vi)l 2 + 29[| [Aq. alVu| 12
+114g(TvaTD |l 2 + |1 A Tynall 2 + | AGR(VIT, @)l 12 + | Ag £ 11 12)-

This leads to
1Agull o2y + 221 Aqu N1 12
t
< I Aquol 2 +/ (Ilv. Ag1- Vaull 2 + 1 4g(Va - Va2
0

+29|I[Aq. alVull 2 + | Ag (TvaTD) |l .2
+14gTvnall 2 + 14 R(VIL, @)l 2 + 144 fll2)de’. (331

Thanks to (2.6), we write
[Ag,alVu = A; R(a, Vu) + Ay Tyya — R(a, AyVu) — [Ty, AylVu.
Whereas, applying Lemma 1 gives

1AgR (@, Vi) @)l 2 S 2% > [ Ara(@) 2l A Vue(o)ll 2

k=q—3

S22 02 H a2 | Vu) 2
k=q-3

S dg (027 a2 I Vu )|l 2. (3.32)

The same estimate holds for || R(a, A;Vu)(t)| ;2. Note that
ISk 1Vu@ e S ex 2 V@)l 2.

This along with Lemma 1 leads to

1Ay Toua®lie S D I1Aa®) 2]l Sk Vaut)ll oo
lg—k| <4

S D GO a@ V@)l
lg—k| <4
S dy 1272 a() | g2 IV @) || 2. (3.33)
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Finally, notice that ||VS_1a(t) |z < cx(£)28/2||a(?)]| 2, one has

ITas AVu@ll2 S D5 279NV Se1a@) | [ A Vu@) |l 2
lk—q|=4

S D G2 Va2 a@)) 4
lk—q|=4

S dg272 | Vu®) | 2 la )| 2
As a consequence, we obtain
I[Ag. alVu@®)ll 2 < dg ()27 | Vu@)l 2 [la ()|l 2
On the other hand, it follows from the product law in Besov spaces that
14q(Va - Vu)®)l12 S dg ()29 Va@) | g V)|l 2.
While (3.16) along with (3.17) yields
IAgTynall 2 + 1A R (@, VID |12 S dg24 | VIT| g1 lla] g2,

and a similar argument gives the same estimate for || A, Ty, Il 2.
Plugging (3.32-3.37) and (3.4) into (3.31), we arrive at

1/2 + ||u

3/2

T
=c {nuonBz-_;/z + /0 ||u<t>||B;;/z||vU<r)||B;;|z dr

+ llall e 2y IV UL, o1y + IVl 1 g2)) + ||f||L]T(BZ}/z)] ,

which along with the fact that |ju||
(3.29). O

S

L‘T(B 2y~ LBy}

Remark 6. Applying Gronwall’s inequality to (3.29) yields

IIMIILm(B—l/z +lull 1 g3

T
< Cexp (C/ va(t)”Bg/f dt) [lluolle—}/z
0 . \

(3.34)

(3.35)

(3.36)

(3.37)

3/2) + el L(L2) leads to

+ ||u||L1T(L2) + ||f||L1T(BZ*%/2) + ||a||L%°(H2)(”VH||L1T(H71) + ”VMHLIT(LZ))] .

(3.38)
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4. Local Wellposedness of (1.2)

The goal of this section is to prove the following local wellposedness result of
(1.2):

Theorem 2. Under the assumptions of Theorem 1, a positive time T exists
such that (1.2) has a unique local solution (a,u) € Cp([0, T, 33/2(R3))

Cp([0, TT; BI/Z(R3)) N LYo, T1; BS/Z(R3)) Furthermore, there exits a small
constant ¢, which depends on |lag|| B2 such that if
luoll 5172 =,
then T = 1, and there holds
T
gm0,y 527 + / ()l 33 dx < Cluoll . (4.1)

Moreover, for any ty > 0, there holds

32y + [lull BT VI

3/2

llu ”LOO([tO 185} LY (1o, TT; L'([10.T1:B5)

< Clllaoll g3r2) uoll i (1 + 1/«/_0) exp{Clluoll 51/2}- (4.2)

Remark 7. Thanks to (4.1) and (4.2), there exists #; € (0, 1) such that u(t;) €
B)'L®?) N B} (R?) and satisfies (1.8).

4.1. Existence Part of Theorem 2

‘We begin the existence proof by solving an approximate problem, then perform-
ing the uniform estimates for the approximate solutions thus obtained. Finally, the
existence part of Theorem 1 is reached by a compactness argument.

Step 1: Construction of smooth approximate solutions

We first smooth out the initial data. For n € N, let

ag def 4 Spao — S_pap and ug n def Spuo — S_nuo,

then a(j, ug € HOO(R3), and Theorem 0.2 of [11] ensures that the system (1.2)
with the initial data (aj, u(;) admits a unique local in time solution (a", u", VII")
satisfying

a" € C([0, T"); HTYRY)), u™ € C([0, T™):
H*(RY) N L ([0, T"); HST2(R?))
and VIT" € L'([0, T"); H*(R?) with s > 1/2.

Step 2: Uniform estimates to the approximate solutions
Our first goal is to prove that there exists a positive time 0 < 7' < inf,en 7"
such that (a", u™, VIT") is uniformly bounded in the space

def 3 /2) 172 5/2

Er S LEBT) x (LFBYD 0 LB x Ly (ByD).
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Let u 'i(t) = e’ A o- Then it is easy to observe that

IIMZIIZOO(W.BI/Z) S lluoll g2 and

_ 122 .
Iy g5y S 222720 = =D 1A w0l 2. (4.3)
q€l

f _ _
Let u" dé uj +u". Then (a", u", IT") solves

ora” 4+ (uf +u")-Va" =0,
o +uf - Vu' — (1 4+a")(Au" —VIT") = H

divi" =0, 5
(an7 ﬁn)|[=0 = (Clg, O)’
with
H,=H(@",i",u},VII]) = —u} - Vu] —iu" - Vu] —i" - Vi" +a" Au’} .

Proposition 6. Let a € L (B;[(RY)), ug € By} (R?), which satisfy 1 +a = b
for some positive constant b and divug = 0. Let f belong to LIT(BI/E) with
div f e Ly (H™"), v e LLBY)NLE(BYD), and (u, V) € (C([0, T By/P)N

L0, T); B3'D)) x L (0. T); ByD), which solve

oru+ (v-Vyu—(14+a)(Au — VII) = f,
divu =0, 4.5)

uly=0 = uo.
Then there holds for t € (0, T]

Il g2, Il ey + IV Iy i,

2 .
<c (nuon 512 1Ly + 27" lall e L div Fll gy o

t t
+ [ @l o gz de+ W [ ||u<r>||Buzdr), 4.6)
0 21 21 0 2.1

with
wa Y 251l oo 2y (1 Nall o 00 + ||v||Lm(Bm ) + 2" alFoo (10
provided that
la = Snall o gon) < ¢ 4.7

for some sufficiently small positive constant ¢ and some integer m € 7.
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Proof. We first deduce from (4.7) for ¢ sufficiently small and » < 1 + a that

1+Sua=14+a+ Spa—a) 2 (4.8)

NII@‘

Then we split a as Sma + (a — Sma) so that (4.5) reads
qu+ - Vu— 1+ Spa)Au+ V(1 + Spa)Tl) = E, + IVSa + f (4.9)

with E,; = (a — Sypa)(Au — VII).

