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ABSTRACT

Ž .The on-top pair density P r, r gives the probability that one electron will be found on top
Ž .of another at position r. We find that the local spin density LSD and generalized

Ž .gradient GGA approximations for exchange and correlation predict this quantity with
remarkable accuracy. We show how this fact and the usual sum-rule arguments explain
the success of these approximations for real atoms, molecules, and solids, where the
electron spin densities do not vary slowly over space. Self-consistent LSD or GGA

Ž .calculations make realistic predictions for the total energy E, the total density n r , and
Ž . Žthe on-top pair density P r, r , even in those strongly ‘‘abnormal’’ systems such as

.stretched H where these approximations break symmetries and yield unrealistic spin2
Ž .magnetization densities m r . We then suggest that ground-state ferromagnetic iron is a

Ž .‘‘normal’’ system, for which for LSD or GGA m r and the related local spin moment are
trustworthy, but that iron above the Curie temperature and antiferromagnetic clusters at
all temperatures are abnormal system for which the on-top pair density interpretation is
more viable than the standard physical interpretation. As an example of a weakly
abnormal system, we consider the four-electron ion with nuclear charge Z ª `. Q 1997
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Introduction

The spin density functional theory of Kohn and
w xSham 1]4 is a formally exact prescription for the

Ž .ground-state electron spin-densities n r and­
Ž .n r and the total energy E of a many-electronx

system, via the solution of a self-consistent one-
electron Schrodinger equation. When the imper-¨
fectly known exchange-correlation energy func-

w Ž . Ž .xtional E n r , n r is treated in the local spinx c ­ x
w xdensity 1]4

LSD w x 3 Ž . Ž . Ž . Ž .E n , n s d r n r e n r , n r 1Ž .Hx c ­ x x c ­ x

w xor generalized gradient approximations 5, 6

GGA w xE n , nx c ­ x

3 Ž . Ž . Ž . Ž . Ž .s d r f n r , n r , =n r , =n r , 2Ž .H ­ x ­ x

first-principles calculations of useful accuracy can
be made for atoms, molecules, and solids.

Ž . Ž .Approximations 1 and 2 are valid when the
spin densities vary slowly over space, on the scale
of the diameter of the exchange-correlation hole
surrounding an electron. This condition is never
satisfied in real systems, but the approximations
work anyway. In the absence of an external mag-

Ž . Ž .netic field, only the total density n r s n r q­
Ž .n r is formally needed, but, in practice, one stillx

needs spin densities to get accurate energies for
w xopen-shell systems 7 . In systems that we shall

call ‘‘normal,’’ these approximations deliver realis-
Ž . Ž .tic results for the total density n r s n r q­

Ž . Ž . Ž .n r , the spin magnetization m r s n r yx ­
Ž .n r , and the total energy E. In stronglyx

w x‘‘abnormal’’ systems, such as the Cr molecule 8 ,2
Ž . Ž .the predicted m r is quite incorrect but n r and E

are still usefully accurate.
It is a fact that the approximations work as

described above, in extensive tests for real sys-
tems. The question is, Why? Previous justifications

w xof LSD or GGA 9]13 , although illuminating, have
not fully explained the role of the local spin densi-
ties, the relevance of the uniform electron gas
w Ž .xwhich provides the input to Eq. 1 , or the dis-
tinction between normal and abnormal systems.

w xIn our attempt 14]18 to answer this question,
we found it useful to think about the on-top elec-

Ž .tron pair density P r, r , as defined in the follow-
ing section. In the second to fourth sections, we

argue that, in the absence of an external magnetic
Ž .field B r , LSD and GGA typically deliver accurate

Ž .values for P r, r and for the closely related energy
E, even when they do not predict realistic results

Ž . Ž .for m r . Moreover, when m r goes wrong, it does
Ž .so in order to make P r, r right.

LSD and GGA provide our most realistic first-
principles descriptions of ferromagnetic solids like

w xiron 19]21 and of antiferromagnetic solids like
w x w xiron oxide 22 or chromium 23 . But can we trust

Ž .the predicted m r for these systems? Why does
Ž . w xthe LSD prediction of m r for Fe vanish 24 at a

temperature much higher than the measured Curie
temperature? Should we believe the predicted spin
moment on an atom in a magnetic solid? In the
fifth section, we address these questions within the

w xon-top pair-density interpretation 15 of spin den-
Ž 2sity functional theory. We use atomic units e s "

.s m s 1 exclusively.

