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Abstract This paper demonstrates that vibration
mitigation and energy harvesting can be achieved
simultaneously by using of an electricity-generating
from autoparametric vibration absorber system
(AVAS) and non-ideal system (NIS). The NIS consists
of a simple portal frame excited by a small dc motor
with eccentric mass, with limited power supply and
located on the top. The AVAS consists of a cantilever
beam with tip mass parallel coupled to NIS. A
piezoelectric material is considered for energy har-
vesting installed in the base of the AVAS and an
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electric circuit is connected to the piezoelectric
material in order to produce voltage output. Several
numerical simulations were carried out focusing on
the passage through the resonance of NIS, when the
motor rotational frequency is near the portal frame
natural frequency and when the non-ideal subsystem
frequency is approximately twice the absorber beam
frequency (two-to-one internal resonance). The results
showed the existence of Sommerfeld effect in NIS and
saturation phenomenon in the NIS-AVAS.

Keywords Energy harvesting - Autoparametric
absorber - Non-ideal vibration - Saturation
phenomenon

1 Introduction

In the last few decades, the interest in study autopara-
metric vibration absorbers for mechanical structural
systems has been widely increased. Small-scale lab-
oratory models were tested to gain understanding of
the numerous requirements for optimum performance
of these vibration suppression devices. They have
many practical implementations in civil and mechan-
ical engineering. Vibrations of coupled systems are
modeled in terms of nonlinear ordinary differential
equations. Such systems contain different types of
nonlinearities. One common type of nonlinearity
which is observed is the quadratic nonlinearity.
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Systems with such nonlinearities possess some char-
acteristic features. Two-to-one internal resonances
occur frequently and energy is easily transferred from
the excited mode to the specific mode with 2:1 internal
resonance. Different physical systems of autopara-
metric absorber were presented in [1]. The authors of
[2] devised an autoparametric vibration absorber
(AVAS) by attaching a cantilever beam with a tip
mass to a linear spring mass system under external
forcing. Their experimental validation showed that
such an absorber is very effective in suppressing the
vibrations of the base structure.

Moreover, recently, there is a great interest in the
process of Energy Harvesting. In this process, electri-
cal energy is obtained through the conversion of
mechanical energy from an ambient vibration. The
vibrations, i.e., kinetic energy is in many different
applications and readily available in the daily of
human kind. In addition, this energy source is widely
wasted because some problems which vibration may
cause. Therefore, it is purposed their extraction. A
newest and promising way to harvest the vibration
energy is using piezoelectric materials described by
many authors, and showing the actuality of the energy
harvesting theme [3-9]. The extraction of energy from
a vibrating environment which is under direct force or/
and base excitation with maximum power flow occurs
when the frequency of excitation is equal to the
undamped natural frequency and employing a perma-
nent magnetic DC motor/generator.

On the other hand, the study of non-ideal vibrations
has drawn special attention of engineering researchers
in recent years. Consider an unbalanced motor on an
elastic foundation. If it is considered the region before
resonance in the Frequency-Response curve of this
system, it is noted that as the power supplied to the
motor increases, its speed of rotation increases
accordingly. However, this behavior does not continue
indefinitely. The closer the motor speed moves toward
the resonant frequency, the more power is required to
increase the motor speed, as part of the energy is
consumed moving the supporting structure. A large
change in the power supplied to the motor results in a
small change in its frequency and a large increase in
the amplitude of the resulting elastic support oscilla-
tions. Therefore, near resonance, it appears that the
additional power supplied to the motor only increases
the amplitude of the response of the supporting
structure while there is a little effect on the RPM of
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the motor. Eventually, enough power is supplied to the
motor to initiate the jump, the operating frequency
increases and the amplitude decreases, resulting in
lower power consumption by the motor [10-19].

