TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 294, Number 1, March 1986

ON TYPE OF METRIC SPACES

BY
J. BOURGAIN, V. MILMAN AND H. WOLFSON!

ABSTRACT. Families of finite metric spaces are investigated. A notion of
metric type is introduced and it is shown that for Banach spaces it is consistent
with the standard notion of type. A theorem parallel to the Maurey-Pisier
Theorem in Local Theory is proved. Embeddings of lp-cubes into the l1-cube
(Hamming cube) are discussed.

1. Introduction.

Termainology and notations.

1.1. DEFINITION. Two finite metric spaces (X, p), (Y,d) are called c-isomorphic
if there is a one-to-one map ¥: X — Y such that ||¢||Lip||¥ = |Lip < ¢. (We recall
that [|¢||Lip = sup, ., (d(¥(z), ¥(y))/p(z, y)).

In [G] |9 |[#~ ] is called the distortion of 1.

Analogous to the Banach-Mazur distance between normed spaces, we define the
Lipschitz distance between finite metric spaces as

dX,Y) = w:i}lgiy [%llLip 1%~ ILip,

where the infimum is taken over all one-to-one and onto maps ¢¥: X — Y.

1.2. We recall that the Banach-Mazur distance between two n-dimensional
normed spaces X,Y is defined as d(X,Y) = inf{||T||||T-||: T: X — Y is an
isomorphism}. It is known that for the finite-dimensional real Banach spaces the
Lipschitz distance coincides with the Banach-Mazur distance. (In the nontrivial
direction use the fact that for any Lipschitz map ¢: X - Y (dim X =dimY < o0)
there is a point z € X such that ¢ and ¥~! have derivatives at = and y = v¥(z)
respectively. Hence, there is a linear map T: X — Y satisfying ||T]|||T|~! <
[¥lLipll$ ™ lLip.)

1.3. Let C% = {(e1,...,&n)le; € {0,1}} = {0,1}". (Sometimes it is more conve-
nient to use C3 = {—1,1}". It will be clear from the context what representation
is used.)

For every pair € = (¢;)7_y, ¢ = (€})7, in C} the Hamming metric is defined
as h(e,e’) = #{tle; # €/}. In the case of CF = {0,1}™ this metric coincides with
the standard I; metric (3_7_, |e; — €5[).

DEFINITION. Let 1 < p < oo. The metric space (C%, pp), where C} = {0,1}"
and pyle,€') = [0, le — 1P VP = [T, e — el]1/P for any pair €, ¢ € CF is
called the I, n-cube (or [3-cube).
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296 J. BOURGAIN, V. MILMAN AND H. WOLFSON

REMARK. The [; n-cube will be often called the Hamming cube. We recall
that for any 1 < p < oo the I} space is the real (or complex) n-dimensional space
equipped with the norm ||(a;)? ]I, = (3°r, |a:|?) /7.

1.4. We say that an infinite-dimensional Banach space X contains [}}’s uniformly
if for every ¢ > 0 there exists a sequence of subspaces of X, {X,,; dim X,, = n}, such
that for every n, d(X,,l3) <1+¢.

An infinite metric space (X, p) is said to contain [, n-cubes uniformly if for any
€ > 0 there is a sequence of subsets of X, {X,, C X; card X,, = 2"}, such that for
every n, d{(Xn,p)7 (Célvpp)} S 1+e.

1.5. For any metric space (X, p) with cardinality 2™ (|X| = 2") consider a one-
to-one map ¢: C% — X, which gives some way of ordering the elements of X by
n-dimensional binary vectors.

Consider a point € = (¢;)7_; in CF. Take the opposite point on the cube
e = (1 —¢;)7_,. We define a diagonal in X as the unordered pair (¥ (¢);¥(e°))
and its length is

diag,(¢) = p(¥(e),¥(e°)).

(For the sake of convenience, we often use the same notation for a diagonal and
its length. It is clear from the context what definition is meant.)

The set of all diagonals is denoted by D. Clearly, |D| = 2"~!. (Sometimes, it is
convenient to count every diagonal twice in order to get a one-to-one correspondence
between the diagonals and the vertices.)

An edge in X is defined for every unordered pair of points (¢;¢’) in CF differing
in one binary coordinate only, and its length (which we usually will call just “edge”)
is

edge, (e, &) = p(¥(e), ¥(e)).
The set of all edges is denoted by E. |E| = n2"1.

Two edges (¥(e1);¥(e2)) and (¥(e]);¥(eh)) are called connected if they share
one point. (For example ¥(e2) = ¢(¢€}).) In the sequel, when it is obvious, we do
not mention the specific ordering (map ), which is chosen.

A path belonging to diagy (¢) is a set of n connected edges, starting at ¥(¢) and
terminating at ¥(e¢).

There are, of course, different paths belonging to the same diagonal. We may
consider a path as the set of edges obtained by n consecutive changes of the co-
ordinates of € to obtain £°. The n-permutation 7, by which these coordinates are
changed, fully describes the path. Hence, we denote a path by E(m).

1.6. An infinite-dimensional Banach space X is called of type p if there is a
constant C such that for any n and any sequence (z;)?_, in X

1 n pyi/p n 1/p

— Lo < P
(1.6.1) [2n XE: ;em ] <C <; £ )
where the summing is over all € € {—1,1}". (See [M-P].)

The definition makes sense only for 1 < p < 2 and it is clear that if X is of type
p then there is a constant C’ such that

V2 n
(1.6.2) [2% > ”Z EiTi ] < C'nlfPm1/? <Z ||Ii|12>
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ON TYPE OF METRIC SPACES 297

Conversely, it is well known that (1.6.2) implies X is of type r whenever r < p.

Every Banach space X is of type 1 and the supremum of all types of X is denoted
by px.

The Maurey-Pisier Theorem [M-P] says that X contains I3 ’s uniformly.

The metric analog of type p (for any p > 1) is defined as follows:

DEFINITION. Let p > 1. An (infinite) metric space (X, p) has metric type p if
there is a constant «, such that for every k and any k-cube (defined by any map
¥: C¥ — X) the following inequality holds:

1/2 1/2
(1.6.3) <Z diag2> < ak!/P=1/2 (E edge2> ,
D

E

where the summing is over all the diagonals and all the edges of the k-cube.

The smallest constant « satisfying (1.6.3) is called the metric p-type constant
of (X,p) and is denoted a,(X). The smallest constant for a given k is denoted
ap(k; X). (When it causes no confusion we call the metric type just type.)

As usual, the metric type constant can be defined in the same way for a family
of finite metric spaces (Xn,pn), where [Xn| = N (N 1 00), as the best constant
obtained simultaneously for all the spaces.

Another definition of a metric type is given in §3 (see 3.14).

Summary of results.

