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ABSTRACT

Topological indices and dominating problems are popular topics in Graph Theory.
There are various topological indices such as degree-based topological indices, distance-
based topological indices and counting related topological indices et al. These topological
indices correlate certain physicochemical properties such as boiling point, stability of chem-
ical compounds. The concepts of domination number and independent domination number,
introduced from the mid-1860s, are very fundamental in Graph Theory.

In this dissertation, we provide new theoretical results on these two topics. We
study k-trees and cactus graphs with the sharp upper and lower bounds of the degree-based
topological indices(Multiplicative Zagreb indices). The extremal cacti with a distance-based
topological index(PI index) are explored. Furthermore, we provide the extremal graphs with
these corresponding topological indices.

We establish and verify a proposed conjecture for the relationship between the dom-
ination number and independent domination number. The corresponding counterexamples

and the graphs achieving the extremal bounds are given as well.
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1 INTRODUCTION

1.1 NOTATIONS

Throughout this dissertation, G = (V, E) is a connected finite simple undirected graph
with vertex set V' = V(G) and edge set £ = E(G). Let |G| or |V| denote the cardinality
of V. For a vertex v € V(G), the neighborhood of v is the set N(v) = Ng(v) = {w €
V(GQ),vw € E(G)}. dg(v) or d(v) is the degree of v with dg(v) = |N(v)|. We use d(u,v) to
denote the distance between the vertices v and v in GG, which is the number of edges of the
shortest path connecting u and v.

For S C V(G) and F C E(G), we use G[S] for the subgraph of G induced by S, and
G — S for the subgraph induced by V(G) — S and G — F for the subgraph of G obtained
by deleting F'. Let w(G) be the number of components of G. We say that S is a cut set
if w(G—295)>w(G). We use G = H to denote that G is isomorphic to H and G 2 H to
denote that G is not isomorphic to H.

A pendant vertex is a vertex of degree one. An edge is called a pendant edge if one of
its vertices is a pendant vertex. A tree T is called a pendant tree of GG, if T" has at most one
vertex shared with some cycles in G. A block is a K3 or a maximal 2-connected subgraph
of a graph. In particular, the end block of a graph G contains at most one cut vertex of G.

For r > 1, let Pi = wiug...upv1, Po = u1Usg... U2, ..., P = ugus...u,v, be the paths of a
graph G such that there exists at most one cycle C' with V/(P,)NV(C) = {u1} and d(v;) = 1,
i > 1, then the induced subgraph G[{v;,u;,i € [1,7],7 € [1,p]}] is called a dense path. In

particular, when r = 1, the dense path is a pendant path. The length of a dense path is the



length of its pendant path. Let K, P, and S,, denote the clique, the path and the star on
n vertices, respectively. In particular, we say K, is a k-clique for n = k.

Let |z]| be the largest integer that is less than or equal to z and [x] be the smallest
integer that is greater than or equal to z. Let [a,b] be the set of all integers between a
and b with a < b including a, b, where a,b are integers. Also, let (a,b] = [a,b] — {a} and
la,b) = [a,b] — {b}. In particular, [a,b] = ¢ for a > b. For any integer p, if p > 0, we denote

Tmasfop) = Tp; If p <0, We 88y Tpazfopy does not exist.

1.2 THE CONCEPT OF K-TREES

Tree is a fundamental concept in Graph Theory and Combinatorics of Mathematics,
and it has many applications in Computer Science, Chemistry, Biology, and so on. A tree is
an undirected graph in which any pair of two vertices are connected by exactly one path. In
other words, any acyclic connected graph is a tree. Based on the interests of trees, researchers
are continuing to study some complicate extentions of trees. One of the branches is the k-tree
for k£ > 1. In particular, a k-tree is a tree for k = 1.

It is commonly known that the class of k-trees is an important subclass of trangular
graphs. Harry and Plamer [41] first introduced the 2-tree in 1968, which is showed to be
maximal outerplanar graphs [23, [45]. Beineke and Pippert [9] gave the definition of k-
trees in 1969. Relating to k-trees, there are many interesting applications to the study
of computational complexity and the intersection between Graph Theory and Chemistry

[19] [72]. We give the definitions below.

Definition 1.2.1. The k-tree, denoted by T, for positive integers n, k withn > k, is defined
recursively as follows: The smallest k-tree is the k-clique Ky. If G is a k-tree with n > k
vertices and a new vertexr v of degree k is added and joined to the vertices of a k-clique in

G, then the graph is a k-tree with n + 1 vertices.



Definition 1.2.2. The k-path, denoted by PF, for positive integers n,k with n > k, is
defined as follows: Starting with a k-clique G[{v,va, ..., v }|, fori € [k + 1,n], the vertex v;

is adjacent to vertices {v;_1,V;_o, ..., Vi_r} only.

Definition 1.2.3. The k-star, denoted by Si .k, for positive integers n,k with n > k, is
defined as follows: Starting with a k-clique G[{v1,vs, ..., vx} and an independent set S with

|S| =n —k, foriec [k+1,n], the vertez v; is adjacent to vertices {vy,va, ..., v} only.

Definition 1.2.4. The k-spiral, denoted by T/;f’z with ¢ € [1,k — 1], is defined as P*~¢ + K,

that is, V(Tf:’;) = {vy,v9,...,v,} and E(T,’f’;) = B(P*=5)UE(K,) U {viv, vauy, ..., Un_cv1}, for

l€n—c+1,n].

Definition 1.2.5. A vertex v € V(TF) is called a k-simplicial vertex if v is a vertex of
degree k of T®. Let Sy(TF) be the set of all k-simplicial vertices of T¥, forn >k + 2, and
set S1(Kx) = ¢, S1(Kypy1) = {v}, where v is any vetex of Ky1. If G = Go,G; = Gi_1 — v;,
where v; s a k-simplicial vertex of G;_1, then {vy,vq, ..., v,} is called a simplicial elimination

ordering of the n-vertex graph G.

Definition 1.2.6. If w(G —S) < 2 for any k-clique G[S] of T¥, we say TF is a hyper pendent
edge; If there exists a k-clique G[S] with w(G — S) > 3, let C be a component of TF — S
and contain a unique vertex belonging to S1(G), then we say that G[V (S)UV(C)] is a hyper

pendent edge of T*, denoted by P. In particular, a k-path is a hyper pendent edge.

1.3 THE CONCEPT OF CACTUS GRAPHS

Cactus graphs were first studied under the name of Husimi trees. Husimi tree used
to refer to graphs in which every block is a complete graph (equivalently, the intersection
graphs of the blocks in some other graphs). The regular definition of the cactus graph is as

follows.



Definition 1.3.1. A graph is a cactus if it is connected and all of its blocks are either edges

or cycles, i.e., any two of its cycles have at most one common vertex.

Since every cactus graph may have some pendant vertices which connect to one vertex
only, set C* to denote a set of cactus graphs with n vertices including & pendant vertices,
where n > k > 0.

It is not hard to see that if we replaced each block by a vertex for the cactus graph,
then the obtained graph is a tree. In other words, the cactus graphs are interesting extentions
of trees. A cactus graph is used to be called a cactus tree, a mixed Husimi tree, or a polygonal

cactus with bridges.

1.4 DEGREE-BASED TOPOLOGICAL INDICES

Chemical Graph Theory is a branch of Graph Theory whose focus of interest is finding
topological indices of chemical graphs which correlate well with chemical properties of the
chemical molecules. A topological index is a numerical parameter mathematically derived
from the graph structure.

One of the topological indices used in mathematical chemistry is that of the so-called
degree-based topological index, which is defined in terms of the degrees of the vertices of a

graph. The first and second Zagreb indices of G are respectively defined as

Mi(G) = ZuGV(G) d(u)?,
My(G) = Luwen) Uw)d(v).
The background and applications of Zagreb indices can be found in [33] 35]. In
the 1980s, Narumi and Katayama [63] characterized the structural isomers of saturated

hydrocarbons and considered the product

NE@G)= ][] d).

veV(Q)



which is called the NK index. Two fairly new indices with higher prediction ability [74],

named the first and second multiplicative Zagreb indices, are respectively defined as

(@) =[] dw? m(@) =[] dwd().

veV(Q) weE(G)

Obviously, the first multiplicative Zagreb index is the power of the NK index. Moreover,
the second multiplicative Zagreb index can be rewritten as [[,(G) = [[,cv (g d(u)¥™. The
properties of [[,(G),]],(G) for some chemical structures have been studied extensively in
24, [34, [69, 81]

Due to this motivation, we consider the first generalized multiplicative Zagreb index

defined in (1) below and the second multiplicative Zagreb index: for any real number ¢ > 0,

(1) Hl,c(G) = HWEV(G) d(v)*,
2) IL(G) = HuveE(G) d(u)d(v).

Eventually, for ¢ = 1,2, (1) is just the NK index and the first multuplicative Zagreb, respec-

tively. For (2), it is easy to see that [[,(G) = [[,ev(q) d(v)4®),

1.4.1 Motivation on k-trees

There are many significant recent results about chemical indices and computational
complexity, that lie in the intersection between graph theory and chemistry. We just list
some interesting results about the chemical indices. In 2004, Das and Gutman provided
sharp bounds of Zagreb indices of trees. Estes and Wei extended the result to k-trees in
2014. Theorem 1.4.2 is a result that extended Theorem 1.4.1 from trees to generalized trees,

the k-trees below.



Theorem 1.4.1 (Das and Gutman [14]). Let T,, be any tree with n vertices, then

(1) M1 (P,) < My(T,,) < My(Sy),
(ii)MQ(PN) S MQ(Tn) S MQ(SR)'

Moreover, the left-side and the right-side equalities of (i), (ii) are reached if and only if

T, = P, and T,, = S,,, respectively.

Theorem 1.4.2 (Estes and Wei [23]). Let T* be any k-tree with n vertices, then

(1))My(P}) < My(T}) < My(S})),
(11) Mo (PF) < My(TF) < Mo(S¥).

Moreover, the left-side and the right-side equalities of (i), (ii) are reached if and only if
T, = Pk and T, = Sk, respectively.
In 2011, Gutman [38] characterized the multipilicative Zagreb indices for trees and

determined the unique trees that obtained maximum and minimun values for [],(G) and

[1,(G), respectively.

Theorem 1.4.3 (Gutman [38]). If n > 5 and T, is any tree with n vertices, then

(4) Hl(sn) < Hl(Tn) < Hl(Pn);
(i0) [ To(Pn) < TL(Th) < T1(Sn)-

Moreover, the left-side and the right-side equalities of (i) are reached if and only if T,, = S,
and T,, = P,, respectively. The left-side and the right-side equalities of (ii) are reached if

and only if T,, = P, and T,, = S,,, respectively.

These topological indices have been found to be useful for establishing correlations
between the structure of a molecular compound and its physicochemical properties or bio-
logical activity [13, 49, 58]. For other work on topological indices, the readers are referred

to [111, 27, 28, 29, 32, 48, 56, 57, 59, 63, 73, 87, K6).



Motivated by the above results, we consider the multipilicative Zagreb indices for k-
trees. In this work, we extend Gutman’s result and find the bounds of the values of []; .(G),
[[(G) for k-trees, respectively, and determine the extremal graphs which attain the bounds.

Theorem 1.4.4 presents the upper and lower bounds of the first generalized multi-

plicative Zagreb index of k-trees and states the corresponding extremal graphs.

Theorem 1.4.4 (Wang and Wei [76]). If T is a k-tree on n > k wvertices, then

Hl,c<5k,n—k) < Hl,c(qu) < HI,C(P’I’I::)7

the left-side and the right-side equalities are reached if and only if TF = Sy, and TF = P,

respectively.

Theorem 1.4.5 provides upper and lower bounds of the second multiplicative Zagreb

index of k-trees and gives the corresponding extremal graphs.

Theorem 1.4.5 (Wang and Wei [76]). If T* is a k-tree on n > k vertices, then

H2(Prlf) < HQ(Tr’f) < H2(Sk,n—k)v

the left-side and the right-side equalities are reached if and only if T = P* and TF = Sy, 4,

respectively.

1.4.2 Motivation on Cactus graphs

In 1979, Cornuéjols and Pulleyblank[I8] used the structure of a triangular cactus to
find equivalent conditions for the existence of { Ky, C),,n > 4}-factor. In 2012, Li et al. [60]
gave upper bounds on Zagreb indices of cactus graphs and lower bounds of cactus graph
with at least one cycle. Chen [12] gave the first three smallest Gutman indices among the

cacti.



Based on these results, we investigate the bounds of multiplicative Zagreb indices of
cactus graphs and try to characterize the extremal graphs. We obtain the following results.
Theorem 1.4.6 gives the lower bounds of the first generalized Zagreb index of cactus graphs

and states the corresponding extremal graphs.

Theorem 1.4.6 (Wang and Wei [77]). For any graph G in C¥,

3kc2(n—2k)c’ Zf k= 0’ 1’

[ =

le on—k=Dege 4f k> 2,

the equalities hold if and only if their degree sequences are 3,3,...,3,2,2,...,2,1,1,...,1
—_—— —— ——

k n—2k k
and k,2,2,...,2,1,1, ..., 1, respectively.
—_—— ——

n—k—1 k
Theorems 1.4.7 and 1.4.8 provide sharp upper bounds on the first generalized multi-

plicative Zagreb indices of cactus graphs and characterize the extremal graphs.

Theorem 1.4.7 (Wang and Wei [77]). For a graph G in C* withn < k + 3,

ke, if n=k+1,
H(G) <9 ([ET+D([E]+ 1) if n==k+2,
’ ([T +2(L 51 +2)°(k = [5]1 =[5 +2) if n=k+3,

the equalities hold if and only if corresponding degree sequences are k,1,1,...,1; [%1 +1, LgJ +

k
1,1,1,....1 and [E)+ 2, |5+ 2,k — [E] — | & +2,1,1,..., 1, respectively.
(3—‘ LgJ (3—| LgJ ’4 Y

k k

Theorem 1.4.8 (Wang and Wei [77]). For a graph G in Ck withn > k+4 and t > 0,

16°, if k=0,n=4,
[[(@) < ¢ 260 i k=0,n=2t+5,

1,c

20t+d)ege - if | =0,n = 2(t + 3),



the equalities hold if and only if corresponding degree sequences are 2,2,2,2; 4,4, ...,4,2,2,....2
—_—— ——

t+1 t+4
and

4,4,...,4,3,3,2,2,...,2, respectively;
———— ————

t t44
For k # 0, if |1, .(G) attains the mazimal value, then one of the following statements holds:

For any nonpendant vertices u,v, either (i) |d(u) — d(v)| <1 or (i) d(u) € {2,3,4} and G
contains no cycles of length greater than 3, no dense paths of length greater than 1 except
for at most one of them with length 2, and no paths of length greater 0 that connects only

two cycles except for at most one of them with length 1.

Theorem 1.4.9 gives sharp lower bounds on the second multiplicative Zagreb indices

of cactus graphs and characterizes the extremal graphs.

Theorem 1.4.9 (Wang and Wei [77]). For any graph G in Ck with v = =2

33k2(n=2k) if k=01,

[T =

(2 + [fﬂ)(2+M)[k*2*hJ(n*k)](2 + hJ)(2+hJ)[n*2k+2+m (=R f k> 2,

the equalities hold if and only if corresponding degree sequences are 3,3, ...,3,2,2, ..., 2,
—_—— ——

k n—2k
L. ,1land 2+ [v],2+ [v],- 2+ [v,2+ |7, 2+ 7], 24 |v], 1, 1, ..., 1, respectively.
N—— ~ - S——

g

k k—2—|v](n—k) n—2k+2-&‘-,|_’yj (n—k) k

Theorem 1.4.10 states sharp upper bounds on the second multiplicative Zagreb indices

of cactus graphs and characterizes the extremal graphs.

Theorem 1.4.10 (Wang and Wei [77]). For any graph G in Ck,

(n —2)n222n=k=1) " 4f n — k= 0(mod 2),

[T <

2 (n — 1)n=1220=k=1) = if 1 — k= 1(mod 2),



the equalities hold if and only if corresponding degree sequences are n —2,2,2,...,2,1,1,.... 1
———

n—k—1 k
and n — 1,

2,2,...,2,1,1,..., 1, respectively.
—— N —

n—k—1 k
1.5 DISTANCE-BASED TOPOLOGICAL INDICES

One of most important topological indices used in mathematical chemistry is called
the distance-based topological index, which is proposed in terms of the distances of any pair
of vertices of a graph.

The Wiener index is the oldest and most thoroughly examined topological index
used in chemistry. In 1947, Harold Wiener[84] applied Wiener index to determine physical

properties of types of Alkanes known as Paraffins and defined as

W@ = dy).
{zy}CV(G)
Similar to the Wiener index, Szeged index was given by KlavZar and Gutman[47] in 1996 as

follows:

Sz(G) = Z Ny ()1 (),

zyeE(G)
where ng,,(x) is the number of vertices w € V(G) such that d(z,w) < d(y, w), na,(y) is the
number of vertices w € V(G) such that d(z,w) > d(y,w) and w # x,y. Currently, various
work relating the Wiener index, the Sz index and their chemical meaning have been studied
(see the surveys [2] 20, 21} 39]). Based on the considerable research of the Wiener index and
the Sz index, Khadikar[49] proposed edge Padmakar-Ivan(PI.) index in 2000, which is used

in the field of nano-technology, as follows:

PLE) = Y [nelelC) + ne(elG))

e=zycE(G)

10



where n.,(e|G) denotes the number of edges which are closer to the vertex x than to the
vertex y, and ne,(e|G) denotes the number of edges which are closer to the vertex y than
to the vertex x, respectively. The detailed applications of PI, indices between chemistry
and graph theory are investigated in [4, B, [6] [7, 8, 49, 50, 5I]. As this definition does not
count edges equidistant from both ends of the edge e = zy, Khalifeh et al.[52] continued to

introduce a new PI index of vertex version below:

PI(G) = PL(G) = ) [nay(x) +nuy(y)],
zy€eE(G)
where n,,(z) denotes the number of vertices which are closer to the vertex x than to the

vertex y.

1.5.1 Motivation on k-trees

Padmakar-Ivan indices are widely used in QSPR/QSAR/QSTR [65], [72]. In addition,
there are nice results regarding vertex PI index in the study of computational complexity
and the intersection between graph theory and chemistry. In [22], Das and Gutman obtained
a lower bound on the vertex PI index of a connected graph in terms of numbers of vertices,
edges, pendent vertices, and clique number. Hoji et al. [44] provided exact formulas for the
vertex PI indices of Kronecker product of a connected graph G and a complete graph. Ili
¢ and Milosavljevié[40] established basic properties of weighted vertex PI index and proved
some lower and upper bounds. Pattabiraman and Paulraja [66] presented the expressions
for vertex PI indices of the strong product of a graph and the complete multipartite graph.

Since the PI index is a distance-based index and not very easy to calculate, we first
consider the bipartite graph G with n vertices. Then G has no odd cycle. By the definition
of PI(G), one can obtain that every edge of G has the PI-value as n — 2. Thus, we can get

the following proposition.