Step 1. The estimate of ||u||~ 172, + Null, 1 552

L(By/] I230: 5000
Applying Aq to (4.9), and then a standard commutator’s process, gives

dAqu+ - V)Agu —divi(1 + Spa)A,Vu) + A, V{1 + Sya)TT}
=Ayf + AgEp + A (TIVS,a)
+[Aq, v-V]u+div[A,, SnalVu — Ay (VSya - Vu).

Taking the L? inner product of the above equation with Aqu and using divv =
divu = 0, we obtain

||A gl +/3(1 + Spa)| Ay Vul* dx
é 1Agull 241l Ag fllz2 + 14g Emll 2 + 144 (MY Spa) | 2
+[Ag, v - Viull 2 +29[Ag, SwalVull 2 + [|4q(VSna - Vu)ll 2},
which along with Lemma 1 and (4.8) ensures that
”u”ZOO(Bl/Z +KQ||M||L1(BS/2 S llwoll g2 + ”f”Ll(Bl/z

HIEnll g2y + IV Snall g grrey + 3 272114 v Vil 2y
q€eZ

+ > P[4, SnalVul 1 g2+ IV Sma - Vul
q€Z

Ll (31/2 4.10)

for some positive constant «. Applying product laws in Besov spaces and (3.1)
yields

IEmll, Slla = Snall o z3n) I Au — V|| 4

L (31/2 172

IV Syall,

LEBY;
172y +||VSma Vull,,

LIBy)}y

L (B} LIBYD
5 (||VH||L[1(L2) + ||Vu||L,1(Hl))||vsma||L;>°(H1)
N 22’"||a||L,°°(L2)(||MI|L;(Hz) + IV L1 22))
t
D 2[4y, v Viull g2y S / 1ol sl 2 de
0 , .

qeZ
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and
D 2% 4y, SnalVull 2,
qeZ

2
S 2m||a||L,°0(L°<>)||M||Lt1(33/|2) + 27 lall Lo 2y lell 1 g2
Whence we obtain

172y =+ [lull 1 S lluoll gz + 2" allge oo llul

el e 51729 LB LiBy

la = Snal e gy Ul gy + IV g2) + 1SNy
t
2i
27" Nlall o2y Ul 1 ggzy + VI 1 g2)) + /0 Il s llull gy dr. (4.11)

1/2).

Step 2. The estimate of ||Vl'[||L (3
Thanks to divu = 0, we get by applymg div to (4.5) that
div((1 4 $,,a)VIT) = —div(v - Vi) + VSya - Au
+div((Spa — a)(VIT — Au)) + div f.

Applying Aq to the above equation and taking the L? inner product of the resulting
equation with A;T1, we infer from (4.8) that

bl AV, SIA VT2 (1Ag £z + 1 Ag((Sma — a)VID) | 12
+279 Ay (VSma - Auw)l| 2 + | Ag(u - VV) 12
+44((Swa — a)Aw)|l 2 + [[Ag, SnalVIT| ), (4.12)

where we used the fact that divv = divu = 0 so that div(v - Vu) = div(u - Vv).
This leads to

VT2 S 1V Sma - Aull oo + 1 Sna = @) VI g + 1Ll g172

HISna = a)Aull g + ol s lull gz + 3271 Ag, SpalVIT 2
qeZ

S ISmall g2 (lull g2 + IVIT 2)
H1Sma — all 332 (lull 552 + IVIT| 412) + N0l 2572 ]l 12 + 2172,
I1$na = al gy (lull g + VT 5y + ol gzl g + 113

which along with (4.7) and Lemma 1 implies that

22m

IVT g g2y S0y g1, 2" Nl geay Gl iy + IV T g r2)

lla = Sall g Il g 2, + /0 ()l o [0()]] 5372 dr.

On the other hand, it is easy to observe from (4.5) that

bIvI 2 S (lvllps + IIaIILOO)IIAMIIL2 + [Idiv fl g1
3/4
< (vl 5172 + llalzoo)ull 1/z||u|| ¢ % + [Idiv fl g-1,
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which gives rise to

t
2 .
+2 '"||a||L,oo<Lz>|| div [l -1+ /0 lull ol 552 d
2
F2" e (LA 10l e 51, + g @)l iy

This along with Lemma 1, (4.7) and (4.11) ensures that

”u”LOC(B]/Z + ”u“L (BS/2 + ||VH||L (BZI,/IZ)

< llnoll 2 + / (N 10 sz dr + 2" allgequy |l div 1

3/4

+2 m||a||L°°(L2)(1 + ||U||Loc(31/2 + ||6l||L°°(Lo<>))||M|| LG

Ll(Bl/z flull™, 5/2)

+”f”L (31/2 +2m||a||L°°(L°°)|| ” 1/2 [lu ” 5/2,°

L} (B)] LiB)

From this, using Young’s inequality, we deduce that

Il e g1y Wl s, + NV Iy

2 .
< ol oz + 1F 1y g1y + 2" a1V £l s

t t
+ [ Il @ gz ar + [ Iy de x P alR g,

25"l 2 (L + e oy + 012 12 )

L& (B,
This leads to (4.6). O

Remark 8. Notice that if divu = 0,

3 3 3
Z aiujaju,- = Z Taiujajui + Z al-R(uj,aju,-),

i,j=1 i,j=1 i,j=1

which leads to

D dujdju; S IVulze flull 312
i,j=1 B;i/z ’

Whence in particular, when v = u in (4.5), using the above estimate in (4.12) and
following the same line as the proof of (4.6), one deduces that for any 7 € (0, T'],

||u||LOO(B|/2 + “u”L (35/2 + ”vn”Ll(le,/lz)

