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ON VALUES OF EXPONENTIAL SUMS

CHUNGMING AN
ABSTRACT. An exponential sum is defined by
G(F, e, a)= b3 exp (2mi(eF(Y) + (a, 7))
YE(Z/qZ)"

for ¢=a/q €Q, a € R*, and a positive-definite form F(x) in n variables of

degree 8. Its value is studied and the definition is extended to an irration-
al @,

1. A zeta function associated with the positive-definite forms was stud-
ied in [1], [2]. Its residue at the only possible simple pole is given in an
explicit form which is closely related to the exponential sums of certain type.

These sums can also be viewed as a generalization of the Gaussian sum.

2. Let Z, O and R be the sets of integers, rationals and reals, respec-
tively. F(x) = F(x,, ..., x ) is a positive-definite form in 7 variables of de-
gree 8, i.e. F(x) =0 iff x=0. For ¢=a/q € Q and o € R", we consider
the infinite series

((F,e,0,5)= 3 F(~eleFy) +(a, y),
yez"-{o}
s =0+ ti and Re(s) > n/8 = 0, and the sums

G(F,¢,a)=¢q"" 3 eleF(n) + (a, 7)),
ne(Z/qZ)"

and for the smallest positive integer m such that m, € Z and ma € Z",

GF,¢, &)=m™" > el@F(n) + (a, 1))
ne(Z/mZ)"?

where elc) = exp(2mic) for a real number c. Clearly, G1 = Gz if m=gq.

The following theorem is proved in [1].

Theorem. For a € 0%, {(F, e, a, s) has a meromorphic continuation into

the whole s-plane and the residue at its only possible simple pole s =0, =

n/& is

Res(¢) = (20) *Tlog) 16 ,(F, 6, @) [ expl-20F(x) dx.
RYZ

We see in this theorem that @ is restricted to have rational coordinates.
The case o € R” and ¢ = 0 was studied in [2]. In this paper we shall obtain
the general result.
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Theorem. For ¢ =a/q and a € R™, {(F, ¢, a, s) is an entire [unction
unless qa € Z™. In case gqa € Z", the function ((F,®, a, s) has only one

possible simple pole at s =0, with the residue
o
Res(¢) = (27) Or(oo)'lGl(F, ¢, ) f exp(—ZﬂF(x)) dx.
Rfl

Proof. We put
E(F, ¢, a, s) = (2n)~ST(s){(F, e, a, s).

By a Mellin transform, we get the integral representation, when o > Tps

E(F, 0, a, s) = fowl: > elle+ t)Fy) +(a, y))] ts~Ldr

yez"-{o}

=1,(s) + I(s)

where

(s = fol[ T ellor DEQ) + (o ) |7,

yezm™-{o}

-
I(s) = f;o l: > elle+ t)F(y) + (a, yN| 51 dr

yez"-{o} A

It is easy to show that I(s) represents an entire function (see [11). If we put

lz(s) = fol [ > elle+ t)F(y) + (a, y)):l Sl

yez®
then Il(s) = Iz(s) ~1/s.
For y € Z", we write ¥y = 3+ qq, where B=(B, ..., B)Z", 0<f,
< ¢ and n € Z". Then F(y) = F(B) + Mg, M being an integer which depends
only on B and 7. Hence

elle + t)F(y) + {a, y)) = e®F(P) + (o, BYeltiF(B + qn) + (o, qn)).
So
1)(s) = jol l: > AeF(B) + (o, BNeltiF(B + qn) + (a, qn))] s~ dt.
Be(z/qgZ)"mezZ”
By applying the Poisson summation formula
Y dlxin) = T delix )

nez”n nezn
for

B(x) = exp(=2mtF(B + ¢x)) and B(y) = f Bx)el=(x, y)) dx,
Rn

License or copyright restrictions may apply to redistrjbution; see S:/Iwww, ms.org/}oumal—terms;oluﬁé .
along with the change o variables B +gx >t x, we obtain
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(5) - fol[q_n T er®) Y el i)

Be(Z/qZ )" nezn
5—0'0—1

. zﬁ(q"lt_l/s(—qa + 7]))] t dt

where (x) = exp(-2rF(x)) is a Schwartz function and so is lz;(x).

The proof is divided into two cases.