11



Proposition 1.5.1. For any bipartite graph G with n vertices and m edges, PI(G) = (n —

2)m. In particular, if G is a tree, then PI(G) = (n — 1)(n — 2).

Since a bipartite graph has no odd cycles, we will consider some graphs with odd
cycles. For example, k-tree contains many odd cycles. Recently, we investigated the question
of whether or not a k-star or a k-path attains the maximal or minimal bound for PI-indices
of k-trees. The related results are listed below: Theorems 1.5.2 and 1.5.3 give the exact

Pl-values of k-stars, k-paths and k-spirals.

Theorem 1.5.2 (Wang and Wei, [78]). For any k-star S* and k-path P* with n = kp + s

vertices, where p > 0 is an integer and s € [2,k + 1],

())PI(Sy) = k(n —k)(n —k —1),

iy k\ _ k(k+1)(p—1)(3kp+65—2k—4) | (s—1)s(3k—s+2)
(1) PI(Py) = = + 3 :

Theorem 1.5.3 (Wang and Wei, [78]). For any k-spiral T,,’f’g with n > k vertices, where

ce [l k—1],

o Tk* (n—k)(n—k—gl)(4k—n+2), Zf n e [k, o — C],
( n,c) N 3c(n—2k+c—1)(n—2k+c)+(k—c)(2§2+3nc—4kc+3kn—4k2—6k+3n—2)’ Zf n > o — ¢+ 1.

Theorem 1.5.4 proves that k-stars achieve the maximal values of PI-values for k-trees.
Theorem 1.5.4 (Wang and Wei, [78]). For any k-tree T® withn > k > 1, PI(T*) < PI(Sk).

Theorem 1.5.5 shows that k-paths do not attain the minimal values and certain PI-

values of k-spirals are less than that of the Pl-values of k-paths.

Theorem 1.5.5 (Wang and Wei, [78]). For any k-spiral T** with n >k > 1, then

n,c

(i) PI(Py) > PI(T;) if c €[5,

(it) PI(Py) < PI(Ty) if c €[5k —1].

12



1.5.2  Motivation on Cactus graphs

Many results were obtained by Lin, et al. on the cacti in both Chemistry and Graph
Theory. Lin et al.(2007) [61], and Liu and Lu (2008) [62] obtained some sharp bounds of
several chemical indices of cactus graphs, such as the Wiener index, the Merrifield-Simmons
index, the Hosoya index and the Randié index. Wang and Kang (2015) [82] found the
extremal bounds of another chemical index, the Harary index, for the cactus graphs as well.
Feng and Yu [26] found the cacti in C, ; with the smallest hyper-Wiener indices, which is
a renovated version of Wiener index. Wang and Tan [83] characterized the extremal cacti
having the largest Wiener and hyper-Wiener indices in C,, ;. Motivated by the results of
chemical indices and their applications, it is worth noting that it is an interesting problem to
characterize the cacti in C,, ; with maximum and minimum vertex PI indices. The concept

of vertex PI index yields the following propostion.

Proposition 1.5.6. Let G € C,,, withn > k > 0, then
(i) If G is C3, Cy or Cs, then PI(G) =0, 8, 10.
(i1) If G is Cs attaching a pendent edge e(say Cs Ue), then PI(G) = 4.

In our work, we determine the graphs with the largest and smallest vertex PI indices
in C, %, and provide the extremal cacti in Figs 1,2 of Figure 1.5.1, which extend Das and
Gutman’s result [22] by excluding the number of edges and cliques for the cacti. (In Figs 1

and 2, o means that the vertex may exist.)
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Fig. 1 Fig. 2

Figure 1.5.1: The cacti with extremal PI indices
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Theorem 1.5.7 (Wang, Wang and Wei [80]). Let G € C,x — {C3,C5 U e,Cy,Cs} with
n>k>0, then PI(G) < (n— 1+ ["£=L|)(n — 2), where the equality holds if and only if
G is a tree for n < k4 3 and otherwise, one of the following statements holds(See Fig. 1):

(1) All cycles have length 4 and there are at most k + 2 cut edges.

(13) All cycles have length 4 except one of length 6 and there are exact k pendent edges.

Theorem 1.5.8 (Wang, Wang and Wei [80]). Let G € C,,,,—{C5, C3Ue, Cy} withn > k > 0,

then PI(G) > (n—1)(n — 2) — 2| 2=E=L | where the equality holds if and only if G is a tree

for n < k+ 2 and otherwise, all cycles have length 3 and there are at most k + 1 cut edges
(See Fig. 2).

1.6 DOMINATION AND INDEPENDENT DOMINATION

A classical problem in domination-related theory that attracted many scholars’ at-
tention is the N-Queens Problem on an n x n chess board from the mid-1860s. De Jaenisch
[1] attempted to determine the minimum number of queens required to cover an n x n chess
board, so that no two queens attack each other. A solution exists for all natural numbers n
except 2 and 3. In 1892, two typical chess board problems were given by W.W. Rouse Ball

as follows.

e Covering: Determine the minimum number of chess pieces of a given type that are

necessary to cover (attack) every square of an n x n chess board.

e Independent Covering: Determine the smallest number of mutually nonattacking

chess pieces of a given type that are necessary to dominate every square of an n x n

board.
Based on these two typical chess board problems, the following concepts are prosposed.

Definition 1.6.1. A vertex set D C V(G) is a dominating set if every vertex of V(G) — D
1s adjacent to some vertices of D. The minimum cardinality of a dominating set of G is

called the domination number, denoted by v(G).

15



Definition 1.6.2. A vertex set I C V(G) is an independent dominating set if I is both an
independent set and a dominating set in G, where an independent set is a set of vertices in
a graph such that no two of which are adjacent. The minimum cardinality of an independent

dominating set of G is called the independent domination number, denoted by i(G).

Definition 1.6.3. Let G be a graph. The ratio of domination number and independent

domination number is defined as
i(G)
1G)

1.6.1 Motivation on the ratio of domination numbers

In general, it is very difficult to find the domination and independent domination
numbers of a graph. Note that ¢(G) > ~(G). This implies i(G)/~v(G) > 1. A natural
problem is to determine an upper bound for i(G)/v(G). Hedetniemi and Mitchell [43] in
1977 showed that if L is a line graph of a tree, then i(L)/~v(L) = 1, where the line graph L(G)
of a connected graph G is a graph such that each vertex of L(G) represents an edge of G and
two vertices of L(G) are adjacent if and only if their corresponding edges share a common
endpoint in G. Since a line graph does not have an induced subgraph isomorphic to Kj 3,
Allan and Laskar [I] extended the previous result and obtained that if a graph G is a K 3-
free graph, then i(G)/v(G) = 1. In 2012, Goddard et al.[21] continued the similar approach
and proved that i(G)/~v(G) < 3/2 if G is a cubic graph. In 2013, Southey and Henning [25]
improved the previous bound to i(G)/v(G) < 4/3 for a connected cubic graph G other than
K3 3. Additionally, Rad and Volkmann [67] obtained an upper bound of i(G)/v(G) related

to the maximum degree A(G) for any graph G and proposed a conjecture below.

Theorem 1.6.1. (Rad and Volkmann [67]) If G is a graph, then

o | a2 if3<AG) <5,

2

V(G) AG) -3+ 54— ifA(G) =6
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Conjecture 1.6.4. [67] If G is a graph with A(G) > 3, then
UG)/1(G) < A(G)/2.

In 2014, Furuya et al. [25] proved that i(G)/v(G) < A(G) — 2¢/A(G) + 2 and
gave a class of graphs which achieve the new upper bound. However, when A(G) # 4,
A(G) — 24/A(G) + 2 > A(G)/2. On the other hand, it is still very interesting to determine
other class of graphs, for which Conjecture 2 holds. One of the special class of graphs

achieved this bound is as follows.

]
&

m

m -+ 1 vertices

e o -~
K

Figure 1.6.1: One of the counterexamples of Furuya et al.

Motivated by Conjecture 1.6.4 and previous results, we show that:

Theorem 1.6.2 (Wang and Wei [79]). Let G be a bipartite graph with A(G) > 2, then

i(G)
(G)

=/
- 2

-2

1.7 DISSERTATION STRUCTURE

In chapter 1, we introduce the outline of this work. All notation and definitions that
will be used in the following sections are given. The motivations and the history of the main
results are prospsed as well. The remaining chapters of this dissertation are organized as

follows.
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Chapters 2 covers the degree-based topological index with respective sharp graphs. In
Chapter 3, we study a distance-based topological index and provide the extremal bounds for
k-trees and cactus graphs. We explore another classic problem regarding domination number
and independent domination number in Chapter 4. We find the relationship between these
two domination numbers. Furthermore, we prove a related conjecture for bipartite graphs.

In addition, the future research plan to improve and expand the current results is

provided in Chapter 5.
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2 MULTIPLICATIVE ZAGREB INDICES

In this chapter, we provide the extremal k-trees and cactus graphs about the impor-
tant topological indices (Multiplicative Zagreb indices). First of all, we introduce a developed
method from two analytic lemmas to derive our results. Based on the calculations, the two

lemmas are as follows.

Lemma 2.0.1. The function f(z) =

is strictly increasing for x € [0,00), where m is
r+m

a positive integer.

x

Lemma 2.0.2. The function f(z) = is strictly decreasing for x € [0, 00), where

(I + m)a:—i—m
m 1S a positive integer.

2.1 K-TREES

In this section, we present the main results again and provide the complete proofs.

Theorem 2.1.1 (Wang and Wei [76]). If T is a k-tree on n > k wvertices, then

Hl,c(sk,n*k) < Hl,c(Tr]f) < H1,C(P£)a

the left-side and the right-side equalities are reached if and only if TF = S,y and TF = P,

respectively.

Theorem 2.1.2 (Wang and Wei [76]). If T* is a k-tree on n > k vertices, then

HQ(P:) < HQ(Tr’f) < HQ(Sk,n—k)v
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the left-side and the right-side equalities are reached if and only if TF = P and T* = Sy, 4,

respectively.

Furthermore, if we let G[{v1,vs...vx}] denote the initial k-clique, then just by the

definition of k-trees, one can get some useful propositions.

Proposition 2.1.3. For the k-star, the degree of vertex v; can be characterized as follows:

d(v;) =n —k, fori€ [1,k]; d(v;) =k, fori € [k+1,n].

Proposition 2.1.4. For the k-path, the degree of vertex v; can be characterized as follows:
(1) If4<n <2k, dv,)=k+i—1, fori € [l,n—k—1];d(v;) =n—1, fori € [n—k k+1]|;
dv;) =k+n—1i, fori € [k+2,n].

(2) If n > 2k + 1, dlv;)) = k+1i—1, fori € [1,k]; d(v;) = 2k, fori € [k + 1,n — kl;

d(v;) =k+n—1i, fori € [n—k+1,n].

One can deduce the first generalized multiplicative Zagreb indices and second multi-
plicative Zagreb indices of the k-path and k-star using induction and the above abservations

as shown below.

Proposition 2.1.5. Let Sy, be a k-star on n > k + 1 vertices, then

(D TT1 o (Stn—r) = (0 = k)*ke=H;
(2) TTo(Skn—r) = (n — k)FO =R,

Proposition 2.1.6. Let P,’f be a k-path onn >k + 1 vertices, then
LU (P = (n = D TT %, if o€ [k + 1, 2K);

VLo (BR) = 2R) OO TLE %, if n> 2k + 1,

LB = (n = )" TI50 % if o€ [k + 1, 2k];

2.2) [I,(PF) = (2k)20 =P T[22 1% if n > 2k + 1.

1.2

(
(
(2.1
(

Prior to the proof of main results, we give some lemmas that are critical in the proof

of our main results.
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Lemma 2.1.7. For any k-tree G 2 Sgp—k, let u € Sy, N(u) NSy = {vy,va...05}, where
s > 1 is an integer. Then

(1) For any ¢ with 1 < ¢ < s, there exists a vertex v € N(u) — {v1, vq...vs} of degree at least
kin G[V(G) — {v1, va...v5}] such that vv; ¢ E(G).

(2)There exists a k-tree G* such that [[, .(G*) <[], .(G) and [[,(G*) > [],(G).

Proof. For (1), let G' = GIV(G) — {v1,vq...05}] and S = N(u) — {vy,vs...v5}, we obtain
that dg/(u) = |S| = k and G[9] is a k-clique by u € Sy. Since G % S*, dg/(v) > k for all
v € S. And by the facts that N(v;) C (N(u) — {v1,v2...v5}) U {u} with |N(v;)| = k and
|(N(u) — {v1,v9..0s}) U{u}| = k + 1, we have for any i € [1, s], there exists a vertex v € S
such that vv; ¢ E(G).

For (2), choose v; and by (1) there exists a vertex v € N(u) — {vy,vq...v5} with
de(v) > k such that vvy ¢ E(G). If de(v) = k, and by wv € E(G’), we obtain G’ is a
k+1-clique. Let x € S be the vertex such that d(z) = min,cs{d(v)}, and let v; be the vertex
such that v,x € E(G), vy ¢ E(G) for some t € [1,s] and y € S, that is, d(z) — 1 < d(y).
Construct a new graph G* such that V(G*) = V(G), and E(G*) = E(G) — {viz} + {vy}.
Denote Gy = G[V(G) — {z,y}], since d(z) — 1 < d(y), and by the definition of ], .(G),

[[,(G), Lemma 2.0.1 and Lemma 2.0.2, we have

I1,.(G) [ wevia,) dw)ld(y)d(z)*

[L.G)  Mueviey dw)ldly) + 1[d(z) — 1J°
d(y) d(x)*

Also,
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LG [ Twevco) dw )AW[d(y) + 1)4W+[d(x) — 1]d=)~1
d(y) 1) d ()4
i) 1

Y)

[1,(G) ey g dw)™]d(y)* @ d(a)™™
[

[d(y) +
d(y)™“

[ + 1]d(y)+1]

1]d(z)—1

[d(y)
[[d(w‘) - ]
d() %@

< 1

Thus, we find that the k-tree G* satisfies [[, .(G*) <[], .(G) and [[,(G") > [,(G), we are
done.
If de(v) > k + 1, reorder the subindices of {vy, vs...v5} such that vu; ¢ E(G) with
€ [1,s1], where s; < s, and by the fact that G[N(u) — {v, va...v5}] is a k-clique, we have
d(u) =k+sand d(v) > k+14s— sy, that is, d(v) > d(u) — s; + 1. Construct a new graph
G* such that V(G*) = V(G), and E(G*) = E(G) — {uv;} + {vv;}, for all i € [1,s;]. Since
G[N(u) —{v1,vo..v5s} +{u}] is a (k+1)-clique, and for any i, N(v;) € Na—{u1,vs..0.3 (0) U{u},
we deduce that G* is a k-tree. Denote Gy = G[V(G) — {u,v}]. Since d(v) > d(u) — s1 + 1,
and by the definition of [, .(G), [[,(G), Lemma 2.0.1 and Lemma 2.0.2, we have

L&) _ [ wev(ay dw)ld(v)d(u)°
[1,.(G%) [ Luwev (o) dw)<lld(v) + si]ld(u) — s1]¢

Also,
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LG [Tev G, Aw)™]d(w) " d ()"
[L(G*) [ uwev (g, dw ) @N[d(v) + s1]2@)Fs1[d(u) — s1]dw—=1
_ d(v)""d(u)"™
[d(v) + s1]d@+s1[d(u) — sp]dw)-
d(v )d(’U)

{@0) + s O
() 5
T i
< 1.

Hence, we find that the k-tree G* satisfies [[, .(G*) <[], .(G) and [[,(G*) > [],(G),

we are done. n

Lemma 2.1.8. Let G be a k-tree. If either [], .(G) attains the maximal or [],(G) attains

the minimal, then every hyper pendent edge is a k-path.

Proof. Let P= G[V(S)UV(C)] be a hyper pendent edge, where G[S] = G[{x1,x...x%}] is
a cut k-clique and V' (C) = {uy, us...u,} with p is a positive ingeter such that u; is the only
vertex of P in S1(G) and for i € [1,p — 1], u; is the vertex added following by w;;; through

the process of the definition of k-trees.

Fact 1.  For any hyper pendent edge P= G[V (S)UV (C)] as represented above, {uy, us...u,}

1s a stmplicial elimination ordering of P.

Proof. By contradiction, assume that {uy, us...u,} is not a simplicial elimination ordering of
P. Let u; be the first vertex from u; to w, such that {u;, u;11} € S; for t € [2,p —1]. Then
w1 ¢ F(G) and {ug, ugyq } can not be in some k-cliques. And by the definition of k-trees,

there must be at least two vertices that belongs to S in V(C'), a contradiction. [

By Fact 1, we know {uy, us...u,} is a simplicial elimination ordering of P. For p < 2,
P is a k-path by the definition of k-paths; For p > 3, if P is a k-path, then we are done.
Otherwise, let u, be the first vertex from w, to u; such that G[V(S) U {up, up_1...tss1, Us }]

is not a k-path. Since G[V(S) U {up, up—1...us11}] is a k-path, for each i € [s + 1,p], let
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NG—fur g1y (W) = {Wig1, Uigoeo o Umin{p,ith}s T1, T2---Tmaz{ok—p+i} - and by Definition 2
and the symmetry of G[S], we have | N (ts) NV {tss1, Uss2-- Umin{p,s+k} | = min{p—s—1,k—1},
where 1 < s <p-—1.

For p < k + s, suppose that u,; is the vertex such that u, ¢ N(us) with s + 2 <
t < p. Let No—fuiusus 1} (Us) = {Usi1, Usqo U1, Upg1...Up, T1, T Tp—pisi1}, and let
IN(Tp—pts+1) N {ur, ug...us_1}| = m for m € [0,s — 1]. By the defition of k-paths, we
have wu; ¢ E(G) for i € [1,s], and then d(uw;) = k+t — s — 1 and d(Tg_ptst1) >
k4+p—s+m—1. Now construct a new graph G* such that V(G*) = V(G), E(G*) =
E(G) — {us®r—ptst1, Wilp—pisi1} + {usts, usug} with ¢ € [0,m], then G* is a k-tree. Since
t < p, we have d(Tg—pis41) > d(u) +m—+1, and by the definition of [ [, .(G), [[(G), Lemma

2.0.1 and Lemma 2.0.2, we get

.0 d(ug)d(p—prsi1)°

Hael@) d(ue) +m 4+ 1]¢[d(xp—pyor1) —m —1]°
[ d(ut) ]c
d(ug) +m+1

[d<xk*p+8+1) —m- 1]c
d(xk*p+s+1)

< 1,

HQ(G) . d(ut)d(ut)d(mk_p+s+1)d(ﬂﬁk—p+s+1)

[L,(G*) [d(ug) +m + 1A Fm+ d (g o) —m — 1]4Ekpren)=m=1
d () %)
) & m s
[d((2r_prsi1) —m — 1]d(($k—p+s+1)*m*1

e L

> 1.
Thus, [], .(G") > [], .(G) and [[,(G") < [[,(G), a contradiction.
For p > k+s+1, let | N (ugys41) N {ur, ug...us—1 }| = m form € [0, s—1]. Since G[V (S)U
{up, up_1...us41}] is a k-path, we have G[{usi1, Usto...ussit+1}] is a (k + 1)-clique. Suppose
that u; is the vertex such that u; ¢ N(u,) with s +2 <t < s+ k, let No_{u, ug..uy_,} (Us) =

{Us 41, Usto . Up—1, Uy Usspr1}. Now we construct a new graph G* such that V(G*) =
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V(G), E(G*) = E(GQ) — {ustgisi1, Uitgrse1} + {usug, ujue} for i@ € [0,m]. Then G* is
a k-tree and d(ugiss1) = 2k +m, d(u;)) = k+t — s — 1. Since t < s+ k, we have
d(urys+1) > d(uy) +m + 1, and by the definition of [, .(G), J[,(G), Lemma 2.0.1 and

Lemma 2.0.2, we get

. _ d(uy) d(pys41)°
[1;,.(G*) [d(ut) —|—d7(n—|)- 1] [d(uk+s+1) —m — 1]C
[d(ut) +m + 1]
[d(uk+s+1) m—1
d(Ukts+1)

I

< 1,

[1(G) (1) X0 d (g g g ) Ao 1)
Hz(G*) [d(u) +m + 1]d(ut)+m+1[d(uk+s+1) —m— 1]d(uk+s+1)—m—l
d () %)
[d(ug) +m + 1]d(w)+m+1
[d((uk—i-s—i-l) —-m — 1]d(“k+s+1)*mfl

A(Uppsyr)dnsstn)

> 1.