=C (Iluollgzl/lz +/0 UVu@lize + WENlu@l zi/2 dr

2m i .
27 all ooz 1 div fll L1 -1y + ||f||Lt1(321./12)> (4.13)
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with

def
W) = 2% al o 12y (1 + @l ooy + 1l e 1) + 27" Nl e o0

LBy

Now let us turn to the uniform estimates of (a”, ") obtained by solving (4.4).
Firstly, as ag € B;/ ]2, we define m € Z by

m int { p ezl S 2% 240002 < cob (4.14)
q2p

for some sufficiently small positive constant cg.
Noticing that div(z" + u’}) = 0, we get by applying Proposition 1 to the first
equation of (4.4) that
< . n . T .
lla" sy S ”“0”33{3 exp{Clluplly g2 + Il ”L,‘(BZ/IZ))} and
la"lzoor2y = llaollz2,  lla"llzgecroey < llaollLes, (4.15)

which leads to

W) = 25" [la" [} oo 12, (1 + lla" [0 g0y + I 11} .,2>+22m||a"||i,oo(m

LE(B,

def
< 2% lagll (1 + llao e + luolly ) + 2" llaollze S Ny (4.16)
2,1

Noticing that || g7+ < If1l 1218 39, and

1/4 3/4
If Vel = 1f1sIVels S 1/2||g|| /1/z||g|| /5/2,

we have
_ _ 5/4  -n,3/4 5/4 3/4
" - Va2 < i) /mn d /5/2, It - Vil |2 S )| /l,zn Ao
2.1 21
- 1/4 3/4
@ Vil S 1@ gy IV I Va; 5 and
21

1/4 3/4
IVa" - Auf |l < lla*ll 3/2|IM I |/2|| Il B2

so that H,, defined in (4.4) satisfies
[l div Hn”Ltl([-'[—l)

t
§/ (" - Va2 + Na" - Vulpllz2 + luf - Vulll2 + IVa" - Aufp || g-1) de

_n05/4 y =ny3/4 1/4 3/4
/(” n” 1/2” n” 5/2+|| || 1/2||“L|| 1/2” L” 5/2

2,1

5/4 3/4 1/4 3/4
+ LI ) de + / " gl i It 7
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Applying Young’s inequality yields for any n > 0
" Sma ”L?"(LZ) | div Hy ”Lzl (H-1)
8m | ¢ 4 ' 5
SN s, o2 1S nal 2, /0 1" 15 dv
t t
8m | ¢ 4 nys nj4 n
+ 25 1S mall o 2y ( /O I 0 e + /0 la” 2l | B;/f) de
t
8m || ¢ 4 -n .4 n -n
+ 2" 18nall o 2, /O Iyl e 4T + My g, A1)
Applying product laws in Besov spaces gives
t
. < ny . .
”Hn”L[l(le’/lz) N/O lla IIB;{lzlluLllBgflz dt
t
—n —n —n n n n
+/0 (lu ||321(12||M ”Bj{f + llu IIBZ%l ez W g2 + IIML||B;(12||ML||g§(f)dT,
from which, with (4.3) and (4.17), we infer

Wl oz, + 22" 1 mall oo | div Holl o,

L! (B
< nlla" . 1| 1 ||
= nllu IIL;(B%z)JrC/ S P L L ||uL|| j372) AT
8
+C2%"(lag|| 2 lluoll 4 12 (/ a2 1/2dr+t||uo|| 1/z+t||a IILOO(B ))

8m 4 -n 5 n
+Cy2" ol /O I 0 + CCla 2 3

n
+||”0||1§2'{12)||”L||L}(B§_/f) + ClIMLllL B (4.18)
def
LetZ"(t) = ||u ||L°°(B]/2 +|lu" ||L (35/2 +||VH||L (B Wededucefrom(4 15)
that
1l gy + (14 2" I8mal e )l v Hal gy i

< 0Z"(0) + CZ" (1) + Cyt (1+ 2% llaol72) luoll grrz + Z"()(Z" (1))

t
+C / Z" () AT+ L "o gy + ol )Ny s,

+C 1 (142%laoll72) luoll l/z(lluoll 512 + lla" |14 32))- (4.19)

LX(By';
Applying (3.12) to the first equation of (4.4) together with (4.14), (4.15) and

e* — 1< xe* forx =20,
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we deduce that

n_& Ny < n__ ny_
la® — Sma IILtoo(B;{]z) = lla™ = Sma iz g2r2)
3q/2 n n _
= ; 2711 Aqaoll 2 + llaoll gy (exp{C(Z" () + Nyl y 532} = 1)
qg=m

< n n . n n .
S cob+ CIIaOIIBS(IZ(Z ® + IluLllLrl(B;/lz))eXp{C(Z ® + IluLIILrl(B;/lz))},
which along with (4.3) implies

la" = Sna" I g2y < cob + Cillaoll g2 exp(Ciluoll 2) 2" (1) 20

LBy

n . 2 .
+Cillaoll 32 exp(Ci lluoll 512)e#0 3292(1 — =1 Aguoll 2.
’ ’ qel
(4.20)

Then thanks to (4.15), (4.16), (4.19) and taking n > 0 sufficiently small in (4.19),
we get by applying Proposition 6 to (4.4) together with (3.9), (4.14) and the fact

I+x<e" forx 20,

that

t
20 <€ [ Wt I g 2" (01 e
0 2,1

+C (1 + llaoll g2) exp(Clluoll g2y Vllup |l s

L (By})
+Ct (1 + 2% lag || }2) lluoll B;;Iz(||uo||‘;2.{12 + ||ao||‘;%2 exp{Cluo|| B;glz}ecz"“))
+C 1 (1+ 2% llaollg2) (luoll g2 + Z" (O)(Z" () + C(Z"@))?,

under the assumption

la" — SmanllztoO(B%z) < 2cob. 4.21)

Applying (4.3) and Gronwall’s inequality yields
Z"(t) = Coexp(Ca(tNin + lluoll 3172))
A1+ 12 laoll 2 (luoll g2 + Z" (0)(Z" (0)*)(Z" (1))

8m 4 ) 4 4 ) G727 (1)
+C212 ”aOHLZ”uO”le‘/lz(”uO”lef + IIaollB;ﬁz exp(Calluoll 51/2)e )

n _ 2 .
+(1+ llaoll g2r2) exp(Calluo | 512)e "0 D7 202(1 — =) Aguoll 2},
' ' qeZ
(4.22)

where we assume the constant C; > C; > 1. Taking 0 < Ty (gg) < (Csz)’1 SO
small that
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_ 2 :
eCa(1+ llaol ja2) exp@Calluoll yi2) D 292(1 — =T | Aguoll 2 < e,
' " g€l
4.23)

for some sufficiently small positive constant gg. Then it follows from (4.22), (4.20)
and (4.21) that

Z"(1) < g0
+eCaexp(Calluol I + £ 2% laoll 2 (luoll g1z + Z" ()(Z" (0)*1(Z" (1)
12" laoll 2 ol g2 (ol + ol s exp(Calluol 2)e ™)),
provided that

az
Cillaoll g3> exp(Cilluoll 5172)e™ ®

[ D5 292(1 — e N | Aguoll 2 + Z"() | S cob. (4.24)

qeZ

Let T (¢0) def sup{t € [0, T1(e0)] | Z"(r) < 4eeo}. Without loss of generality, we
may assume that ¢ is so small such that

