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Abstract

A regular semigroup S is V-regular if V' (ab) C V(b)V (a) for all a,b €
S. A characterization of a V-regular semigroup is given. Congruences
on V-regular semigroups are described in terms of certain congruence
pairs.
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1 Introduction and Preliminaries

A regular semigroup S is called V-regularif V(ab) C V(b)V (a) for all a,b €
S. This concept was introduced by Onstad [8]. This class of semigroups is dual
to orthodox semigroups, namely, regular semigroups satisfy that V' (b)V (a) C
V' (ab) for all elements a, b in the semigroup. Properties of V-regular semigroups
were given by Nambooripad and Pastijn in [7].

Congruences on regular semigroups have been explored extensively. The
kernel-trace approach is an effective tool for handling congruences on regular
semigroups, which had been investigated in the previous literature, such as
Crvenkovi¢ and Dolinka [1], Feigenbaum [2], Gomes [3, 4], Imaoka [6], Pastijn
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and Petrich [9], Petrich [10], Scheiblich [11], Trotter [12, 13] and the author
[14].

The purpose of this paper is to give a characterization of a V-regular semi-
group, and to describe congruences on V-regular semigroups in terms of certain
CONgruence pairs.

For standard terminology and notation in semigroup theory see Howie [5].

If S is a regular semigroup, a € S, then V(a) denotes the set of inverses
of a in S. The set of idempotents of S is denoted by E(S). On E(S) we shall
consider the natural partial order w given by

ewf ef =fe=e.

For e, f € E(S),
Sle, f) = fV(ef)e

is the sandwich set of e and f.
The following simple statements will be applied without further mention:
for e, f € E(9),
eLf = S(e, f)={f},

eRf = S(e, f)={e}.

If p is a congruence on S and h € S(e, f), then hp € S(ep, fp).

Let 7 be a relation on S. The congruence generated by 7 is denoted by 7*.
If v is an equivalence on S, then ~° is the greatest congruence on S contained
in . C(9) is the lattice of congruences on S.

Lemma 1.1. [7] A regular semigroup S is V-reqular if and only if the
partial band (E(S),0) determined by S satisfies the following:

(1) wl = Luw;

(2) wR = Ruw;

(3) for all e, f € E(S),h € Se, f) there exist ey, fo € E(S) such that
e1Le, foRf, and h = fsey.

Lemma 1.2. [5] Let S is a reqular semigroup, p € C(S). If ap € E(S/p),
then there ezists e € E(S) such that ap = ep.

Lemma 1.3. Let S be a V-reqular semigroup, p € C(S),ap € E(S/p),xp €
S/p. If (ap)R(zp) in S/p, then there exists e € E(S) such that ap = ep and
eRzx.

Proof. By Lemma 1.2, there exists f € FE(S) such that ap = fp. Let
g € E(S) be such that gRz. Then (gp)R(zp). Since ap = fp and (ap)R(zp),
we have (fp)R(gp). Let h € S(f,g). Then hp € S(fp,gp), and so hp = fp.
Notice that hg € E(S), hR(hg)wg, it follows from Lemma 1.1 that there exists
e € FE(S) such that hweRg. Since gRz, eRx. Now (hp)w(ep)R(gp) implies

that (fp)w(ep)R(fp). Hence ap = fp= fp-ep=ep. O
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Corollary 1.4 Let S be a V-regular semigroup, p € C(5),e, f € E(S5).
If (ep)R(fp), then there exist g,h € E(S) such that gRf, hRe,gp = ep and

hp = fp.
Remark The dual results of Lemma 1.3 and Corollary 1.4 hold.

2 Main Results

The theorem below give a characterization of a V-regular semigroup.

Theorem 2.1. A regular semigroup S is V-regular if and only if for all
a,b € S,(ab) € V(ab) there exist ey, eq, f1, fo € E(S) such that b(ab)a =
faer, e1LaRey, fLLOR fo, ab(ab) wes and (ab) abw f.

Proof. =-. Since S is V-regular, for all a,b € S, (ab) € V(ab) there exist
a' € Vi(a),b € V(b) such that (ab) = b'a’. Let

er =da, fi =Vb,es = ad, fo = bb.
Then ey, e, f1, fo € E(S) and
b(ab)a =bb'd'a = faey, e; = d'alaRad = ey, fi = VDLORDY = fo.
Now
(ab)(ab)'es = (ab)(ab) aa’ = (ab)(b'd’'ad’) = (ab)V'a’ = (ab)(ab)’

and
ea(ab)(ab) = (aa’)(ab)(ab)" = (ad’'a)b(ab) = (ab)(ab)'.

It follows that (ab)(ab)wes.

Similarly, (ab) abw f;.

<. Let a, bsatisfy the condition stated in the theorem. Now e; LaRes, f1LOR fo
imply that there exist

a' € V(a)N(Ley NRe,), b € V(D) N (Ly, N Ry,)

such that
aa=e,aa = ey, b= f1,bb = f5.