Pair Density and
Exchange-Correlation Hole

From an N-electron wave function C, we may
construct the spin density

Ž . 3 3n r s N d r . . . d rÝ Hs 2 N
s , . . . , s2 N

=< Ž . < 2 Ž .C r, s , r , s , . . . , r , s 32 2 N N

and the pair density

Ž X . Ž . 3 3P r, r s N N y 1 d r . . . d rÝ H 3 N
s , . . . , s1 N

=< Ž X . < 2 Ž .C r, s , r , s , . . . , r , s . 41 2 N N

Ž . 3While n r d r is the probability of finding ans

electron with spin s in the volume element d3r,
Ž X. 3 3 XP r, r d r d r is the probability of finding a

pair of electrons, one in d3r and another in d3rX.
The expectation value of a spin-dependent external

Ž .potential v r iss

3 Ž . Ž . Ž .d r n r v r , 5H s s

while that of the electron]electron repulsion is

Ž X .1 P r, r
X3 3 Ž .d r d r . 6H X< <2 r y r
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INTERPRETATION OF SPIN DENSITY FUNCTIONAL THEORY

Ž .The on-top pair density P r, r gives the probabil-
ity of finding one electron on top of another at the
position r.

w xIn Kohn]Sham theory 1]4 , we use a coupling
w xconstant l 9, 25 to connect the ground-state wave

Ž .function C of the real system to that of als1
Ž .noninteracting system C with the same spinls0

densities. Writing the electron]electron interaction
< X < lŽ .as lrr y r , we adjust the external potential v rs

until the ground-state wave function C has thel

Ž . Ž . Ž .physical l s 1 spin densities n r and n r . C­ x l

is just that wave function which yields the spin
Ž . Ž .densities n r , n r , and minimizes the expecta-­ x

ˆ ˆ ˆ ˆw xtion value of T q lV 26 , where T and V areee ee
the kinetic and electron]electron repulsion energy
operators.

We define the exchange]correlation hole den-
Ž X. Xsity n r, r at r around an electron at r viax c, l

Ž X . Ž . w Ž X . Ž X .x Ž .P r, r s n r n r q n r, r 7l x c , l

and the exchange-correlation energy as

Ž . Ž .E n r , n rx c ­ x

Ž . Ž X .1 n r n r, r1 x c , lX3 3s dl d r d rH H H X< <2 r y r0

`1 ² Ž .: Ž .s N dl du 2p u n u , 8H H x c , l
0 0

where

dV 1u 3² Ž .: Ž . Ž .n u s d r n r n r, r q uH Hx c , l x c , l4p N
Ž .9

is the system- and spherically averaged exchange
< X <]correlation hole density at separation u s r y r

3 Ž .and N s H d r n r is the electron number. The
exchange hole n s n generates the ex-x x c, ls0

change energy, which normally for most practical
purposes is that of Hartree]Fock theory.

w xThe LSD approximation 1]4 is

LSD Ž . uni f Ž . Ž . Ž .n r, r q u s n n r , n r ; u , 10Ž .x c , l x c , l ­ x

uni f Ž Ž . Ž . .where n n r , n r ; u is the hole density forx c, l ­ x
an electron gas with uniform spin densities

Ž . Ž .n r , n r and coupling constant l. The Per-­ x
w xdew]Wang 1991 GGA approximation 5, 6 is more

complicated, but has the same value and electron
Ž .]electron cusp as Eq. 10 in the limit u ª 0.

w xStrong arguments have been given 9, 10 for
the accuracy of LSD or GGA in real systems. For

example, these approximations respect the sum
rule

`
2² Ž .: Ž .du 4p u n u s y1. 11H x c , l

0

But these arguments provide no link between the
hole density and the local spin densities, except in
the limit of slowly varying densities.

w xZiegler et al. 11 showed that, when the
Ž .Kohn]Sham l s 0 wave function is a single

Slater determinant, LSD is exact for the on-top
Ž .u s 0 exchange hole:

Ž . u ni f Ž . Ž .n r, r s n n r , n r ; u s 0Ž .x x ­ x

w 2 Ž .x Ž . Ž .s y 1 q z r n r r2, 12

Ž . Ž Ž . Ž .. Ž .where z r s n r y n r rn r is the relative­ x
w xspin polarization. Harris 12 pointed out that, in

Ž < < .the fully polarized z ª 1 or strongly interacting
Ž . LSD Ž . Ž .l ª ` limits, n r, r s yn r is also exact. Itx c, l

w x LSD Ž .had been suspected 25, 27 that n r, r was alsox c, l

exact more generally, at least for metal surfaces,
w xbut this possibility is now disproved 14 .
w xNevertheless, we recently found 14]17 that

LSD gives a remarkably accurate account of the
system-averaged on-top hole density at full cou-

² Ž .:pling strength, n u s 0 or equivalently ofx c, ls1
the volume integral of the on-top pair density,

3 Ž .H d r P r, r . Figure 1 shows the ‘‘universalls1
Ž .curve’’ for spin-unpolarized z s 0 systems,

² Ž .: ² : ² :n u s 0 r n vs. r , wherex c, ls1 s

1r3Ž .r s 3r4p ns

FIGURE 1. Universal curve for the system-averaged
on-top hole density in spin-unpolarized systems. The

[ ( )solid curve is for the uniform electron gas Eqs. 15 and
( )]16 . The circles, crosses, and plus signs are explained
in the text.
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and

² : 3 2 Ž . 3 Ž . Ž .n s d r n r d r n r , 13H H

² : 3 2 Ž . Ž . 3 2 Ž . Ž .r s d r n r r r d r n r . 14H Hs s

The crosses in Figure 1 represent either almost-
exact numerical calculations for real atoms or exact

w x Žanalytic results for Hooke’s atom 28 two elec-
trons bound to a center by a spring of force con-

.stant k . The pluses represent configuration inter-
Ž . w xaction CI results 17 , which underestimate the

depth of the on-top hole because of the difficulty
in representing the electron]electron cusp in a
finite one-particle basis set. The circles indicate

ŽLSD values evaluated using the exact or almost-
.exact spin densities , and the solid curve is for the

uniform electron gas:

uni f uni fŽ . Ž .n nr2, nr2; u s 0 s n g r ; 0 y 1 ,x c , ls1 s

Ž .15

w xwhere 17

3r2uni f yA gqr' sŽ . Ž . Ž .g r ; 0 f D g q r q b e . 16s s

Here, D s 3.3953 and A s 3.2581 recover Ya-
r' s3r2 yAw xsuhara’s 29 ladder-diagram behavior Dr es

Ž .in the low density r ª ` limit, while g s 4.7125s
w xand b s 163.44 recover Kimball’s 30 exact high-

Ž . Ž .density r ª 0 limit, 1 y 0.7317r r2. An exacts s
Ž .generalization of Eq. 15 to the partially spin-

polarized case is unknown, but an appropriate one
w x uni f Ž . Ž 2 .31 multiplies g r ; 0 by 1 y z .s

To visualize the coupling-constant dependence,
it is only necessary to relabel the vertical and

² Ž .: ² :horizontal axes of Figure 1 as n 0 r n andx c, l

² :l r , respectively. This follows from the invari-s
² Ž .: ² : ² :ance of n 0 r n and l r under the Levyx c, l s
w x Ž .scaling 32 l ª gl and C r , s , . . . , r , s ªl 1 1 N N

3 Nr2 Ž .g C g r , s , . . . , g r , s .l 1 1 N N
The accuracy of the LSD on-top hole density

w xcompletes 17 the explanation for the accuracy
of LSD or GGA energies in ‘‘normal’’ systems
like those shown in Figure 1: The approximate
² Ž .:n u is accurate for u ª 0. This fact and thex c, l

Ž .sum rule of Eq. 11 constrain the energy integral
Ž .of Eq. 8 to reasonable values. The on-top hole

density provides the ‘‘missing link’’ between real
atoms or molecules and the uniform electron gas.

This explanation also works for self-interaction
w x Ž . w xcorrected 33 SIC LSD, which has 17, 34 the

same hole density and cusp in the limit u ª 0 as
do LSD and GGA and respects the same sum rule
w x33 .