4eCreo =1 and eeg +462C180||00||B§/12 exp(Cy IIM0||321(12) < cob.
Then for t < T/ (g9), we get from (4.23) that (4.24) holds and then
Z'1) S eCy exp(C2lluoll 3112)
X1+ 1 (4eeq)® 2% llao Iy (luoll 2 + deeo)deco 2" (1)

8 4 4 4
+t 27" [laoll; 2 |Iu0||321(12(||u0||321/lz + ellaollég/lz eXP(C2||uO||321{12))} + eg

f
de eCrexp(Calluoll 1 HI(T + tA4ecoZ" (t) + 1Az} + eeo,
B

2,1

where
Ap = (degy)? 28 ||ao|I* : 4 d
1 = (4ego) llaoll 2 (lluoll 172 + 4ego),  an
Az = 2% aoll} > luoll 12 (luollh iz + ellaollt s/ exp(Calluoll 4112)).
By By By By

Taking &p so small that

4¢*C < 1
2exp(Calluoll g12)e0 < < and
2,1 8

. 1 ego
T = T s T
200 = min | 0 20 o exp(Calluol | A2

B,

3
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we conclude that
8
Z"1) < geso for t < Tr(gp). (4.25)

This, together with (4.3) and (4.15), ensures
{a", u", VII"},en is uniformly bounded in E7, (s . (4.26)

On the other hand, if [|uoll 412 is sufficiently small, we apply Remark 8 to the
2,1
system (1.2) with initial data (ay, 1), and using (4.15) to get

def

X"(6) € ||L°C(Bl/2 + |ju” ||L1(BS/2 + (|vi® “L LBy

< C(””O”BZU]Z +/O (Ivu" ||L°°+Wf(f)+28m||aO||iz(Xn(T))4)||'4n||1;21/I2 dr)
4.27)
with

def
W (@0 = 2% all} oo g2, (1 + llal oo () + 22" @l 7o 100,

def
< 28lag |5 (1 + llaoll}eo) + 22 laol i = Nim

under the assumption (4.21).
Remark 5 applied to the first equation of (1.2) together with (4.14) gives rise to

la" — Sma" |l

el = < cob + llaol 32 (exp{C3 X" (1} — 1)

< cob + C3X" (f)||610||B§/12 exp{C3 X" (1)}.

Therefore, we get from (4.27) that

X"(1) £ Calluol 3 exp{Cy (Nt + X" (1) + 1 2% [lag|| . (X" (1))}, (4.28)

2,1

provided that

C3X”(t)||aollB§/lz exp{C3X" (1)} < cob, (4.29)

where, without loss of generality, we assume the constant C4 > C3 > 1. Taking
lluoll 312 so small that
2,1

8CH(1+2"" laollyz + laoll ga2) ol 12 expt4Calin} < min{l, cobl,  (4.30)

we claim that there exists a positive time 7" > 1 such that

min{1, coé})

X"(T) £2C : 2C4N, <
(T) = 4||uo||321(126Xp{ 4Np} (_ 3Cs
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Indeed, we define

T S up(T > 01 X"(T) < 2C4luoll o exp2CaN,}),  (431)
2,1

hence for V T < T*, (4.29) holds.

If7* <3 5, then we get from (4.30) that for VT < T*

1 1
CaX"(T) < 7 and CaT 2% lag|7o (X"(T))* < (X"(T)) <o

which together with (4.28) leads to
_ 1 1 _
X"(T) < Calluoll 12 exp { CaNw T + — + 5 t = Calluoll 312 exp{2C4 Ny }.
By 4 4 By

This contradicts (4.31), and thus 7* > %
On the other hand, Proposition 1 applied to the transport equation of (1.2) yields

lla"l

Il = < Csllaoll g3/ exp{Cs X" (T)).

Therefore, (a", u”, VIT") is uniformly bounded in E7 with some 7 > 1 and (4.1)
holds.
Step 3: Convergence

With (4.25), it follows from Step 3 in the proof of Theorem 5.1 in [9] that up to
a subsequence {(a”, u", VII")}, <N converges to some limit (a, #, VII) on [0, T,
which solves (1.2) and satisfies (4.1). Moreover, there holds

la — Smallzoro(B%z) < 2cob (4.32)

with the constant cg being sufficiently small.

4.2. Uniqueness Part of Theorem 2
Let (a', u', VIT)) (with i = 1, 2) be two solutions of the system (1.2), which
satisfy (4.32) and

YD N0, TT: By/)) x LY-(ByD).

(4.33)

(@, u', VII') € Cp([0, T1; By)) x (LY(BS

We define

Ga, su, VoII) & (@2 —a' w2 — ', vI? — v,

so that (8a, du, VSIT) solves

9,8a +u?-Véa = —8u-Va'
3;0u + u® - Véu — (14 a®)(Adu — VSII) = —8u - Vu' + sa(Au' — VITY)
div du =0
(8a, du)|r=0 = (0,0)
(4.34)
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and satisfies

(8a, 8u, V8II) € Cp([0, TT; B3'D) x (LY(B3D)

N Cy([0, T1; By ,'") x Ly (B5,").
We first write the momentum equation of (4.34) as
adu+u®-Véu — (1 + Spa’)(Asu — VSII) = H (4.35)

with H = (a® — Spa®)(Adu — V8TT) — u - Vu' +8a(Au' — VII'). Proposition 5
applied to (4.35) yields that for VO <t £ T

8ull zo p-12) + Null ;1

(B | 10 )

2
<c [ /0 19220 gy 180l e b+ 18l g2 + 1y 1,
+||Smaz||L$°(H2)(||V5H||L) (H-1) + ”V‘Su”L} (LZ))] . (4.36)

On the other hand, applying div to the momentum equation of (4.34) yields
div[(1 + S,ya®)VSII] = div G
with

G = (Spa® —a>)VSI + a’>Asu — du - Vu' —u® - Véu + sa(Au' — vI1)
et (5,,a% — a®) VSTl + a2 Asu + G.

Then applying Proposition 3 gives

IVOTL 1 p-12) S NGl L1 p1r2y + [|Sna® o2y IVl L1 g1
Li (B, Li (B, (H™Y
S 11Sna® ooy IVOITl L1 g1y + la® — Spa® IILOO(B%/z VSTl 18512
+la? ||L00(B3/2 [ASull gy T Gl Ly 55 S72).

