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1 Introduction

It is well known that the properties of a manifold depend on the nature of met-

ric defined on it. In Riemannian geometry, we study manifolds with metric

which is positive definite. Since manifolds with indefinite metric have signif-

icant use in Physics, it is interesting to study such manifolds equipped with

different structures. In [1], A.Bejancu and K.L.Duggal introduced the notion

of (ε)-Sasakian manifolds with indefinite metric. In 1998, Xu Xufeng and Chao

Xiaoli proved that every (ε)-Sasakian manifold is a hyper surface of an indefi-

nite Käehlerian manifold and established a necessary and sufficient condition

for an odd dimensional Remannian manifold to be an (ε)-Sasakian manifold

[21]. In [6], U.C.De and Avijit Sarkar introduced and studied the notion of

(ε)-Kenmotsu manifolds with indefinite metric giving an example.

On the other hand in 1985, J.A.Oubiña [16] introduced a new class of almost

contact metric manifolds known as trans-Sasakian manifolds. Trans-Sasakian

structures of type (0, 0), (α, 0) and (0, β) are cosympletic, α-Sasakian and
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β-Kenmotsu respectively. It is known that trans-Sasakian structures are gen-

eralized quasi-Sasakian structures [20]. In this paper, we introduce (ε)-trans-

Sasakian manifolds with indefinite metric , which appear as a natural gen-

eralization of both (ε)-Sasakian and (ε)-Kenmotsu manifolds. The paper is

organized as follows:

In section 2, we introduce the notion of (ε)-trans-Sasakian manifold with an

example and deduce some basic results regarding such type of manifolds. Sec-

tion 3 deals with conformally flat (ε)-trans-Sasakian manifolds. In section 4,

we study weyl-semi symmetric (ε)-trans-Sasakian manifolds.

2 Preliminaries

A (2n+1)-dimensional differentiable manifold (M, g) is said to be an (ε)-almost

contact metric manifold [7], if it admits a (1,1) tensor field φ, a structure vector

field ξ, a 1-form η and an indefinite metric g such that

(2.1) φ2 = −I + η ⊗ ξ, η(ξ) = 1,

(2.2) g(ξ, ξ) = ε, η(X) = εg(X, ξ),

(2.3) g(φX, φY ) = g(X, Y ) − εη(X)η(Y ),

for all vector fields X, Y on M , where ε is 1 or -1 according as ξ is space like

or time like and rank φ is 2n. If

(2.4) dη(X, Y ) = g(X, φY ), for all X, Y ∈ Γ(TM),

then M(φ, ξ, η, g, ε) is called an (ε)-almost contact metric manifold.

An (ε)-almost contact metric manifold is called an (ε)-trans-Sasakian manifold

if

(2.5) (∇Xφ)Y = α {g(X, Y )ξ − εη(Y )X} + β {g(φX, Y )ξ − εη(Y )φX},
for any X, Y ∈ Γ(TM), where ∇ is the Levi-Civita connection with respect to

g.

We note that if ε = 1, i.e. structure vector field ξ is space like, then an (ε)-

trans-Sasakian manifold is usual trans-Sasakian manifold [16].

Definition (2.1) [22]. An (ε)-trans-Sasakian manifold is called an η-Eienstein

manifold if its Ricci tensor S satisfies the condition

(2.6) S(X, Y ) = ag(X, Y ) + bη(X)η(Y ),

where a and b are scalar functions and X, Y are any vector fields on M .

Definition (2.2) [3]. An (ε)-trans-Sasakian manifold is called a manifold of

quasi-constant curvature if its curvature tensor R of type (0,4) satisfies

(2.7) R(X, Y, Z,W ) = p[g(Y, Z)g(X,W )− g(X,Z)g(Y,W )]

+q[g(X,W )T (Y )T (Z) −
g(X,Z)T (Y )T (W )

+g(Y, Z)T (X)T (W ) −
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g(Y,W )T (X)T (Z)],

where R(X, Y, Z,W ) = g(R(X, Y )Z,W ), R is the curvature tensor of type

(1,3), p, q are scalar functions and ρ is a unit vector field defined by

(2.8) g(X, ρ) = T (X).