Normal and Abnormal Systems

w xBurke et al. 17 explained the remarkable accu-
racy of the LSD on-top hole density as follows: For
slowly varying spin densities, the system-averaged

² Ž .:hole density n u has a gradient expressionx c, l

1
LSD 3 2² Ž .: ² Ž .: Ž .n u s n u q d r n rHx c , l x c , l N

= Ž y1r3Ž . Ž . .G ln r ; z r ; u

=
< Ž . < 2=n r

Ž .q ??? . 178r3Ž .n r

Applied to a slowly or moderately varying den-
sity, this expression to second order in =n is realis-
tic for u ª 0 and unrealistic for u ª `. G and the
higher gradient coefficients at u s 0 must vanish
in the limits l ª 0, l ª `, and z ª 1 and are
apparently otherwise quite small. Moreover, the

Ž .LSD on-top hole in the approximation of Eqs. 15
Ž .and 16 has a Taylor expansion in powers of l or

² : w xr , like the perturbation expansion 35 of thes
exact on-top hole in a finite system.

² Ž .:Thus, the LSD on-top hole density n 0 isx c, l

expected to be accurate even when the density is
not slowly varying over space}and this accuracy
is confirmed in Figure 1 for ‘‘normal systems.’’
However, this expectation may be foiled if the
correlations are essentially different from those in
an electron gas of slowly varying density, i.e., for
an ‘‘abnormal’’ system, which displays ‘‘static’’
w x36, 37 as well as ‘‘dynamic’’ correlations. In a
finite system, abnormality typically arises in two

Ž .ways: 1 If the Kohn]Sham or l s 0 system has a
ground state which is a linear combination of

Žseveral degenerate Slater determinants e.g., an
.atomic triplet state with S s 1 and M s 0 , thens

w xthe LSD on-top hole density can be wrong 11, 18
Ž .even at the l s 0 or exchange-only limit. 2 If the

Kohn]Sham or l s 0 system has a nearly degener-
ate ground state, then the l-dependence of
² Ž .:n 0 can be very different from its LSD ap-x c, l

Žproximation as illustrated by the stretched H2
.example of the fourth section .

From the foregoing, we might expect that LSD
and GGA energies are realistic for normal systems,
but not for abnormal ones. In fact, self-consistent
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INTERPRETATION OF SPIN DENSITY FUNCTIONAL THEORY

results for these energies are good even for abnor-
mal systems, in all the cases that we know. When
the degree of abnormality is mild, so are its effects
on the energy. When it is strong, self-consistent
LSD and GGA spin densities tend to break sym-
metry in order to deliver good energies.

As an example of mild abnormality, consider
the four-electron ions of nuclear charge Z ª `.

Ž .2 Ž .2Because of the near-degeneracy of 2 s and 2 p
w xsinglet configurations 38]40 , the ground-state

wave function does not reduce to a single determi-
nant when Z ª ` and the correlation energy scales
like Z, in contrast to the ‘‘normal’’ Z 0 behavior
displayed by the two-electron ions.

To better understand the case N s 4, we per-
Ž .formed Hartree]Fock HF and minimal multicon-

Ž .figuration self-consistent field MCSCF calcula-
tionsU for Z s 4, 8, 12, 50, and 60, then fitted the
results to Zy1 expansions. As Z ª `, the HF and

w HF Ž . MCSCFŽ .xMCSCF densities n r and n r each scale
3 Ž .like Z f Zr and differ typically by only a few

percent. The system-averaged exchange and corre-
Ž .lation l s 1 hole densities also separately scale

* A modified version of the COLUMBUS program system
w x w x41, 42 , as described in 34 , was used. The Gaussian basis set

w xfor the Be atom was also the same as used in 34 . The
exponents of the Gaussians were scaled appropriately, to ac-
count for the change in the nuclear charge.