Since b(ab)'a = fyeq, we have that
Va' = (V' fy)(erd) = b'(fre1)d’ = b'b(ab) ad’.
Thus

(b'a’)(ab)(V'a') = (b'b(ab) aa")(ab)(b'b(ab) aa’)
= b'b(ab) ab(ab) ad
= bb(ab)ad =b'd
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and
(ab)(V'a')(ab) = ab(t'b(ab) aa’)ab = ab(ab)'ab = ab,

that is, 'a’ € V(ab).

Also
(b'a’)(ab) = (V'b(ab)'aa’)ab = b'b(ab) ab
= fi(ab)ab
= (ab)ab (since (ab) abw f1)
and

(ab)(V'a') = (ab)(V'b(ab)ad’) = ab(ab) ad’

(ab)(ab) (since (ab)(ab) wes).
It follows that
(ab)" = (ab)' (ab)(ab) = (V'a")(ab)(ab)" = (b'a’)(ab)(Va") = V'd'.
Therefore, S is V-regular. O

Theorem 2.2. Let S be a V-regular semigroup, p € C(S),a,b € S. If apb,
then for any o' € V(a) there exists b/ € V(b) such that a'pl'.

Proof. Let o' € V(a). Then a’p € V(ap). Since apb, we have that a'p €
V(ap) =V (bp). Let fp=bp-d'p, f'p=adp-bp. Then

(fo)R(bp), (f'p)L(bp), fp, f'p € E(S/p).

By Lemma 1.3 and its dual, there exist e, e’ € E(S) such that eRbLe, fp = ep
and f'p = ép.
Take 0 € V(b) N L. N Rer. Then ¥'p € L., N Rerp. Hence

Vp = €ep-Vp-ep=fp-bp-fp=dpbp -bp-bpdp
= a'p-bpb'pbp-d'p=dp-bp-dp=dp-ap-dp=adp,
that is, a’pb’. O

To provide a characterization of congruences on V-regular semigroups in
terms of certain congruence pairs, we need the following results.

Lemma 2.3. Let S be a V-reqular semigroup, p € C(S) with T =tr p.
(1) (co)R(p) in S/p &> e(rR)f in § & e(R7)f in S (c. | € B(S))
(2) RTRTR = RTR.

Proof. (1) Let e, f € E(S) be such that (ep)R(fp) in S/p. By Corollary
1.4, there exist g, h € E(S) such that

gRf,hWRe,gp = ep,hp = fp.
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Thus epgR f,eRhpf, whence e(TR)f,e(R1)f.

If conversely e(7R) f, then exists g € E(S) such that ergR f, and so (ep) =
(9p)R(fp).

Similarly, e(R7) f implies that (ep)R(fp).

(2) Obviously, RTRTR 2 RTR.

If a(RTRTR)b for a,b € S, then by [9, Lemma 2.6 (ii)] we have (ap)R(bp)
in S/p. Hence for ¢’ € V(a),t € V(b), we have

(ad'p)R(ap)R(bp)R(bY p).
Since ad’, bb’ € E(S), by part (1) we have (aa’)TR(bV') and thus
aR(aa")TR(bY' )Rb,
whence a(R7R)b. O

An equivalence 7 on the set E(S) of idempotents of a regular semigroup S
is normal if 7 =tr7* [9]. It follows from Lemma 2.3 [9] that an equivalence 7
on E(S) is normal if and only if 7 is the trace of a congruence on S.

Let K be a subset of a regular semigroup S. A congruence p on S saturates
K if a € K implies ap C K. The greatest congruence on S which saturates K
is denoted by 7. Recall from Result 1.5 [9] that for a,b € S, amkb if and only
if

vay € K < xby € K (z,y € SY),

and mx = 0%, where the equivalence relation f on S is defined by
algb < a,be Kora,be S\ K.

A subset K of a regular semigroup S is normal if K =ker7mg [9]. Recall
from [9] that a subset K of S is normal if and only if K is the kernel of a
congruence on S.

The pair (K, 7) is a congruence pair for a regular semigroup S (see [9]) if

(i) K is a normal subset of S,

(ii) 7 is a normal equivalence on E(S),

(iti) K C ker (LTLTLNRTRTR)Y,

(vi) 7 Ctrog.

In such a case p(x ;) is defined by

pkr = 7K N(LTLTLNRTRTR).

Note that
picry = (LTLTL N Ok N RTRTR)Y.

When S is a V-regular semigroup it follows from Lemma 2.3 (2) and its
dual result that
Pk = (LTLN Ok NRTR).
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The characterization of congruences on a V-regular semigroup in terms of
congruence pairs follows from [9, Theorem 2.13].

Theorem 2.4. If (K,7) is a congruence pair for a V-regular semigroup
S, then pr s the unique congruence on S such that ker px .y = K and
trpx,-y = 7. Conversely, if p is a congruence on S, then (kerp, trp) is a
congruence pair for S and p = p(xer p, tr p)-
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