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On uniform estimate in Calabi-Yau theorem
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1 Introduction

Let (M, ω) be a compact Kähler manifold of the complex dimension n. In
his celebrated paper[1] Yau proved that for any f ∈ C∞(M), f > 0, satisfying
the necessary condition ∫

M

fωn =
∫

M

ωn,

there exists, unique up to a constant, solution of the following Dirichlet problem
for the complex Monge-Ampère equation on M⎧⎨

⎩
ϕ ∈ C∞(M),
ω + i∂∂ϕ > 0,

(ω + i∂∂ϕ)n = fωn.

(1)

This gave the affirmative answer to the Calabi conjecture.

By the continuity method and standard Schauder theory one can reduce
the proof of the Calabi-Yau theorem to the a priori estimate for solutions of
(1)

||ϕ||C2,α(M) � C, (2)
where C > 0 and α ∈ (0, 1) depend only on M and f . One of the main
difficulties in establishing (2) turned out to be the uniform estimate for the
normalized solutions (for example by maxM ϕ = 0)

||ϕ||L∞(M) � C.

This is contrary to the Dirichlet problem for the complex Monge-Ampère equa-
tion on bounded domains in C

n, where the uniform estimate follows trivially
from the comparison principle[2,3].

The original Yau’s proof of the uniform estimate was rather complicated and
was subsequently simplified in ref. [4] (see also ref. [5], p. 91 and ref. [6], p. 49).
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A detailed historical account can be found in ref. [5], p. 115. A different proof
was given by Ko�lodziej[7] (see also refs. [8, 9]), where the pluripotential theory
was used, one of the main tools being the Bedford-Taylor capacity defined in
ref. [10].

The aim of this note is to show that the uniform estimate in the Calabi-
Yau theorem can be very easily deduced from the local stability of the complex
Monge-Ampère equation. Since the L2 stability can be showed quite easily, we
obtain a very simple proof of the uniform estimate.

2 The L2 stability

The main tool we will use is the following L2 stability for the complex
Monge-Ampère equation. It was originally established by Cheng and Yau (see
ref. [11], p. 75). The Cheng-Yau argument was made precise by Cegrell and
Persson[12].

Theorem 1. Let Ω be a bounded domain in C
n. Assume that u ∈ C(Ω)

is plurisubharmonic and C2 in Ω, u = 0 on ∂Ω, and set f : = det(ujk) (we use
the notation uj = ∂u/∂zj, uj = ∂u/∂zj etc.). Then

||u||L∞(Ω) � cndiam (Ω) ||f ||1/n

L2(Ω),

where cn > 0 depends only on n.

We will in fact only need the following consequence.

Corollary 2. If Ω, u, f and cn are as in Theorem 1, then

||u||L∞(Ω) � cndiam (Ω) (vol (Ω))1/2n ||f ||1/n

L∞(Ω).

Note that by the comparison principle one can easily obtain the above
estimate without the dependence on the volume of Ω. For the convenience of
the reader, we are now going to sketch the proof of Theorem 1.

Proof of Theorem 1. We use the theory of convex functions and the
real Monge-Ampère operator. From ref. [13], Lemma 9.2 we get

||u||L∞(Ω) � diam (Ω)

λ
1/2n
2n

(∫
Γ

det D2u

)1/2n

,

where λ2n = πn/n! is the volume of the unit ball in C
n and

Γ := {x ∈ Ω : u(x) + 〈Du(x), y − x〉 � u(y) ∀ y ∈ Ω} ⊂ {D2u � 0}.
If w1, · · · , wn are the unit eigenvectors of (ujk) in C

n, then w1, · · · , wn, iw1, · · · , iwn

form an orthonormal basis in R
2n and at a point where D2u � 0 we obtain

det(ujk) =
n∏

l=1

n∑
j,k=1

ujkw
l
jw

l
k

= 4−n

n∏
l=1

n∑
j,k=1

(
D2u.(wl)2 + D2u.(iwl)2

)
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� 2−n

√√√√ n∏
l=1

(D2u.(wl)2)(D2u.(iwl)2)

� 2−n
√

det D2u

(the last inequality follows because for real nonnegative symmetric matrices
(apq) one has det(apq) � a11 · · · amm). We get the theorem with cn = 2(n!)1/2n/

√
π.