1.7. Recently, there has been a growing interest in understanding the similarity
between asymptotic properties of finite-dimensional normed spaces and finite metric
spaces. In a few known examples [Mar-P, G, J-L| there is a close analogy between
the results obtained for metric spaces and the previously-known results from the
Local Theory of Banach spaces, where the role of the dimension of a Banach space
is played by the logarithm of the cardinality of the finite metric space. Below, we
give more examples of these kind of results.

1.8. In §2, we show that if a metric space (X, p) has metric type no bigger than
1, then it contains {; n-cubes (Hamming cubes) uniformly. This is an analog of
Pisier’s result (see ([P1]) for Banach spaces.

1.9. In §3 a result similar to that of §2 is shown; however the method is entirely
different (the so-called “measure concentration” phenomenon is used). The esti-
mates on the cardinality of the Hamming subcubes are improved; however, some
restriction on the original space is imposed. Another definition of metric type
influenced by Enflo’s paper [E] (the so-called E-type) is introduced and discussed.

1.10. In §4 metric spaces of type no bigger than p (1 < p < 2) are discussed. The
connection of this property with the embeddability of [, n-cubes is investigated. In
a sense, the results of §§2—4 may be viewed as a metric analog of the Maurey-Pisier
Theorem (for type).

1.11. In §5, it is shown that for Banach spaces the supremum of the metric types
equals px, the supremum of the standard types. This enables us not only to look
for results in metric spaces which are extensions of well-known results in Banach
spaces, but also gives us the opportunity to apply to Banach space theory some
nontrivial results which follow from the existence of metric type.

For example, this implies that if a Banach space X contains a sequence of subsets
{Xn;|Xn| = 2"} such that d(X,, (C%,pp)) < a for some fixed a > 1 and for some
1 < p < 2, then for any ¢ > 0, it contains a sequence of subspaces {Y,, }2; such
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298 J. BOURGAIN, V. MILMAN AND H. WOLFSON

that d(Yn,l) <1+ €. Another consequence is that if X is an infinite-dimensional
Banach space of type p, then for any 1 < p’ < p there is a constant a, (X) such

that for any n and any %: C% — X the following inequalities hold:

1/2
> (o) —e)|?

eeC?

n
< ap(X)nl/P'-1/2 E Z (€1, €50 En)
J=1€€C}

1/2

—w(fl»--~a_5ja~~-’5n)||2

(Here C% = {-1,1}".)

1.12. §6 discusses (1 + ¢)-isomorphic embeddings of [, k-cubes into the I; n-
cube (Hamming cube) for a suitable function n = n(k,¢) or more generally the
embedding of [, k-cubes into I, n-cubes with s < p. A nonconstructive method
with a power type estimate (n ~ k3) and a constructive method with a logarithmic
estimate (k ~ logn) are shown. Here, however, the similarity with the normed
space theory is not precise, because the embedding may be constructed for any
1 < s < p<oo. (In normed spaces it is true only for p < 2.)

2. Type 1 case.

2.1. Let (Xn,pn), | X| = N (N 1 00), be a family of finite metric spaces. It is
easily verified that every such family is at least of type 1 with 1-type constant 1;
namely, for every k-cube

1/2 1/2
(2.1.1) [Z diag2} < kY2 [Z edgeQ] .
D E
Indeed, let diag(e) be any diagonal and take the “identity path” E.(Id). By the
triangle and Cauchy-Schwartz inequalities
2

(2.1.2) diag?(e) < Z edge| <k Z edge®

E.(1d) E.(1d)

Summing over all the diagonals we get (2.1.1), since the edges, belonging to
identity paths of different diagonals, are all distinct.
2.2. Consider the trivial case when equality in (2.1.1) is obtained.

PROPOSITION. Let (X, p) be a metric space of cardinality 2%, such that there
exists a map 1: C§¥ — X, for which equality in (2.1.1) holds. Then X 1is isometric
to the C¥ cube with the usual l; (Hamming) metric.

The proof is obvious. Indeed, equality in (2.1.1) means equality in (2.1.2) for
every diagonal.

For any ¢ take the diagonal diag(c). Equality in the Cauchy-Schwartz inequality
implies that all the edges in E.(Id) are mutually equal.
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The same argument shows that for a given permutation 7 and every ¢ all the
edges of E. () are mutually equal. Hence, all k2*~! edges are equal. Denote this
length by a.

Equality in the triangle inequality in (2.1.2) implies that the length of every
diagonal is ka. Take any ¢,¢’ in C¥ such that the Hamming distance h(e,¢’) = h.
Clearly

ha = diag(e) — (k — h)a < p(¢(e),¥(e")) < ha.

2.3. Consider a family (Xy, pn) of type not better than 1. We will show that
in this case there is a subset of Xy (with cardinality growing to infinity as N T o0)
which is “almost” isometric to a Hamming cube. The proofs in 2.3-2.6 are similar
to G. Pisier’s proof in lineary theory (see [P1]).

First we consider a more general situation and show that for any p > 1 the
p-type constant is submultiplicative, namely:

LEMMA. For any metric space (X, p) and any p > 1,
ap(nk; X) < ap(k; X)ap(n; X).

PROOF. Assume |X| = 2" and let ¢: C$* — X be an ordering of X. Divide
{1,...,nk} into k consecutive n-blocks I; = {(i—1)n+1,...,in},2=1,...,k. For
a given configuration ¢ = (¢’ );’il consider only those points obtained by changing
simultaneously values of n-blocks I; in &:

_ g ; . .
€L ... "{1 & JGI“U UL‘" 1<1 <9<~ <1,<k.
iy seeeadiy = =

L, = .
: €7, otherwise,

Clearly, we get a k-cube Y (¢;k)(|Y| = 2*), where an edge is a pair of points
(¥(€),¥(€’)), such that € and ¢’ differ on one block I; only and a diagonal is a pair
of points differing on all k n-blocks.

By the definition of a,(k; X) we obtain in the cube Y (¢; k)

(2.3.1) ) diag?(Y) < o2(k; X)k¥P71 )" edge?(Y).

Consider all the different k-cubes Y (¢; k) defined above. (There are 2™*~* such
cubes.)

The edges of these cubes may be considered as diagonals of n-cubes, obtained by
changing all the coordinates on one of the n-blocks {I;} and keeping the coordinates
of all other n-blocks constant. It is easily seen that summing (2.3.1) over all different
k cubes and applying the p-type condition on the new n-cubes results in

Z diag? < o (k; X)k*/P~ a2 (n; X)n?/P~1 E edge?
D E
where the sums are over all the diagonals and all the edges of the original nk-cube.
Hence, a,(nk; X) < ap(k; X)ap(n; X). O

2.4. COROLLARY. Let0 < a < 1,0<n <1,
then there is a constant C(a,n) and an integer k =
ap(k; X) > 1 — n/k22k+12,

p2>1 Ifop(m; X) > a
C(a;n)loglogn such that

PROOF. By the previous lemma k* = n for some integer ¢ implies ap(n; X) <
ok (k; X). Hence, if ap(k; X) = 1 — &, then (1 — &)t > a, & < —loga/t. Take
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300 J. BOURGAIN, V. MILMAN AND H. WOLFSON
t ~ —(log a/n)k?25+12; then & ~ n/k22¥+12 and n = k~(esa/mk*2**** Hence
k ~ C(a;n)loglogn. O

We will also need the following trivial fact.
2.5. FACT. Let 0< 6 <1,a; >0 (:=1,...,n) and

n 1/2 n
() T
=1 =1

Then, for every 2 =1,...,n,

ey~ | < VB

PROOF. The result follows immediately from

> [t ‘%]zg[zz R ) <2 -0) =

=1

2.6. THEOREM. Let {(Xn,pn)}n be a family of finite metric spaces (| X,| =
2™) with type no better than 1. Then, for every 6 > 0, there is a k(n)-cube in
(Xn, pn) which 1s (1 + §)-isometric to (C¥,h), the 11 k-cube and k(n) 1 oo with
n 1 oo.