Definition (2.3) [4]. A Riemannian manifold whose curvature tensor R of

type (0,4) satisfies the condition

R(X, Y, Z,W ) = F (Y, Z)F (X,W ) − F (X,Z)F (Y,W ),

where F is a symmetric tensor of type (0,2), is called a special manifold with

associated tensor F and is denoted by ψ(F )n.

Definition (2.4). An (ε)-trans-Sasakian manifold is called Weyl-semi sym-

metric if it satisfies the condition R.C = 0, where R(X, Y ) denotes the curva-

ture operator and C(X, Y )Z is the Weyl-conformal curvature tensor.

Lemma (2.1). An (ε)-almost contact metric manifold is an (ε)-trans-Sasakian

manifold if and only if

(2.9) (∇Xξ) = ε {−αφX + β(X − η(X)ξ)}.
Proof. For an (ε)-trans-Sasakian manifold, the equation (2.5) implies

(2.10) ∇XφY−φ∇XY = α{g(X, Y )ξ−εη(Y )X}+β{g(φX, Y )ξ−εη(Y )φX}.
Replacing Y by ξ and using (2.2), above equation gives

(2.11) −φ∇Xξ = ε {α(η(X)ξ −X) − βφX}.
Applying φ on both sides of above equation and using (2.1) and (∇g)(ξ, ξ) = 0,

we obtain

∇Xξ = ε {−αφX + β(X − η(X)ξ)} .
Conversely, we suppose that the relation (2.9) holds for an (ε)-almost contact

metric manifold. Since η ∧ φ is upto a constant factor the volume element of

the manifold [14], it is parallel with respect to ∇, i.e.

(2.12) ∇X(η ∧ φ) = 0,

which gives

(2.13) (∇Xη)(Y )Φ(Z,W ) + η(Y )(∇XΦ)(Z,W )

+(∇Xη)(Z)Φ(W,Y ) + η(Z)(∇XΦ)(W,Y )

+(∇Xη)(W )Φ(Y, Z) + η(W )(∇XΦ)(Y, Z) = 0,

where Φ is the fundamental 2-form of the (ε)-almost contact metric structure,

defined by Φ(X,Y ) = g(X, φY ), for all vector fields X, Y ∈ Γ(TM).

By substituting W = ξ in above equation, we get

(2.14) ε(∇Xφ)Y = −η(Y )φ∇Xξ + εg(φ∇Xξ, Y )ξ.

Now, putting the value of ∇Xξ in (2.14), we get

(∇Xφ)Y = α {g(X, Y )ξ − εη(Y )X} + β {g(φX, Y )ξ − εη(Y )φX},
which shows the manifold is (ε)-trans-Sasakian manifold.

Example (2.1). Let us consider a 3-dimensional manifold M = {(x, y, z) ∈
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R
3 : z �= 0}, where (x, y, z) are the standard coordinates in R

3.

Let e1 = ez( ∂
∂x

+ y ∂
∂z

), e2 = ez ∂
∂y

and e3 = ∂
∂z

, which are linearly independent

vector fields at each point of M . Define a semi-Reimannian metric g on M as

g(e1, e3) = g(e2, e3) = g(e1, e2) = 0, g(e1, e1) = g(e2, e2) = g(e3, e3) =

ε,

where ε = ±1.

Let η be the 1-form defined by η(Z) = εg(Z, e3), for any Z ∈ Γ(TM) and φ be

the tensor field of type (1,1) defined by φe1 = e2, φe2 = −e1, φe3 = 0. Then

by applying linearity of φ and g, we have

η(e3) = 1, φ2Z = −Z + η(Z)e3, g(φZ, φU) = g(Z, U) − εη(Z)η(U),

for any Z, U ∈ Γ(TM). Hence for e3 = ξ , (φ, ξ, η, g, ε) defines an (ε)-almost

contact metric structure on M .