Thus, [], (G*) > [],.(G) and [[,(G*) < [],(G), a contradiction. Hence, for any

ENS [Lp] NG-{U],UQ...US_l}(uS) = {us—l—laus+2---umin{p,k+s}axlaxQ'-'xmaz‘{O,k—p—ks}}a that iS) P is

a k-tree. ]

Lemma 2.1.9. Let G be a k-tree, if either [], .(G) attains the maximal or [[,(G) attains

the minimal, then |S;(G)| = 2.

Proof. We know that |S;(G)| > 2 for n > k + 2, and by Lemma 2.1.8, every hyper pendent
edge is a k-path for [], .(G) to attain the maximal or [],(G) to attain the minimal. If
1S1(G)| = 2, we are done; Suppose that |S1(G)| > 3, it suffices to prove that there exists a
graph G’ such that |S1(G")| = [S1(G)] — 1 with [, (G") > [, (G) and [[,(G") < [],(G).

Fact 2.  For any k-tree G satisfying the conditions of Lemma 3, if |S1(G)| > 3, then there

exists a k-clique G[S] such that w(G —S) >3
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Proof. We will proceed by induction on n = |G|. For n = k + 3, it is trivial; For n > k + 4,
assume that the fact is true for the k-tree G with n < k + p, and consider n = k + p. If
|S1(G)] > 4, choose any vertex v € S1(G), or |S1(G)| = 3 and [52(G)| > 2, choose the vertex
v € 51(G) such that N(w) NS;(G) = {v} for some w € S3(G), then construct a new graph
G’ such that G’ = G —v. Since S3(G) is an dependent set and G[N(v)] is a k-clique for any
v € S1(G), we obtain |S;(G’)| > 3. By the induction hypothesis, there exists a k-clique G[S]
in G’ such that w(G" — S) > 3. Thus, by adding back v, G[S] is still a k-clique in G and
w(G — 8) > 3, we are done. Next, we only consider |S1(G)| = 3 and |5(G)| = 1.

Let S1(G) = {v1,v9,v3} and Gy = G — {vy,v9,v3}, we have Gy is a (k + 1)-clique,
denoted by G[{z1,22...x%41}]. If there exists N(v;) = N(v;), for some 4,5 € [1,3] with
i # j, and take S = N(v;), then w(G — S) > 3, we are done; If N(v;) # N(v;), for
any i,j € [1,3] with ¢ # j, then reorder the index of x; such that N(vy) = {1, xs...x%},
N(vqy) = {x9,x3...x541} and N(vs) = {x1,z3...x%41}. Construct a new graph G* such that
V(G*) =V (Q), BE(G*) = E(G)—{vix1 }+{v1v2}, then G* is still a k-tree and dg(z1) = k+2,
dg+(r1) = k + 1, dg(v1) = dg(v2) = k and dg-(v2) = k + 1. By the definition of [, .(G),
[I,(G), Lemma 2.0.1 and Lemma 2.0.2, we have

1.6 _  dwyrd
(@] ) + i)~ 17

[1,(6) d(v2)22) (1 )A)

[1,(G*) [d(vq) + 1]4v2) 41 [d(zy) — 1]d@1)-1
k+ 2)k+2k.k
k
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Thus, we find a graph G* with [], .(G*) > [], .(G) and [],(G") < [],(G), a con-
tradiction with that [, .(G) attains the maximal or [],(G) attains the minimal, we are

done. O

Choose a k-clique G[S] with w(G — S) > 3 such that there are two components of
G — S: Cy,Cy with |Cy| = p, |Cs| = q and p + ¢ being minimal, for p > ¢. Let u; € V(C}),
vy € V(Cy) with {uy,v1} C S1(G). Let No—fu; 090513 (Vi) = {Vig1, Vit2-- Vminfrt1,g}> T1, Ta--.
Tmaz{0k—q+i}s NG—fur g1} (W5) = {Ujs1, Uit Umin{k+1p}> Y1, Y2 -Ymaw{0,k—p+i} § TOT 1 >
1,j > 1, where {vy,vs...v,} and {uy, us...u,} are simplicial elimination orderings of G[S U
V(Ch)] and G[S UV (Cy)], respectively. We will prove Lemma 2.1.9 by induction on q.

(1) If ¢ = 1, then d(v;) = k. Choose z; € N(v1), let |N(x;) N {uy, us...u,}| = m for
m € [1,k], we get d(x;) > k+ 1+ m by w(G —S) > 3, and then d(z;) > d(vy) + m + 1.
Now construct a new graph G* such that V(G*) = V(G), E(G*) = E(G) — {uwz:} + {wv1}
for i € [1,m], then G* is a k-tree and |C| + |Cy| = p with G[{z1, xe...x4—1, T4 1...2k, v1 }] IS
a k-clique in G*. Since d(z;) > d(v1) +m + 1, by the definition of [, .(G), [[(G), Lemma
2.0.1 and Lemma 2.0.2, we have

.G d(vy)°d(,)°
L@~ Td(
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Then, ], (G*) > [],.(G) and [],(G*) < I[,(G). Thus, let G' = G*, [Si(G")] =
1S1(G)] = 1, [T, (G") > 1], .(G) and [],(G") < ]],(G), and we are done.

(2) Assume that ¢ = s, there exists a k-tree G’ such that |Si(G")| = |S1(G)| — 1,
[1,.(G) > 11, .(G), T[,(G") < II,(G) and we consider ¢ = s + 1.

If ¢ <k, we have d(v,) = k+ g — 1 by the fact that G[S U V(Cy)] is a k-path.
Choose z; € N(vy), we know z; € N(v;) for all i € [1,p] by G[S UV (Cy)] is a k-path. Let
|N(z¢)N{uy, ug...up }| = mfor m € [1, k], we have d(x;) > k+q+m by w(G—S) > 3, and then
d(z¢) > d(vy) + m + 1. Now construct a new graph G* such that V(G*) = V(G), E(G*) =
E(G) — {ujz} + {wv,} for i € [1,m], then G* is a k-tree and |Cy| + |Co] = p+¢q—1
with G[{z1, z2...04_1, Tp11...Tk, v, }] 18 a k-clique in G*. Since d(x;) > d(v,) +m + 1, by the
definition of ], .(G), [[,(G), Lemma 2.0.1 and Lemma 2.0.2, we have

.G _ d(vq)cd(xt)c
H1,C(G*) [d(vq) + m]c[d(xt> . m]c
[ d('l}q) ]c
_ d(vg) +m
[d(xt) - m]c
d(z:)
< 1,
H2<G) - d(Uq)d(vq)d(xt)d(:(:t)
LG~ [d(v,) + m]iedm[d(z,) — m]deo-m
d(vq d(vq)

Then, [[, .(G) <11, .(G"), [[,(G) > [[,(G") and ¢ = s in G*, then by the induction
hypothesis, there exists a k-tree G such that [S1(G')] = [S1(G)| — 1, [[, (G") > ], .(G)
and [[,(G") < T[,(G), we are done.

If ¢ > k+1, we have N(uy) = {ug, us...upy1}, N(v1) = {vg,v3...05:1} by the facts

that p > ¢ and G[SUV(C})], G[SUV(Cy)] are k-paths. We construct a new graph G* such
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that V(G*) = V(G), E(G*) = E(G) — {viv;} + {ujv,} for i € 2,k + 1], j € [1,k]. And the
definition of ], .(G), [[,(G), Lemma 2.0.1 and Lemma 2.0.2, we obtain

[1,.(G) [T d(v) TT5-, dluy)"

[L(G) T d(v) — 1T [d(uy) + 1)

= 1,
[.(&) [T, d(w) ™) TT5, d(u,)"™)
HQ(G*) Hf;l [d(vi) — 1]d(m)—1 H?;l[d(uj) + 1]d(uj)+1
= 1

Then, [[, .(G) =11, .(G"), [[,(G) = [[,(G") and ¢ = s in G*, then by the induction
hypothesis, there exists a k-tree G such that |S1(G')] = [S1(G)] — 1, [, (G") > ], .(G)
and [[,(G") < T],(G), we are done. O

Next we turn to prove the main results of this section.

Proof of Theorem 2.1.1. For any k-tree T%, if |S;(T¥)| = n — k, then TF = S ,,_x, we are
done. And if [Sy(T}})] < n —k — 1, we can recursively use Lemma 2.1.7 to make [], (T)})
decreasing until |S)(T¥)| = n — k. Thus, we have T, = Sy, for [], (T}}) to arrive the
minimal value.

By Lemma 2.1.8, if [, (T)¥) get the maximal, then every hyper pendent edge is a
k-path, and by Lemma 2.1.9, |S;(T%)| = 2, implying that 7% = P* for HLC(Tff) to arrive

the maximal value. O

Proof of Theorem 2.1.2. For any k-tree T%, if |S1(T¥)| = n — k, then TF = S, ,we are
done. And if |S;(TF)| < n—k — 1, we can recursively use Lemma 2.1.7 to make [[,(77¥)
increasing until |S;(7F)| = n—k, then we have T = S, ,, _; for [[,(7%) to arrive the maximal
value.

By Lemma 2.1.8, if [,(7%) get the minimal, every hyper pendent edge is a k-path,
and by Lemma 2.1.9, |S;(T¥)| = 2. Then this k-tree is a k-path, that is, 7% = P¥ for [[,(T7¥)

to arrive the minimal value. O

29



2.2 CACTUS GRAPHS

In this section, we rewrite the results and give the complete proofs. Theorem 2.2.1
gives the lower bounds of the first generalized Zagreb index of cactus graphs and states the

corresponding extremal graphs.

Theorem 2.2.1 (Wang and Wei [77]). For any graph G in Ck,

31€::2(7L—2.1c)c7 Zf k= 0, 1’

[T =

le on—k=lcpe  4if | > 2

the equalities hold if and only if their degree sequences are 3,3, ...,3,2,2,...,2,1,1,...,1
—_—— —— ——

k n—2k k
and k,2,2,....,2,1,1, ..., 1, respectively.
——— ——

n—k—1 k
Theorems 2.2.2 and 2.2.3 provide the sharp upper bounds on the first generalized

multiplicative Zagreb indices of cactus graphs and characterize the extremal graphs.

Theorem 2.2.2 (Wang and Wei [77]). For any graph G in C* with n < k + 3,

K if n=k41,
[I© < (TET+ D)e(15 ] +1)° if n=k+2,
([E1+2)([5] +2)°(k = [51 = [5]+2)° if n=k+3,

the equalities hold if and only if their degree sequences are k,1,1,...,1; [%] + 1, LSJ +
——

k
L1111 and [E14+2, 5] +2,k—[5] — |£] +2,1,1, ..., 1, respectively.

k k

Theorem 2.2.3 (Wang and Wei [77]). For any graph G in C* withn >k +4 and t > 0,

16° if k=0,n=4,
[T < 269 i k=0,n=2t+5

1,c

20t ege if k=0,n = 2(t +3),
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the equalities hold if and only if their degree sequences are 2,2,2,2; 4,4,....4,2,2,...,2
—_—— ——

t+1 t+4
and 4,4, ...,4,3,3,2,2, ..., 2, respectively;
——— ——

t t+4
For k # 0, if ], .(G) attains the mazimal value, then one of the following statements holds:

For any nonpendant vertices u,v, either (i) |d(u) — d(v)| <1 or (i) d(u) € {2,3,4} and G
contains no cycles of length greater than 3, no dense paths of length greater than 1 except
for at most one of them with length 2, and no paths of length greater 0 that connects only

two cycles except for at most one of them with length 1.

Theorem 2.2.4 gives sharp lower bounds on the second multiplicative Zagreb indices

of cactus graphs and characterizes the extremal graphs.

. . . k—
Theorem 2.2.4 (Wang and Wei [77]). For any graph G in CE with v = =2

33k22(n72k) Zf k= 0’ 1’

[ =

; (2 4 [y]) @ PDB-2-191 =Rl (2 4 | [)2HDI-2K424 )R] 4 f > 2,

the equalities hold if and only if their degree sequences are 3,3, ...,3,2,2,...,2,
—_—— ——

k n—2k
L1l,...land 2+ [v],2+ [7v], .2+ [v],.2+ [v].2+ 7], - 2+ |v]), 1, 1, ..., 1, respectively.
——— ~ -~ AN < o N——
k k—2—|v](n—k) n—2k+2+|v](n—k) k

Theorem 2.2.5 states sharp upper bounds on the second multiplicative Zagreb indices

of cactus graphs and characterizes the extremal graphs.

Theorem 2.2.5 (Wang and Wei [77]). For any graph G in C¥,

(n —2)n222n=k=1) 4f pn — k = 0(mod 2),

[ <

P (n — 1)n=122=k=1 4t n — k = 1(mod 2),

the equalities hold if and only if their degree sequences are n —2,2,2,...,2,1,1,...,1
——— ——

n—k—1 k
andn —1,2,2,...,2,1,1,.... 1, respectively.
—— ——

n—k—1 k
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Before we prove the theorems, we first give some lemmas that will be used later. By

the definition of Multiplicative Zagreb index, one can obtain the following lemmas.

Lemma 2.2.6. For G € C* with k <1 and n > 3, if [1,.(G) or [[,(G) attains the minimal

value, then G is an unicyclic graph.

Proof. For k = 0 or 1, by the choice of G, one can obtain that G contains at least one
cycle. Otherwise, GG is a tree which has at least two pendant vertices. Assume that there
exists at least two cycles in G, and choose two cycles C = z125...21,Cy = y192...y7 and a
path P = z125...z, such that V(P)NV(Cy) = {z1}, V(P) NV (C2) = {%,} and P has no
common vertices with any other cycles except C,Cy. Let N(z1) N V(C}) = {z11, 212} and
N(z,) NV(Cy) = {xp,zpe}, and set G’ = (G — {z1121, T2 }) U{z112,}, then de/(z1) =
d(z1) —1,de(2p) = d(2,) — 1. By the definitions of [], .(G) and [[,(G), we have [], .(G') <
[, .(G) and [],(G") < [],(G), a contradiction to the choice of G. Thus, Lemma 2.2.6 is

ture. O

Lemma 2.2.7. Let G’ be a proper subgraph of a connected graph G. Then HLC(G’) <
[1,..(G), [1,(G") < TI,(G). In particular, for G € Cy with k > 2, if [, .(G) or [],(G) attains

the minimal value, then G is a tree.

Proof. Since G' is a proper subgraph of G, by the definitions of [], .(G) and [],(G), one
can easily obtain that [, .(G") <[], .(G) and [[,(G") < [[,(G). For k > 2, we proceed to
prove it by contradiction. For k > 2, assume that G is not a tree. Let C' be a cycle of G
and Py = ujus...u, and Py = v1v5...0, be two pendant paths such that V(P) NV(C) = {u1}
and d(v,) = 1. Let wy € N(uy) N V(Cy) and G" = (G — {wywy,v1v2}) U {vows }, then
dar(uy) = d(uy) = 1,dgn(v1) = d(vi) — 1 and G” €Cy. By the definitions of [], ,(G) and
[1,(G), we have [, .(G") <TI, (G), [[,(G") < ],(G) and Lemma 2.2.7 is true. O

Lemma 2.2.8. If [[,(G) attains the minimal value with £ > 2, then any non-pendant

vertices u, v of a connected graph G have the property: |d(u) — d(v)| < 1.
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Proof. Since k > 2, by Lemma 2.2.7, we have that G must be a tree. On the contrary, if there
are two non-pendant vertices u, v € V(G) such that d(u)—d(v) > 2, let x € N(u)— N(v) and
G = (G —{ux})U{vz}, by de(u) = d(u) — 1,de(v) = d(v) + 1,d(v) < d(u) —2 < d(u) — 1,

we deduce that

d(v)®)
IL(C) _ d(v)")d(u) ) _ e
[L(C") ~ [d(o) + [ a(u) — 00T~ (ldt 1ty =

that is, [[,(G") < [[,(G), a contradiction with the choice of G. Thus, Lemma 2.2.8 is

true. O

Lemma 2.2.9. If [[, .(G) or [[,(G) attains the maximal value, then all cycles of G have

length 3 except for at most one of them with length 4.

Proof. On the contrary, let C,, be a cycle of G with C,, = vivy...v,v1 and m > 5, G' =
(G —{v3v4})U{v1v3, 0104} Since G’ has k pendant vertices, then G’ € C*. By the definitions

of [[,.(G), I[,(G) and dgr(v1) = d(v:1) + 2, we have

H1,C(G) _ d(Ul)c
[L.(G")  ld(v1) + 2]

[L©) _ diw)"™
ML)~ ) + e <

that is, [[, .(G) <[], .(G") and [[,(G) < ][,(G), a contradiction with the choice of G. We
can proceed this process until all of the cycles have length 3 or 4.

Suppose that there exist two cycles of length 4, say C1 = x1x0x32471, Co = Y1Y2Y3Yya
in G. Since G is a cactus, then there exists a vertex z; € V(C}) (say x4) such that there
are no paths connecting x4 and y;, x4 and yo in G — {124, z324}. Otherwise, if every vertex
of V(C) is either connected with y; or with y, in G — {124, x324}, then there exist a cycle
that shares at least one common edge with C, a contradiction with the definition of cactus
graph. Let G* = (G — {z124, X324, y1ys}) U {2123, T4Y1, T4Y2, Yoys }. Since G* has k pendant
vertices, then G* € C. By the definitions of [[, .(G), [[,(G) and dg-(y2) = d(y2) + 2, we
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have

LA®) _ dw)r | IO _  dw)™

[1,.(C) ~ [dly) + 2 =~ " TI,(G) ~ [dly) + 22 =

that is, [[, .(G) <], .(G*) and [[,(G) < ][,(G"), a contradiction with the choice of G and

Lemma 4 is true. OJ

Lemma 2.2.10. If [], .(G) or [[,(G) attains the maximal value, then every dense path

has length 1 except for at most one of them with length 2.