PROOF. Since (X pn) has type no better than 1, then by definition (1.6.3) we
get
|log ag (n; X))

= 0.
logn
Hence, for every 0 < 6 < 1 there is a subsequence {ns}2; such that

log a1(ni; Xn,) 62
log ng = k22k+12)og k”

0< -

Then we have ny > kt, where t ~ —62k?2%+12log o (ny; X, ). By 2.4
a1 (k; Xn,) > [ar(ni; Xn, )]Vt ~ exp(—62/k225+12) ~ 1 — 9,

denoting § = §2/k?2%+12. Hence, there is a k-cube (namely, a map 9: C¥ — X,,,)
satisfying

1/2 1/2
<Z diag2> > (1 -0k (Z edgez) .
D

E

We may normalize by taking > Eedge2 = 1. As in 2.2 assign to each diagonal
(diag(e)) the k edges of its “identity path” (E.(Id)). Clearly, there is some diagonal
diag(eo) satisfying

k Z edge? > diag?(eg) > 27F+Y( kZedge = (1 —0)2k27k+1,
Eqo(1d)
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We may assume g9 =0 = (0,...,0). Then

(2.6.1)
2
Z edge | > diag?(0) >k | (1 —6)? E edge? — Z edge®
Eo(Id) E E\Eo(1d)

=k [ Z edge® — (20 — 6?) Eedgez} > k(1 — 2k+0-19) Z edge?.

Eo(1d) E Eo(1d)
By 2.5 every edge in Eo(Id) satisfies

)
k+0-1\1/2
< (2 0)/< < Bk

edge 1
(EEO(Id) edge’)/2  Vk

Hence, the k edges of Ey(Id) are almost equal. This is the first step in evaluating
all the edges of the k-cube.

The second step is to take all other paths Eg(w) (7 # Id) having at least one
common edge with Eg(Id). For each such path

(2.6.2)

Z edge® > %diag2((—)) > (1 -6)227k+1,
Eo ()

As before, we obtain that an inequality similar to (2.6.2) holds for the edges of
Eo(ﬂ' ) .

Since Eg(n) and Eo(Id) share at least one edge, it follows that the edges of
Eo(Id) and Eo(~) (for all such «) are “almost equal”.

In the next step paths having at least one edge, which were evaluated at a
previous step, are considered. By this process all edges are evaluated in at most
four steps.

(i) Get all the edges of Eg(Id), namely edges (v(e1), ¥ (e2)), where

61:{511=0, j>1, 62:{5{?:0, J>1+1,
g=1, j<i, g=1, j<i+l

(ii) Get all the edges (¥(1,0,...,0), ¥(&;))i>1, where ¢; has 1 in the first and sth
coordinate (¢ # 1). Such edge is obtained by a path Eo(m) passing through this edge
and sharing the edge (1(0,0,...,0), ¥(1,0,...,0)) with Eo(Id) (= = (1,4,...)).

(iii) Get all the edges (¥(0,...,0), ¥(e;))i>1, where ¢; is the sth unit vector.
This is achieved by a path starting with the required edge and proceeding by an
edge built in (ii). The required permutation is = = (3,1,...).

(iv) Any edge can be obtained by a path beginning with an edge built in (iii).

Hence, all the edges are “almost equal” and for any two edges of length a and
a’ we have |a — d'| < §/6k.

Define a to be the length of some edge. Then for any diagonal (by (2.6.1))

k2 1—i 2a2—lc(20—02)<diag2<k2 1-+-i 2a2
6k 6k ’
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302 J. BOURGAIN, V. MILMAN AND H. WOLFSON

A standard use of the triangle inequality shows, now, that for any e,e, € C¥,

11— p(¥(e1),¥(e2))/ah(er, €2)| < 6/2. Hence, [YllLipll¥ ™ Lip <1+6. [
2.7. From the proof of 2.6 it is obvious that the following proposition holds.

PROPOSITION. Let0 < a < 1 and§ < 0. Then there exists a constant C(a; 6) >
0 depending on o > 0 and 6 > 0 only, such that every metric space (X, p) with
a1 (n; X) > a contains a k-cube which ts (14 6)-isometric to the l; k-cube for some
k > C(a;6)loglogn. (Of course, this has nontrivial sense only for n large enough.)

3. Improved estimates; “concentration of measure phenomena” ap-
proach. In this section a different approach is used to investigate the situation of
Proposition 2.7. Much better (power-type) estimates are obtained on the cardinal-
ity of a Hamming subcube. However, a restriction on the distribution of edges is
imposed.

3.1. THEOREM. Let (X,p) be a finite metric space of cardinality 2™. Let
¥: C% — X be some ordering of X satisfying the following conditions:
(i) there 13 a constant 0 < v < 1 such that

1/2 1/2
(Z diagi) > nl/? <Z edge?/)) ,
D

E

(ii) there are constants 0 < 3 < %, a > 0 such that maxg edge,, < aAn?, where
A 1s the ly-average of the edges (A% = (1/n2™)> L edge?p).

Then, there are a constant C(a,y) depending on a and ~ only and a subset
Y C X of cardinality 2%, k = C(a,y)n*/? P(logn)~1/? such that (Y,p) 1s 3y}
isomorphic to (C%, h).

The proof of Theorem 3.1 uses the so-called “concentration of measure phenom-
ena” on some discrete spaces (see also [A-M, M-S]). We need some definitions and
known results, which are stated without proof.

3.2. In a metric space (X, p) a é-inflation of a subset A C X is defined to be the
set As = {z € X|Ja € 4, p(z,a) < b}.

Given a metric probability space (X, p, 1) and a real-valued function on it, we
denote by L; a Levy mean (median) of f: X — R; namely, Ly is a number such
that both u(A*) > 2 and u(A~) > 4, where 4T = {z € X: f(z) > Ly}, A~ =
{ze X: f(z) < Ly}

3.3. DEFINITION. Let (X, pn, itn), n / 00, be a family of normalized metric
probability spaces (i.e. diam X, = 1, un(X,) = 1). It is called a “normal Levy
family” if for every 6 > 0 and A, C X, with p,(A,) > 5 we get pn(An)s >
1 — ¢; exp(—c262n), where c¢1, ¢y are some absolute constants independent of n.