Let ∇ be the Levi-Civita connection with respect to g and R be the curvature

tensor of type (1,3), then we have

[e1, e2] = ε (yeze2 − e2ze3), [e1, e3] = −εe1, [e2, e3] = −εe2.
By using Koszul’s formula for the Levi-Civita connection with respect to g, we

obtain

∇e1e3 = −εe1 + 1
2
εe2ze2, ∇e2e3 = −εe2 − 1

2
εe2ze1, ∇e3e3 = 0,

∇e1e2 = −1
2
εe2ze3, ∇e2e2 = εe3 + εyeze1, ∇e3e2 = −1

2
εe2ze1,

∇e1e1 = εe3, ∇e2e1 = −εyeze2 + 1
2
εe2ze3, ∇e3e1 = 1

2
εe2ze2.

Now, for ξ = e3, above results satisfy

∇Xξ = ε {−αφX + β(X − η(X)ξ)},
with α = −1

2
e2z and β = −1. Consequently M(φ, ξ, η, g, ε) is a 3-dimensional

(ε)-trans-Sasakian manifold.

Lemma (2.2). Let M be an (ε)-trans-Sasakian manifold. Then, we have

(2.15) (∇Xη)Y = −αg(φX, Y ) + β {g(X, Y ) − εη(X)η(Y )},
for any X, Y ∈ Γ(TM).

Proof. By using (2.2), we have

(2.16) (∇Xη)Y = ∇Xη(Y ) − η(∇XY )

= ∇X (εg(Y, ξ)) − εg (∇XY, ξ)

= εg(Y,∇Xξ).

By substituting (2.9) in (2.16), we obtain

(∇Xη)(Y ) = −αg(φX, Y ) + β {g(X, Y ) − εη(X)η(Y )} .
Lemma (2.3). In an (ε)-trans-Sasakian manifold,

(2.17) R(X, Y )ξ = (α2 − β2) {η(Y )X − η(X)Y }
+2αβ {η(Y )φX − η(X)φY }
+ε {(Y α)φX − (Xα)φY + (Y β)φ2X − (Xβ)φ2Y } ,

(2.18) R(ξ, Y )X = (α2 − β2) {εg(X, Y )ξ − η(X)Y }
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+2αβ {εg(φX, Y )ξ + η(X)φY }
+ε(Xα)φY + εg(φX, Y )(gradα)

−εg(φX, φY )(gradβ)

+ε(Xβ) {Y − η(Y )ξ},
(2.19) R(ξ, Y )ξ = {α2 − β2 − ε(ξβ)} {−Y + η(Y )ξ}

−{2αβ + ε(ξα)} (φY ),

(2.20) 2αβ + ε(ξα) = 0,

for any X, Y ∈ Γ(TM).

Proof. By using (2.1) and (2.9), we have

R(X, Y )ξ = ∇X∇Y ξ −∇Y ∇Xξ −∇[X,Y ]ξ

= −ε(Xα)φY + α2 {η(Y )X − η(X)Y }
−β2 {η(Y )X − η(X)Y }+2αβ {η(Y )φX − η(X)φY }

+ε(Xβ) {Y − η(Y )ξ}+ε(Y α)φX−ε(Y β) {X − η(X)ξ}.
= (α2−β2) {η(Y )X − η(X)Y }+2αβ {η(Y )φX − η(X)φY }

+ε {(Y α)φX − (Xα)φY + (Y β)φ2X − (Xβ)φ2Y }.
By using equation (2.17) in g (R(ξ, Y )X,Z) = g (R(X,Z)ξ, Y ), we obtain

(2.18).

The equation (2.19) follows from (2.17) on replacing X by ξ.

Now, putting X = ξ in (2.18), we get

(2.21) R(ξ, Y )ξ = {α2 − β2 − ε(ξβ)} {−Y + η(Y )ξ}+{2αβ + ε(ξα)} (φY ).

In view of equations (2.19) and (2.21), we have

2αβ + ε(ξα) = 0,

which shows that α and β are not arbitrary functions but related to each other

with structure vector field ξ.

If α is constant, then from (2.20), we have β = 0. Hence we can state the

following:

Corollary (2.4). An (ε)-trans-Sasakian manifold of type (α, β) with a non-

zero constant α is always (ε)-α-Sasakian manifold.