Due to (4.32), one has

(1+ ||a2||L%Q(Bi/12))||a2 — Spa® o532 < Ceobs (4.37)
which gives rise to

IVSTUly 12y S ISma®llLze iy I V8T 1
+la? ||L00(B3/2 Adull ;s LBy 1) + Gl 1851 (4.38)
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From this, we infer

(@ — Spa®)(Adu — VST,

—12

LB,

< la® = Spa’| 32, (1 A8ull 1 p-1/2) + VST

L (B3 LB, L! (Bzf{/z))

< |la® — -
< la® = Spa® IIL?O(B;{lz)(l + lla? ”Lfo(Bi/lz))”ASMHL}(BZ.:/Z)
2 2 2
Hlla” = Small oo g3r2) USma e a2y VO Ly g1y + NG 1N 1 5172))-
(4.39)

Therefore, plugging (4.39) into (4.36) and taking the constant cp small enough in
(4.37), we conclude that

180l 7 2y + I8l 2y < / 1962 @)l vz 180l 2 AT 4 6] 3 12

+1Sma’ ||L;>O(Hz>(||vsn||L1(H_1)+||6u||L;(H1>>+||aa(Au = VIl i

+||6u - Vu! ”L (371/2 + ||u V3”||L (371/2) (4.40)

While applying Proposition 1 to the first equation in (4.34) yields that forallr < T

I18all e g1y < EXPICIVI Ly g 'l e oy 130l sy (A1)
which along with the product law in Besov spaces ensures
1 1 ! 1 1
|6a(Au’ — VII )”L (B—I/Z /0 ||8a||321/12||Au — VI ||le/12 dr
t
1
s /O Il e oy 10l 3
XAl gz + IV 1) exp{CIVU? Ly g} . (4.42)

Notice that ||8u||321/12 < ||8u||;/,21/2 ||8u||;/32/2, applying Young’s inequality gives for
g 2,1 2,1

L (B

every ¢ > 0
||5u~Vu ”L (B—l/z + ||u V(SMIIL (371/2)
t
1 2
5/0 18ull g 1211V ”Bi{f dr +/0 IISMIIleflzllu ”B;/f dr
t
< elldully gy +Ce | 18ull 2 (190l gy - lze) dr. (443)
. , 2,1

Plugging (4.42) and (4.43) into (4.40) and taking ¢ > O sufficiently small, we
obtain
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! 1 2 202
< _
S [ Wl 9 g+ 1902 0l + P )
+||Smaz||Lt°O(H2)(||V5H||Ll1(H—1) + ||5u||L}(H1)) + ||5u||L}(L2)

t
1
8

1 1 2
<l aut gy + IVl 1) explCIVAPl g o ) dr

which along with IISm612||L;>C(H2) < 22m llaollz2 and (4.33) yields

32

180l 7 2y + 180l 3,

L (B,
t
< ) 1 2 202
S C/o ||5M||321}/2(1 +[IVu ||B;{12 +[Vu (T)||B;/12 + [lu ||Bi/lz)df

+C(||V51_I||L71(H,1) + ||8“||L}(Hl))

t
C 8 Au! vi! dr. 4.44
+ /0 l MIIL%(B;/E)(II u ||321{12+|| ||le,/.2) T (4.44)

Let us now turn to estimating || VSTII|| z-1. Indeed, applying div to the momentum
equation of (4.34) again yields

div[(1 + a®)VSII] = div G,

with G = a®>A8u—8u-Vu' —u?-Véu+38a(Au' —VIT"). Thanks to Proposition 4,
we get

VoIl g-1 < (1 +2m||a2||Bg/12)IIGIIH—1- (4.45)

While thanks to the product law in Besov spaces, we have

1G -
S lla® Adull -1 + 18 - Vu' || o1 + 4 - Vul| g1 + [8a(Au’ — VITY)|| -1
2
S el gl Adull g1 + Noull g 3 I iz + N8all pralldu’ = VI 2,
| < |

which leads to
my 2 2
IVSTL 1 g1y S (142" ||L?O(B;;lz)>[||a oo a3y 1 ABull i1y

2 t
H18ull 1 gy D N ooz +/O I18all g2l Au' 2 + [ VIT ||Lz>dr} :
k=1 ’
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Therefore, with (4.41) and (4.33), we obtain

||V81_I||L11(H71)

2
S U +2"a] o g2 ((nazuLtoo(B;/lz) + D ez 18ull gy
' ' k=1

t
1
+ /0 la™l o g2y 100l 1y 372,
x(autll 2 + IV 2) explC IVl oy }dr)

t
< 8ull 1 gy + /0 81l (g2, (1 Au" 2+ [ VIT 1 2) . (4.46)

Note that forVn > 0
1/4 3/4
Cllsull g1y < / I /,l/znaun /3/2

< ol gy + Co [ ol
Then plugging (4.46) into (4.44) and taking n > 0 small enough, we arrive at

[ 8] 12y + 8ull

LB, LB

t
<cC /0 81l o2 (1 190 32+ V02 (@) 32 + ||u2||333512> dr
t
1 1
+C/o ||5u||L%(B;{12)(||AM IIBZI(12+IIVU IIleflz)dT-

Applying Gronwall’s inequality to the above inequality and using (4.33) implies
Su(t) = 0, which together with (4.41) and (4.46) implies that §a(t) = 6 VII(t) =0
forallt € [0, T].

4.3. Higher Regularity Part of Theorem 2

Proof of (1.8). Let (a",u",I1") to be the approximate solutions of (1.2)
constructed in Step 2 of Subsection 4.1. Then for0 < 7 <79 <t < T*, with T*
being determined by (4.31), we deduce by a similar proof of (4.10) and (4.12) that
n
||M ”LOO([‘[ tl; B%/z + ”l/l ”LI([T’I];B;,/IZ + ”VH ” 3/2

S (Ol 332 + (@ — Spa™)(Au" — VIT")|

rt]B D

LY ([ By)

+I(Taun Sa™, R(Sma", AM"))”U([” 537%) + ||Tvs',nanAun||L1([r,,];321'/]2)
+lu" - Vu" [ B2 + 1"V S,,a" [ 0.5
2,1
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+ D QHPNAg, Spa IV |1 e,;02) +2° 2 1T g, Spa™ VU™ 1 12.01:12)
qel
HIVSma e IV s gy g3y + 1V Sma” - Vil o

(4.47)

i noygyh i < e n . ! i
Notice that ||u" - Vu ”Ll([r,t];B;/lz) S ft ||u ||B;/12||M ||B;{12 d#" and applying the

product laws in Besov spaces leads to

||(an - Sman)(Aun - VH”)“LI([T t]'B3/2)

S lla" = $a”| s A" = VI,

B2 IV Sna”l

L>®([t,t]; B

no o N n
||H vSma ”LI([T,I],BS_/IZ) ~ ”VH ”Ll([ 1l L®([,1]; BS/Z)’

2 2P Ag, Snad" IV L1 e ayiz2y S 1V Sm e 2 18 s g 1,572,
q€eZ ’

2
22 PAg, Sna" IV s ey S 1V 8m@ N 22 IV 1 02,
g€’ '

and

1V Sma" - V" s g0 522y S 1V Sm@ o e 1532 NV 3 372
Applying Lemma 1 gives rise to

1T 0w S 1 g 5+ 1795 A" 11 g )

FIR(Sma"s AU 1 g 3,532y S 1V S o g0, 572 1A 5172

Hence, thanks to (4.47) and the fact that

IV Sl o ey, S €27 llaoll 2,
we infer
1N o 572+ 00 W g 872y IV 1 g 372
< " (@)l s/z+25'"/2||ao||Lz<||vn"|| 5172y 1"l gy 5372)