We will need the fact that the family of the Hamming cubes and the family of
the n-permutations are normal Levy families.

3.4. LEMMA [H,A-M)]. (C},pn,fin), where C} is the Hamming n-cube of
cardinality 2", pn = n~'hy, (hn-Hamming metric), and fi,, the standard normalized
counting measure, is a normal Levy family with ¢, = %, co = 2.

3.5. LEMMA [M]. (Sy,pn,fin), where Sy is the permutation group on n ele-
ments, pn(0,7) = Lcard{i: (i) # (i)} for every pair of permutations 0,7 € S,

and fi, (A C S,) = Lcard A, is a normal Levy family with ¢, = %, cyp = %6'
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3.6. COROLLARY. Let X, = C3 x S, with the product measure fy, = fip X fin
and metric pp((g,0),(e',0")) = #{t: e(i) # €'(2) or o(3) # 0'(¢)}, where fin, fin are

as in Lemmas 3.4 and 3.5 respectively. Then (X, pn, n) 15 a normal Levy family

with c1 = %, Cy = %

We need two more results.

3.7. LEMMA [A-M]. Let (Xpn, pn, lin) be a normal Levy family with constants
c1,¢c2 and let f: X, — R be a measurable function with modulus of continuity wy.
Then for every 6 > 0

‘Lf - /X i

Here || f]lco = maxzex, |f(z)].

3.8. LEMMA (SEE THEOREM 7.8 IN [M-S|). Let (Xn,pn,pn) be as in
Corollary 3.6 and let fn: X,, — R satisfy for every z,y € X,, |fo(z) — faly)] <
apn(z,y) with some constant a > 0. Then

pn(|fn — Efal > ¢) < 2exp (—CQn/8a2) .
Efy, is the ezpectation Efn = [y frndpin.

< 2c1 exp(—c26*n)||f o0 + wy (6)-

3.9. PROOF OF THEOREM 3.1. Define a function p: C§ — Rt by ¢(e) =
diag, (¢) for every ¢ € CF.
The conditions of the theorem imply

1/2
~An < [/ cp2(5)] < An.
ey

<(/,

2

First evaluate

1/2
be ™ (/C ¢2(6))

By Lemmas 3.4 and 3.7 for every 6 > 0

/ IL, — p(€))? < exp(—262n) (n maxedge)2 + (6n maxedge)2
cp © - E E ’

1/2
Ly — s0(6)|2> :

Since maxg edge < aAn® (8 < 1), we get (by calculating for § < v/8an?)
1/2
Lo ([ ¢e)

(3.9.1) ‘—:ifyAn <L, <An (1 + %1'7) .

< 4_17‘4"'

Hence

By the same consideration for every § > 0
/|L¢ — ()| < aAnP[n + nexp(—262n)],
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and it is easily seen that

1/2
(3.9.2) l'yAn < / o < </ @2) < An.
2 cy c3

Define v = 3.
3.10. Now, we construct the subset which is isomorphic to the [;-cube. Every
edge of the new cube will be built on s-blocks of edges of the original cube.
Let s be an integer such that s|n, and divide {1,...,n} into k = n/s blocks of
length s each:
L={(i-1)s+1,...,is}, 1=1,2,...,k.

Define k functions ;: C3 x S, — R™ by p;(e,0) = p(¢(oe), ¥(oer,)), where
€= (&)}, € CF, 0 € Sn, 08 = (€0(5)) =1, €1, = (€7,)7=; and

B 1¢ 1L
5%i_-{ 1-¢; g€

Clearly

(3.10.1) /n/;cpi(s,a) :/Sn/;go]‘(e,a)

for every 7,7 = 1,...,k. Define y; by v, = (4s)~! fSn fC; p1(e,0). By (3.9.2) and
(3.10.1)

k
(3.10.2) Yo An < / p < Z/ / pi(e,0) =y An.
C; =1 Sn C;

Hence v; > ~o. Define Ey = [ [-. v1(e,0) and
n 2

B:(6) = {(¢,0): |pile,0) — E1] < 6As} for some 6 > 0.

By Lemma 3.8
(6As)?n
X >1— I Y S PR
w(B;(6)) > 1 2exp< 8(n max g edge)?
5282
> 1- 200 (g7 )
and

k 6252

1=1
Notice that for i = 1,...,k and for every (¢,0) € [\"_, B:(8) we have
(3.10.3) Al = 8)s < pile,0) < Al +6)s.

3.11. Now, we apply the same procedure to pairs of blocks I;, I; (¢ # j).
Consider the functions ; j(¢,0) = p(¥(o€), ¥(oer,u1,)) (1,5 =1,...,k; 0 # 7) and
define E5,~2 by Ey = fSn fC;’ ©1.2(€,0), y2 = (245) "1 E,.
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Clearly, E; = [g [on ©i,;(€,0) for every ¢ # j. Hence
n vlg

Yo An S/ / ple,0) < = E; = 12 An
Sn n 2s
and 2 > 9. On the other hand v; > 79, since 2E, > FEs.
Define for 7 # j the sets
B,‘J(&) = {(E,G): |<pi,j(€, 0’) — E2| < 26AS}.
By Lemma 3.8

(285)° >

(8)) =1~ 2‘”‘"( BaZnivis
(265)?
i) Bis(6 ) z21-2 eXP <_3a2n1+2ﬁ
1#]
15 (6)

and for every (e,0) € (), ; B
2A(y2 — 8)s < pij(e,0) < 24(72 + 6)s.

6) we have

3.12. We proceed in a similar way and for every ¢ (¢t = 1,...,k) we define
functions
(pil,...,ig(saa) = P((UE),w(Usllu---UI,))y (1 S il < i? <0 <L it S k))
constants ;, expectations E; and “almost constancy” sets B;,, . ;, such that
(3.12.1) E, = / / i i, (6:0) = Yt As.
n 2
For every (&,0) € 1<y, <...<i,<k Bir,....i. We have
(3.12.2) tA(y — 68)s < viy,..q.(6,0) < tA(y + 6)s
and
k ts)?
As in 3.11, it is easy to show that
(3.12.4) Yo< <1< <<y <L

Assume that we have found an s such that B = \*_,|N Bi,.....}, k = [n/s], is
not empty.

Then there exists a pair (g,0) € B, which means that there are a binary vector
€ = (e1,...,€n) and an n-permutation o € S, such that taking k blocks

I = (E0((i=1)s+1]> - - - » Ea(is) ) (t=1,...,k),

and defining “new edges” to be pairs of binary vectors, which are different exactly
on one of the blocks I;, gives us an k-cube, which is 4 = (v + §)(y — 6)7!
isomorphic to the [¥ (Hamming) cube.