Lemma (2.5). In an (ε)-trans-Sasakian manifold of type (α, β), if

φ(gradα) = (2n− 1)(gradβ), then we have

(2.22) ξβ = 0,

Proof. We know that

Xβ = g(X, gradβ)

= g
(
X, φ(gradα)

2n−1

)

= −g
(
φX, (gradα)

2n−1

)
= − 1

2n−1
g(φX, gradα),

which implies
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(2n− 1)(Xβ) + (φX)α = 0.

Similarly, we have

(2n− 1)(Y β) + (φY )α = 0.

On putting Y = ξ in above equation, we obtain ξβ = 0.

Lemma (2.6). Let M be a (2n+1)-dimensional (ε)-trans-Sasakian manifold.

Then we have

(2.23) η(R(X, Y )Z) = ε(α2 − β2) {g(Y, Z)η(X)− g(X,Z)η(Y )}
+2εαβ {η(X)g(φY, Z)− η(Y )g(φX, Z)}
+ {(Xα)g(φY, Z)− (Y α)g(φX, Z)}
+ {(Xβ)g(φ2Y, Z) − (Y β)g(φ2X,Z)},

(2.24) η(R(X, Y )ξ) = 0,

for any X, Y, Z ∈ Γ(TM).

Proof. By using (2.17), we have

η(R(X, Y )Z) = ε (g(R(X, Y )Z, ξ)

= −ε (g(R(X, Y )ξ, Z)

= ε(α2 − β2) {g(Y, Z)η(X)− g(X,Z)η(Y )}
+2εαβ {η(X)g(φY, Z)− η(Y )g(φX, Z)}
+ {(Xα)g(φY, Z)− (Y α)g(φX, Z)}
+ {(Xβ)g(φ2Y, Z) − (Y β)g(φ2X,Z)}.

Replacing Z by ξ in above equation, we have (2.24).

Remark. For an (ε)-trans-Sasakian manifold, using (2.2), (2.20) and (2.21)

in equation (2.23), we obtain

(2.25) εη(R(ξ, Y )X) = (α2 − β2) {g(X, Y ) − εη(X)η(Y )} .
Lemma (2.7). In a (2n+ 1)-dimensional (ε)-trans-Sasakian manifold,

(2.26) S(X, ξ) = {2n(α2 − β2) − ε(ξβ)} η(X) − ε(φX)α− ε(2n− 1)(Xβ),

(2.27) Qξ = ε [{2n(α2 − β2) − εξβ} ξ + φ(gradα)− (2n− 1)(gradβ)] ,

for any X ∈ Γ(TM).

Proof. By using Lemma (2.6), we have

εg(R(X, Y )Z, ξ) = η(R(X, Y )Z)

= ε(α2 − β2) {g(Y, Z)η(X)− g(X,Z)η(Y )}
+2εαβ {η(X)g(φY, Z)− η(Y )g(φX, Z)}
+ {(Xα)g(φY, Z)− (Y α)g(φX, Z)}
+ {(Xβ)g(φ2Y, Z) − (Y β)g(φ2X,Z)}.

On putting Y = Z = ei and taking summation over i, 1 ≤ i ≤ 2n+ 1, where

{ei} is an orthonormal basis of tangent space at each point of the manifold,

we obtain

S(X, ξ) = {2n(α2 − β2) − ε(ξβ)} η(X) − ε(φX)α− ε(2n− 1)(Xβ).

The equation (2.27) follows from (2.26).
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If (2n− 1)(gradβ)−φ(gradα) = (2n− 1)(ξβ)ξ, then (2.26) and (2.27) respec-

tively reduce to

(2.28) S(X, ξ) = 2n {α2 − β2 − εξβ} η(X)

and

(2.29) Qξ = 2nε {α2 − β2 − εξβ} ξ.
Again, if φ(gradα) = (2n− 1)(gradβ), then we have ξβ = 0. In this case, we

obtain

(2.30) S(X, ξ) = 2n(α2 − β2)η(X)

and

(2.31) Qξ = 2nε(α2 − β2)ξ.

3 Conformally flat (ε)-trans-Sasakian manifolds

In this section, we study conformally flat (ε)-trans-Sasakian manifolds.