+||a - Sma ”Loo([.[ 1l 33/2 ”Al/l VH ”Ll([‘f,l];Bg/lz)

t
n n /
+/ el s Nl 32 dr’,
. : :

from which, with (4.20) and (4.32), we get by applying Gronwall’s inequality that

||u ||L°°(['L’l] B3/2 + ”u ”Ll([l’l] B7/2 + ||VH ||L]([T t] 33/2)

= C(llaoll 3/2)(|IM @l 3/2+|IM @l 1/2)6XP O [78) P /12)]-
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Integrating the above inequality for t over [0, #p], and then dividing the resulting
inequality by fo and using (4.1) leads to
a7 Byt a1l 12y + IVIT"|

1/2

L>®([to,1]; ([to,1]; B L([to,t]; B )

= C(IlaollB;(lz)(IIM" L1132/ fo + lluoll y1/2) exp |C||u0||321f12}
= Cllaoll g2)luoll gi/2(1 + 1/4/10) exp [CIIMOIIBZI/IZ] .

This along with the compactness argument in Step 3 of Section 4.1 implies (4.2),
and we thus complete the proof of Theorem 2. O

5. Global Wellposedness of (1.2)

The goal of this section is to prove the global wellposedness part of Theorem 1,
provided that ||ug|| B2 is sufficiently small. More precisely
2,1

Theorem 3. Under the assumptions of Theorem 1, (1.2) has a unique global solu-
tion (a, u, I1) satisfying (1.5) provided that ”u0||31/2 is sufficiently small.
2.1

Remark 9. We shall provide more information for this global solution (a, u, IT) in
the process of proving Theorem 3. Indeed, let #; be determined by (1.8); we shall
prove (1.3) has a unique global solution (p, u, IT) on [t1, 0c0) with u = v + w and
v solving (1.9), w solving (1.10). The detailed information of v is presented in
Proposition 7, and that of w is in Lemmas 4-6.

Proof of Theorem3 Thanks to Theorem 2, we conclude that, given ag €

3/2(R3) up € B X (R3) with [luo|l 5 3172 sufficiently small, (1.2) has a unique local

3/2

solution (a, u) satisfyinga € C([O0, T*) B, (R3)) andu € C([0, T*); BI/Z(R3))

N L%OC((O T*); BS/Z(R3)) for some T* > 1 Our aim in what follows is to prove
that T* = oo.

Notice from (1.8) that ||u(t1)|| 1/2 7/2 is very small, provided that ||u0|| 1/2 is

sufficiently small. Let v solve the cla551cal Navier—Stokes system (1.9). As u(tl) is

sufficient small in Bl/ 2(R3 ), it follows from the classical theory of Navier—Stokes

equations [6] that (1.9) has a unique global solution v € C([t1, +00); B 1/ 2) N

L' ([11, +00); B2’1 ) satisfying

TR 1000 4 BT Y IR A7
”8tvl|Ll([11,+OO);BZI’/1) ~ ”I/l(tl)”le/]Z + ” le(v & v)”Ll([ll +00); B|/2)

S ()l g2 (5.1
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With v thus obtained, we denote w dgf u — v. Then thanks to (1.3) and (1.9),
w solves (1.10). The proof of Theorem 3 then reduces to proving the global well-
posedness of (1.10). For simplicity, in what follows, we just present the a priori
estimates for smooth enough solutions of (1.10) on [0, T*). O

5.1. The Higher Regularities of v

Proposition 7. Let (v, I1,) be the unique global solution of (1.9) which satisfies
(5.1). Then for s| € [%, %] and sy € [%, %], there holds

oz ooy + 1040 VI N1 ooy < Clluollzyz (52
and
||atv||Z00([,l’+oo);B;21) + ”(BIAU’ BIVHU)HLI(UI, +OO),B;21) é CHMOHBZ]/I2 (53)

The proof of this proposition is rather standard. For completeness, we shall outline
its proof in the Appendix A.
An immediate corollary of Lemma 1, Proposition 7, and (1.8) leads to

Corollary 1. Under the assumptions of Proposition 7, one has

||VU||L2([t,,+oo);LOO) + [|[Av — VHU||L2([11,+00);L°°) = C||MO||321/12~ 5.9

5.2. L? Estimate of w
Lemma 4. Under the assumptions of Theorem 3, there holds fort; <t < T*
lwll zoo ey .22y + IV L2 0:02) = CIIMOIIB;(E, (5.5)
with C being independent of t.

Proof. Firstly, thanks to (1.4), one deduces from the transport equation of (1.10)
that

(It llaoll o) ™" < p(t, x) b7 (56)

from which and 1 — p = pa, we get by applying a standard energy estimate to the
w equation of (1.10) that

1d
S IWP I + IVl = [ (1= @90+ ou - V) wds

= Clvewlzllall 2100 +v - VoL + II«/ﬁwllizIIVvllLvo), (5.7
from which, we infer for t € (¢;, T™*) that

2(6*2 S IVu@)ll e de
dr

< Cllaoll2¢

Iv/pw ®Il72)

13
I IVl ey Sl Av — VI .
2,1
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This, along with (1.8) and (5.2), implies

V(D)oo dr

t
”\/ﬁw”iw([n,t];Lz) < ceh [Av — VI |

S Cllu(t)l gz exp{Cllu(t)ll gi2} < Clluoll 512

LY. B3

Plugging the above estimate into (5.7) gives rise to
||Vw||L2([zl,z];L2) S C||MO||321/12-
This completes the proof of Lemma 4. 0O

Remark 10. Here we should point out that instead of setting to def u — vy, with
v (1) = e""4y (), as in many cases of classical Navier—Stokes system ([7] for

instance), we choose to set w dgf u — v with v being determined by (1.9). Indeed

. def
if we use tv = u — v, then tv solves

dp +div(p(v, + 1)) =0, div o =0,
p00 + p(vy + 1) - Vio — Ao + VI

= (1 — p)dvp — pvr - Vv — pwo - Vu,
Pli=n, = p(t1), to|=; =0.

(5.8)

To perform the L2 energy estimate for to, we need pvyz - Vv € L' (RT: L2(R?)),

which requires ug € le/ 14 (R3). Yet ug only belongs to le/ 12 (R3). This forbids us

. def
to use the classical replacement that to = u— VL.

5.3. H' Estimate of w

With the fundamental estimate (5.5), motivated by [2], we can perform the H 1
estimate for w.

Lemma 5. Under the assumptions of Theorem 3, there exist two positive constants
ey, ey so that fort € [t;, T*)

t
IVWIZ e, .22 + / (erlldwli, + e V2wl|7, + VT l7,) df’
1
= C”“O”i’l/zs (5.9
2,1

with C being independent of t.