The resulting responses can include energy transfer
from one mode of the system to another one, which is a
phenomenon called saturation. Such phenomenon was
studied in non-ideal problems depending on the
physical and geometric properties of the portal frame
to tune the natural frequencies of the two main modes
into a 1:2 internal resonance and the non-ideal
excitation frequency set near of the second natural
frequency [20-22]. The implementation of the active
saturation control to suppress steady-state vibrations
of a non-ideal simple portal frame structure was
proposed by [23] connecting it to a second-order
controller using quadratic position coupling terms.
Saturation active control method was initially pro-
posed and studied in [24-27]. Other example of these
systems that saturation phenomenon was applied are
the L-shaped beam structure by [28, 29] and the
nonlinear saturation controller was applied for non-
linear beam by [30, 31]. The nonlinear energy
harvesting material in non-ideal problems with satu-
ration phenomenon was introduced as in [3, 32-36].

Autoparametric vibration absorber has been used to
reduce vibrations in single-degree-of-freedom struc-
tures [37] and in non-ideal systems [38]. Attaching an
energy harvester device to an autoparametric vibration
response would be of interest for the purposes of
enhancing its control effects and use of the harvested
power. Numerical analysis of a pendulum vibration
absorber was used with a device to energy recovery
which uses a movable magnet located between two
fixed magnets [38]. The energy harvester depends on
the autoparametric pendulum-oscillator motion and
mounted in the pendulum pivot-rotor [39]. Some
researchers have studied a L-shaped beam-mass
structure as a new piezoelectric energy harvester
configuration tuning parameters. These studies have
tried to make possible the obtaining of the two-to-one
internal resonance and saturation phenomena for the
nonlinear modal interactions and with base excitation
[6, 40, 41]. Also, other researchers have studied an
inverted T-shape configuration. The primary paramet-
ric resonator is the vertically upright cantilever beam
resting on a horizontal clamped-clamped initial spring.
When a vertical driving force is applied, the initial
spring is directly excited while the cantilever can be
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parametrically excited under the auto-parametric
resonance conditions (the natural frequency of the
initial spring is twice the natural frequency of the
cantilever) [42-44].

In this paper, they are described results from
ambient vibration energy harvesting by using the
parallel coupling between a non-ideal portal frame
(NIS) and an autoparametric cantilever beam absorber
with piezoelectric fixed on the base of the beam. The
NIS and AVAS are tuned to a natural frequency ratio
of 2:1 of internal resonance. Such autoparametric
internal resonance allows the system to possess
vibration energy transfer between the AVAS and
NIS, where the non-ideal system is resonantly excited
by the DC motor. Thus, the aim of this work is to tune
the passive autoparametric vibration absorber to
suppress the non-ideal portal frame vibration and
generate the maximum vibration of the absorber
vertical beam to act as an energy harvester by mean
of saturation phenomenon. When the amplitude of the
portal frame beam reaches a critical point, its motion
saturates and transfer the surplus energy to the AVAS
because of the 2:1 internal resonance, which is the
saturation phenomenon. With that, the surplus energy
transferred to the absorber is converted into electrical
energy by means of the piezoelectric material coupled
to the beam of the absorber, thus the higher the
vibration transferred to the AVAS the higher amount
of power will be converted.

Therefore, the next section presents the engineering
problem and the mathematical modeling of the non-
ideal coupled system.

2 Engineering problem and mathematical model
design

In Fig. 1, it is described a schematic diagram of the
energy harvesting/autoparametric non-ideal system.
Here, the non-ideal system consists of a simple portal
frame of supporting an unbalanced motor with limited
power at its top of (xj,my, @, my,r, ki,cy) displace-
ment, mass, angular displacement, unbalanced mass,
eccentricity, stiffness and damping. In order attenuate
the vibration of the simple portal frame is used a
horizontal cantilever beam coupled in the top of the
simple portal frame with tip mass and piezoelectric
material fixed in the base of the beam of (x;, m», k3, ¢2)
displacement, mass, stiffness and damping.