Hence, in order to finish the proof we have to calculate 5 and s. By (3.12.4) and
by the definition of ~yg

F<SA+8)Ev-8)71<3y H0<E<A(B+2y)7 L
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In order to get u(B) > 0 it is enough to assume (see (3.12.3))

k
k (t6s)?

Define a = exp(—(65)?/8a?n*2%). Then (3.12.5) implies

(3.12.6) Ek: <’;> at’ < % (a < 1),

t=1
and (3.12.6) is trivially satisfied if ka < I, which implies
n (6s)? 1 ' 1/2+3 1/2
(;) exp<—W> <7 s ~C'a,¥)n (logn)

and k = [n/s] = C(a,y)n'/?78/logn. [

3.13. An obvious consequence of Theorem 3.1 is the following

THEOREM. Let (X,p) satisfy the conditions of Theorem 3.1. Then for every
n > 0 there is a constant C(e,~y,m) and a subset Y C X of cardinality 2%, where k =
Cla, v, n)[n'/2=B(log n)~1/2)los(1+n/2)/ 108 35" sych that (Y, p) is (1+n)-isometric
to the I¥ Hamming cube.

PROOF. By 3.12 (X,p) is Co-isomorphic to the I; m-cube, where Co =
(v1 + 8)(Jm — 6)"! < 377! and m = C(a,y)n"/?*Plogn=/2. Recall that
is an increasing sequence (o < ¥m < -+ <y < 1). Now

(11 +8)(ym —8) 7 = (1 + 8)(vym + ) (vym + 6)(¥m — 6)

—1

Hence,

(i) (vm +6)(ym —6) 7! < V/Cp and then there is an /m subset of (X, p) which
is o-isomorphic to the [; m-cube, or

(i) (1 + 8)(vym +6) 7! < /Co. In this case define C1 = (y1 + 8)(vym — )7}
and € = (y1+6)(v3 —6%)~L. There is a \/m subset of (X, p) which is C;-isomorphic
to the Iy /m-cube and a simple calculation shows C; < /Cp + 2£6.

Applying the last argument ¢ times we get a k = m2 " subcube, which is C;-
isomorphic to the [; k-cube. (The sequence (C']-);:1 satisfies 1 < Cj4; < \/ﬁj+2£5
and hence C, < CZ™" 4 4£6.)

In order to get the required result it is enough to have 4£6 < 7/2 (which can
be obtained in proof of Theorem 3.1) and CZ * < 1+ /2 which implies 27 ~
log(1 + n/2)(log Cy)~!. Hence, there is a constant C(a,~,n) such that there is
a k = Cla,,n)[n/2 8 logn~1/2)lee(14n/2)(0g3v"H ™" subeube of (X, p) which is
(1 + n)-isometric to the I; k-cube. 0

3.14. In [E] P. Enflo investigated a property of metric spaces which he called
p-roundness and which suggests the following definition of metric type, in analogy
with (1.6.1).

DEFINITION. Let p > 1. An (infinite) metric space (X,p) has E-type p if
there is a constant a such that for every k and every k-cube (defined by any map
¥: CF — X)

1/p 1/p
(3.14.1) (Z diagg> <a <}: edgep> ,
D

E
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where the summing is over all the diagonals and all the edges of the k-cube.

The smallest a satisfying (3.14.1) is called the p E-type constant of (X, p) and
denoted a,(X). The smallest constant for a given k is denoted a,(k; X).

From a proof similar to that of 2.3 it is obvious that a, (nk; X)) < a,(k; X)a,(n; X).

3.15. Following the lines of the proof of Theorem 3.1, where A is defined as
A =(1/n2")}" g edge (which only simplifies the proof), we get the following

THEOREM. Let (X,p) be a finite metric space (|X|) = 2". Let ¢: C% — X be
some ordering of X satisfying the following conditions:

(i) there is a constant 0 <~ < 1 such that ) diag, > 7> pedge,,

(ii) there are constants 0 < 8 < %, a > 0 such that maxg edge,, < aAnP, where
A 1s the l;-average of the edges (A = (1/n2") ) pedge,).

Then there is a constant C(a,vy) and a subset Y C X of cardinality k =
C(a,Y)nY/2=8 such that (Y, p) is 3y~ -isomorphic to (C¥,h).

Of course, an analog of 3.13 is also true. It can be shown that in this situation
the restriction on the distributions of edges (see (ii)) is essential. Take for example
the case where v = 1 and equality in (i) holds. Then it is easily shown that X is a
cube satisfying

(a) for any diagonal diag,, (¢) and any path E. () diag(e) = E. () €dge,

(b) all the edges obtained by changing the ith coordinate of any ¢ are equal;
namely, there are only n lengths ey, ...,e, and edgey(e,e') = Y7, ele; — €} for
any € = (g;), ¢ = (¢}) of Hamming distance 1. (We may say that “opposite” edges
are equal and X is a “brick”.)

In this example, if e; = ¢* (g > 1) we cannot find a subset isomorphic to the
Hamming cube, hence some kind of restriction on the distribution of edges is crucial.

In Theorem 3.1 this restriction seems to us nonessential and Theorem 2.6 sup-
ports this assumption.

4. The type-p case. The main result of this section is the type-p analog of
Theorem 3.1.

4.1. THEOREM. Let (X,p) be a finite metric space of cardinality 2" and of
type p with type-p constant ap for some 1 < p < 2. Let ¢¥: C3 — X be a map
satisfying the following two conditions:

(i) there is a constant 0 < v < 1 such that

1/2 1/2
<Z diagi) > ~apn!/P=1/2 (Z edgei) ,
D

E

(ii) there are constants 0 < 8 < % — %, o > 0 such that
1
B8 2 2
mgxedgew < aAn”, where A° = on E edgew.

Then there is a constant C(ap,0,7v) and a subset Y C X of cardinality 2%,
k = C(ap, a,y)n'~Y2=Pr(logn)~P/? such that (Y, p) is 4a2~y~-isomorphic to the
lp k-cube.

PROOF. The proof is analogous to the proof of Theorem 3.1.
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Define a function ¢: C3¥ — R* by o(e) = diag,(¢) for every € € C. By the
conditions of the theorem
| e
2
As in 3.9 we can show that
1/2

(4.1.1) lva Ant/P < p < ©? < a,An'/?.

2 2

Now, as in 3.10, divide {1,...,n} into s blocks I; and define the k = [n/s]
functions ¢;: C% x S, — R*.
This time the constant ~; is defined by

= (apAsl/p)_l/n/;gol(E,a).