Proof. We first get, by taking the L? inner product of the w equation of (1.10) with
%Aw, and using (5.6),

L Vw7, + 1 LA 7. 51 L4 2 {lIVwii2lvlizee + IVwll Lo lwll
- w52 —— AW S Il—=AW|[2 Wil 2]Vl Loe Wilzellwllg3
2dr L N/ N/

Hlwl 2 Vol + IVITyllz2 + llall 2180 + v - Vollpee],
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which implies

d 1
4 IVwig. + ||—pAw||iz SIVwllalvlize + 1Aw]7. lwl?

7

HIwl 7 IVol7e + VT )7 + [Av = VIT, 7.
Again, thanks to the w equation of (1.10) and divw = 0, one has

lAwll 2 + IVl 2 € V2] Aw = VTl 2
S C{lIVedw®ll 2 + ClwO sl Aw@O 2 + vl Vw2
+[Av — VITy[lee + w2Vl }.

As a consequence, we obtain for some positive constant ¢y
d
anwniz +erViwl|3, £ Cllwl: Vw3, + Ved w3
HIVwITlvlZe + 1wl 721 Vo7 + [Av = VIT|I7=}. (5.10)

Along the same line, we get by taking the L? inner-product of the w equation of
(1.10) with 9;w that

d
Enwniz +vpdwlZ, < Clwli Vw7, + Vw2, vl 7

Hlwl2 1 Vol3 e + [Av = VIT |13 0).(5.11)

Thanks to (5.10) and (5.11), we conclude that there is a positive constant ¢, such
that

d 2 2 2! 2 2.2
E||Vw||Lz+c2||3zw||Lz+(E—Czﬂwﬂy IV2w]2,

< G(IVwlTalvliie + Iwl72IVollfe + [Av = VIT[I7).  (5.12)

Now let 7* be determined by

o défsup[t > 1. w2 < C—lz} (5.13)
2C2

We claim that t* = T*, provided that ||ug|| 31/ is sufficiently small. Otherwise for
2,1
t €[, t¥), it follows from (5.12) that
d 2 2 ‘1 212
EIIVwIILz + e2lldwlly . + EIIV wlly»
< G(IVwl2alvl3ee + w21 V0l 2 + AV — VIL20).  (5.14)

Applying Gronwall’s inequality to (5.14) and using (5.4) gives rise to

t t
Vw2, chexp[a/ 1l dr’]/ (w2 V012 | Av— VT, | )
1 3]

< Calluol 310 (5.15)
2,1
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However, notice from (5.5) and (5.15) that

lw®ll7s £ Clw® | 2IVwO)llz2 < C5||u0||21/2 S m fort € [t, 7).
2

pr0V1ded that [|uo]|3 , which contradicts (5.13). This, in turn, shows that

1/2 = 4c2
= T*. Then mtegratmg (5.14) and using (5.4) leads to (5.9). This completes the
proof of the lemma. O

5.4. H? Estimate of w

Lemma 6. Under the assumptions of Theorem 3, there exists a time independent
constant C such that fort € [ty, T™)

||V w”Loo( [t1.£],L2) + ||th||L2([ll t1,L2) + ||V W||L2 ([t1,1],L8) = < C. (516)

Proof. Step 1. Energy estimate of ,/pw;.
We get by first applying 9; to the w equation of (1.10) and then taking the L?
inner product of the resulting equation with d;w, that

2dt||fwt||Lz+||th||Lz —/ (1= pyws - 3 (Av — VIL,) dx

—/%p,w,~(u)t—i—(w—i—v)~Vw+w~Vv+(Av—V1'[U))dx
R‘
—/3,0wt-((v+w),~Vw+w,-Vv+w~Vvt)dx difI+II+III, (5.17)
R
where we used p; = —div(p(w + v)) so that
1
—/ ptlwzlzdx=/ pwy - [(w +v) - V]w, dx.
First, one has

1 S IVewell2llallzee 1, (Av — VIT) || 2
S llaollzes I/owe ll 2110 (Av — VITy) |l 2. (5.18)

While again thanks to the transport equation of (1.10), one gets by using integration
by parts

—II=/3p(v+w)iw,~(8i(w+v)-Vw—i—(w—i—v)-Vaiw—l-a,-w'Vv
R\
+w~V8iv)dx+/%p(v+w)"wt-Bi(Av—Vl'[U)dx
R;
+/%,0(v+w)i8iwt~((w—|—v)~Vw+w~Vv+(Av—VHU))dx
R.

+2/x pws - ((w+v) - V) de & 11+ 10 + 115
R,
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Yet thanks to (5.1), (5.2) and (5.9), one has
lv+wligse SNVl + [Vwl2 = C,
from which, we deduce that

1L = lwell oo+ wll eIV @ + w)l s Vw2 + [[v + wll 26| V2wl 2
HIVUllslIVwliz2 + 11Vl s llwll 2)
< %nw,niz + ClAw]3, + VI3 + 1V20]135).
While it follows from (5.1), (5.5), (5.9) and
o+ wllgs < oll o+l 519wl < C.

that

IN

D] = IVewdl2(lv + wlig4IV(Av = VIT) 4 + llv + wllze [[Vwyll2)

1
1—6||th||§2 + CUpwell 72 (vl 7 + Vw2 V2wl 2)
Hlvowe |21V (Av = VITy) [ 14).

Along the same line, we have

A

111] < [Vwill 2 (o + w7 Vw2 4+ v 4wl s [Vl sllwll e
Hlv+wllpsl|Av — VIl 14)

1
< Euwzniz + Clte + IVVIT6 + A7, + [[Av — VITy|17,).
As a consequence, we obtain
1111 < C{lIvll] + VU6 + [ Awll, + [|Av — VIT |7, + V]2,
v 172 ([l oo + VW 21V W]l 2)
1 2
HIVPw 21V (Av = VI lls} + 21Vl 7. (5.19)
Similarly, we have

1T = Ipwdll 2 (vl [Vwll 2 + IVwell s [IVwll 3
+lvowell 2 IVullLe + lwll g4Vl z4)

1
< Rnwtuiz + C{Ilpwel 2 (VW 21V wl 22 + [Vl o)
Hl/Pwll 2 Qe oo + Vel )},
which together with (5.17), (5.18) and (5.19) yields

d
5 VoW + IVl £ CAAO + LIV + £ + 1)),
(5.20)
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with
def 2 2
i) E le + VUl + [Vl 2 IVl 2,
def
L@ = [l + VU364 [Aw]7, + 1Av — VIT |34 + [V?0]75 and
A0 EN1V(Av = VL) + 18,(Av — VIL) e + vl + Vsl e

Applying Gronwall’s inequality to (5.20) yields for 7 € (11, T*)
/A O12, + / Vw2,
< Cexp [C/llt(fl(f/) + f3(t/))dl’]
x (n(ﬁw,)(n)niz + /t ) + fa(t’))dt’). (5.21)

However, noticing that B3/2 — L%, lel — LS,
(5.2), (5.3), (5.5) and (5. 9) that

3/4
B} < L* we deduce from

t
/ (W) + HE) + S < C,
n

with C being independent of . Whereas taking the L? inner product of the w
equation of (1.10) with w; at t = #; and using (4.2) gives rise to

IVPwn D2 < Clla@)l211Grv +v - Vo))l g2
S Clvlge + vl grllvinligse) < C.