Proof. On the contrary, let C' be a cycle and P = v1vs...v,_1v,, With p > 2 and j > 1 be a
dense path such that V(C) NV (P) = {v1} and d(v,,) = 1. If p > 4, let G' = G U {v1v,_1}.
Then G’ € G[n, k] and dg/(v1) = d(v1) + 1, der(vp—1) = d(vp—1) + 1. Thus, by the definition,
we have [, .(G') > [[,(G) and [[,(G") > [,(G), a contradiction with the choice of G. We
can proceed this process until p < 3, that is, all of the dense paths have the length as 1 or 2.

If there exist two such paths of length 2, say P, = x129235, P» = y192ys;s with
x1 € V(Cy),;1n € V(Cs) such that d(zs;) = d(ys;) = 1 and j,7° > 1, then let G* =
(G —{y192, y2y31}) U{11Y31, T1Y2, T2y }. Since G* has k pendant vertices, then G* € G[n, k].
By the definitions of []; .(G), [[,(G) and dg«(z1) = d(z1) + 1, dg+(22) = d(x2) + 1, we have
[1,.(G") > [],(G) and [[,(G*) > [],(G), a contradiction with the choice of G and Lemma

2.2.10 is true. [l

Lemma 2.2.11. If[], .(G) or [[,(G) attains the maximal value, then GG can not have both

a dense path of length 2 and a cycle of length 4.

Proof. On the contrary, let Cy be a cycle, P = y;ysys; be a dense path such that V(C7) N
V(P) = {1} and d(y3;) = 1 for i > 1, Cy be a cycle of length 4, say Cy = z1x9237421.
By the definition of the cactus, there exists z; € V(Cy) (say z2) such that there is no
paths connecting z5 and y;, x2 and y; in G — {x129, vox3}. Let G’ = (G — {129, T223}) U

{21, X2yo, X123}, then G’ has k pendent vetices, dg/(y1) = d(y1)+1 and dg/(y2) = d(y2) + 1.
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By the definitions of [[, .(G), [[,(G), we have [[, (G") > [],(G) and [[,(G") > [[,(G), a

contradiction with the choice of G and Lemma 2.2.11 is true. ]

Lemma 2.2.12. Let C be a cycle of G in C* and u,v € V(O), if min{d(u),d(v)} > 2, then
there exist a graph G’ such that [[,(G") > [[,(G).

Proof. Since min{d(u),d(v)} > 3, without loss of generality, let d(u) > d(v) > 3. Then
there exists € N(v) —V(C) — N(u). Otherwise, there will be two cycles containing at least

two common vertices. Let G' = (G — {vz}) U{uz}, we have d(u) > d(v) > d(v) — 1. Then

we have o
[LG) _ dw™@de®  [agimes]
[LG)  [d(u) + 19+ [d(v) — 1])-1 [[d(vi(;;l;i?)fl]

Thus, [[,(G") > [,(G) and Lemma 2.2.12 is true. 0

Lemma 2.2.13. If [[,(G) attains the maximal value, then any three cycles have a common

vertex.

Proof. By the definition of the cactus, any two cycles have at most one common vertex.
Now assume that there exist two disjoint cycles C, Csy contained in GG such that the path
P connecting C; and Cs is as short as possible. For convenience, let P = ujus...u,, V(P) N
V(Cy) ={w} and V(P) NV (Cy) = {u,}.

If the path P has no common edges with any other cycle(s) contained in G and
|E(P)| > 2, let the new graph G’ = G U{uju,}, then G’ € G[n, k], der(uy) = d(uy) + 1, and
der(u2) = d(uz) + 1. By the definition of [[,(G), we have [[,(G') > [[,(G). If |[E(P)| =1,
without loss of generality, let d(u;) > d(ug) and Cy = usvovs...us, we have vy & N(uy).
Otherwise, there are two cycles who have the common edge contradicted with the definition
of the cactus. Let G* = (G — {ugve}) U {ujve}, we have G* € Gn, k|, dg+(uq1) = d(uy) + 1
and dg-(ug) = d(u) — 1. Since d(uy) > d(ug) > d(uz) — 1, then

d(ug)3(1)
[LG) _ d(ur) ) d(uy) ) _ [y g .
[L,(G¥) () + 177 ) — 10T (i) Ty =

35



that is, [[,(G*) > [[,(G), a contradiction with the choice of G.

If P has some common edges with some other cycle, say C3, by the choice of C7, Cy
and the definition of cactus graph, we have {u;} = C3 N Cy and {u,} = C5N C,. Since
min{d(u),d(u,)} > 3, by Lemma 2.2.12, we can get that there exist G** such that [[,(G™*) >
[1,(G), a contradiction with the choice of G.

Thus, any two cycles of G have one common vertex. By the definition of cactus

graph, we have that any three cycles have exactly one common vertex and Lemma 2.2.13 is

true. O

Lemma 2.2.14. Let T be a tree attached to a vertex v of a cycle of G. If [[,(G) attains

the maximal value, then d(v) < 2 for any v € V(T') — {wo}.

Proof. Choose a graph G such that [[,(G) achieves the maximal value. On the contrary,
assume that u € V(T') — {w} is of degree r > 3 and closest to a pendant vertex. For
d(u,v9) > 2, let G' = G U {uwp}, we have G' € Gn, k|, der(u) = d(u) + 1 and dg/(vy) =
d(vo) + 1. By the definition of [ [,(G), we can obtain that [[,(G’) > [[,(G), a contradiction
with the choice of G. For d(u,vg) = 1, let {y1,v2, ..., yr_o} be the r — 2 neighbors of u such
that d(y;, vo) > d(u,vp), y be a neighbor of vy which belongs to a cycle Cy.

Since vouy; is a pendant path of length 2, by Lemma 2.2.11, we have that every cycle
has length 3. Let Cy = vowyyve, G" = (G — {uy1}) U{voy1 } and G” = (G — {voy}) U {uy}.
Then G",G" € G[n, k], dg:(u) = d(u) — 1,dgr(vy) = d(vy) + 1 and dgw(u) = d(u) +
1, dgm(vo) = d(vg) — 1. By the definition of [[,(G), Lemma 2.0.1 and Lemma 2.0.2, we can

obtain
d(vo)v0)
IL(G) () d vy ) 4w0) [ G o] ‘
11 Q(G//) - [d(u) — 1(]d(u—1)[d(v ) + 1]deo)+1 - [{;(z;tﬁd(ui—l < Lif d(vo) > d(u),
2 0 =i
d(u)4)
[LG) _ (1) " d () 1) _ gl
m o d(utl) — 17d(wo)—1 oo < Lifd(w) < d(u),
TL(G") ~ () + (o) — 70~ [l
v )4
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that is, [[,(G") > [[,(G) and [[,(G") > [[,(G), a contradiction with the choice of G.
Thus, Lemma 2.2.14 is true. O]

Lemma 2.2.15. If [[,(G) attains the maximal value, then all attached trees are attached

to a common vertex vy.

Proof. On the contrary, suppose that there exist two trees T}, Ty attached to different vertices
vy, v of some cycles, say C4, Cy, such that V(Cy) NV (1)) = {v1}, V(Co) NV (T3) = {vs}. By
Lemma 2.2.13, all the cycles have a common vertex vy. Without loss of generality, let vy # vy,
we have d(vg) > 3,d(v) > 3. By Lemma 2.2.12, there exists G’ such that [[,(G') > [[,(G),

a contradiction to the choice of G. Thus, Lemma 2.2.15 is true. O

Next, we turn to prove the main results. For any graph G in C* if n = 1 or 2, then
[[,.(G) = I[,(G) = 0 or 1, that is, all upper and lower bounds of Multiplicative Zagreb
indices have the same values, respectively. Thus, all of the Theorems are true. Now we may

assume that n > 3.

Proof of Theorem 2.2.1. Choose a graph G in C* such that [],.(G) achieves the minimal
value. For k < 1, by Lemma 2.2.6, GG is an unicyclic graph. If k£ = 0, then G is a cycle, that

is, the degree sequence of GG is 2,2, ...,2; If k = 1, then G has only one pendant path, that
———
is, the degree sequence of G is 3,2,2,...,2,1. Thus, Theorem 2.2.1 is true.
———

n—2
For k > 2, by the choice of G and Lemma 2.2.7, we obtain that G is a tree. If k = 2,

then G is a path, that is, the degree sequence of G is 2,2, ...,2,1,1 and Theorem 2.2.1 is true;
——

n—2
For k > 3, if there is a vertex v with d(v) > k + 1, since G is a tree, then G has more than

k pendant vertices, a contradiction to the choice of G. Thus, d(v) < k for any v € V(G).
Now let v be the vertex with maximal degree A. If A = k, then G — v is a set of paths.
Otherwise, there exists a vertex u € V(G) — {v} such that d(u) > 3 and since G is a tree,
then G contains more than k pendant vertices, a contradiction to the choice of G. Thus, the

) Y Y

degree sequence of G is k,2,2,...,2,1,1,..., 1.
—_—— ——

n—k—1 k
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If A <k, then G contains at least 2 cut vertices, say uy, us, ..., us, such that G — u;
has at least 3 components with ¢« € [1,¢] and ¢ > 2. Otherwise, since G is a tree, G
only contains A pendant vertices. Let P = wjws...ws be a path of G — {uq,us, ..., us}
such that ws € {uy,us,...,u;} — {v} and P contains only a unique pendant vertex w;. Set
G = (G —{ws_1ws}) U{ws_1v}, we have G’ € CF, de(v) = d(v)+1 and dg/(ws) = d(ws) — 1.
Thus, by A > d(ws) > d(ws) — 1, we have

AC

o (&) Ad(w,)® _ By
[1.(G) ~ A+ 1)(dlw) — 1)~ Bk =5

that is, [[, .(G) is not minimal, a contradiction with the choice of G. If the maximal degree
of G’ is still less than k, then we can continue this process until A = k, thus we can find the

desired graph with the degree sequence of k,2,2,...,2,1,1,...,1. Therefore, Theorem 2.2.1 is
—— ——

n—k—1 k
true. n

Proof of Theorem 2.2.2. Choose a graph G in C* such that [],.(G) achieves the maximal
value. Let S = {v € V(G),d(v) = 1} and G’ = G — S. If |G'| = 1, then for k = 0,
the degree sequence of G is 0 and for k£ # 0, G is a star, that is, its degree sequence is

k,1,1,...,1. If |G'| = 2 and for k = 0, there is no such simple connected graph; For k # 0, by
——

k
7 Arithmetic-Mean and Geometric-Mean inequality: x12s...x, < (BF2EE0N the equality

A

holds if and only if xt1 = x5 = ... = z,,”, one can obtain that the degree sequence of G is

A1+ 1, (5] +1,1,..,1. If |G'| =3 and k = 0, by Lemma 2.2.7, we can obtain that G
——
k
is a cycle of length 3, that is, its degree sequence is 2,2,2. For k # 0, it is similar to the
above proof, that is, the degree sequence of G is [£] +2, |5] + 2,k — [£] — [£] +2,1,..., 1.
——

k
Therefore, Theorem 2.2.2 is true. O

Proof of Theorem 2.2.3. Choose a graph G in C* such that [],.(G) achieves the maximal
value. By Lemma 2.2.7 and n—k > 4, GG contains some cycles. For n—k = 4, G— S contains

only one cycle Cy, where S = {v € V(G),d(v) = 1}. If kK = 0, by the choice of G, one can
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obtain that G is a cycle, that is, its degree sequence is 2,2,2,2. If £ # 0 and |Cy| = 4, by
adding any deleted vertex back to G — S, one can get a new graph Go; with degree sequence
3,2,2,2,1; If k # 0 and |Cy| = 3, by adding back any deleted vertex to G — S such that it
is adjacent to the pendant vertex in G — S, one can obtain a new graph Gy,. Since G¢; and
Gy, have the same degree sequences, by Arithmetic-Mean and Geometric-Mean inequality,
we can continue to add any deleted vertex back to Gy or Gf, such that it is adjacent to the
nonpendant vertex of smallest degree in Gg; or Gf,. After adding back all of the deleted
vertices, we can obtain the graph of maximal Hlﬁc—value and Theorem 2.2.3 is true. Thus
we will consider the case when n — k > 5 below. By the choice of G and Lemma 2.2.9, G
contains at least two cycles.

Claim 1. The longest path connecting only two cycles has length at most 1.

Proof. On the contrary, let C;, Cy be two cycles and P, = z1%5...x, be a path such that
V)NV (P) ={x}, V(Cr)NV(P) ={z,}. If p> 3, set ' = GU{x12,}, then de/(z1) =
d(z1)+1 and der(z) = d(22) + 1. By the definition of [, ,(G), we have [], .(G") > [T, .(G),
a contradiction to the choice of G. Thus, p < 2 and Claim 1 is true. |

We first deal with the case when k& = 0.

Claim 2. Any three cycles have no common vertex if k = 0.

Proof. On the contrary, let C}, Cy, Cs be the cycles of G such that N2_,V(C;) = {v}, and
N(vo) NV (C;) = {vir,vin} for i € [1,3]. Choose v of degree 2 such that v is in an end block
Cy of G and N(v) NV (Cy) = {vi,v2}. Set G" = (G — {va1v0, v2200}) U {v21v, v99v}, then
der(vg) = d(vg) — 2 and dgr (v) = d(v) + 2. Since d(vg) —2 > 4 > d(v), By the definitions of
[1, .(G), we have

d(v)°

[LG) _  dw)dwy el _
TL.(G")  [d) — 2 ld(e) + 2 lmrzr] <1
that is, [, .(G") > [[,(G), a contradiction to the choice of G. O

Claim 3. Fvery vertex of G has the degree 2, 3 or 4 if k = 0.
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Proof. We will prove it by the contradiction. If there is a vertex w; with d(w;) > 5, by Claim
2, we can assume that there are two cycles Cy, Cy and a path P, such that V(Cy) NV (Cy)N
V(P2) = {w}, since k = 0 and G is a cactus, there exists a vertex wy of an end block such
that d(wy) = 2, that is, d(wg) < d(wy) — 2. Without loss of generality, assume that wy is
closer to Cy, let N(wq) NV (Cy) = {wq, w3} and G"” = (G — {wyws, wiws}) U {wows, wows },

by the definition of [[, (&), we have

[1.G) _ dw)dw) _ lawhs]
TLo(G) ~ lwn) — 2(dwo) + 2 [z =

that is, [], .(G") > [], .(G), a contradiction to the choice of G. Thus, Claim 3 is true. O
Claim 4. There do not exist two paths of length 1 such that every path connects with only
two cycles if k= 0.

Proof. On the contrary, assume that there are two such paths Ps = z129, Ps = y1y2 with
21 € Cg, 29 € C7, 41 € Cg,y2 € Cy such that N(y;) NV(Cs) = {y11,y12} and d(z1) = d(z2) =
d(y1) = d(y2) = 3. Let G* = (G — {v1y2, yiva1, Ytz }) U {Y2v11, Y212, 2191, 2241} Since
dg+(21) = dg+(22) = dg+(y2) = 4,dg+(y1) = 2. By the definition of [, .(G), we have

Hl,c(G) d(21)cd(22) d(yl)cd(yQ)c B 3c3c3e3e

[1.(G") ~ [d(z2) + 1Fld(z2) + 1ld(y) — 1Tdga) + 1 aedeaede =

Y

that is, [], .(G*) > [, .(G), a contradiction to the choice of G and Claim 4 is true. O

Claim 5 G can not have both a cycle of length 4 and a path of length 1 connecting only

with two cycles if k = 0.

Proof. On the contrary, let Cyo, Ci1, Ci2 be the cycles and P = wywy be a path such that
V(Co) NV (P) = {wi}, V(C11) NV(P) = {wy}. If |Cyg] = |C11| = 3 and |Cy3| = 4, then
there exists a vertex ws € V(Cpa) such that d(ws) = 3 or 4. Let C12 = wszoxszrsws and
G** = (G — {wwe, x2w3}) U {wows, woxe, wszs}, then dg«(wy) = d(wy) — 1 = 2, dg=-(wy) =

dwy) + 1 = 4,dg(w3) = d(ws) +2 = 5 or 6 and G** has no pendent vetices. By the
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definitions of [], .(G), we have

Hl,c(G) d(wq)d(ws)d(ws)° | 30393¢ 3934¢

[1,.(C™) ~ [(wn) — ld(wn) + Led(wa) + 2 2475 2edee ~

that is, [, .(G**) > [], .(G), a contradiction with the choice of G.

If |Cho| = |wywiawizwigw | = 4 and |Chq| = |wawgawazwsy| = 3, then d(w,) = d(wy) =
3, d(wyy) = 2 or 4. Let G** = (G — {wywi2}) U {wiowis, wow}, we have G*** €Ck,
dges(wy) = d(wy) — 1, dgee (w14) = d(w14) + 2, dgess (w2) = d(wy) + 1. By the definitions of
[1, .(G), we have

IL.(G) d(wy)cd(wyg)°d(ws)° | 30203° 3e4e3
LG~ [d(wy) — e[d(wna) + 2Jd(ws) + 1J¢  2e4ede ™ 2eGede

that is, [], .(G™) > [], .(G), a contradiction with the choice of G and Claim 5 is true. [J

Thus, for £ = 0 and n = 5, by the choice of G and Lemma 2.2.9, there exist two cycles
of length 3, that is, its degree sequence is 4,2, 2,2, 2; For n = 6, G can be GG; or GG, such that
G, contains two cycles of length 3 or G5 contains one cycle of length 3 and one cycle of length
4, that is, the degree sequences are 3, 3, 2,2,2,2 and 4, 2, 2, 2,2, 2. Since H1,C(GZ) > HLC(GS),
then [[, .(G)) attains the maximal value; Similarly, for n > 7, if n = 2t + 5 with ¢ > 1,

then G* contains only the cycles of length 3 and its degree sequence is 4,4, ..,4,2,2,..,2; If
—— ——

t+1 t+4
n = 2(t+3), then G* contains some cycles of length 3 and one path of length 1 that connects

only two cycles, that is, its degree sequence is 4,4, ..,4,3,3,2,2,..,2.
———— ———

t t-+4
Now we consider the case when k # 0 and define the following algorithm, say Pro :

Step 1. Build Gg;, by deleting all the dense paths such that G, satisfies the case of k = 0,
that is, Gy, is either G* or G Step 2. Build Gr, by adding a deleted path to Gr._, such
that it is adjacent to a non-pendant vertex of smallest degree in Gr,_,, ¢ > 1; Step 3. Stop,

if there is no remaining deleted paths; Go to Step 2, if otherwise.
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By the choice of G and Lemma 2.2.10, all of the dense paths of G have length 1
except for at most one of them with length 2. If all of the dense paths of G have length 1, by
Arithmetic-Mean and Geometric-Mean inequality, we can directly use Pro to get a new graph
G of maximal Hl’c—value. Thus, for k < 4+t, G contains no cycles of length greater than
3, no dense paths of length greater than 1, no paths of length greater 0 that connects only two
cycles except for at most one of them with length 1 and de,.(w,) € {2, 3,4}, where w, is any
nonpendant vertex of Gp; For k > 4 + ¢, we have |dg,.(wp) — dg,(w.)| < 1, where wy, w, are
any nonpendant vertices of Gr, that is, the statement (i) or (i¢) is true. If there is one of the
dense paths of G’ with length 2, then set Py = ujupusi, Po = ujugus, ..., Pr_1 = ujugus—1)
with d(us;) = 1,7 € [1,7 — 1]. By Arithmetic-Mean and Geometric-Mean inequality, we can
use Pro to get a new graph G such that [], .(Gr) > [], (G).