(b)

Fig. 1 Schematic diagram of autoparametric non-ideal system
and energy harvester, a physical model, b mathematical model

The motion in the horizontal direction x; of the
simple portal frame is excited with the motor torque.
The torque of the motor, denoted by Eq. (1) contains
two terms: the characteristic of the motor L(¢) and the
resisting moment H(¢) due primarily to windage of
the rotating parts outside the motor

I'(¢) = L(¢) — H(¢). (1)

Generally, L(¢) and H(¢) are determined experimen-
tally. It is assumed the motor torque as a linear
function of the angular velocity (speed of rotation) ¢
in the form of Eq. (2)

F(QD) :a_ﬂ¢7 (2)

where o is the constant corresponding the voltage
applied to the motor and £ is a constant for each model
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of the DC motor considered (or corresponding to the
difference between the torque generated by the motor
and the resistance torque).

The governing equations of motion of the non-ideal
portal frame are given by Egs. (3) and (5) considered
as the simplified model of [23], the modeling of the
autoparametric vibration absorber is given by Eq. (4)
proposed by [36] and the modeling of the piezoelectric
energy harvester is given by Eq. (6) considered as in

[6]
(mo +m; + mz))'c'l + X1 + kix; — m (X2).C.2 +X%)
= mor (¢ sin @ + ¢* cos @),

(3)

R I < . .
Xy + _2x2 + —2x2 + 1, (x2x2 —l—x%)xz — Ov = Xy,

myp my
(4)
(I + morz)gb = I'(¢) + morx; sin @, (5)
| .
va+1_3v+@x2 =0, (6)

where R is the load resistance; C, is the capacitance of
the piezoelectric layer; 0 and @ are the electrome-
chanical coupling coefficients that depending of
material constant and design of energy harvester.
Where 7, and 5, are coupling constants.

To guarantee the autoparametric interaction
between the first mode of the non-ideal portal frame
and the cantilever beam absorber, by which the
attenuation is obtained, the following two-mode
autoparametric tuning conditions must be satisfied

Q:wl, (7)

w) = 20)2, (8)

where (2 is the non-ideal excitation frequency, m;
corresponds the natural frequency of the simple portal
frame and w, is the natural frequency of the cantilever
beam vibration absorber, being that

ki
T R Y m—
mo + my + my

L2}

Wy = .
ny
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These two expressions of Egs. (7) and (8) are well-
known as the external and internal resonance condi-
tions, respectively [15].

For convenience, it is taken the static displacement
of the simple portal frame as

(mo +my + ma)g
ki '

The dimensionless displacements of the NIS, AVAS
and dimensionless time as

X0 = (10)

X1 X2
Uy =—, U= , T=wif,
Xo Xov/mo + my + my
v
U = —,
Vo

(11)

and the dimensionless parameters are

ny(mo + my + my (07}
6:X01’]17 p= 2( 2 )a w=-—,
m w1

o C1 - mor

H 7(01(m0—|—m1 +mp)’ /1 7x0(mo+m1 +my)’
(&) morxo 1

= bl = l = 3

fa moyw;’ 2= + mor?’ RC,m,
HVO

’ = 5 F p) = a — b .,
1= e Ty L) ¢
Oxg\/mo + my + my o
= a=————7—————
V()Cp ’ (I —+ morz)w% ’

B

(I + I’l’lorz)ah '

6
b =
(12)

Equations (3)—(6) are rewritten in dimensionless form

iy + pytiy + uy — 8 (uaiiy + 113)

13
=7y, (¢sinp + ¢*cos @), (13)

I;iz + /12ﬂ2 + w2u2 + ,052 (Mziiz + l;t%)uz,

; (14)

— Zu3 = Oualiy,
b = [(¢) + i sin g, (15)
U3 + Auz + Uy = 0. (16)