As a consequence, we deduce from (5.21) that
T*
sup /A2, + / IV ()2, de’ < C. (5.22)
te[t),T*)

Step 2. The second space derivative estimate of w.
We first observe from the w equation of (1.10) that

HvlzeIVwlize + [IVullize w2 + IIUIIB;/IZ + IIUIIB;/EIIUIIBS/Iz},

1
IV2wilzz + IV wliz2 < SIVPwlz2 + ClIVowl2 + VW],

which along with (5.2), (5.3), (5.5), (5.9) and (5.22) ensures that

sup (||V2w(l)||L2 + IVIT, ()l 2) = C. (5.23)
telt), T*)

On the other hand, let (v, g) solve

—Av+Vg=Ff divv=0.
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Then one has Vg = —V(=A)"div f, and for any r € (1, 00),
IVglier = Cllflier Avlier = Cllf e,
from which and the w equation of (1.10), we infer
IV2wl 6 + IVTwllzs < Clllwelle + lw - Vwlie + [l - Vo
Hlw - Vulige + 111 = p)llgslldrv +v - Vullpe),
which along with (5.9) implies
IV2wll 6 + VTl s

1 1
2 2 2 2 2
= CUVweligz + IVwll 2 IVEwll LIV w6 + IV w2l e
HIVwl2IVulizee + vl g7z + vl ga2lvll gs2)
2,1 2,1 2,1

1
< Envzwnm + CUIVwill 2 + IVl 2 + Il g2 + Il gsr2).
Therefore thanks to (5.5), (5.22) and (5.23), we obtain

2 2 2 2
”V w||L2([t1 t1; L6) + ”Vnw“LQ([t 1 L6) S C{vat”LZ( [11,11; L2)

IV g i 012, o+ I,

L2([n.0): By ([, 11; 35/2}—

This ends the proof of the lemma. O

5.5. Proof of Theorem 3

We first rewrite the momentum equation in (1.3) as
ou+u-Vu—Au+ VI = (1 — p)(du +u - Vu).

Then it follows from the classical theory of Navier—Stokes equations (see [6] for
instance) that ¢t € [t;, T*)

172) + llull, 2 + vy, , B2

” ||L°°( [t1,2]; B ([t1,t]; B D)

S luoll i +/ IVull o el g d”
) tl 8

HI (L= p) @t + - V)l (5.24)

12

tt]B )"

Applying the product law in Besov spaces gives
(1 = p)(Ou +u - Vu)ll
S =

1/2

LY([11,1);B,'])

3/2 ||3,u+u Vu||

Pl o 11y 1 B (nal:ByD)

Yet thanks to Lemma 1 and (5.16), one has

oul g2y S C IO 2y sy + M)l ro) £ @2 41,

L1([t1,t];
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and

1
12y S C [ (IVwli2llAw] 2 + [v])%) di” < C.
n 2,1

et = Vel o gy 1,17

Thanks to Theorem 2.87 in [4] and Proposition 1, we have

lall+ 53/2

I = P oo y,01:3272) S N0 Eooyy 11,5372

t
< llat) | gz exp [C / )| 12 dr’] . (5.25)
2.1 n 6.1
Applying Lemma 1 leads to
1/2 1/2
Il o2 S IVl IVl + ol .

which along with (5.9) and (5.16) implies

”VMHLI([tht];LOO) + ”u”Ll ([t1,11; B '3/2 C”u”Ll([[ 1l 3/12)
1/2 1/2 1/2 1/2
“v”Ll(I t] 35/2 +t / ||Aw||L/2 [l l‘ LZ)”Aw”L/Z t l‘ L5) < (1 +t / )
Therefore, we obtain
1= p) @+ 1 Vil iy < Clla(@)l o explCr %),

Then applying Gronwall’s inequality to (5.24) gives rise to

llullz vz + ull 52y + VI

Lo ([11,11; B, (n,11: B, LU([n.01:8,))

= Cllluoll 112 + ||ClO||B;/12)eXP{C\/;}- (5.26)

From (5.25) and (5.26), we infer by a standard argument that 7* = co. Moreover,
the global solution (a, u, IT) thus obtained satisfies (1.5). This completes the proof
of Theorem 3. 0O

Combining Theorem 2 with Theorem 3, we complete the proof of Theorem 1.
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Appendix A. Outline of the Proof to Proposition 7

Proof. (Outline of the proof of Proposition 7) Again for simplicity, we just present
the a priori estimates for smooth enough solutions of (1.9). Firstly, it is easy to
observe that for s1 € [3/2,7/2],

WOl Zoo qoy.aye gty + 100 Ly o2y F IV Ly
t
< luGnllgy, +C/ - Vol i
: f
1
< Nz, + 51000, )+ C <||v|| Il gl 0
Applying Gronwall’s inequality and using (5.1), (1.8) yields

||”||Z°°([t1,+oo);l'3§f1) + ”v”Ll([zl,Jroo);B;}l“) + ||VH”||L1([t1,+oo);B§f.)

0]

S Nu)l gy | exp HC (IIvllég/lz + ||v|IB§{12)dt/] = CIIMoII321/]2- (A.1)

141

Then thanks to (1.9) and (A.1), we infer

10: 01l o0 17, 4 00): B+ 10:vl 1, o) B2

0Tl 1 ) = < Clluoll 12 (A2)

([t1,4+00), B
Whereas it follows from the standard parabolic estimate that

9 vllz )+ (@ Av, 3 VITo)|

Lo (11, +00); B, 3/2

S 190Gl g3 INTNCE Vo)l

t+<>o)B )

(I11.+00): 851 (A-3)

Yet notice that 9;v(#1) = Av(t;) —P(v- V)v)(#1) with IP being the Leray projection
operator and thanks to (1.8), (A.1), and (A.2), we have

vt n32 S Nv@D 5772 + TvED 32 lvED) | 552 S lluoll 5172
” t (1)||B2/| ~ ” (1)”321/] ” (1)”32‘/] ” (1)”32,/1 ~ ” 0”32’/1
and

1300 VO 1 ooy < 10001 2 190l 2 ooy i)

312y Vo, vl

L2([1),+00); B,

+vll

Lo ([t 400); B3} LU ({11, +00); By/2) ~ ||M0|I 12

Plugging the above estimates into (A.3) gives (5.3) for s, = 3/2, which together
(A.2) yields (5.3). This completes the proof of the proposition. O
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