If n'/2 maxg edge < n'/2*8aA < $~1a,As*/P, then we can show as in 3.9 that

1/2
1
(412) //cpl(s,o)— / / w%(s,o):| < Lriapastre
. Jop s.Jeyp

By applying the p-type condition on s-blocks we get

(a7A22/”<// (e,0) <a2k2/”1//2301€0

(4.1.3) %=1

-—a2k2/”/ / ©i(e,0) <:2)’71a Asl/”> ng/”,

where the last inequality follows from (4.1.2). Hence ~; > 2v/3a,.
Define E; = ff(pl €,0) and sets

Bi(8) = {(e,0): |pi(e,0) — Eq] < Sa,As'/P}  for some & > 0.
As in 3.10 /J,(BZ((S)) > 1— 2exp(-62a252/17/8a2n1+23) and

k 62a§s2/”
=1

For every (¢,0) € ﬂle B;(8) we have
(4.1.4) (71 — 6)apAs/? < pi(e,0) < (1 + 8)a,As'/?.

Now proceed as in 3.11 and define for pairs of blocks I;, I;{¢ # j) the functions
pi;(€,6), B2 = [, ng p1,2(€,0) = 720,A(25)/P. As in (4.1.3) we get 2 >
27v/3ap. On the other hand

1
[5’72% (2s l/p} / /n<P12 £0) / /n22/p ' 2[@1(5 o) + ©5(e,0)]
= 22/pa12)/ / 4,0%(6,0) < 22/pa12) <g’71apAsl/p>
5./ C3

Hence v1 > 2v2/3ap.

1/2

va, An/P < < a, Anl/P.
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The sets
Bi,j(é) = {(570): |‘pi,j(550) - E2l S 6apA(23)l/p}

k 62a2(2s)2/P
p| () Bis(6) ) 21 ‘2<2> P (‘Sa—gnﬁﬁ
#j
and for every (e,0) €[, ; Bi,;(6) we get

(72 — 6)Aay(25) /P < 5 j(€,0) < (72 + 6)Aap(2s) /.

Proceeding in a similar way we define for every t, ¢ = 1,...,k, functions p;, . ,,,
constants ~y;, “almost constancy” sets B;, .. ;, such that the following hold:

(l) Ey = fSn fC;’ Piryente (550) = 'YtaPA(tS)l/p’
(ii) 1 >~ > 2v/3a, for every t and v, > (2/3a,)y, for every t2 > t;.
(iii) for every 1 <4y <ip < -+ <14y < k,

(% — 6)Aap(ts)'/P < @i, i (€,0) < (v + 6)Aay(ts)'/7,
(iv) for every (€,0) € (\;,, 1) Biryonsies

k 6%a2(ts)¥/P
w(NBo i) 2 1-2(y) e (‘W '

Now we want to find an s such that B = ﬂle(ﬂ(il,m’it) B;,....i,) is not empty
and the condition in (4.1.2) is satisfied.
Define a = exp(—62a2s%/?/8a2n+28). If s1/? > (4a/vap)n'/?+# and

IR\
t P
22 <t>a <1,
t=1

then there is a pair (¢,06) € B such that the k-cube based on this pair is 4 <
(maxi<i<k i + 6) (mini<i<k vi — 6)—1-isomorphic to the standard [, k-cube. By
(i)

satisfy

NIw

6 9a%+4
G R EO I s O
ﬁ;_é Y 60’1’

Hence, there is a constant C(ap, @, ) such that s = [C(ap, o, 7)(n1+28 log n)P/?]
satisfies all the conditions above and

k ~ g ~ Clap, o, y)n*P/2=Br(logn)~P/2. O

5. Relation between standard and metric type.

5.1. In this section, we show that the notion of metric type is essentially an
extension to metric spaces of the standard notion of type on Banach spaces.

It is obvious that a Banach space which has metric type 1 < p < 2 has also type
p. Here we show that the supremum of types of a Banach space cannot exceed the
supremum of metric types (Theorem 5.2). A number of consequences follow from
this conclusion. (See Corollaries 5.9-5.10.)

The methods used in the proof of Theorem 5.2 are based on [P2].

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



310 J. BOURGAIN, V. MILMAN AND H. WOLFSON

5.2. In this section, it is more convenient for us to consider the binary k-cube as

= {-1,1}k.

Let (X,] - ||) be an infinite-dimensional Banach space of metric type p with type
constants a,(k; X). Then for any ¢: C§ — X, diagy(e) = ||¥(e) — ¥(—¢)|| and an
edge differing on the jth coordinate is

edge(e,€) = [9(et,- .. 65, rek) —B(ens - s~y s en) ] A 0(E)]

Hence, the metric type condition is

(5.2.1)

1/2 k
_ _ 2 o . 1/p—1/2 ) 2
{ /C @) vl de} < (ki X)k {Z /C 18596 de}

THEOREM. Let px be the supremum of types of X and suppose px > 1. Then
limg_,00 ap(k; X) = 0 whenever p < px.

1/2

5.3. PROOF. Let (7 = 1,...,k) denote arbitrary probability spaces (not
necessarily {—1,1}). For any k and ¢: @ =y x -+ x U — X define §,(k) as the
smallest § > 0 fulfilling

1/2
k
[ — E[plll < Bk'/P~1/2 {Z I~ E;[w]ll%} :

=1
(E~ is the conditional expectation with respect to the o-algebra generated by

7
{witizs; narnely, the averaging is on the jth coordinate.)

Since y(¢) — E;[9(e)] = 54;[w(e)] we get

( [t ||2d5>1/2 < 2w — Efulla

k
<28k {Z / ||Ajw(e>||2de}
J=1

Hence, f,(k) > 30, (k; X). By a method similar to the one used in 2.3 and using
the fact that (), were arbitrary we get the submultiplicativity property 8,(k 1) <
Bo()8,(0). - -

Now, fix p < px and assume lima,(k; X) > 0. Then lita3,(k) > 0 and by
submultiplicativity 3,(k) > 1 for each k.

5.4. Let 7 > 0 be a (small) positive number. There are arbitrary large integers
k satisfying

(5.4.1) By(k1) < (1+7)B,(k) if k/2 < ky <k.

1/2

Suppose this statement is false. Fix some k and a large k. Negation of (5 i
gives a decreasing sequence k > ky > ko > - > kj > kjp1 > - > k
that Bp(k;+1) > (1 4 7)Bp(k;) and kjyy > k:j/2. This implies ,3,,(
(14 7)"log kk_lﬂp(ﬁ) which is a contradiction.

23"\_/

su
)
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Now fix k satisfying (5.4.1) and choose ¥: {2} X ... x (I — X with

. 1/2
¢ — Efpllla ~ Bp(k)k!/P=1/2 {E [l — E;[ib]ll%} :

=1

5.5. Define L$(2;, R) to be all the Lo-functions a: (}; — R, which are orthogonal
to the constant functions (i.e. [ @ =0). Any function f: Q= x---x QY —» X
has a generalized Walsh expansion f = fo+ f1+: -+ fi, where f; = Z|A|:j WAZA,
AcC{l,...,k}, za € X, ws €span{[[;c 4 oula; € L3(Q%, R)}.

Since px > 1, X is K convex. By [P2] S; = Hle[l% +e7H(I - E;)) defines a
holomorphic semigroup on Lo(X) and, hence, there is a constant C; = C1(X) such

that
(5.5.1) I £ill2 < C{lifll2 for each j.