3 The uniform estimate

The uniform estimate will easily follow from the next result.

Proposition 3. Let Ω be a bounded domain in C
n and u a negative

C2 plurisubharmonic function in Ω. Assume that a > 0 is such that the set
{u < infΩ u + a} is nonempty and relatively compact in Ω. Then

||u||L∞(Ω) � a + (cndiam (Ω)/a)2n||u||L1(Ω)||f ||2L∞(Ω),

where f := det(ujk) and cn is the constant from Theorem 1.

Proof. Set t := infΩ u + a, v := u− t and Ω′ := {v < 0}. By Corollary 2
a = ||v||L∞(Ω′) � cndiam (Ω′) (vol (Ω′))1/2n ||f ||1/n

L∞(Ω′).

On the other hand,

vol (Ω′) � ||u||L1(Ω)

|t| =
||u||L1(Ω)

||u||L∞(Ω) − a

and the estimate follows.

We are now in position to prove the uniform estimate.

Theorem 4. Let (M, ω) be the compact Kähler manifold of dimension
n. Assume that ϕ ∈ C2(M) is such that maxM ϕ = 0, ω + i∂∂ϕ � 0 and
(ω + i∂∂ϕ)n = fωn. Then

||ϕ||L∞(M) � C,

where C > 0 depends only on M and on an upper bound for ||f ||L∞(M).

Proof. From ω + i∂∂ϕ � 0 it follows in particular that Δϕ � −n/2
and using the Green function for the Laplace-Beltrami operator on compact
Riemannian manifolds (see e.g. ref. [1]) in the standard way we obtain

||ϕ||L1(M) � C(M). (3)
Let z0 ∈ M be such that ϕ(z0) = minM ϕ. We can find U , a chart containing z0,
and a C∞ smooth, strongly plurisubharmonic function g in U with ω = i∂∂g.
The Taylor expansion of g about z0 gives

g(z0 + h) = Re P (h) + 2
n∑

j,k=1

gjk(z0)hjhk +
1
3!

D3g(z̃).h3

� Re P (h) + c1|h|2 − c2|h|3,
where

P (h) = g(z0) + 2
∑

j

gj(z0)hj + 2
∑
j,k

gjk(z0)hjhk
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is a complex polynomial (and thus i∂∂(Re P ) = 0), z̃ ∈ [z0, z0+h] and c1, c2 > 0
depend only on M . Replacing g with g−Re P − const. (which does not change
the Kähler form ω) we may thus assume that there exist a, r > 0 depending
only on M such that g < 0 in B(z0, 2r), g attains minimum in B(z0, 2r) at z0

and g � g(z0) + a on B(z0, 2r) \B(z0, r). Now Proposition 3 for Ω := B(z0, 2r)
and u := g + ϕ combined with (3) gives the required estimate.

Remark. Using the Hölder inequality in Corollary 2 we will get for every
p > 2,

||u||L∞(Ω) � cndiam (Ω) (vol (Ω))1/2qn ||f ||1/n
Lp(Ω), (4)

where q is such that 2
p

+ 1
q

= 1. Therefore, we can replace the L∞ norm of f in
Theorem 4 by the Lp norm for any p > 2. Moreover, since Ko�lodziej[14] showed
(with more complicated proof) that the Lp stability for the complex Monge-
Ampère equation holds for every p > 1 (that is the L2 norm of f in Theorem
1 can be replaced by the Lp norm, and even by a weaker Orlicz norm), we can
do this for every p > 1 (and even for the Orlicz norm introduced by Ko�lodziej).
This was shown in ref. [7], where the local techniques from ref. [14] had to be
repeated on M . Our argument shows that the global uniform estimate in fact
follows easily from the local results.
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