The calculation of the harvested power of the
autoparametric absorber is given by Eqs. (17) and
(18) that describe the dimension and dimensionless
harvested power, respectively
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p=2. 17y M=%
R X> =Fy,
P = Rou3, (18) X5 =Xy,
where Ry = v}/R. )_(4 = (20)
X5 = Xo,
Xg = Fs,
3 Data and state-space notation X = X — Xe,
In this section, the numerical results are carried out where
and presented to the proposal of this work.
The numerical simulations were carried out adopt- Fy h
ing the 4th order Runge—Kutta method with fixed step, F | =A"" £ , (21)
and are given using the parameters of Table 1, which Fi I'(Xs)
are similar approximation values of [6, 23]. Further- ]
more, those parameters are considered as standard in where the matrix A, fi and f; are
theTV;/lhole work, ex;ept W?eﬁ indic?a:)cid in the .text.b 1 — 5X; oy, sinXs
¢ state-space form of the variables are given by . 2v2
A= —0X3 1+ po°X 0
Eq. (19) 3 5
_ _ ) —7, sin Xg 0 1
X = [ul uj Uus Uus ([) (p M3]. (19) f] _ —,HIXQ _ X] + 5Xi + '))IX§ COSX(,,
Then, transforming Egs. (13)—(16) into state-space fr= =Xy — 0°X3 — ,052X3Xi + 7, X7.
form, they will have the following form (22)

Table 1 Dimensionless parameters for the system of
Eqgs. (13)-(16)

Parameters  Values Means
J 0.1 Beam damping
1y 0.007  Absorber damping

3.1 Mechanical coupling of the beam
p 6.2 Mechanical coupling of the absorber
Y1 0.001  Electric motor coupling
Y2 13.33 Electric of beam coupling
a 0.545  Constant torque of the motor
b 0.5 Angular speed constant of the motor
10 0.03 Coupling constant of the absorber
12 0.05 Coupling constant of the piezoelectric
A 0.01 Stiffness of the piezoelectric
w 0.5 Natural frequency of the absorber
Ry 1.0 Dimensionless power constant

Therefore, the next subsection will show the numerical
results provided by the governing equations of motion
of the system Eq. (20).

4 Autoparametric non-ideal system numerical
results

The simulations presented in this section are without
the coupling of the energy harvesting material.
Therefore, in the following it will be presented some
discussions about numerical simulations of the con-
sidered autoparametric non-ideal system.

Figure 2 presents an example for case a = 0.545 of
resonance capture (Sommerfeld effect) where the
angular velocity (speed of rotation) is in resonance
with natural frequency of the non-ideal beam
Xs = = 1).

Figure 3 presents the numerically simulated time
domain response of both non-ideal simple portal frame
(X1) and the autoparametric vibration absorber (X3
controller).

The control technique based on the saturation
phenomenon suppressed the high amplitude of the

@ Springer
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beam. Because of the two-to-one internal resonance
condition kept between the non-ideal portal frame and
the cantilever beam absorber (0w = 0.5 <« w; = 2w»),
the amplitude of the non-ideal beam becomes satu-
rated and its vibrational energy in excess was partially-
transferred to the horizontal beam in the time range
50 <1< 1500.

Since the control technique suppressed the high
amplitudes of the non-ideal portal frame and the
autoparametric cantilever beam absorber becomes
higher than the NIS, a piezoelectric material was
coupled to harvest energy from the vibration energy of
the AVAS, which will be detailed in the next
subsection.

5 Energy harvesting strategy numerical results

Figure 4a shows the steady-state responses of the
system, represented by Egs. (13)-(16), during the
passage through fundamental resonance region
(¢ ~ 1) which corresponds to the output of X in a
variation of a designated control parameter ¢ with an
amplitude diagram. However, in Fig. 4b, they are
shown the amplitudes of each coordinate X, X3 and
X;. Each amplitude consists of the maximum absolute
value of the amplitude oscillation of X, X3 and X7 that
are the output of the non-ideal portal frame, autopara-
metric cantilever beam absorber, and the harvested
voltage, respectively.