At first we recall that the Weyl-conformal curvature tensor C of a (2n + 1)-

dimensional (n > 1) Riemannian manifold is given by

(3.1) C(X, Y )Z

= R(X, Y )Z− 1
2n−1

[S(Y, Z)X − S(X,Z)Y + g(Y, Z)QX − g(X,Z)QY ]

+ r
2n(2n−1)

[g(Y, Z)X − g(X,Z)Y ].

If the manifold is conformally flat, i.e. C = 0, then from (3.1), we obtain

(3.2) R(X, Y )Z = 1
2n−1

[S(Y, Z)X − S(X,Z)Y + g(Y, Z)QX − g(X,Z)QY ]

− r
2n(2n−1)

[g(Y, Z)X − g(X,Z)Y ].

Now, taking scalar product on both sides of above equation with W , we have

(3.3) g(R(X, Y )Z,W )

= 1
2n−1

[S(Y, Z)g(X,W )− S(X,Z)g(Y,W ) + g(Y, Z)S(X,W ) − g(X,Z)S(Y,W )]

− r
2n(2n−1)

[g(Y, Z)g(X,W )− g(X,Z)g(Y,W )].

On putting W = ξ, the above equation becomes

(3.4) g(R(X, Y )Z, ξ)

= 1
2n−1

[εS(Y, Z)η(X) − εS(X,Z)η(Y ) + g(Y, Z)S(X, ξ)− g(X,Z)S(Y, ξ)]

− r
2n(2n−1)

[εg(Y, Z)η(X) − εg(X,Z)η(Y )].

If (2n− 1)gradβ − φ(gradα) = (2n− 1)(ξβ)ξ, then using (2.28), the equation

(3.4) gives

(3.5) εη(R(X, Y )Z) = 1
2n−1

[εS(Y, Z)η(X) − εS(X,Z)η(Y )

+2n(α2 − β2 − εξβ)g(Y, Z)η(X)

−2n(α2 − β2 − εξβ)g(X,Z)η(Y )]

− rε
2n(2n−1)

[g(Y, Z)η(X) − g(X,Z)η(Y )].

Again, taking X = ξ in (3.5) and using (2.25), we obtain
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(α2 − β2){g(Y, Z) − εη(Y )η(Z)} = ε
2n−1

S(Y, Z) + 1
2n−1

[2n(α2 − β2 − εξβ) −
rε
2n

]g(Y, Z)

− 1
2n−1

[2ε{2n(α2 − β2 − εξβ)} −
rε
2n

]η(Y )η(Z),

which on simplification gives

(3.6) S(Y, Z) =
{

r
2n

− ε(α2 − β2) + 2nξβ
}
g(Y, Z)

−{
rε
2n

− (2n+ 1)(α2 − β2) + 4nεξβ
}
η(Y )η(Z).

Thus we can state the following theorem:

Theorem (3.1). A conformally flat (2n + 1)-dimensional (ε)-trans-Sasakian

manifold is η-Eienstein manifold, if (2n−1)gradβ−φ(gradα) = (2n−1)(ξβ)ξ.

Now, applying (3.6) in (3.3), we obtain

(3.7) g(R(X, Y )Z,W ) = 1
2n−1

[
{

r
2n

− ε(α2 − β2) + 2nξβ
}
g(X,W )g(Y, Z)

−{
rε
2n

− (2n+ 1)(α2 − β2) + 4nεξβ
}
g(X,W )η(Y )η(Z)

−{
r
2n

− ε(α2 − β2) + 2nξβ
}
g(Y,W )g(X,Z)

+
{

rε
2n

− (2n+ 1)(α2 − β2) + 4nεξβ
}
g(Y,W )η(X)η(Z)

+
{

r
2n

− ε(α2 − β2) + 2nξβ
}
g(Y, Z)g(X,W )

−{
rε
2n

− (2n+ 1)(α2 − β2) + 4nεξβ
}
g(Y, Z)η(X)η(W )

−{
r
2n

− ε(α2 − β2) + 2nξβ
}
g(X,Z)g(Y,W )

+
{

rε
2n

− (2n+ 1)(α2 − β2) + 4nεξβ
}
g(X,Z)η(Y )η(W )]

− r
2n(2n−1)

[g(Y, Z)g(X,W )− g(X,Z)g(Y,W )].