5.6. Fix 6§ = §(C;) > 0. Consider independent {0, 1}-valued random variables
&1(v), ..., & (V) of mean 6 and define the operator

k
n(v) = []1B; + &)U - E)] = Eie, 0)=1

Jj=1

(which means the averaging is performed over j’s satisfying £;(v) = 0).
Let ¥ = ¢o + 91 + - - - + ¥, be the Walsh expansion of 1. Then

[ 7l =+ 514+ 850

By (5.5.1) and the fact that E[y;] =0 for ¢ > 0 we get

Sl > | [ wte)lo] - E[¢1[\2 - é(cla)fnw ~ Elh,

(5.6.1)
éllvnllz > [1v — E[¢]ll2 — / ¥ = Egjie; )=13 [¥]ll2 dv

—o(6)[l¥ — E[lz,

where 6 is chosen as 6 < C[ 2

5.7. We now estimate [ |4 — E(ji¢;()=13(¥]ll2dv. Take some v and define
A(v) = {j1¢;(v) = 1} and A(v) = {j|&;(v) = 0}. Consider 1 as a function of these
variables w; with j € A(v). By definition of 3,(n) we may write

2
k —_—
[ = Eaw) BIIL, ey S {5,: (k - Z? Ej(V))} [k -2 Ej(u)] e

x Y ||w—E;[¢lll22<w,|jez<u>)-

JEA(V)
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Integrate, now, in w; for j € A(v).

| — Eawy[¥]ll2 < Bp ( Z &(v ) {k _ E §j(l/)] 1/p—1/2
k 1/2
x {Dw —E;[w]n%} .

Proceed by integrating both sides of the last inequality in v. First estimate the
right side:

/ﬂ” (k=X &0) [k—Zgj(V)} p-ifz
: [/ﬁp (k—zéj(lf)y du] {/[ ~Y gl } (1/p—1/2) du}w

by the Cauchy-Schwartz inequality. Moreover, since 0 < 2(’—1) - %) < 1, we get

{/ [k - Z 63'(1/)}2(1/11_1/2) dy} < {/ (k B Z §j(u)] dl/}m/p_m)

= [(1 - o)k|>0/P=1/2

and

[ 18(- S 6w)] =S tte -0 P (S 6 =)
=0
k/2

< 2l S P (g =)+ @m” <Z 5> §)

since 83, (k ) < ke (1 +3 1 — 1) by definition of 3. Using (5.4.1) and the fact that
PO ¢ >%5)isa tall of a normal distribution we get

/ 8, (=S 6s0)] < (1 2 5 07 < k2o

for some constant ¢ = ¢(6) and provided é < %. Collecting estimations

/ 1 = Eaguylid]l2 dv

. 1/2
< (L+27)(1 = §)Y/P 126, (k)1 /P~ ‘”{Zw A }

1/2
k
< (1 — cpb)Bp(k)kY/P~1/2 {Z v - E;[d»]ll%}

1=1
~ (1= cpd)[[¢ = E[¥]2
for some constant ¢, and for 7 and 1 chosen as in 5.4.
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5.8. Substitute (5.7.1) and (5.6.1) to obtain
bllvallz = cpbllv — E[lll2 — o(8)[[¢ — E[9]|l2-

Hence

k

Z w; [¥] = El9)])

= [l1ll2 > epllv — E[9]ll2

2

. 1/2
(5.8.1) ~ cpfp(k)k1/P=1/2 {Z [l ~ E;[«b]ll%}

Jj=1

k 1/2
> ¢pBp ()1 /P~1/2 {Z | B, [9] — E[wm%}

Jj=1

where E, [4)] — E[¢] are independent L, (2, X) functions. Choose p < p; < px.
Then, using the (standard) type condition on Ly(X) (recall that Lo(X) has the
same type constant as X) we get

22: - <2

2

k

> &i(Bu; [¥] - Elp])

de

2

k 1/P1
< 2T, (Z | Ew, [4)] — w]ll)

x 1/2
< 2T, (X)k'/P1=1/2 (Z | Ew, (4] - E[wﬂl%)

j=1
which contradicts (5.8.1) for large k.

5.9. COROLLARY. (i) A Banach space X contains Hamming cubes C} uni-
formly off it contains [} ’s uniformly.

(ii) If a Banach space X contains uniformly lp n-cubes for some 1 < p < 2 then
it contains I7 ’s uniformly.

5.10. COROLLARY. If a Banach space X 1s of (standard) type p then for any
P’ < p, there is a constant a(X) such that for any n and any map ¢: C} — X:

1/2 1/2
{ > (e —¢(—s)|!2} < ap(X)n!/P'71/2 {Z > llAjw(s)llz} :
eeCy

j=leeC}

REMARK. After this text was typed, we were informed that G. Pisier gave
another proof of Theorem 5.2 His argument is substantially simpler. The proof
given above has, however, the advantage of giving power-type estimations on the
size, when pa.ssing from nonlinear to linear. (Some questions are still not fully
clarified at this moment and deserve further investigation.)
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6. Embeddings of [,-cubes.

6.1. In this section the problem of almost-isometric embedding of [, cubes into
[s cubes for 1 < s < p < oo is considered.

We show that for any ¢ > 0 and any s, p as above there is a constant A(s,p,¢)
such that the I¥ cube contains an (1 + ¢)-isomorphic copy of the l’g cube, where
N < A(s,p,€)k3. (We recall that in the linear theory l’; can be embedded into [{¥
for 1 < p < 2 only.) The proof uses results [J-S, J-L] obtained by probabilistic
methods which prove only the existence of a “good” embedding.

In the second part of this section we show a constructive embedding of any l’;
cube in a IV cube; however, as often happens in such cases, the estimate on the
dimensions is k ~ log N.

6.2. We start with the following

REMARK. If there is an (1 + ¢) embedding of the I¥ cube into the I{¥ cube for
some p > 1, then for any s,t > 1 satisfying s = pt there is an (1 + £)1/* embedding
of the IX cube into the IV cube.

PROOF. Let {yi}?lal be the points of an (1 + ¢) embedding of the [, k-cube
into the [; N-cube. Hence there is some constant M > 0 such that

N
(6.2.1) Z 1Vij — Yk, 1xe Mh(i, k)P for every i,k =0,1,...,2% — 1.
7=1
Here y; = (yi,j)éyzl and h(7, k) is the Hamming distance between ¢ and k consid-
ered as binary vectors.
Since in the left side of (6.2.1) we are summing only 0’s and 1’s which remain

unchanged by taking power t, we get the conclusion by taking power t~! on both
sides. O

6.3. PROPOSITION. Let ¢ > 0 and suppose 1 < p < 2. Then there exists
a constant A = A(p,e) such that for any positive integer k there is an integer
N < Mp,e)k?V/? and the |} N-cube contains an (1 + €)-isometric copy of the
Ip k-cube.