3 Ž . Ž . 2 Ž .like Z g Zu Figs. 2 and 3 , unlike the Z g Zu
w xscaling 43 of the correlation hole for the case

N s 2. When Z ª `, we find that the Hartree]

Fock orbital energies have the limits e ª yZ 2r8,2 s
e ª yZ 2r8, and e y e ª 0.21Z. The energy2 p 2 p 2 s
limits are EHF ª y0.819Z, E s EMCSCF y EHF ªx c

w MCSCF x w HF xy0.012Z, and E n yE n ªy 0.0005Z,x x

where the last estimate was found using the
w xPerdew]Wang 1991 GGA 5, 6 for the exchange

w xenergy E n .x

From these results, we draw two conclusions
Ž .about the limit Z ª `: 1 The difference

w MCSCF x w HF xE n y E n , although nonzero, is lessx x

than 5% of E and certainly cannot account for thec

whole linear dependence upon Z. Thus, as Perdew
w xet al. 39 suggested, the different Z-scalings of Ec

for N s 2 and N s 4 show that the exact density
functional for the correlation energy must be much

Ž .more sophisticated than any LSD or GGA form. 2
E is less than 1.5% of E . Thus, although LSD andc x

ŽGGA fail badly for E at N s 4 predicting a ln Zc
0 .or Z dependence , they work rather well for E .x c

We propose that E in an abnormal system shouldx c

be regarded as a single indivisible entity. This is
also clear for a diatomic molecule like H in the2

Ž .limit of large bond length fourth section , where
LSD and GGA describe E poorly but E quitex x c

w xwell 36 .

FIGURE 2. Scaled system-averaged exchange hole in four-electron ions with nuclear charge Z = 4, 8, 12, 50 and 60,
from Hartree ]Fock calculations.
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( )FIGURE 3. Scaled system-averaged correlation hole l = 1 in four-electron ions with nuclear charge Z = 4, 8, 12, 50,
and 60, from multiconfiguration SCF and Hartree ]Fock calculations. Note the difference of scale between Figures 2
and 3.

Alternative Physical Interpretation of
Spin Density Functional Theory

Systems as simple as the molecule H have2
w x Ž .much to teach us 15 . The true l s 1 ground

w xstate for any bond length is a spin singlet 44
Ž . Ž .S s 0 , with m r s 0 everywhere. At its equilib-
rium bond length, H is a ‘‘normal’’ system: Its2
l s 0 wave function is a single Slater determinant
with one electron in the spin-up bonding orbital
and the other in the spin-down bonding orbital. As
we stretch the bond length, H becomes strongly2
‘‘abnormal,’’ due to the growing near-degeneracy
of the bonding and antibonding orbitals. When the
bond length tends to infinity, any positive cou-
pling constant l, however small, suffices to stabi-

wlize the Heitler]London wave function which lo-
calizes one electron on each atom, making

Ž . Ž .xn r, r s yn r with respect to the Kohn]Shamx c, l

wl s 0 wave function which contains spurious ionic
q y Ž .configurations, like H ??? H , making n r, r sx

Ž . xyn r r2 .
The true atomization energy H is 4.5 eV. If we2

w xevaluate 15 the atomization energy from the
binding energy curve, using the true spin-un-
polarized densities of the separated atoms, we get
6.6 eV in LSD or 6.9 eV in GGA}with significant
errors showing that stretched H is an abnormal2

system. But, if we use self-consistent LSD or GGA
spin densities, we get 4.7 eV in LSD or 4.5 eV in
GGA. We get these correct atomization energies

Ž .from incorrect broken-symmetry spin densities
which localize a spin-up electron on one atom and
a spin-down electron on the other. Similar symme-
try breakings occur even at the equilibrium bond

w xlength for the singlet open-shell molecules 6, 8
C and Cr .2 2

w xPerdew et al. 15 explained these results via an
alternative pair-density interpretation of LSD and
GGA calculations, in which the physical predic-

Ž . Ž . Ž .tions are E, n r , and P r, r instead of m r . Inls1
Ž .this interpretation, the self-consistent n r and­

Ž .n r are auxiliary quantities like the Kohn]Shamx
orbitals, which are used to construct the density
Ž . Ž . Ž .n r s n r q n r and the on-top pair density:­ x

Ž . uni f Ž . Ž . Ž .P r, r s P n r , n r ; u s 0 . 18Ž .ls1 ls1 ­ x

Thus, in stretched H , the apparent spin polariza-2
tion of each atom in a self-consistent LSD or GGA

Ž .calculation is really just a way of making n r, rx c, l

Ž .s yn r , and so lowering the negative exchange-
Ž .correlation energy of Eq. 8 .