The control parameter a, depending on the voltage
applied to motor, it is applied in the range
0.48<a<0.6, considering an increment
Aa = 0.001. The numerical simulations were carried
out in the dimensionless time domain 0 <t < 1500.

Figure 4a shows the Sommerfeld effect. It is noted
that as the power supplied to the motor increases, its
speed of rotation (angular velocity ¢) increases
indefinitely on 0.48 <a <0.6.

The closer the motor speed moves toward the
resonant frequency (¢ ~ 1), the more power is
required to increase the motor speed, as part of the
energy is consumed moving the simple portal frame. A
large change in the power supplied to the motor results
in a small change in its frequency and a large increase
in the amplitude of the resulting elastic support
oscillations. Thus, passage through resonance is
observed in 0.54 <a <0.566.
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Fig. 4 a Sommerfeld effect of X (angular velocity); b
saturation phenomenon in X; (NIS), X3 (AVAS) and X7 voltage

With the additional power supplied to the motor, it
is observed that the angular velocity continues to be
captured in the resonance range while the amplitude of
the response of the simple portal frame is saturated and
then transferred to the autoparametric cantilever beam
absorber (saturation phenomenon), as it is possible to
see in Fig. 4b.

Due to the internal resonance ratio and the external
resonance range between the motor and NIS saturation
phenomenon occurs, and the energy harvesting is
possible as shown the harvested power versus a, in
Fig. 5. In the resonance range, the amount of harvested
power is improved from approximately zero to an
interval of 1.2 <P <2.5[107%].

Saturation phenomenon depends directly on the
internal and external resonances configurations. With

Harvested Power

0.48 05 052 0.54 0.56 0.58 06
Control parameter ¢

Fig. 5 Electric power from AVAS with variation non-ideal
torque

saturation, the energy harvesting is possible with a
great increase in the harvested power. Thus, the next
section investigates mutual influences of the motor
parameters a and b, with the natural frequency of u,.

6 Influence of the motor-frequency parameters
in the autoparametric non-ideal system

It is very important to highlight what are the contri-
butions of the motor to the suppression of the portal
frame amplitude. The joint analysis of the motor
torque a, the angular speed constant b and the natural
frequency of the absorber  depicts an overview of the
three parameters related to the involved phenomena
and energy harvesting. Thus, the amplitudes of the
portal frame and autoparametric vibration absorber
beam with piezoceramic layers along this such beam
[6] and the harvested power versus those parameters
will be carried out and divided into three cases. For all
the cases, the default parameters of Table 1 are still
considered, except when one or more of them are
analyzed.

The first case is for the condition of the internal
resonance fixed in w; = 2w,, considering the varia-
tion of 0.4<a<0.6 and 0.2<bh<1.0. Figure 6a
and c show the surfaces of the maximum displacement
of the portal frame u; and the autoparametric
cantilever beam absorber u, in the domain of the
motor torque a versus the angular speed of the motor b.
Both surfaces show that there is a continuous peak in a

@ Springer
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narrow region of assembly of the parameters. Looking
over both surfaces, Figs. 6b and d are presented
showing the contour of b versus a related to the
maximum displacement of u; and u,, respectively.
The linear area (red colour) reveals the capacity of
energy harvesting due to the maximum amplitudes of
up around of 0.04, which depends on the linear relation
between the parameters values 0.4<a<0.6 and
0.4 <b<0.5. Figure 6e show that the same coloured
region is when the energy harvesting is increased from
almost 0 to approximately 3.0 - 107°.

The increase in the amplitude of displacement of
the absorber is due to the saturation phenomenon
occurrence. With that, it was possible to suppress the
high undesired amplitude of motion in the portal
frame, partially transferring energy to the absorber
beam, and, in addition, to harvest energy, as com-
mented in Sec. 5. It is important to highlight that
besides the increasing in the amplitude of u,, the
amplitude of the portal frame also increased due to the
external resonance of the system, although saturated.