By the proof of the case for k£ = 0, if G contains a path Pr = wpiwpo connecting
only two cycles, say Cr1, Cro, such that V(Cpr )NV (Pr) = {wr }, V(Cre) NV (Pr) = {wra},
then set Gi = (Gr — {wou;,i € [1,r — 1]}) U {usiwyr, usiwre, usiu;, i € [2,7 — 1]} Since
Gy € CF dg, (wry) = d(wpy) + 1,dg, (wr2) = d(wps) + 1,d(us) = 7,dg, (uz) = 1,d(uz) = 1
and dg, (uz1) = r, by the definition of [], .(G), we have

[1,.(G) d(wr)°d(wrs)°d(ugy)d(us)

[1.(Gy)  [dwr) + ld(wr) + ed(us)ods(as)

that is, [[, .(G1) > [1, .(G), a contradiction to the choice of G.

If G contains no such path Pr and |d(us) — d(vr)| < 1 for any nonpendant vertices
vy, v of G, when |d(vr) —d(vh)| < 1, then the statement (7) is true; When there exist vg, v/,
such that |d(vr) — d(v})| > 1, by the construction of Gr, we have d(vr),d(v}) € {2,3,4}
and GG contains no dense paths of length greater than 1 except for at most one of them
with length 2, that is, the statement (ii) is true. Otherwise, if there exists a vertex vp
such that |d(ug) — d(vr)| > 1, then without loss of generality, choose Crs and Cry such
that V(Cr3) N V(Crs) = {vr} and let N(vr) = {vy,i > 4} such that v., v € V(Crs),
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Ve3, Vea € V(Crs). When d(vr) — d(ug) > 1, set Go = (G — {vpver, Urvee, ugus;, i > 1}) U
{u310e1, Ug1Ve2, U1 VT, Uzt Uz, 1 > 2}, then dg,(ug) = 1,dg,(us1) = d(uz) + 1 and dg, (vr) =
d(vr)—1. When d(us)—d(vr) > 1, that is, d(ug) > 3, set Gz = (G — {vrve, Vv, ugizi, i >
1) U{usiver, usives, Uz v, UsgUr, Ussvr, Usi g, © > 4}, then dg,(ug) = 1,dg, (usz1) = d(ug) —1
and dg,(vr) = d(vr) + 1. Since Go,G3 € Ck, by the definition of [[,.(G) and Fact 1, we

have

Hl,c(G) o d(u?,l)cd(ug)cd(vir)c <1 Hl,c(G) _ d(u31)cd(u2)cd(UT)c <1
[1,.(Ga)  [d(uz) + 1]1¢[da(vr) — 1]° " [[, (G3)  [d(uz) — 1]e1¢[d(vr) +1]¢

that is, [, .(G2) > [1, .(G), [1,..(G3) > [],.(G), a contradition to the choice of G. There-

fore, Theorem 2.2.3 is true. O]

Proof of Theorem 2.2.4. Choose a graph G in CF such that [],(G) achieves the minimal
value. By Lemma 2.2.6, G is an unicyclic graph for £ < 1. If £ = 0, then G is a cycle, that

is, its degree sequence is 2,2,...,2; If k = 1, then G has only one pendant path, that is, its
——

degree sequence is 3,2,2,...,2, 1.
——

n—2
For k > 2, by Lemma 2.2.7, we only need to consider G as a tree. Since Zvev(a) d(v) =
2(n — 1), then the average degree of GG except the pendant vertices is W =

2(n—1)—k
n—k

=24 % = 2+ . By Lemma 2.2.8, if all of nonpendant vertices have degree
2+ [v] or 2+ [v], then [[,(G) attains the minimal value. Set the number of the vertices
with degree 2 4+ |v] to be y;, the number of the vertices with degree 2 4+ [v] to be s,
we have y1 +yo+k =nand 2+ 7))y + Q+ [YDye + &k = 2(n—1). If |v] = [7],
then Theorem 2.2.4 is true; If [y] — [y] = 1, by solving the above equations, we have
y1 =n—2k+2+ [v](n —k),yo = k—2 — |v](n — k), that is, its degree sequence is
2+ 1,2+ [v],-2+ Hl, 2+ [v],2+ 7], 2+ [7],1,1,..., 1. Therefore, Theorem 2.2.4

k—2— fﬂ (n—k) n—2k+2:r,L7J (n—k) k
is true. N
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Proof of Theorem 2.2.5. Choose G in C% such that [[,(G) achieves the maximal value. By
Lemma 2.2.9, the lengths of all cycles in G are 3 except for at most one of them with
length 4; By Lemmas 2.2.10 and 2.2.14, every pendant path has length of 1 except for at
most one of them with length 2. By Lemma 2.2.11, G can not have both a dense path
of length 2 and a cycle of length 4; By Lemma 2.2.13, any three cycles have a common
vertex vp; By Lemma 2.2.15, any tree attachs to the same vertex u. Now we show that
u = vg. Otherwise, if u # wvg and d(vg) > d(u), let C* be the cycle that contains u and
G = (G —A{uyly € N(u) = V(C")}) U{voy[N(u) = V(C*)} with [N(u) = V(C*)| = 1, by

der(u) = d(u) — t1,dg (v) = d(vg) + t1, we have

d(vp)%(vo)

[1.(G) o d(vo)d(vo)d(u)d(u)  [d(wo) 1t T+ _
TL(G)  [d(vo) + ta]d@)+t[d(u) — ty]d@ 4 — % ’

that is, [[,(G') > [[,(G), a contradiction with the choice of G; If d(u) > d(vg), let G” =
(G — {wvyly € N(vg) —V(C*)}) U{uyly € N(vg) — V(C*)} with |[N(u) — V(C*)| = ta, by

dgr(vo) = d(vo) — t2, dgr(u) = d(u) + t2, we have

d(u)d<u)

[L(C) _ ()" ()" _ s
[L(G") ~ [du) + 2] 70 d () — o]0~ lwtafito =
d(wo)*0

that is, [[,(G") > [],(G), a contradiction with the choice of G. Therefore, we can obtain
the construction of G as follows: If n — &k = 0(mod 2), then the degree sequence of G

isn—222..,211,..,1;,if n — k = 1(mod 2), then the degree sequence of G is n —
—— N —’

n—k—1 k
1,2,2,...,2,1,1,...,1. Thus, Theorem 2.2.5 is true. 0
k—1 k
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3  PADMAKAR-IVAN(PI) INDEX

In this chapter, we provide the extremal k-trees and cactus graphs regarding to an

interesting topological index (Padmakar—Ivan index).

3.1 K-TREES

In this section, we will answer the question that whether or not a k-star or a k-path
attains the maximal or minimal bound for PI-indices of k-trees. The related results are listed

again: Theorems 3.1.1 and 3.1.2 give the exact Pl-values of k-stars, k-paths and k-spirals.

Theorem 3.1.1 (Wang and Wei, [78]). For any k-star S* and k-path P* with n = kp + s

vertices, where p > 0 is an integer and s € [2,k + 1],

(D) PI(Sy) = k(n —k)(n -k —1),

. kY k(k+1)(p—1)(3kp+6s—2k—4) | (s—1)s(3k—s+2)
() PI(Fy) = == + 3 :

Theorem 3.1.2 (Wang and Wei, [78]). For any k-spiral Tff*; with n > k wvertices, where

cell,k—1],

- (n—k)(n—k—31)(4k—n+2) if ek 2k—d,
( n,c) - 3c(n—2k+c—1)(n—2k+c)+(k—c)(2§2+3nc—4kc+3kn—4k2_6k+3n—2) Zf n>%—c+1.

Theorem 3.1.3 proves that k-stars achieve the maximal values of PI-values for k-trees.

Theorem 3.1.3 (Wang and Wei, [78]). For any k-tree T® withn > k > 1, PI(T*) < PI(S%).
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Theorem 3.1.4 shows that k-paths do not attain the minimal values and certain PI-

values of k-spirals are less than that of the Pl-values of k-paths.

Theorem 3.1.4 (Wang and Wei, [78]). For any k-spiral T** with n > k > 1, then

n,c

(i) PI(P)) > PI(Ty%) if c €[5,

(i) PI(PY) < PITE) if ce M4k 1]

In order to consider the PI-value of any k-tree G, let G' = G U {u} be a k-tree
obtained by adding a new vertex u to G. For any vy, v, € V(G), let d(vy,v2) be the distance
between v; and ve in G, d'(v1,v2) be the distance between v and v, in G'. Now we define a

function that measures the difference of PI-values of any edge relating a vertex from G to

G’ as follows: f: {w e V(G'),zy € E(G)} to {1,0} as follows:

0 if w=wandd(z,w)=dy,w),
flw,zy) =19 0 if weV(G)and d(z,w) —d(z,w) = d(y,w) — d(y,w),

1 if otherwise.

Using the construction of k-trees, we can derive the following lemmas.

Lemma 3.1.5. Let zy be any edge of a k-tree G with at least n > k + 1 vertices, then
Pl(zy) <n—Fk—1.

Proof. Since every vertex of any k-tree G with at least k+ 1 vertices must be in some (k+1)-
cliques, that is, |[N(z) " N(y)| > k — 1 for any zy € E(G), then PI(zy) <n—(k—1)—2=

n—k—1. O

Lemma 3.1.6. Let zy be any edge of a k-tree G with n vertices and G' = G U {u} be

a k-tree obtained by adding u to G, then f(w,zy) < 1. Furthermore, if w € V(G) , then

f(w, zy) = 0.
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Proof. By adding u to G, since GG’ is a k-tree, we can get that the distance of any pair of
vertices of G will increase at most 1, then f(w,zy) < 1. If w € V(G), then there exists a

shortest path P,,, or P, such that u ¢ V(P,,) or V(P,,), that is, f(w,zy) = 0. O

Lemma 3.1.7. For any k-path G with n vertices, where n > k + 2, let S;(G) = {v1,v,}
and {v1, v, ...,v,} be the simplicial elimination ordering of G. Then d(v;,v;) = [L*], for

i < jandi,j € [l,n]. Furthermore, if n = kp + s with p > 1, s € [2,k + 1], then

p+1 if ve{v,vg, ... 051},
d(U, Ukp+8> =
p—i if V€ {Ukits Vkitstts s Uk(is1)s—1},% € [0,p — 1].
Proof. If j —i < k, then v;,v; must be in the same (k + 1)-clique of G, and we have
d(vi,v;) = 1; If j —i > k+1, then P,,, = Vilip kUi oke-Vyy (| d= | 1) Vin| L V) is one of the

shortest paths between v; and v;. Thus, d(v;,v,) = P%’] and Lemma 3.1.7 is true. [
Lemma 3.1.8. For any k-spiral T,’fj; with n vertices and v;,v; € V(Tfj;) for i < 7,

1if j—i<k—ci,jel,n—d,
d(vi,v;) = 1 if dorjen—c+1,n],

2 if j—i>k—c+1,i,j€[l,n—cl.

Proof. If j —i < k — ¢ with 7,5 € [1,n — ¢|, by Definition 4, we can get that v;, v; must be
in the same (k + 1)-clique of G and d(v;,v;) = 1; If i or j € [n — ¢ + 1,n], without loss of
generality, say v; such that i € [n — ¢+ 1,n], then N[v;] = V(T)}%), that is, d(v;,v;) = 1;
If j—i>k—c+1withi,je[l,n—d, then v; ¢ N(v;) and P, = v;v,v; is one of the

shortest paths between v; and v;, that is, d(v;,v;) = 2. Thus, Lemma 3.1.8 is true. O

We next give the proofs of the main results using induction. For any k-tree TF, if
n =kork+1, then T¥ is a k or (k+1)-clique, that is, PI(T¥) = 0. Thus, all of the theorems

are true and we will only consider the case when n > k + 2 below.
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Proof of Theorem 2.1.1. For (i), let V(S*) = {u1,us, ..., un}, G[{us,...,ux}] be a k-clique
and N(u,) = {uy,ug,...,ux} for ly > k+ 1. Just by the definition of k-stars, we can get
that for 4,5 € [1, k], N[u;] = N[u;] = V(SF), then PI(uju;) = Ny, (W) 4 N, (u;) = 0; For
i €[1,k] and ly € [k + 1,n], |N[u;] — N[u]| =n —k — 1, then PI(u;u;) =n — k — 1. Thus,
we can get PI(SF) = > igen PLwivg) + 3 icn muoeertn DI (wiwg) = k(n — k)(n — k —1).

For (ii), we will proceed by induction on |P¥| = n > k+2. If n = k + 2, let
{v1,vg, ..., vk42} be the simplicial elimination ordering of P,f+2. By Lemma 3.1.7, we can get
that PI(viv;) = 1, PI(vivy) = 0 and PI(vjvp40) = 1 for 4,7' € [2,k + 1]. Thus, PI(P},,) =
Zf;l PI(vv;) + Zf:; PI(vivgy2) = 2k. Assume that Theorem 3.1.1 is true for a k-path
with at most kp + s — 1 vertices, where p > 1,2 < s < k + 1. Let P* be a k-path such that
|PF| = kp+s, V(PF) = {v1,va, ..., Vkprs } and {1, va, ..., Upprs } be the simplicial elimination
ordering of P¥. Set P¥ | = P*¥—{w;,. s}, then {vy, v, ..., k151 } is the simplicial elimination
ordering of P¥ | and for any edge v;v; € E(P¥), d(v;,v;) or d'(v;,v;) is the distance of v;

. k. k. .
and v; in P}, or P;, respectively.

k(k+1) (p—1) (3kp+65—2k—4 s—1)s(3k—s+2 k(k+1)(p—1) (3kp+65—2k—10
Leta:[(+)(p )(6p+ )+( )(3 +)]_[(+)(p )(6p+ )
+ (872)(572(%7%3)] = pk? + pk — k% — 3k + 2ks — s> + 3s — 2. If we can show that by adding
Vkprs to P¥_ | PI(P%) = PI(P* ) + a, then Theorem 3.1.1 is true.
Set w = Vkp+s» Al - {U1U57 V1VUs+1y -+ Ulvk-i-l}a AZ - {UQ'US) ceey UZUk-i-Z}a ceey As—l ==

{Vs_1Vs, oy Vs 10k s—1} and By = {vjvg, 0103, ..., 01051}, By = {vgvs, ..., 09051}, ..., Bs_o =
{vs—2vs_1}, Bs—1 = ¢. By the definition of k-paths and Lemma 3.1.7, we have d'(v1, vgpis) =
p+ 1, d(vs, Vgpts) = p and d'(vy, Vgpts) = p+ 1, d (v, Vppss) = p+ 1, that is, d'(v1, Vgprs) #
d'(vs, Vgpts) and d' (v1, Vgpts) = d'(v2, Vgpys). Thus, f(w,v1v5) =1 and f(w,v1v2) = 0. Simi-
larly, for any edge vy, v, € UZl A; with hy < hy, we have d'(Uny, Vkps) 7 d' (Vng, Vkpts), that

. 1 .
is, f(w,vp,vp,) = 1; For vy, v, € UiZ) B; with hy < ha, we have d'(vp,, Vkp+s) = d (Vg Vkpts),
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that is, f(w,vp,vp,) = 0. Thus, we can get that

: s—1
Fonen ) = 1 it xy e U; A,
0 if zy e U|B;.

For t € [0,p — 2], set Apyrs = {Ukt+svk(t+1)+s}7 Aptgst1 = {Ukt+s+1vk(t+1)+s;
Ukt+s+1vk(t+1)+s+1}, ---,Ak(t+1)+s—1 = {Uk(t+1)+s—1vk(t+1)+s,Uk(t+1)+s—1vk(t+1)+s+1, e
Vk(t-41) 45— 1Vk(t42)+5—1 > A0A Bipys = { Ukt sVkttst1s - VktsUh(t41)45—1» Bhtdst1 =
{Ukt+s+lvkt+s+27 o Ukt+s+1’0k(t+1)+s—1}, e Bk(t+1)+s—2 = {Uk(t+1)+s—2vk(t+1)+s—1}7 Bk(t+1)+s—1 =
¢. For t = 0 and by Lemma 3.1.7, we have d'(vs, Ugpts) = D, d'(Vkss, Vkpts) = p — 1 and
d (Vs, Vipys) = D, d' (Vst1, Ukpts) = D, that is, d'(vs, Ukpts) # d (Vkts, Vkprs) and d' (vs, Ugpts) =

d'(Vst1, Ukpts). Thus, f(w,vsvpss) = 1 and f(w, vsv541) = 0. Similarly, for any edge vy, vp, €

k(t+1)4s—1

Ui:kt+s

A; with hy < hg, we have d'(vn,, Vkprs) 7 d'(Vny, Vkpts), that is, f(w,vp,vp,) = 1;
For vp,vp, € USSP IR, with hy < hy, we have d'(vp,, Ukprs) = d'(Uny, Ukprs), that is,

f(w,vp,vp,) = 0. Thus, we can get that

: k(t+1)+s—1
1 if 2y e Uii,;;ﬁs A;,

f(/l]kp+57 xy) =
0 if zyeUfVlp,

Next we only consider the edges in the (k + 1)-clique P¥[N[vjyys]]. For any edge
Up, Uy, With hy, he € [k(p—1) +s,kp+ s — 1], we have d' (vp,, Vkpts) = d'(Uny, Ugpss) = 1, that
is, f(w,vp,vp,) = 0. For any edge vpvgp+s with b € [k(p—1)+s, kp], by Lemma 3.1.7, we can
obtain that d'(vy, vs) = p, d (v1, Vkpss) =0+ 1, d'(vp—k, vn) = 1, d (Vp—k, Vkpts) = 2 and when
h# k(p—1)+s, d (Vkp-1)+s, Vn) = 1, d' (Vgp—1)+s> Vkp+s) = 1, that is, d'(vy, vp) # d'(v1, Vkpys),
d' (Vn—t, vn) 7# d' (Vp—p, Vipts) and d' (Vg(p—1)+s: Vn) = d' (Vk(p—1)+s, Vkp+s). Similarly, we get that

fOI‘j € [17]7_ 1]aj/ S [17p] and ! 7é h7

d'(vi,vp) # d'(vi, vepes) i L€ [Ls =1 Uk —jk k(p—j) +s—1],

d'(v,vp) = d (v, vppss) i Leklp—7)+s,h—jk+k—1U[h+1kp+s—1].
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Thus, if vy = Vkp—1)4s, then d' (v, Vgp-1)+s) # &' (v, Vgpys) With 1 € [1,5 — 1] U {U?;} [k(p —
)+s—jk,(p—gk+s—1} = [1,(p— 1k + s — 1] and d'(v;, Vep-1)4s) = d' (01, Vkpts)
with I € [(p — 1)k + s + 1, kp + s], that is, PI(Vkp—1)4sUkpts) = (p — 1)k + s — 1; Similarly,
we can obtain that PI(vkp—1)4s+1Vkpts) = 0 — 1)(k — 1) + 5 — 1; PI(Ug(p—1)4s42Vkpts) =
(p—1)(k—=2)+s—1;..; PI(VgpVspss) = (p— 1)s + s — 1.