On simplification the above relation gives

(3.8) g(R(X, Y )Z,W )

=
{

r−4n(ε(α2−β2)−2nξβ)
2n(2n−1)

}
[g(Y, Z)g(X,W )− g(X,Z)g(Y,W )]

+
{

rε−2n((2n+1)(α2−β2)+4nεξβ)
2n(2n−1)

}
[g(Y,W )η(X)η(Z)

−g(X,W )η(Y )η(Z) + g(X,Z)η(Y )η(W ) − g(Y, Z)η(X)η(W )].

Thus in view of definition (2.2), we have the following:

Theorem (3.2). A (2n + 1)-dimensional (n > 1) conformally flat (ε)-trans-

Sasakian manifold is of quasi-constant curvature, if (2n−1)gradβ−φ(gradα) =

(2n− 1)(ξβ)ξ.

Remark. In [6], it is proved that a manifold of quasi-constant curvature is a

ψ(F )n.

Hence in view of theorem (3.2), we have

Corollary (3.3). A conformally flat (ε)-trans-Sasakian manifold is a ψ(F )n,

if (2n− 1)gradβ − φ(gradα) = (2n− 1)(ξβ)ξ.
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4 Weyl-semi symmetric (ε)-trans-Sasakian man-

ifolds

In this section, we study Weyl-semi symmetric (ε)-trans-Sasakian manifolds.

Let M be a (2n + 1)-dimensional (ε)-trans-Sasakian manifold which is Weyl-

semi symmetric, i.e. R(X, Y ).C = 0, where R(X, Y ) is the curvature operator

and C(X, Y )Z is Weyl-conformal curvature tensor.

Taking scalar product with ξ on both sides of equation (3.1), we have

g (C(X, Y )Z, ξ) = g (R(X, Y )Z, ξ)− 1
2n−1

[S(Y, Z)g(X, ξ)−S(X,Z)g(Y, ξ)

+g(Y, Z)S(X, ξ)− g(X,Z)S(Y, ξ)]

+ r
2n(2n−1)

[g(Y, Z)g(X, ξ)−g(X,Z)g(Y, ξ)],

which implies

(4.1) εη (C(X, Y )Z) = εη (R(X, Y )Z)− 1
2n−1

[εS(Y, Z)η(X)−εS(X,Z)η(Y )

+g(Y, Z)S(X, ξ)− g(X,Z)S(Y, ξ)]

+ r
2n(2n−1)

[εg(Y, Z)η(X)−εg(X,Z)η(Y )].

On putting X = Y , the equation (4.1) gives

(4.2) εη (C(X,X)Z) = εη (R(X,X)Z) = 0.

On the other hand, by substituting Z = ξ in equation (4.1), we get

(4.3) εη (C(X, Y )ξ) = εη (R(X, Y )ξ) − 1
2n−1

[εS(Y, ξ)η(X) − εS(X, ξ)η(Y )

+g(Y, ξ)S(X, ξ)− g(X, ξ)S(Y, ξ)]

+ r
2n(2n−1)

[εg(Y, ξ)η(X)−εg(X, ξ)η(Y )].

If (2n − 1)(gradβ) − φ(gradα) = (2n − 1)(ξβ)ξ, then by using (2.2), (2.24),

(2.28) in above equation, we get

(4.4) η (C(X, Y )ξ) = 0.

Also, in above case, for X = ξ, in view of (2.25) and (2.28), the equation (4.1)

gives

(4.5) η (C(ξ, Y )Z) = 1
2n−1

[
{

r
2n

− (ε(α2 − β2) − 2nξβ)
}
g(Y, Z)

−{
rε
2n

− (2n+ 1)(α2 − β2 − εξβ)
}
η(Y )η(Z)−

S(Y, Z)].

Since the manifold is Weyl-semi symmetric, i.e. R.C = 0, we have

(4.6) R(X, Y )C(U, V )W − C (R(X, Y )U, V )W

−C (U,R(X, Y )V )W − C(U, V )R(X, Y )W = 0.