Case (a). If qa—7n# 0 VY7 € Z", then

19 (g1~ A oqa + )| < Cq2Vi2V/ By — ga) =2V

where N is a positive integer and C is a positive constant independent of ¢
and 7. Thus the integral form of 12(5) is majorized by the series
CqZN 2N
TTon s, -l
SN =IO m ez ndqa
which converges for N > n/2. Hence 12(5) represents an entire function.

Case (b). If ga € Z", then
(s = 1a) + [ (‘7"" T eeFp) + (o B))sz(O)) £

Be(Z/qZ)"?

(0 GI(F, e, a),

= 13(5) + P
where
)= f! [q"” T eleF(p) ; B, ¢71n))
Be(Z /qZ )" n¥aa

. @(t_l/sq"l(~qa + 77))] ts_oo—l dr..

By a method similar to that of Case (a), we see that 13(5) is entire.

We have proved that

E(F,», a, s) =1(s) + 13(5) -1/s + K(a) GI(F, ¢, a) f exp (-2nF(x)) dx
N -0, RrR™

where I(s) and 13(5) are entire, Kla) =1 if ga € Z™ and = 0 otherwise.
&(F, ¢ a, s) has a simple pole at s =0 with residue = -1 regardless
of F(x), ¢ and a. But the point s =0 is a removable singularity of the

function {(F, ¢, a, s).
The theorem follows immediately.
A trivial consequence following the above two theorems is

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
orollary. If a € Q" and qa ¢ Z", then GZ(F’ ¢, a) =0,
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3. From the definition of GZ(F’ ¢, a), we shall easily see that the sum
is independent of the choice of m, i.e. m is not necessarily the smallest

one. The same idea leads to

Proposition. For ‘=a/q €Q and a € Q", let

SN(F, Y, a)=N"" Z e(@F(r)) + {a, 77))
ne(Z/NZ)"
Then

’\},un SN(F’¢, a)=Gl(F9¢’ a) l/ qa’ézn’
=G(F, ¢ o) if qa ¢ Z"

Proof. We shall prove for ga € Z”. The other case is the same. For

each N, weput N=kg+ p, 0<p<gq. then

Sy(F, e, @) =N"" 3 2 e®F(Bg+m) +(a, Bg+n)

B(Z/kZ)" n€(Z/qZ)"

+ 3 eeF(Bg v ) +(a, Bg + 1)

where 3 is the sum over (Z/NZ)™ ~ (Z/kqZ)", the set-theoretic complement.
Since N — oo iff k— o and |2'| < CE?~14” for a constant C indepen-
ent of k and N, it is easy to see that
lim 87X < tim el
N—oo E oo (kg+ p)”
Again F(Bq+n) = F(n) + Mg for an integer M. We have

lim S(F, % o) = lim (kg+p)~" > > el@F(n) + (a, )
N—oo k—oo Be(Z/kZ)"® ne(Z/qZ)"

lim (kg + p) ™ "k" > eleF(n) + (a, )
ko0 ne(Zz/qz)"

= G (F, ¢, a).

Hence we may use the limit as the definition of the sums G, and G,.
By the proposition and the corollary, the limit is G, if ga € Z” and equals
to 0 if ga ¢ Z™.

The definition by the limit also allows us to define the sum (we may call
it a Gaussian sum) for any ¢ € R. We put, if it exists, G(F, ¢, a) =
limN_*°° S (F,® a) for € R and a € R™. When ¢ is an irrational number,

License or copyright restrictions may apply to redistribuljon; see https://www.ams.org/journal-terms-of-use

a theorem on the uniform distribution modulo one for polynomials [3] gives
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Proposition. G(F,®, a) = 0 if ¢ is an irrational number, or o has at least
one irrational coordinate.

Thus the only sum whose value is possibly nonzero is Gl(F, ¢, @) when
¢ =a/q and ga € Z",

4. Finally, we would like to make a conjecture. The zeta function
{(F, %, a, s) can also be defined for an irrational ¢. Unfortunately, the me-
thod we use cannot be applied to any ¢ in order to get the analytic continua-
tion for {(F, ®, a, s). Since the residue of {(F,®, a, s), for a rational ¥, is
so closely related to G(F, ¥, a) and since G(F,%, a) =0 for an irrational @,
it should be a reasonable guess that {(F,®, a, s) would be an entire func-
tion for an irrational number .
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