Underlying the standard physical interpretation
of spin density functional theory is the formally

w xexact theory of Kohn and Sham 1 , for which the
w xadiabatic connection 9, 25 between interacting
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and noninteracting systems was described in the
second section. Underlying the alternative physical

w xinterpretation of 15 is a nearly exact variational
w xtheory 15 , to which LSD and GGA are also valid

approximations in the slowly varying limit. In this
alternative theory, the variational wave function
C for coupling strength l is constrained to havel

Ž . Ž . Ž .total density n r s n r q n r and on-top pair­ x
density

Ž . u ni f Ž . Ž . Ž .P r, r s P n r , n r ; u s 0 , 19Ž .l l ­ x

ˆ ˆand minimizes T q lV subject to these con-ee
Ž . Ž .straints. The functions n r and n r are varied­ x

to minimize the energy, subject to the constraints
Ž . 3 Ž .n r G 0, H d r n r s N s integer and N q Ns s s ­ x

Ž . Ž .s N. Only at l s 0 can n r and n r be­ x
regarded as the spin densities of the wave func-
tion C .l

Why are the LSD and GGA approximations
w xmore faithful to the alternative theory of 15 than

to the original theory of Kohn and Sham, in the
absence of an external magnetic field? The reason
seems to be that the exchange]correlation energy

Ž . Ž .integral of Eq. 8 depends directly upon P r, rls1
Ž .or n r, r and only indirectly upon the spinx c, l

Ž .magnetization m r . Of course, in the presence of
an external magnetic field that couples strongly
enough to the spin magnetization, these approxi-
mations will be more faithful to the original
theory.

Magnetism in Solids

LSD and GGA successfully predict which met-
Ž .als are ferromagnetic or spin-aligned Fe, Ni, Co

w xand which are not 45 . Both approximations cor-
Ž .rectly predict that body-centered cubic bcc Fe is

Ž .magnetic with the right spin moment per atom
Ž .while face-centered cubic fcc Fe is not. GGA does

slightly better than does the LSD by predicting
that the bcc crystal structure has the lower energy
w x19]21 .

We believe that bcc Fe is a ‘‘normal’’ system, in
the same way that the nitrogen atom is. A finite
cluster or an infinite crystal of this material has a

Ž .true magnetic ground state with m r / 0, which
is nicely mimicked by the LSD or GGA self-con-
sistent spin densities. The ground state has a high

Ž .spin S and high 2S q 1 -fold degeneracy. The
states with M s "S, which reduce to single SlaterS

determinants as l ª 0, are not mixed by the
Coulomb interaction with states of other M .S

It is not even necessary to perform self-con-
sistent spin-polarized calculations to predict
whether a crystal will be ferromagnetic. We only
need the uniform spin susceptibility x of an as-
sumed paramagnetic state, defined through the

3 Ž .equation MrV s x B, where M s m H d r m r ise
the magnetic moment of a crystal of volume V in
the presence of a uniform weak external magnetic
field B. The associated total-energy change is
yMB q M 2r2 x V; the energy of spontaneous

Ž 2 .magnetization M r2 x V has the same sign as x .
w xVosko and Perdew 46 derived a variational prin-

ciple for xy1 in which the normalized trial func-
tion which delivers the minimum and true xy1 is

Ž .m m r rM. Approximating this trial function by itse
noninteracting or l s 0 limit

Ž . Ž . < Ž . < 2 Ž . Ž .g r s d e y e c r d e y e , 20Ý ÝF i i F i
i i

the normalized Fermi-level density of the Kohn]
Sham system, they proved that

y1 y1 Ž .x F x , 21VP

where

2 Ž .m N ee F Ž .x s . 22VP Ž .1 y N e IF

Ž . y1 Ž .Here, N e s V Ý d e y e is the noninteract-F i F i
ing Fermi-level density of states, and

2 w xd E n , mx cX X3 3 Ž . Ž .I s yV d r d r g r g r .H H XŽ . Ž .d m r d m r ms 0

Ž .23

The Stoner parameter I can be evaluated from Eq.
Ž .23 within LSD, including the effects of exchange
Ž . Žwhich favors magnetism and correlation which