The second case is for the value of the angular
speed of the motor fixed in b = 0.5, considering the
variation of 0.4<a<0.6 and 04 <w<0.7. Fig-
ure 7a and ¢ show the surfaces of the maximum
displacement of u; and u,, respectively in the domain
of the motor torque a and the internal resonance ratio

@ Springer

® = w,/w. Looking over the surfaces, Fig. 7b and d
show the contour of the a versus o related to the
maximum displacement of u; and u,, respectively.
The triangle area (red colour) reveal the capacity of
energy harvesting due maximum amplitudes of u, near
0.04 and 0.05 depending on the parameters values in
the range 0.54<a<0.58 and 0.45<w<0.51,
approximately. Differently of the first case, the
saturation region showed that the amplitude of the
portal frame decayed to almost zero whereas the
absorber increased up to 0.05. In addition, it is possible
to note that there is a range where the conditions of
saturation phenomenon are not satisfied, showing a
small discontinuation to the phenomenon, that is when
a~ 0.56and 0.515 < w <0.535. After that, saturation
occurred again.

With that, Fig. 7e shows that the harvested power
increases from almost 0 to approximately 3.5 - 1079,
higher than the first case.

The third case is for the torque of the motor fixed in
a =0.545 of resonance capture, considering the
variation of 0.2<b<1.0 and 0.4 <w <0.7, Fig. 8a
and c show surfaces of the maximum displacement of
the u; and u,, respectively, in the domain of the
angular speed of the motor b and the internal
resonance ratio . Figure 8b and d show the contour
of the b versus w related to the maximum displacement
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of u; and uy, respectively. The triangle area (red
colour) reveal the capacity of energy harvesting due
maximum amplitudes of u, in the range 0.04 and 0.05
depending on the parameters values of b around of 0.5
and w around of 0.5, very close. Similarly to the

second case, saturation phenomenon showed to be
stronger (higher amplitude) with » ~ 0.5, however, it
presented the same discontinuity when b ~ 0.48 and
0.51 <w<0.542. After that, saturation continued,
although weak (lower amplitude).

@ Springer
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Figure 8e shows the harvested power increases
from almost 0 to approximately 3.2 - 10~°, near to the
second case.

With these analyses, some conclusions can be taken
out.

7 Conclusions

In summary, this paper shows the investigation of the
dynamical behaviour of the coupling between non-
ideal simple portal frame and autoparametric can-
tilever beam absorber with piezoelectric material fixed
in the base of the AVAS. The NIS and AVAS are tuned
to a natural frequency ratio of 2:1. The aim is to tune
the absorber to cancel the non-ideal simple portal
frame vibration and produce maximum vibration of
the cantilever beam to act as an energy harvester.

With the natural frequency ratio 2:1, the system was
set to a two-to-one internal resonance which is an
important condition to saturation phenomenon occurs.
When the unbalanced motor was in resonance with the
non-ideal portal frame, the saturation occurred and
transferred part of its vibrating energy to the horizontal
beam (AVAS), making possible to harvest energy
from its vibration.

The linear torque of the motor was set as a control
parameter to a general analysis of the resonance
region. Moreover, Sommerfeld effect was detected.
With the maintain of resonance from the Sommerfeld
effect, the electric power output had wide bandwidth.

In the investigation of the motor-frequency param-
eters, it was possible to see that saturation appears in a
small area, however, being worthy to study, for there is
a high increase of the amplitude of displacement of u,,
decreasing the amplitude of u;. It made possible to
harvesting energy considering the saturation phe-
nomenon configuration. The second case showed to be
the most effective in change the topology of the
system, i.e., the torque of the motor has a foremost
influence in the external frequency, thus, reaching
easily the resonance of the system. However, it will
depend on the angular speed of the motor, which is
directly applied to the frequency of the motor.
Considering both interaction of a and b, as in first
case, they possess a linear influence in the external
frequencys, i.e., they reaches the external frequency in
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0.5 at any time, depending on both values at the same
time.

The theoretical study of this paper supports a future
works that may consider experimental assembly.
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