For any edge vpvgpys with h € [kp + 1, kp + s — 1], by Lemma 3.1.7, we can obtain
that d'(vh—r,vn) = 1, d' (Vh—k; Vkpys) = 2 and d' (Vgp—1)4s:0n) = 1, &' (Vk(p—1)+s> Vkpts) = 1,
that is, d'(Vph—, vn) 7 d'(Vh—ks Vkpts) a0d d' (Vk(p—1)+s: Vn) = d'(Vk(p—1)+s: Vkpts). Similarly, we

get that for j” € [1,p] and [ # h,

2o 00) # Ao vipes) i 1€ [h— 7k k(p— %) +5 — 1],
d' (v, o) = d' (v, vpys) i Le[klp—3")+s,h—j"k+k—1U[h+1kp+s—1].

Thus, if vy, = vgpi1, then d(vy, Vipr1) # d'(vg, Vgpys) for 1 € U?,:l[/{p +1—7"kk(p—7") +
s — 1] and d'(vy, Vipy1) = d'(vi, Vkpys) with [ € {U5,_ [k(p — j") + s, k(p+1 = 5")]} U [h +
L kp 4+ s — 1], that is, PI(vgpt1Vkpss) = (s — 1)p; Similarly, we have PI(vgpi1Vkpis) =
(s = 2)p; .. PI(Okprs—20kp+s) = 23 PI(Vkprs—10kp+s) = D-

Set w € V(PF.)), if zy € E(PF) with x or y # vkprs, by Lemma 3.1.6, we have

f(w,zy) = 0. Thus,

PI(P*) — PI(P* ) = ZzygUfﬁf”“”(&U&) f(w, zy) + PI(Vk(p—1)+5Vkp+s)
+PI(Vk(p—1)+5+1Vkpts) T+ - T PL(Vppys—1Vkpss)
= [(k+2—5)+(k4+3—8)+..+k+10+2+...+k(p-1)
tE(p-1D+s=1+[k-Dp-1)+s-1+[k-2)p—-1)+s
1)+ +[slp—D+s=1+[(s=1p+(s=2)p+ ...+ 2p+p]
= pk® 4+ pk — k% — 3k +2ks — s 4+ 35 — 2

= Q.
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Thus, PI(PF) = ’“(’“+1)(P*1)(?ékp+6s’2k’4) + (871)5(?%”2), for |P¥| = kp+s and Theorem

3.1.1 is true. [

Proof of Theorem 3.1.2. We will proceed by induction on n > k4 2. If n = k + 2, by the

definition of the spiral, we have T** is also a k-path, that is, PI(T,’Z*;) =2k. If n>k+3,

,C

assume that Theorem 3.1.2 is true for the k-spiral with at most n — 1 vertices, we will

consider T with n vertices. Let 7% be a k-spiral with V(T}%) = V(T

n,c ,C n—1,c

) U {v} and

E(Tﬁf’g) = E(T*, ) U{vv,_ 1,00, o, ...,00, 1} such that vi, vy, ...,v,_._1 is the simplicial

n—1,c

ordering of P*~¢ | where T/,

= P"°  + K, with V(T,’fﬁlﬁ) = {vy,v9,...,u5_1} and

E(Tk, ) = E(PY= ) UE(K.) U {viv, 020, ..., Uy—e1vy} for L € [n—¢,n— 1]. For any edge
v € B(TY:), d(vi, v;) or d'(v;,v;) is the distance of v; and v; in T)*, , or T))%, respectively.

For k+2 < n < 2k — c, let v = (n—k)(n—k—31)(4k—n+2) . (n—k—l)(n—l;—Q)(4k—n+3) _

(n—k—1)(3k—n+2). If we can show that by adding v to T

n—1,c’

PI(TE) = PI(TE, )47,
then Theorem 3.1.2 is true.

Set w = v and let [ € [n — ¢,n — 1], by Lemma 3.1.8, we have d'(v;,v) = 1 and
d'(vi,v) = 2 for i € [I,n — k — 1], that is, f(w,vv;) = 1; d(v,v) = d'(v;,v) = 1
for i € [n — k,n — 1], that is, f(w,vv;) = 0. Set Cy = {v1v9, 103, ..., V1Vp_-1},Co =
{U2U3, VU4, .- U2Un—k—1}7 s Cpgpa = {Un—k—2vn—k—1}, Cpt—1 =0, D1 = {Ulvn—kyvlvn—k+17
ey U1kac+1}, Dy = {UQUnfk702vn7k+l> e 'UQkachZ}a iy Dy = {Unfkflvnfka Un—k—1Un—k+1,
ey Un—k—1Un—c—1}. By Lemma 3.1.8, we have d'(vy,v) = d'(vq,v) = 2 and d'(v,—g,v) = 1,
that is, f(w,v1ve) = 0 and f(w,v1v,_x) = 1. Similarly, for v, v, € U?;lkflCi with hy < ho,
we have d'(vn,,v) = d'(vny,v) = 2, that is, f(w,vpvp,) = 0; For vy,vs, € UMD,
with hy < hg, we have d'(vp,,v) = 2 and d'(vp,,v) = 1, that is, f(w,vpvp,) = 1. Set
Crni = {Unfkvnkarl,’Unkankarz, ---,’Unfkvnfcq}, Cr—iy1 = {’Unfk+1/0n7k+27Unfk+lvnfk+3a “eey
Un—kt1Un—c—1}5 -y Cn—e—2 = {Un—c—2Un_c_1}. By Lemma 3.1.8, we have d'(v,_,v) =
d'(Vn_p_1,v) = 1, that is, f(w,vn_gVn_g_1) = 0. Similarly, for vy,v,, € U'-°"2C; with

i=n—k

hy < hs, we have d'(vp,,v) = d'(vp,,v) = 1, that is, f(w, vy, vs,) = 0.
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Set Fy = {vv;,i € [n—k,n—c—1]}, by Lemma 3.1.8, we have d'(v;, v) = 2, d'(v;, vp_) =
1 for i € [1,n — k — 1] and d'(vj,v) = d'(vj,v,—) = 1 for i € [n — k + 1,n]. Thus,
PI(v,_yv) = n — k — 1. Similarly, PI(v,_x11v) = PI(vy_gi2v) = ... = PI(Vp_cr1v) =
n—Fk—1. Also, by Lemma 3.1.8, we have d'(v;,v) = 2, d (v;, Vg_c12) = 1 for i € [2,n—k—1],
d'(v1,v) = d'(v1,V5—cq2) = 2 and d'(vj,v) = d(vj,Vk—cy2) = 1 for j € [n — k,n]. Thus,
PI(vg_¢yov) = n — k — 2. Similarly, we have PI(vg_cy3v) = n — k — 3, PI(Vg_c14v) =
n—k—4, .., PI(v,_c—1v) = 1. Set Ey = {vv;,l € [n—c,n—1]}, since N[y]—N[v]| =n—k—1,
then PI(vy)) =n —k—1. Set E3 = {vu,1 € [I,n—c—1],l € [n — ¢,n — 1]}, by Lemma 4,
we have d'(v;,v) =2fori € [I,n—k—1], d(v;,v) =1fori € n—k,n—c—1], d(v,v) =1
for I € [n —c¢,n—1]. Thus, f(w,vv;) =1 for i € [I,n —k — 1] and f(w,v;v;) = 0 for
i€n—Fkn—c—1].

Set w € V(TF*) — {v}, if zy € E(T}%) with x or y # v, by Lemma 3.1.6, we have

f(w,zy) = 0. Thus,

PI(TF) = PITE) = ¥peimio Fw,2y) + X pperiop, flw,y)
+ 2 wyermum P1@y) + 3 yep, (w0, 2y)
= 0+[2k—n—c+2)+2k—n—c+3)+..+ (k—0)]
+1+2+..+(n—k—=2)+(n—k—-1)2k—n—c+2)]
+e(n—k—1)+cn—k—1)
= n—k—-—1)Bk—n+2)

=7

Theorem 3.1.2 is true.

3c(n—2k+4c—1)(n—2k4c)+(k—c)(2¢? +3nc—4kc+3kn—4k? —6k+3n—2
For n > 2k —c + 1, let o = 2en=2kte=)(n=2k+c)+( Cx; noeresm n=2) _

3c(n—2k+c—2)(n—1—2k+c)+(k—c)(2¢2+3(n—1)c—4kc+3k(n—1)—4k?>—6k+3n—2) _ 1.9 2
3 =k —4dkc+c*+2nc—3c+k.

PI(TF:) = PI(T¥

n—1,c

If we can show that by adding v to T** )+ o, then Theorem 3.1.2 is

n—1,c)

true.
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Set w = v, by Lemma 3.1.8, we have d'(v;,v) =1 forl € [n—c,n—1], d'(v;,v) = 2 for
i€[l,n—k—1]and d'(vj,v) = 1l for j € [n—k,n—c—1|. Thus, f(w,vv;) =1and f(w,vv,) =
0. Set C7 = {v1v9, V103, ..., V1Vk_c11}, Co = {0203, VoVy, ..., VoUk—cao ), oory Coprc1 =
{Vn—2kte1Vn—2k+es Un—2kte1Vn—2ktctls - Un—2kte1Vn—k—1}, Cnokte = {Un—2ktcVn—2ktst1;
Un— 2kt Vn—2k+s5425 -+ Un—2ktVn—k—1 1 Cn-2btet1 = {Un—2ktcr1Vn—2ktct2, Un—2ktet1Un—2k+ct3;
vy Un—2ktet1Un—k—1 5 s Cnoko1 = @, Do ye = {Vn—akteVnt}s Dn-okrer1 = {Un—2k+ct1Vn—k,
Un—2kte41Vn—k+1}s - Dnk—1 = {Un—k—1Vn—ks Un—k—1Vn—k41s s Un—k—1Vn—c—1}-

By Lemma 3.1.8, we can get that d'(vy,v) = d'(v2,v) = 2 and d'(v,—g, v) = 1, that
is, f(w,v1v2) = 0 and f(w,v1v,_x) = 1. Similarly, for vy, vy, € U'ZF1C; with hy < hs,
we have d'(vp,,v) = d'(vp,,v) = 2, that is, f(w,vn,vn,) = 0; For vp,vp, € UL D
with hy < hg, we have d'(vp,,v) = 2 and d'(vp,,v) = 1, that is, f(w,vpvp,) = 1. Set
Cr—t = {Un—kVn—k+15 UnkUn—k+2; -+ Un—kVUn—c—1}s Cpntt1 = {Vn—k41Vn—k+2, Un—kt1Vn—k+3, -,
Unkt1Vn—c-1}, -, Cncta = {Un—c_2Un_c_1}. By Lemma 3.1.8, we can get that d'(v,_j,v) =
d'(Vp_ks1,v) = 1, that is, f(w,v,_gUp_gs1) = 0. Similarly, for vy, v, € U?;f:,fCi with
hy < hy, we have d'(vp,,,v) = d'(vp,,v) = 1, that is, f(w,vp,vh,) = 0.

Set By = {vv;,i € [n — k,n —c — 1]}, by Lemma 3.1.8, we have d'(v,v,_p-1) =
2,d (Vp—e—1,Vn—g—1) = 1, d'(v,v;) = d'(Vy—c_1,v;) = L fori € [n—k,n—c—2]U[n—c,n—1] and
d'(v,v;) = d(vp—c—1,vj) = 2 for j € [1,n—k—2]. Thus, PI(vv,_.—1) = 1. Similarly, we have
PI(vvy_c2) =2, PI(vvy_c3) =3, ..., PI(vu,_x) = k — c. Set Ey = {vu,l € [n —¢,n — 1]},
since N[vy] — N[v] =n—k—1, then PI(vy;)) =n—k—1. Set B3 = {vv,i € [I,n—c—1],l €
[n —¢,n — 1]}, by Lemma 3.1.8, we have d'(v,v;) = 2,d'(v,v;) = 1 for i € [1,n — k — 1] and
d'(v,v;) =d(v,v) =1fori € [n—k,n—c—1]. Thus, f(w,vvy) =1forie [I,n—k—1]

and f(w,v;v) =0fori € [n—Fkn—c—1].
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Set w € V(TF*) — {v}, if 2y € E(T}%) with x or y # v, by Lemma 3.1.6, we have

f(w, zy) = 0. Thus,

PI(TE) = PUTEL) = e, f(w0,2y) + X pemia p Fw,2y) + X emom, P1y)
+ 2 ayen, f(w, zy)
= 0+[1+243+...+k—-0]+[1+2+3+...4+ (k-0
+en—k—1)+cn—Fk—-1)
= k> —dkc+cE+2nc—3c+k

= 0.

Thus, Theorem 3.1.2 is true. O

Proof of Theorem 8.1.3. For n > k + 2, we will proceed by introduction on |T¥| = n. If
n =k +2, T is also a k-path, that is, PI(T*) = 2k. If n > k + 3, assume that Theorem
3.1.3 is true for the k-tree with at most n — 1 vertices, let v € S;(T*) and T* | = TF — v,
by the induction of hypothesis, we have PI(TF ) < PI(S* ) =k(n—k —1)(n —k —2).
By adding back v, let N(v) = {x1,79,...,2x} and w = v. Since TF[v, 1,29, ...,7%] is a
(k + 1)-clique, then f(w,x;x;) = 0 for 4,j € [1,k|. By Lemma 3.1.5 and Lemma 3.1.6, we
can obtain that PI(vx;) < n —k — 1 with ¢ € [1,k] and f(w,zy) < 1 for any edge zy €
E(TF) — E(TF[v, 21, 13, ..., x4]). Next, set w € V(T¥) — {v}, by Lemma 3.1.6, if zy € E(TF)
with x or y # v, we have f(w,zy) = 0. Since |E(T*) — E(T*[v, 21, zs, ..., x1])| = k(n—k—1),

we have
PI(Ty) = PITy.,)+ Z:cyeE(ij—{vzi,ie[l,k]}) flw, zy) + Zf:l PI(vx;)
< PI(S* )+k(n—k—1)+k(n—k—1)
= kn—k—1)n—k—-2)+k(n—k—-1)+k(n—Fk—1)
= kin—k)(n—Fk—1)
= PI(SF).
Thus, Theorem 3.1.3 is true. O
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Proof of Theorem 3.1.4. For k = 1, every tree with the same number of vertices has the
same Pl-value. So Theorem 3.1.4 is obvious in this case; For k£ > 2, if k +2 < n < 2k — ¢,

let n = kp+ s with p = 1 and s = n — k, by Theorem 3.1.1, we have PI(P}) — PI(T}%) =

(5—1)5(:;k—s+2) B (n—k)(n—k;l)(4k—n+2) _ (n—k—l)(n—k%[?»k:—(n—k)-i—?] B (n—k)(n—k—gl)(4k—n+2) — 0, and

Theorem 3.1.4 is true. If n > 2k —c+ 1, p = ** and by Theorem 3.1.1 and 3.1.2, define

the new functions as follows: For 2 > 2k —c+ 1,1 <c<k—1land2<s<k+1,

g(z) _ (k+1)(zfsfk)é32+3572k74) + s(sfl)(i;)kfs+2)7
_ (k—c)(2c?+3zc—4kc+3kz—4k? —6k+32—2)
h(z,c) = c(z—2k+c—1)(z—2k+c)+ 3 ,
l(Z,C) = g(Z)—h(Z,C)
= (E4l o) 4 (A 42+ dhe— 25k 2y,
k 2

ks _ K% _ ks 4 Bk% 4 Bk 4 8% 4 4k s gl2 2_ & _ 2 _ 2
+ 5 e~ 2ty Ty bR AT o5 ket 3ke” =5 —dket -5,

I
—~
oy
+
—_
|
[\
9]
~—
N
|
(9
[N}
+
[\
o
_I_
e~
T
o
—
—_
ol
ot
o
[\

Then, it is enough to determine that whether or not [(z,¢) > 0 is true. By some caculations,
we can obtain the following fact.
Note 1. z =2k —c+1, 20 = 2k — ¢+ 2 are the two roots of I(z,c) = 0 with ¢ # %
Proof: For any ¢ € [1,k — 1], let 21 =2k —c+ 1, 20 =2k — ¢+ 2, we have [(2k —c+ 1,¢) =
0,l(2k —c+2,¢) =0. If c # %, then Note 1 is true. O
For fixed ¢ € [1, %), that is, g + % — ¢ > 0, then the function of I(z,¢) about z is
open up. Since z is an integer and by Fact 2, then I(z,¢) > 0 for z > 2k — ¢+ 1 and Theorem
8 is true; If ¢ = % and k£ > 1, we have [,(z) = % < 0, that is, I(z, %) is decreasing
about z. By the proof of Note 2, we have [(2k —c+1,¢) = 0. For z > 2k — ¢+ 1, we can get
that I(z, £1) < 1(2k —c+ 1, 5) = 0 and Theorem 8 is true; For fixed ¢ € (&L, k — 1], that
is, g + % — ¢ < 0, then the function of I(z, ¢) about z is open down. Since z is an integer and

by Note 1, we can obtain that {(z,¢) <0 for 2 > 2k — ¢+ 1 and Theorem 3.1.4 is true. [
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Remark. The k-stars attain the maximal values of PI-values for k-trees, but the k-paths
do not attain the minimal values and not all PI-values of k-spirals are less than the values of
other type of k-trees. This fact indicates two interesting problems that what is the minimum

Pl-value for k-trees and which type of k-trees will achieve the minimum PI-value?

3.2 CACTUS GRAPHS

The next figure gives some examples of the extremal graphs in the main results of

this section. Here are the two main results and their proofs.

Fig. 1 Fig. 2

Figure 3.2.1: The cacti with extremal PI indices

Theorem 3.2.1 (Wang, Wang and Wei [80]). Let G € C,x — {C3,C5 U e,Cy,Cs} with
n >k >0, then PI(G) < (n— 1+ [2£=1])(n — 2), where the equality holds if and only if
G is a tree for n < k4 3 and otherwise, one of the following statements holds(See Fig. 1):

(1) All cycles have length 4 and there are at most k + 2 cut edges.

(17) All cycles have length 4 except one of length 6 and there are exact k pendent edges.

Theorem 3.2.2 (Wang, Wang and Wei [80]). Let G € C,, . —{Cs, C3Ue, Cy} withn >k >0,

then PI(G) > (n—1)(n —2) — 2["";‘”, where the equality holds if and only if G is a tree
forn < k+ 2 and otherwise, all cycles have length 3 and there are at most k + 1 cut edges
(See Fig. 2).

Next we provide some lemmas which are important in the proof of our main results.
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Lemma 3.2.3. Let G € C,,, and e € E(G). Then

(1) Pl(e) <n —2, the equality holds if e is a cut edge or an edge of an even cycle.