Taking scalar product with ξ on both sides of above equation and putting

X = ξ, we have

(4.7) g [R(ξ, Y )C(U, V )W, ξ] − g [C (R(ξ, Y )U, V )W, ξ]

−g [C (U,R(ξ, Y )V )W, ξ] − g [C(U, V )R(ξ, Y )W, ξ] = 0.

Now, in view of (2.25), the expression (4.7) gives

(4.8) (α2 − β2) [g (C(U, V )W,Y ) − εη(Y )η (C(U, V )W )]
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−(α2 − β2) [g(Y, U)η (C(ξ, V )W ) − εη(U)η (C(Y, V )W )]

−(α2 − β2) [g(V, Y )η (C(U, ξ)W )− εη(V )η (C(U, Y )W )]

−(α2 − β2) [g(W,Y )η (C(U, V )ξ) − εη(W )η (C(U, V )Y )] = 0.

The above expression can be written as

(4.9) C̃ (U, V,W, Y ) − εη(Y )η (C(U, V )W )

−g(Y, U)η (C(ξ, V )W ) + εη(U)η (C(Y, V )W )

−g(Y, V )η (C(U, ξ)W ) + εη(V )η (C(Y, U)W )

−g(Y,W )η (C(U, V )ξ) + εη(W )η (C(U, V )Y ) = 0,

where C̃ (U, V,W, Y ) = g (C(U, V )W,Y ) .

On putting Y = U in equation (4.9) and using (4.2), (4.4), we get

(4.10) C̃ (U, V,W,U) − g(U,U)η (C(ξ, V )W )

−g(U, V )η (C(U, ξ)W ) + εη(W )η (C(U, V )U) = 0.

Again, putting U = ei and taking summation over i, 1 ≤ i ≤ 2n+ 1, where

{ei} is an orthonormal basis of the tangent space at each point of the manifold,

we have

(4.11)
2n+1∑
i=1

[C̃ (ei, V,W, ei) − g(ei, ei)η (C(ξ, V )W )

−g(ei, V )η (C(ei, ξ)W ) + εη(W )η (C(ei, V )ei)] = 0.

Now, by using (2.23) and (2.28) in (4.1), we obtain

(4.12)
2n+1∑
i=1

εη (C(ei, V )ei) = 2n
2n−1

[(α2−β2−2nεξβ)−ε(α2−β2−εξβ)]η(V ),

(4.13)
2n+1∑
i=1

g(ei, V )η (C(ei, ξ)W ) = − 1
2n−1

[
{

r
2n

− (ε(α2 − β2) − 2nξβ)
}
g(V,W )

−{ rε
2n

− ((α2 − β2) − 2nεξβ)

−2n(α2−β2−εξβ)}η(V )η(W )−
S(V,W )].

Also, from (4.5) we have

(4.14) η (C(ξ, V )W ) = 1
2n−1

[
{

r
2n

− (ε(α2 − β2) − 2nξβ)
}
g(V,W )

−{ rε
2n

− ((α2 − β2) − 2nεξβ)

−2n(α2−β2−εξβ)}η(V )η(W )−S(V,W )].

Hence, from (4.13) and (4.14) it follows that

(4.15)
2n+1∑
i=1

g(ei, V )η (C(ei, ξ)W ) = −η (C(ξ, V )W ).

Therefore by substituting (4.12) and (4.15) in equation (4.11), we get

(4.16)
2n+1∑
i=1

C̃ (ei, V,W, ei) − (2n+ ε− 1) η (C(ξ, V )W )

+ 2n
2n−1

[(α2 −β2 −2nεξβ)− ε(α2 −β2− εξβ)]η(V )η(W ) = 0.

Now, from (3.1), we have

(4.17) g (C(X, Y )Z, U) = g (R(X, Y )Z, U)
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− 1
2n−1

[S(Y, Z)g(X,U) −
S(X,Z)g(Y, U)

+g(Y, Z)S(X,U)−g(X,Z)S(Y, U)]

+ r
2n(2n−1)

[g(Y, Z)g(X,U) −
g(X,Z)g(Y, U)].