PROOF. Let (C§,p,) be the Ik-cube. By the [J-S] result there is a con-
stant X (p,e) such that (C%,pp) can be (1 + £)-isomorphically embedded into
7, where n = M(p,e)k. Hence, it can be (1 + ¢)-isomorphically embedded into
Cr = {(z),]% € {0,1,...,t —1}}, t = [2k'/Pn] + 1, equipped with the I;-metric.
This set is isometric to a subset of C¥ I;-cube, where N = (t — 1)n = A(p, £)k?+1/P
for a constant A(p,¢) independent of k. (For the infinite-dimensional variant of the
last consideration see [Ox, p. 44].)

6.4. A result similar to Proposition 6.3 can be obtained for 2 < p < oo also.
Indeed, let 27 < p < 27*1 for some integer 7 > 1. By applying Remark 6.2 and
Proposition 6.3 j times we can (1 + ¢)-embed the l’;-cube into the 1 cube, with
N < Mp,e)k¥.

By [J-L] 2% points in I3 can be (1 + ¢)-embedded into [ with n proportional to
k. As in Proposition 6.3 the points can now be (1 + ¢)-embedded into [; N-cube
with N proportional to k2.

6.5. If p = oo, then the 2% points of the [, k-cube are isometrically embedded
into the ly n-cube with n = 2%, by mapping them onto the unit binary vectors
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of the I3 n-cube. Now, as above, we can (1 + €)-embed the former set into the
[; N-cube with N proportional to k2.
6.6. Summarizing 6.3-6.5 and applying Remark 6.2 we obtain

THEOREM. Lete >0 and 1 < s < p < oco. Then there is a constant A(p, s, €)
such that for any integer k there is an integer N < (p, s,€)k® such that the I, k-
cube can be (1 + ¢)-embedded into the I, N-cube.

6.7. Since the embedding in Theorem 6.6 is nonconstructive we add an example
of a constructive embedding, which gives, however, a bad estimate on N. By
Remark 6.2 it is enough to show an embedding of the [, k-cube for some p > 1 into
the {; N-cube.

6.8. Consider the 2% x 2% zero-one Walsh matrix Z = (2;;) = ({1, 7)), where ¢,5 =
0,1,...,2¢—1and (3, 5) is the modulo 2 scalar product of the binary representations
(as k-dimensional vectors) of the indices ¢, j.

The jth column of Z is repeated n; times (the n;’s are calculated later) and a
new 2Xx N(N = ZJ?:BI nj) matrix is obtained. Let y; = (y; ;)IL,,1=0,...,2F—1,
be the rows of this matx;cix.

Consider Y = {y;}2;" with the [;-metric. If Y (in the natural order) was
isometric to the [, k-cube, then there was a constant M > 0 such that the following
system of equations would hold:

N
(6.8.1) Z Wir g — Yiag| = Mh(iy,42)YP for every 41,13 =0,...,25 = 1.
j=1
The system (6.8.1) can be obviously reduced to

N
(6.8.2) Yy = MR(L,OVP, i=1,...,25 -1,
7j=1
or in our notations
2k_1
(6.8.3) Y miz; = MhGE0)YP, i=1,..2F -1,
7=0

Existence of a (positive) integer solution {nl}fia ! to (6.8.3) would imply that Y
is isometric to the [, k-cube. We will find a positive real-valued solution of (6.8.3),
and by a small perturbation we will pas to a (positive) integer “c-solution”. Since
the perturbation of an equation will be kept less than eM, we will get a (1 + ¢)
isomorphic set.

6.9. Let W = {w;; f?;(l) = {(~=1)%2} be the standard 2% x 2 Walsh matrix, J
the matrix with all its entries 1 and define two vectors z = (z; )?‘;61 = (M~1n;),
b= (b)2 5" = (h(0,5)/7). Then (6.8.3) becomes

(6.9.1) 1(J-W)z =b.
Multiply both sides by W:
(6.9.2) (WJ — 281z = 2Wb.
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Since the entries of the first row of WJ equal 2% and all other entries are 0 we
obtain

2k 22 —1 ) 222 -1 b
(6.9.3) . ok 1 _ .
-2 11_223':0 wl-jbj, 221,...,2 - 1.
The system is consistent and its solution is
2k_1

k
(6.94)  zi=-27FF N wb = -2 e 0P, =128 -,

where a; = ) 5 Wij and summation is extended over those indices 7 having Ham-
ming weight [ in their binary representation. Denote by |j] the Hamming weight of
7 and define
Py ={0<j <2 —1]|j| =151 =0}
and
Ny ={0<7 <2 -1]|jl =1 (,9) = 1}.
Then a;; = |P;;| — |Ni;| and it is easily verified that a,; are the coefficients of
the following generating function

(6.9.5) (1= &1+ )k lI—Zalfl

6.10. We have to show that {z;} (see (6.9.4)) are positive. The following calcu-
lation is due to M. Dubiner. _ .
Consider the generating function (6.9.5) f(£) = (1 - &)1+ &)k =3, a,,€!
and substitute z = In&. Then
fle) = (1 —e)l(1+e*)k 1 = Z a; 1€
]
It is well known (see for example [F-S, p. 350]) that

(6.10.1) / e¥w =@t duy = 273 /T (o + 1),
C

w = |w|e™ Q
w — |wle=" Y

where C is the contour around the branch point 0 with the branch cut along the
negative real axis.
Hence, substituting w = 2l we obtain

~(a+1)
(6.10.2) / ¢z z= (@) gy :/ e (9) I='dw = %213 /T(a + 1).
c c !

Hence in order to evaluate )_,/%a,; it is enough to evaluate

I=(2n) 'T{a+ 1)/ (1 — €2 )i (1 + e2)F- It 0

c gotl
: 0 (1 — e—u)l —u)k—l1|
BRI (R AL
271 0 yot!
00 (1 _ p—u\lil —uyk—|4|
= _Ha+1) sin'/ra/ (1=e) (LT ) du.
s 0 u®
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Since 0 < a = % < 1, I is always negative and it is easy to show that

(6.10.3) I < ~T(a+1)22™%

1 _
5z (Ink/2) (at1),

Hence for every ¢ = 1,...,28 — 1, z; > C(p)2~**t!(Ink)~(1/P+1) for a constant
C(p) > 0.

6.11. Take M > max{e~12¥=1 C(p)~12%~1(Ink)'*+1/?} and define a; = Muz;.
By (6.9.4) and (6.10.3) 1 < a; < 2Mk. Define

. = | [ail; las — [ad]| <1/2,
t [a;) + 1, otherwise.

Clearly, 1 < n; < 2Mk + 1. Substituting n; in (6.8.3) every equation is perturbed
at most by 251 < ¢eM. Hence Y C (CY,h) with N = ¥ n; is (1 + ¢)-isomorphic
to the I, k-cube and N < k2%* max(1,C(p)~!(Ink)*/?*!) or k ~ log N.
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