(17) If e is an edge of an odd cycle C,, then PI(e) < n — 3. Furthermore, if G = C,, then
PI(e) =n —3.

(2ii) For each odd cycle C of G, PI(C) = (n—2)(|C| —1) — 2.

Proof. Assume that e = wv € E(G). Since PI(e) counts at most n — 2 vertices, then
PI(e) <n—2. If eis a cut edge, then G — e contains two components G and Gy. Thus, all
vertices of G are closer to one of {u,v}, say u, and all vertices of G are closer to v. Thus,
PI(e) = ne(u) + ne(v) =n —2if e is a cut edge. Let C' = vyvy...v,v1 be a cycle of G and
) € E(C). Since G is a cactus, then G — E(C) contains a components By, B, ..., B, such
that v; € V(B;). If a is even, then d(uv,v;) # d(v},v;) for 1 < i < a, and d(v, u;) # d(v}, u;)
with u; € V(B;). We obtain that PI(e) =n — 2 if C' is even. Thus, () is true.

For C = C,, a is odd. Then there exists a unique vertex v; € V(C) such that
d(v,ve) = d(v],vy), that is, PI(e) <n —3. When G = C,, we see PI(e) =n — 3. Thus, (i)
is true.

For (iit), a is odd and Y _;_, | B;| = n. Note that if d(v;, v;) = d(v}, v;) with v, € V(C'),
then d(v, u) = d(v],u) with uy € V(B;). Similarly, if d(v;,v:) # d(v}, v;) with v; € V(C),
then d(v;,uy) # d(vj,u}) with wj € V(B;). Thus, PI(vv)) =n —2 — |B| with ¢t # [,I'. It
induces that

PIC) = Yeeme PIe) = 3 iy (n—2—|Bi])
= a(n—2) -3, |Bil
= |Cl(n=2)—n
= (€= -2)-2

and Lemma 3.2.3 is true. O

Lemma 3.2.4. Let C' be a cycle of G. Define Transformation 1: Gy = G — xy with xy €
E(G) — E(C) and Transformation 2: Gy = G + 2'y’, where at least one of {«',y'} are in
V(G)=V(C). If G1,Gy € Cp. and e € E(C), then PI(e) = Plg,(e) = Plg,(e).
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Proof. Let C' = vyvs...0,01, vv] € E(C). Then G—E(C) contains a components By, Bs, ..., B,
such that v; € V(B;). Since G is a cactus, then for v; € V(C), if d(v,v;) = d(v],v;), we
obtain d(v;,w;) = d(vj,u;) with u; € V(B;). Similarly, if d(v;,v;) # d(v],v;), we obtain
d(vy, u;) # d(v], u;) with u; € V(B;). Note that G; and Go contain the same cycle C as G, and
the components B! of G; — C with v; € V(Bj) has the property that V(B}) = V(B;-/). Then
for v; € V(C), if d(vy,v;) = d(v],v;), then dg, (v, v;) = dg, (v],v;) and dg, (v, v;) = dg, (v], v;),
de, (v, u;) = dg, (v, u;) with u; € Vg, (B;) and dg, (v, u;) = dg, (v],u;) with u; € Vg, (B;).
Similarly, if d(v;,v;) # d(v],v;), then dg, (v, v;) # dg,(v],v;) and dg, (v, v;) # da,(v],v;),
de, (v, u;) # dg, (v],u;) with u; € Vg, (B;) and dg, (v, w;) # deg, (v], u;) with u; € Vg, (B;).
Thus, PI(e) = Plg,(e) = Plg,(e) and Lemma 3.2.4 is true. O

Lemma 3.2.5. If G € C,,, contains t; cycles of lengths {l1,ls, ..., l;,} and ty > k cut edges,
then PI(G) is unique and these cycles can be shared a common verter ug, k — 1 pendent

edges can be adjacent to ug and a path of length to — k + 1 can be adjacent to uy. (See Fig.

2)

Proof. By Lemma 3.2.3(7) and (7i7), PI values with cycles of fixed lengths and fixd number

of cut edges are determined. Then

PI(G) = > > PI(e) + > PI(e)

C is a cycle of Ge€E(C) e is an cut edge of G

is unique. By recombining these cycles and cut edges, ¢; cycles can have a common vertex
ug, k —1 pendent edges can be adjacent to ug and a path of length ¢, — k41 can be adjacent

to ug. Thus, Lemma 3.2.5 is true. O

Lemma 3.2.6. Let G € C,, — {C5,C3Ue,C5}, if PI(G) attains the mazimal value, then

the length of each cycle, if any, is even.

Proof. 1f G has a cycle, then n > 3. Assume that there is an odd cycle Co;1 1 = ugus...uoptins 11Uy

with ¢ > 1. If all vertices of Uy, 1 have degree 2, then G = Cy 1. Since G # Cs, Cs, then
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n > 7. By Lemma 3.2.3(ii), PI(e) = n — 3 for e € E(Cqy1) and PI(Cyy1) = n(n — 3).
By Lemma 1(iii), PI(G) = (n — 2)(2t) — 2. We build a new graph G’ = (G — {ujug1}) U
{ujug_2,u2i41}. Then G’ contains a cycle C] = g _oloy_1Ugitiay11Ug—o of length 4 and a
cycle C) = ujusg...ug_ouy of length 2t —2. By Lemma 3.2.3(i), PI(G') = PI(C})+ PI1(C}) =
(n—2)(2t +2). Thus, PI(G") > PI(G), contradicted that PI(G) is maximal.

Thus, there is a vertex of degree at least 3 in Cyy 1. If the vertex of degree 3 is unique,
say u1, then there exists a pendent path wjvjvs.... Set Gy = (G—{ujus})U{usvy }, then Gy €
Cni —{C5,C3Ue, Cs5}. By Lemma 3.2.3, we obtain PI(G;) > PI(G), a contradiction. If at
least two vertices of {uy, us, ug} has degree at least two, say uq, us. Set Gy = G—{ujus}, then
Gy € Cpp—{C5,C5Ue, Cs}. By Lemma 3.2.3, we obtain PI(G) = PI(C)+k(k+1) = k(k+3)
and PI(Gy) = (k+1)(k+ 3) > PI(G), a contradiction. If t > 2, we construct a new graph
G such that Gy = G — {wgug1} U {ugug} with dg(ugiy1) > 3. Then Gy € Cpp, Cy is an

even cycle and usiug:11 is a cut edge. By Lemmas 3.2.3 and 3.2.4,

PI(GQ) - P[(G) = (P[(UQtUQt—i-l) -+ P[(Cgt)) - P[(Cgt_H)
= (n—2)2t+1)—[(n—2)(2t) — 2]

> 0,

contradicted that PI(G) is maximal. Therefore, each cycle, if any, is even and Lemma 3.2.6

is true. O

Lemma 3.2.7. Let G € C,,, — {C5,C3Ue, C5} withn > k+4, if PI(G) attains the mazimal

value, then all cycles are length 4 except at most one of them is 6.

Proof. By Lemma 3.2.6, all cycles are even. If there exists an cycle C' = wujus...usuq with
t > 4. Set Gi = (G — {wgua}) U {ugug, ugug . Then Gy € Cpp — {C5,C5 U e} and
|E(G1)| = |E(G)| + 1. Since each edge of G is either a cut edge or an edge of an even
cycle, then PI(Gy) > PI(G) by Lemma 3.2.3(i), that is, the length of cycles are at most
6. Now suppose that there are two cycles of length 6. By Lemma 3.2.5, we can assume

these two cycles share a common vertex uy, say C; = ujus...ugu; and Co = uqvs...v5u;. Set
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Gy = G — {ugug, ugug, ugva} U {uguy, ugva, ugvs, uyvs}. Then Gy € C,p — {C5,C3 U e} and
|E(G2)| = |E(G)|+ 1. Since each edge of Gy is either a cut edge or an edge of an even cycle,
then PI(G,) > PI(G), that is, there are at most one cycle of length 6 and Lemma 3.2.7 is

true. O

Lemma 3.2.8. Let G € C,,, — {C4}, if PI(G) attains the minimal value, then the length of

each cycle, if any, is odd.

Proof. Suppose G has an even cycle Co; = ujus...uguq, then n > k+4 and t > 2. If all
vertices of G have degree 2, then G = Cy and n = 2t. By Lemma 3.2.3(i), PI(G) = n(n —
2) = 2t(2t — 2). Since G # Cy and t > 3, set G1 = (G — {uyua}) U {uguy, usuy}. Then Gy €
Cnx—{C4}, C1 5 = uguzugus is an odd cycle and C 949 = uyuqus...uguy is an even cycle. By
Lemma 3.2.3(¢) and (ii1), PI(G1) = PI(Cy3)+PI(Ciat-2) = (n—2)2—2+(n—2)(2t —2) =
2t(2t —2) — 2 < PI(G), contradicted that PI(G) is minimal. If there exists a vertex uy with
d(ug) > 3, then we construct a new graph Gy = (G — {ujus}) U {ujus}. Then Gy € C, i,

ugusg is a cut edge and C" = uqugzuy...usuy is an odd cycle. By Lemma 3.2.3 and 3.2.5,

PI(Gy) — PI(G) = (Plg,(ugus) + Plg,(C")) — PI(Cy)
= [(n—=2)+(n—2)(2t—2)—2] —2t(n — 2)

= —n<0.

Thus, PI(G3) < PI(G), contradicted that PI(G) is minimal. Therefore, each cycle, if any,

is odd and Lemma 3.2.8 is true. O

Lemma 3.2.9. Let G € C,y. — {Cy} with n > k + 3, if PI(G) attains the minimal value,

then all cycles have length 3.

Proof. By Lemma 3.2.8, we only consider all cycles of G are odd. Suppose that there is
an odd cycle of length greater than 3, say Coy1 = ujus...ug1uq with ¢ > 2. Set a new
graph G; = (G — {uy_1uat}) U {uqugy_1,uiug}. Then Gy € C,x and we will show that

P](Gl) < P[(G) Let Cl = U1U2...U2t—1U71 and Cg = U1U2tU2¢+1UT - By Lemma ].(ZZZ),
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PI(C)=(n—-2)(|C| —2) —2=2t(n—2) — 2 and PI(C}) + PI(Cs) = [(n — 2)(|C1]| — 2) —
2]+ [(n —2)(|Cy] —2) — 2] = 2t(n — 2) — 4. Thus, PI(Cy) + PI(Cy) < PI(C). By Lemma
3.2.4, PI(G,) — PI(G) = PI(C}) + PI(Cy) — PI(C)) < 0 and Lemma 3.2.9 is true. O

Now, we prove the main results of this section.

Proof of Theorem 3.2.1. All length of cycles, if any, are even by Lemma 3.2.6. Since e €

E(G) is either a cut edge or an edge of an even cycle, then PI(e) = n — 2 by Lemma 1(3).

Thus, PI(G) = |E(G)|(n — 2) and it needs to maximize |E(G)|. Forn < k+3, [2=£=1] =0
and PI(G) = (n—1)(n—2). Thus, Theorem 3.2.1 is true. For n > k+4, all length of cycles
are 4 except at most one of them is 6 by Lemma 3.2.7. By Lemma 3.2.5, all cycles of G have
a common vertex ug, k — 1 pendent edges are adjacent to ug and a path of length t5 — k + 1
is adjacent to wuy.

Assume that there exists a cycle Cs = uguiusugususug and G contains more than
k41 cut edges. Then G has a path ugvivs... of length more than 2. Set G; = (G — {ugus})U
{ugvyr, upus}, then Gy € C, and |E(G)| = |E(G)| + 1. Since e € E(G,) is either an cut
edge or an edge of an even cycle, then PI(e) = n — 2 and PI(Gy) = (n — 2)|E(Gy)| >
PI(G) = (n—2)|E(G)|, contradicting to the fact that PI(G) is maximal. Thus, G contains
exact k pendent edges. Next we will show that if all length of cycles are 4, then G contains
at most k£ + 2 cut edges. Otherwise, there exist a path wugvivs... of length at least 4 by
Lemma 3.2.5. Set Gy = G U {ugvs}, then Gy € C, ) and |E(Gy)| = |E(G)| + 1. Since
e € E(Gy) is either an cut edge or an edge of an even cycle, then PI(e) = n — 2 and
PI(Gy) = (n — 2)|E(G2)| > PI(G) = (n — 2)|E(G)|, contradicted that PI(G) is maximal.
Note that for n > k + 4, the number of cycles of G is [”‘T’HJ and the number of edges of G

isn—1+["=%=1] Thus, PI(G) = (n— 1+ |2%=1])(n — 2) and Theorem 3.2.1 is true. [

Proof of Theorem 8.2.2. For n < k + 2, [%%=1| = 0 and PI(G) = (n — 1)(n — 2) by

2

Lemma 3.2.3. Thus, Theorem 3.2.2 is true. For n > k + 3, the length of each edge of

G is 3 by Lemma 3.2.9. Next we will show that G contains at most k£ + 1 cut edges.
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Assume that G contains at least k + 2 cut edges. By Lemma 3.2.5, all cycles of G have a
common vertex ug, k — 1 pendent edges are adjacent to uy and a path of length at least
(k+2) — k+1=3is adjacent to uy. Denote the path as ugvivevs...., set Gy = G U {ugva}.
By Lemma 3.2.3(7i7) and 3.2.4, PI(G,) — PI1(G) = Plg, (vouyugvg) — PI(ugvy) — PI(v1vq) =
(n—2)3—-1)—2]—(n—2)—(n—2) = =2 < 0. Thus, PI(G;) < PI(G), contradicted that

PI(G) is minimal. Note that for n > k + 3, the number of cycles of length 3 is | 2=5=1 | and

the number of cut edgesis n — 1 — QL”_T’HJ Thus,

PI(G) = 2(n=3)(|"5=]) + (n—1-2["5=])(n - 2)

2 2

= (n—1)(n—2) 2|2,
and Theorem 3.2.2 is true. O

Remarks. The maximal and minimal values of vertex PI vertices of cacti are uniqe, but the
cacti achieved the maximal and minimal vertex PI index are not unique. All cacti satisfying
the statements in Theorem 3.2.1 and Theorem 3.2.2 are arrived at the corresoponding sharp

values. Fig 1 and Fig 2 are special examples achieved the sharp bounds.
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4 THE RATIO OF DOMINATION AND INDEPENDENT DOMINATION

In this chapter, we study the ratio of the independent domination number and the
domination number for bipartite graphs. We also provide further results on such ratio for

any graphs.

4.1 THE RATIO

The main theorem of the ratio between domination number and independent domi-

nation number, and the proof are as follows.

Theorem 4.1.1 (Wang and Wei [67]). Let G be a bipartite graph with A(G) > 2. Then

i(Q)
(G)

="/
-2

=2

Proof of Theorem 4.1.1. Let A, B be the two partitions of G and D be a minimum domi-
nating set. Thus, A, B are independent sets and v(G) = |D|. Set Iy to be the set of isolated
vertices in G[D].

If |Io| = |D|, then D is an independent dominating set, that is, i(G)/v(G) = 1 <
A(G)/2. Otherwise, if |Iy| < |D|, then there are some edges in G[D]. By setting A; =
(D —1I))NAand By = (D — Iy) N B, we have |Ay| + |B1| = |D| — |Iy|. Without loss of
generality, we can assume that |A;| > |By].

Define a new vertex set I = Iy U A; U (Ng(B1) — A1 — Ng(Ip N B)). We first show

that I is an independent dominating set. Since D is a dominating set and I, is the set of
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isolated vertices of G[D], then Ng(ly N B) N A; = ¢ and

I = (IoNB)U (IpNA)UA; U (Ng(B1U(IpNB))—A; — Ne(lyN B))

BlLJ(IoﬂB)ZDﬂB

(IoNB)U ((IoNA)UA)U(Neg(DNB)— A — Ne(IpnN B))
NelPOP=A (A B)U A, U (A — A, — Ne(Iy N B))

= (IoN B)U(A— Ng(Ipn B)). (4.1.1)

Thus, I is independent. By the equation (1), Ng(Iy N B) C Ng(I). Since Iy N B is a set of
isolated vertices in G[D], then AND C I and B— (IyNB) C Ng(I).Thus, I is a dominating
set of G as well.

By the definition of I and |Ng(B;1) — A1 — Ne(Io N B)| < |B1|(A(G) — 1), we have
[I] < |Io] + |A1] + |B1|(A(G) — 1). Note that |A;| + |By| = |D| — |Io|, |A1| > |Bi| > 0 and
A(G) =1 > 1. If |Ai| + |B1|/(A(G) — 1) attains the maximal value, then B is as big as
possible. Also, |Bi| < |A;| and |A;| +|B;| = |D| — |Ip| yield that | B;| < 2Ll Thus, 1]

achieves the maximal value if |A;| = |By| = M, that is,
D| — |I D] —|I
D| — |I
R,

As ¥ > 1 and v(G) = |D|, then

A(G) | DI~ |

(G <IN < I0l=s 5

Thus,
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Remark. We see that the Conjecture holds for the bipartite graph G. For the examples, a

balanced double star and a complete balanced bipartite graph attain the upper bound.

4.2 EXTENDED RESULTS

Due to the main result, we can obtain the special theorem. If G' has no cycles, the

following proposition is obvious.

Theorem 4.2.1 ([67]). Let G be a tree with A(G) > 2, then ;(((é)) < # and the equality
holds if G is a balanced double star, where a balanced double star is a tree with exactly two

vertices of same degree greater than 1.

We now provide graphs containing some odd cycles, for which Conjecture 1.6.4 does
not hold. For any large n, the graph G’ consists of an odd cycle Cy 41 and (2k + 1)s vertices
of degree 1 such that each vertex on Cyyq is adjacent to exactly s degree-1 vertices, for
k,s > 1. Then A(G') = s+ 2,7(G") = 2k + 1 and i(G') = k + (k + 1)s. By caculations,
(G /(G > A(G)/2 if s > 2k + 2.

Furthermore, as suggested by Dr. Hehui Wu, we provide a series of examples for § > 2,
which disprove the Conjeture for any 6(G). The method of buiding the counterexamples is:
Starting with a complete graph, several independent sets of the same size, we add the vertices
between the complete graph and any independent set. In paticular, The counterexample

Figure 4.2.1 to the Conjecture with 6 = 2 is as follows:
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Figure 4.2.1: One of the counterexamples for § = 2
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5 FUTURE RESEARCH

In this chaper, we propose some further research problems on the topological indices,

domination numbers and the long cycles of chordal graphs.

5.1 TOPOLOGICAL INDICES

In my current study of topological indices, I found sharp bounds on the multiplicative
Zagreb indices of k-trees in Theorems 3.4 and 3.5. For a cactus graph with given number of
pendent vertices, sharp bounds on the multiplicative Zagreb indices are provided in Theorems
3.10-3.14. I will continue to explore the multiplicative Zagreb indices of k-trees with a given
number of vertices of degree k. 1 will apply the analytic tools of Lemmas 2.0.1 and 2.0.2 to

deal with the following problem.

Problem 5.1 What are the sharp bounds of multiplicative Zagreb indices of k-trees with fixed

number of vertices of degree k?