Putting X = U = ei in above equation and taking summation over i, 1 ≤ i ≤
2n+ 1, we have

(4.18)
2n+1∑
i=1

C̃ (ei, V,W, ei) = (1−ε)
2n−1

[S(V,W )+{(2n−1)(α2−β2)− r
2n
}g(V,W )

−{ε(2n − 1)(α2 − β2) − 4nε(α2 −
β2 − εξβ) + r

2n
}η(V )η(W )]

Thus using (4.18),(4.14) in equation (4.16), we obtain

(4.19) S (V,W ) =
[

r
2n

− {α2 − β2 − (2n+ ε− 1)ξβ}] g(V,W )

− [
rε
2n

− (2n+ ε){α2 − β2 − εξβ}] η(V )η(W ).

Thus we can state the following:

Theorem (4.1). A Weyl-semi symmetric (2n + 1)-dimensional (ε)-trans-

Sasakian manifold is an η-Eienstein manifold, if (2n− 1)gradβ − φ(gradα) =

(2n− 1)(ξβ)ξ.

Now, if φ(gradα) = (2n−1)(gradβ), then in view of (2.22), the equation (4.19)

becomes

(4.20) S (V,W ) =
{

r
2n

− (α2 − β2)
}
g(V,W )

−{
rε
2n

− (2n + ε)(α2 − β2)
}
η(V )η(W ).

Also in this case, using (2.23) and (2.30) in equation (4.1), we obtain

(4.21) η (C(X, Y )Z) = 1
2n−1

[
{

r
2n

− ε(α2 − β2)
} {g(Y, Z)η(X)− g(X,Z)η(Y )}

−{S(Y, Z)η(X) − S(X,Z)η(Y )}].
On putting X = ξ in (4.21), we get

(4.22) η (C(ξ, Y )Z) = 1
2n−1

[
{

r
2n

− ε(α2 − β2)
} {g(Y, Z) − εη(Y )η(Z)}

−{S(Y, Z) − S(ξ, Z)η(Y )}].
Again, putting Y = ξ in (4.21), we obtain

(4.23) η (C(X, ξ)Z) = 1
2n−1

[
{

r
2n

− ε(α2 − β2)
} {εη(X)η(Z) − g(X,Z)}

−{S(ξ, Z)η(X)− S(X,Z)}].
On the other hand, from the expression (4.9), we have

(4.24) C̃ (U, V,W, Y ) = εη(Y )η (C(U, V )W ) + g(Y, U)η (C(ξ, V )W )

−εη(U)η (C(Y, V )W ) +

g(Y, V )η (C(U, ξ)W )

−εη(V )η (C(Y, U)W ) −
εη(W )η (C(U, V )Y ).

In view of (4.21), (4.22) and (4.23) ,the expression (4.24) becomes

(4.25) C̃ (U, V,W, Y ) = 1
2n−1

[
{

r
2n

− ε(α2 − β2)
}
g(V,W )g(Y, U)
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+2n(α2 − β2)g(Y, U)η(V )η(W ) −
g(Y, U)S(V,W )

−{
r
2n

− ε(α2 − β2)
}
g(U,W )g(Y, V )

−2n(α2 − β2)g(Y, V )η(U)η(W ) +

g(Y, V )S(U,W )

+εS(Y, V )η(U)η(W )−εS(Y, U)η(V )η(W )].

Now, using (4.20) in equation (4.25) and simplifying, we obtain

(4.26) C̃ (U, V,W, Y ) = (1−ε)(α2−β2)
2n−1

{g(Y, U)g(V,W ) − g(Y, V )g(U,W )}.
Hence we have the following theorem:

Theorem (4.2). In a (2n + 1)-dimensional (n > 1) Weyl-semi-symmetric

(ε)-trans-Sasakian manifold, if φ(gradα) = (2n− 1)(gradβ), then

C̃ (U, V,W, Y ) = (1−ε)(α2−β2)
2n−1

{g(Y, U)g(V,W )− g(Y, V )g(U,W )}.
From (4.26), we observe that if ε = 1, then R.C = 0 implies C = 0. Thus in

view of theorem (3.2), we conclude the following :

Corollary (4.3). A (2n + 1)-dimensional (n > 1) Weyl-semi-symmetric

trans-Sasakian manifold is of quasi constant curvature, if φ(gradα) = (2n −
1)(gradβ).
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