. Ž .opposes it . N e and I are both positive, but xF VP
Ž .and, hence, x will be negative when N e I ) 1.F

Starting from a spin-unpolarized band-structure
w xcalculation, Janak 45 evaluated x within LSD.VP

Ž .When x is positive as it is for most metals , itVP
usually provides a realistic estimate for x . When

Ž .x is negative as for Fe and Ni , then x is alsoVP
Ž .negative by Eq. 21 and the spin-unpolarized state

is unstable. In the case of Co, x is positive andVP
Žvery large, a result which suggests but does not

.establish the ferromagnetism of this metal.
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w xGunnarsson 24 independently derived x ofVP
Ž . Ž .Eq. 22 as an approximation not as a bound and

introduced a finite temperature into the
Kohn]Sham orbital occupation numbers in order

Ž .to estimate the transition temperature T VP above
which x is positive for Fe. This temperature,VP
shown in Table I, is considerably higher than the
Curie temperature at which the local spin mo-
ments on the atomic sites disorder and fluctuate

w Ž . xfreely making m r s 0 . The size and sign of this
discrepancy pose problems for the standard inter-
pretation of LSD spin density functional theory.
Table I also shows that Gunnarsson’s transition
temperature is much closer to the Stoner tempera-
ture, at which the local moments vanish, than to

Ž .the Curie temperature at which m r vanishes.
The local moment on a site persists for a time

long compared to that for an electron to move
w xacross the site 49 . By treating the fast degrees of

freedom via LSD and the slow degrees of freedom
w xby statistical mechanics, Pindor et al. 47, 48 calcu-

lated the magnitude of the local moment and the
Ž .Stoner temperature at which it vanishes Table I .

We can perhaps understand Gunnarsson’s re-
sults in terms of our on-top pair-density interpre-
tation. Thermal fluctuation of the local moments
does not greatly change the on-top pair density,
which is associated with the fast electronic degrees
of freedom. But the disappearance of these mo-
ments at the Stoner temperature will certainly be
reflected in the on-top pair density.

A full resolution of this issue may require im-
proved calculations. Gunnarsson’s pioneering
work, now 20 years old, is not self-consistent and
does not use the best current electron-gas input.
His zero-temperature x for Co differs in signVP

w xfrom that of Janak 45 , and his transition tempera-

TABLE 1
( )Transition temperatures in K for solid

ferromagnetic iron.

( ) ( ) ( )T VP T Curie T Stoner

a a b c4400 ]6200 1040, 1250 5000 ]5500

( ) ( )T VP is the temperature above which x of Eq. 22 isVP
( ) [ ] [ ]positive. T Curie is the observed 24 or theoretical 47

Curie temperature at which the local spin moments disorder
( ) [ ]and fluctuate freely. T Stoner is the theoretical 48 Stoner

(temperature, at which the local moments disappear. Iron
)melts at 1810 K.

a [ ]24 .
b [ ]47 .
c [ ]48 .

Ž .ture for Ni 2900 K differs from that of Liu et al.
w x Ž .50 1780 K .

We have argued that ferromagnetic iron is a
normal system at zero temperature. In such a sys-
tem, we can trust LSD or GGA predictions for the

Ž .ground-state spin magnetization m r and, hence,
for the zero-temperature local moment. We sus-
pect, however, that clusters of antiferromagnetic

Ž . w xsolids with antialigned local moments 22, 23
like FeO or Cr are abnormal, because their LSD or
GGA ground-state spin densities break a symme-
try. To see this, consider a finite cluster of antifer-
romagnetic material in a singlet ground state with

Ž .spin magnetization m r s 0. LSD and GGA will
Ž . Ž .predict n r y n r / 0 a symmetry breaking not­ x

allowed in the exact theory except in the thermo-
w xdynamic or infinite-volume limit 51 . In other

words, ground-state antiferromagnetism in a finite
cluster is really a long-range correlation somewhat
like that between the two electrons in stretched
H . If antiferromagnets are abnormal systems, then2
LSD or GGA predictions for their local spin mo-
ments may not be so reliable as those for ground-
state ferromagnets like Fe. A necessary condition
for a reliable prediction is that the time over which
a local moment fluctuates must be much longer
than other electronic time scales.
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