5.2 DOMINATION NUMBERS

In my study on domination numbers, all known counterexamples to Conjecture 4.2
contain a large number of vertices with all 6 > 1 are proposed. In 2012, Goddard et al.
[37] proved that i(G)/v(G) < 3/2 if G is a cubic graph. In 2013, Southey and Henning [25]
improved the previous bound to i(G)/v(G) < 4/3 for a connected cubic graph G other than
K3 5, which is better than 3/2. Since i(Ky4)/v(K44) = 2, we consider the following problem

proposed by Goddard et al.[37].
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Problem 5.2 If G # K44 is a connected 4-reqular graph, then is it true that i(G)/v(G) <
3/27

5.3 LONG CYCLE

Every two maximum length paths in a connected graph have a common vertex. Gallai
in [30] asked whether all maximum length paths share a common vertex of the graph. This
perfect " Helly property” on maximum paths is not true in general. The first counter-example
was constructed by H. Walther, and the smallest known counter-example is due to Zamfirescu
[88]. These and many further examples in Skupien [70] all contain induced cycles longer than
three with no chord. In other words, the known counter-examples are not chordal graphs. We
have not been able to determine whether the maximum paths of every chordal graph have the
Helly property envisioned by Gallai. However, Klavizar and Petkovisek in [53] observed that
this is true in a connected split graph (split graphs are chordal graphs whose complement
is also chordal). In addition we shall prove that Gallai’s question has an affirmative answer
for a subfamily of chordal graphs.

A graph is a chordal graph if and only if it is an intersection graph of subgraphs of
a host tree. we will try to solve the following problem, which shows that the conjecture is
true for the chordal graph with a host tree as a subdivision of double star.

Problem 5.3 Given a chordal graph with a host tree as a subdivision of double star,

there is a common vertex for all maximum cycles.
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6 CONCLUSION

6.1 SUMMARY AND CONCLUSIONS

In this dissertation, we study k-trees and cactus graphs. We provide the sharp up-
per and lower bounds of the degree-based topological indices(Multiplicative Zagreb indices)
for these graphs. For a distance-based topological index (PI index), the extremal cacti of
upper and lower bounds are given. Furthermore, we provide the extremal graphs with the
corresponding topological indices.

We also establish and verify a proposed conjecture for the relationship between dom-
ination number and independent domination number. The corresponding counterexamples

and the graphs achieving the extremal bounds are given as well.

69



BIBLIOGRAPHY

70



1]

Bibliography

R.B. Allan, R. Laskar, On domination and independent domination numbers of a

graph, Discrete Math. 23 (1978) 73-76.

T. Al-Fozan, P. Manuel, I. Rajasingh, R.S. Rajan, Computing Szeged index of
certain nanosheets using partition technique, MATCH Commun. Math. Comput. Chem.

72 (2014) 339-353.
L. K. Arnold, Introduction to Plastics. Iowa State University Press (1968).

A.R. Ashrafi, A. Loghman, PI index of zig-zag polyhex nanotubes, MATCH Commun.
Math. Comput. Chem. 55 (2) (2006) 447-452.

A.R. Ashrafi, A. Loghman, Padmakar-Ivan index of TUC/C8(S) nanotubes, J. Com-
put. Theor. Nanosci. 3 (3) (2006) 378-381.

A.R. Ashrafi, A. Loghman, PI index of armchair polyhex nanotubes, Ars Combin. 80
(2006) 193-199.

A.R. Ashrafi, B. Manoochehrian, H. Yousefi-Azari, PI polynomial of a graph, Utilitas

Math. 71 (2006) 97-108.

A.R. Ashrafi, F. Rezaei, PI index of polyhexr nanotori, MATCH Commun. Math.
Comput. Chem. 57 (2007) 243-250.

L. W. Beineke, R. E. Pippert, The number labeled k-dimentional trees, J. Combin.

Theory 6 (1969), 200-205.

71



[10]

[11]

[14]

[15]

[16]

[19]

[20]

J. A. Bondy, U. S. R. Murty, Graph Theory, Springer, New York, 2008.

L. Berrocal, A. Olivieri, J. Rada, Fxtremal values of vertex-degree-based topological in-
dices over hexagonal systems with fized number of vertices, Appl. Math. Comput. 243
(2014) 176-183.

S. Chen, Cacti with the smallest, second smallest, and third smallest Gutman index, J.

Comb. Optim. 31 (2016) 327-332.

H. Chen, R. Wu, H. Deng, The extremal values of some topological indices in bipartite

graphs with a given matching number, Appl. Math. Comput. 280 (2016) 103-109.

K. C. Das, Maximizing the sum of the squares of the degrees of a graph, Discrete Math.
285 (2004) 57-66.

E. Deutsch, S. Klavzar, Computing the Hosoya Polynomial of Graphs from Primary
Subgraphs, MATCH Commun. Math. Comput. Chem. 70 (2013) 627-644.

E. Deutsch, S. Klavzar, M-polynomial and degree-based topological indices, Iranian J.

Math. Chem. 6 (2015) 93-102.

H. Deng, G. Huang, X. Jiang, A unified linear programming modeling of some topological
indices, J. Comb. Optim. 30(3) (2015) 826-837.

G. Cornuacuteejols and W. Pulleyblank, Perfect triangle-free 2-matchings, Com-
binatorial optimization, II (Proc. Conf., Univ. East Anglia, Norwich, 1979). Math.

Programming Stud. 13 (1980) 1-7.

D. de Cacn D, An upper bound on the sum of squares of degrees in a graph, Discrete

Math. 185 (1998) 245-248.

A.A. Dobrynin, R. Entringer, I. Gutman, Wiener index of trees theory and applica-
tions, Acta Appl. Math. 66 (2001) 211-249.

72



[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[31]

A.A. Dobrynin, I. Gutman, S. Klavzar, P. Zigert, Wiener index of hexagonal systems,
Acta Appl. Math. 72 (2002) 247-294.

K.C. Das, I. Gutman, Bound for vertex PI index in terms of simple graph parameters,

Filomat. 27 (2013) 1583-1587.

J. Estes, B. Wei, Sharp bounds of the Zagreb indices of k-trees, J Comb Optim. 27
(2014) 271-291.

M. Eliasi, A. Iranmanesh, I. Gutman, Multiplicative version of first Zagreb index,

MATCH Commun. Math. Comput. Chem. 68 (2012) 217-230.

M. Furuya, K. Ozeki, A. Sasaki, On the ratio of the domination number and the

indenpendent domination number in graphs, Discrete Appl. Math. 178(2014) 157-159.
L. Feng, G. Yu, On the hyper-Wiener index of cacti, Util. Math. 93 (2014) 57-64.

M.R. Farahani, First and Second Zagreb polynomials of VC5Cq[p,q] and HC5Cr[p, |

nanotubes, Int. Letters of Chemistry, Physics and Astronomy 12 (2014) 56-62.

M.R. Farahani, Zagreb Indices and Zagreb Polynomials of Pent-Heptagon Nanotube
VAC5C7(S), Chemical Physics Research Journal 6(1) (2013) 35-40.

M.R. Farahani, Zagreb Indices and Zagreb Polynomials of Polycyclic Aromatic Hydro-
carbons PAHs, Journal of Chemica Acta. 2 (2013) 70-72.

Gallai, T. (1968) Problem 4. In Theory of Graphs: Proceedings of the Colloquium held
at Tihany, Hungary, September, 1966 (P. Erdos and G. Katona, eds), Academic Press,
New York London.

[. Gutman, Molecular graphs with minimal and mazimal Randi¢ indices, Croatica Chem.

Acta. 75 (2002) 357-369.

73



[32]

[33]

[34]

[35]

[36]

[37]

[38]

[40]

[41]

[42]

[. Gutman, R. Cruz, J. Rada, Wiener index of Eulerian graphs, Discrete Appl. Math.
162 (2014) 247-250.

I. Gutman, B. Ruséié, N. Trinajsti¢, C.F. Wilcox, Graph theory and molecular orbitals.
XII. Acyclic polyenes, J. Chem. Phys. 62 (1975) 3399-3405.

[. Gutman, B. Furtula, Z.K. Vukicevic, G. Popivoda, On Zagreb Indices and Coindices,

MATCH Commun. Math. Comput. Chem. 74 (1) (2015) 5-16.

[. Gutman, N. Trinajsti¢, Graph theory and molecular orbitals. Total m-electron energy

of alternant hydrocarbons, Chem. Phys. Lett. 17 (1972) 535-538.

W. Goddard, M.A. Henning, Independent domination in graphs a survey and recent

results, Discrete Math. 313 (2013) 839-854.

W. Goddard, M.A. Henning, J. Lyle, J. Southey, On the indeppendent domination

number of reqular graphs, Ann. Comb. 16 (2012) 719-732.

[. Gutman, Multiplicative Zagreb indices of trees, Bull. Soc. Math. Banja Luka. 18

(2011) 17-23.

[. Gutman, S. Klavzar, B. Mohar, Fiftieth Anniversary of the Wiener Indez, Discrete

Appl. Math. 80 (1) (1997) 1-113.

S. Hayat, M. Imran, Computation of topological indices of certain networks, Appl. Math.
Comput. 240 (2014) 213-228.

F. Harary, E. M. Plamer, On acyclic simplicial complexes, Mathematika. 15 (1968)
115-122.

T.W. Haynes, S.T. Hedetniemi, P.J. Slater, Fundamentals of Domination in Graphs,

Marcel Dekker. Inc, New York, 1998.

74



[43]

[44]

[45]

[47]

[48]

[49]

[51]

[52]

[53]

S.T. Hedetniemi, S. Mitchell, Independent dominations in trees, Proc. Eighth S.E.

Conf. on Combinatorics, Graph Theory and Computing, Baton Rouge, LA(1977).

M. Hoji, Z. Luo, E. Vumar, Wiener and vertex PI indices of Kronecker products of
graphs, Discrete Appl. Math. 158 (2010) 1848-1855.

A. Hou, S. Li, . Song, B. Wei, Sharp bounds for Zagreb indices of maximal outerplanar
graphs, J. Comb. Optim. 22 (2011) 252-269.

A. Tliacutec, N. Milosavljeviacutec, The weighted vertex PI index, Mathematical and

Computer Modelling, 57 (2013) 623-631.

S. Klavbrevezar, I. Gutman, The Szeged and the Wiener Index of Graphs, Appl. Math.

Lett. 9 (1996) 45-49.

R. Kazemi, Note on the multiplicative Zagreb indices, Discrete Appl. Math. 198 (2016)
147-154.

P. V. Khadikar, On a Novel Structural Descriptor PI, Nat. Acad. Sci. Lett. 23 (2000)
113-118.

P.V. Khadikar, P.P. Kale, N.V. Deshpande, S. Karmarkar, V.K. Agrawal, Novel PI
indices of hexagonal chains, J. Math. Chem. 29 (2001) 143-150.

P.V. Khadikar, S. Karmarkar, R.G. Varma, The estimation of PI index of polyacenes,

Acta Chim. Slov. 49 (2002) 755-771.

M.H. Khalifeh, H. Yousefi-Azari, A.R. Ashrafi, Vertex and edge PI indices of Cartesian
product graphs, Discrete Appl. Math. 156 (2008) 1780-1789.

S. Klavjzar, M. Petkovijsek, Graphs with nonempty intersection of longest paths, Ars
Combin. 29(1990) 43-52.

5



[54]

[55]

[56]

[60]

[61]

[62]

[64]

J. B. Liu, X. F. Pan, Asymptotic incidence energy of lattices, Physica A. 422 (2015)

193-202.

J. B. Liu, X. F. Pan, F. T. Hu, F. F. Hu, Asymptotic Laplacian-energy-like invariant of
lattices, Appl. Math. Comput. 253 (2015) 205-214.

J. B. Liu, X.F. Pan, L. Yu, D. Li, Complete characterization of bicyclic graphs with
minimal Kirchhoff index, Discrete Appl. Math. 200 (2016) 95-107.

J. B. Liu, W.R. Wang, X.F. Pan, Y.M. Zhang, On degree resistance distance of cacti,
Discrete Appl. Math. 203 (2016) 217-225.

H. Liu, M. Lu, F. Tian, On the Randi¢ Indez, J. Math. Chem. 44 (2008) 301-310.

S. Li, Q. Zhao, Sharp upper bounds on Zagreb indices of bicyclic graphs with a given
matching number, Math. and Comp. Model. 54 (2011) 2869-2879.

S. Li, H. Yang, Q. Zhao, Sharp bounds on Zagreb indices of cacti with k pendant
vertices, Filomat. 26 (2012) 1189-1200.

A.H. Lin, R. Luo, X.Y. Zha, A sharp lower bound of the Randiacutec index of cacti
with r pendants, Discrete Appl. Math. 156 (10) (2008) 1725-1735.

H.Q. L iu, M. Lu, A unified approach to extremal cacti for different indices, MATCH
Commun. Math. Comput. Chem. 58 (1) (2007) 183-194.

H. Narumi, M. Katayama, Simple topological index. A newly devised index character-
1zing the topological nature of structural isomers of saturated hydrocarbons, Mem. Fac.

Engin. Hokkaido Univ. 16 (1984) 209-214.

S. Nikoli¢, G. Kovacevié¢, A. Miliccevié, N. Trinajsti¢, The Zagreb indices 30 years after,
Croat. Chem. Acta 76 (2003) 113-124.

76



[65]

[69]

[70]

[73]

[74]

H. Narumi, M. Hatayama, Simple topological index. A newly devised index charater-
1zing the topological nature of structural isomers of saturated hydrocarbons, Mem. Fac.

Engin. Hokkaido Univ. 16 (1984) 209-214.

K. Pattabiraman, P. Paulraja, Wiener and vertex PI indices of the strong product of

graphs, Discuss. Math. Graph Theory. 32 (2012) 749-769.

N.J. Rad, L. Volkmann, A note on the independent domination number in graphs,

Discrete Appl. Math. 161(2013) 3087-3089.

B. Rajan, A. William, C. Grigorious, S. Stephen, On Certain Topological Indices of
Silicate, Honeycomb and Hezagonal Networks, J. Comp. Math. Sci. 3 (2012) 530-535.

Y. Shi, Note on two generalizations of the Randic index, Appl. Math. Comput. 265
(2015) 1019-1025.

7. Skupien, Smallest sets of longest paths with empty intersection, Combin. Probab.
Comput. 5 (1996) 429-436.

M. K. Siddiquia, M. Imranb, A. Ahmadc, On Zagreb indices, Zagreb polynomials of

some nanostar dendrimers, Appl. Math. Comput. 280 (2016) 132-139.

L. Song, W. Staton, B. Wei, Independence polynomials of k-tree related graphs, Discrete
Appl Math 158(2010), 943-950. bibiteme6 J. Southey, M.A. Henning, Domination

versus independent domination in cubic graphs, Discrete Math. 313 (2013) 1212-1220.

R. M. Tache, On degree-based topological indices for bicyclic graphs, MATCH Commun.
Math. Comput. Chem. 76 (2016) 99-116.

R. Todeschini, V. Consoni, New local vertex invariants and molecular descriptors based
on functions of the vertex degrees, MATCH Commun. Math. Comput. Chem. 64 (2010)
359-372.

7



[75]

[80]

[31]

R. Todeschini, D. Ballabio, V. Consonni, Novel molecular descriptors based on func-
tions of new vertex degrees, In Novel molecular structure descriptors - Theory and

applications I. (I. Gutman, B. Furtula, eds.), Univ. Kragujevac (2010), pp. 73 - 100.

S. Wang, B. Wei, Multiplicative Zagreb indices of k-trees, Discrete Applied Mathe-

matics. 180 (2015) 168-175.

S. Wang, B. Wei, Multiplicative Zagreb indices of cacti, Discrete Math. Algorithm. Appl.
DOI: 10.1142/S1793830916500403.

S. Wang and B. Wei, Padmakar - Ivan indices of k-trees, (submitted).

S. Wang and B. Wei, A note on the independent domination number versus the domina-

tion number in bipartite graphs, Czechoslovak Mathematical Journal, accepted (2016).

C. Wang, S. Wang and B. Wei, Cacti with Extremal PI Index, Transactions on Com-
binatorics 5 (2016) 1-8.

H. Wang, L. Kang, Further properties on the degree distance of graphs, J. Comb. Optim.
31 (2016) 427-446.

H. Wang, L. Kang, On the Harary indez of cacti, Util. Math. 96 (2015) 149-163.

D. Wang, S. Tan, The mazimum hyper- Wiener index of cacti, J. Appl. Math. Comput.
47 (2015) 91-102.

H. Wiener, Structural Determination of Paraffin Boiling Points, J. Am. Chem. Soc.

69 (1947) 17-20.

K. Xu, H. Hua, A unified approach to extremal multiplicative Zagreb indices for trees,
unicyclic and bicyclic graphs, MATCH Commun. Math. Comput. Chem. 68 (2012) 241-
256.

78



[86] Q. Zhao, S. Li, On the mazimum Zagreb index of graphs with k cut vertices, Acta Appl.
Math. 111 (2010) 93-106.

[87] B. Zhou, N. Trinajsti¢, On general sum-connectivity indez, J. Math. Chem. 47 (2010)

210-218.

[88] T. Zamfirescu, On longest paths and circuits in graphs, Math. Scand. 38 (1976) 211-239

79



VITA

Shaohui Wang was born in Ezhou, Hubei, P.R. China to Xiliang Wang and Yinquan Yang.
He was valedictorian of his class at Ezhou High School in 2005. Shaohui received a Bachelor’s
of Mathematics and Applied Mathematics at Hubei University of Education in 2009, the first
M.S. degree with a major of Operations Research and Cybernetics at Central China Normal
University in 2012, the second M.S. degree with a major of Mathematics with a minor
in Statistics at the University of Mississippi in 2014. He is currently a Ph.D. candidate
in Mathematics at The University of Mississippi. His research focuses on Graph Theory,

Probabilistic Combinatorics and Topological Indices related to Networks and Chemistry.

80



	On Topological Indices And Domination Numbers Of Graphs
	Recommended Citation

	ABSTRACT
	DEDICATION
	ACKNOWLEDGEMENTS
	List of Figures
	INTRODUCTION
	NOTATIONS
	THE CONCEPT OF K-TREES 
	THE CONCEPT OF CACTUS GRAPHS 
	DEGREE-BASED TOPOLOGICAL INDICES
	DISTANCE-BASED TOPOLOGICAL INDICES
	DOMINATION AND INDEPENDENT DOMINATION 
	DISSERTATION STRUCTURE

	MULTIPLICATIVE ZAGREB INDICES
	K-TREES
	CACTUS GRAPHS

	 PADMAKAR-IVAN(PI) INDEX
	K-TREES
	CACTUS GRAPHS

	THE RATIO OF DOMINATION AND INDEPENDENT DOMINATION
	THE RATIO
	EXTENDED RESULTS

	FUTURE RESEARCH
	TOPOLOGICAL INDICES
	DOMINATION NUMBERS
	LONG CYCLE

	CONCLUSION
	SUMMARY AND CONCLUSIONS

	BIBLIOGRAPHY
	VITA

