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ABSTRACT: The volume of the region inside the bulk Ryu-Takayanagi surface is a codimen-
sion-one object, and a natural generalization of holographic complexity to the case of sub-
regions in the boundary QFT. We focus on time-independent geometries, and study the
properties of this volume in various circumstances. We derive a formula for computing the
volume for a strip entangling surface and a general asymptotically AdS bulk geometry. For
an AdS black hole geometry, the volume exhibits non-monotonic behaviour as a function
of the size of the entangling region (unlike the behaviour of the entanglement entropy in
this setup, which is monotonic). For setups in which the holographic entanglement en-
tropy exhibits transitions in the bulk, such as global AdS black hole, geometries dual to
confining theories and disjoint entangling surfaces, the corresponding volume exhibits a dis-
continuous finite jump at the transition point (and so do the volumes of the corresponding
entanglement wedges). We compute this volume discontinuity in several examples. Lastly,
we compute the codim-zero volume and the bulk action of the entanglement wedge for the
case of a sphere entangling surface and pure AdS geometry.

KeEyworDS: AdS-CFT Correspondence, Conformal Field Theory

ARXi1v EPRINT: 1609.02514

OPEN AcCCESS, (© The Authors.

Articlo funded by SCOAP®. doi:10.1007/JHEP11(2016)129


mailto:omerben@post.tau.ac.il
mailto:carmidea@post.tau.ac.il
https://arxiv.org/abs/1609.02514
http://dx.doi.org/10.1007/JHEP11(2016)129

Contents

1 Introduction 1
2 Bulk subregion volumes 4
2.1 Strip entangling surface 5)
2.1.1 Pure AdS 7

2.1.2  Djp-branes 7

2.1.3 The leading temperature correction to the volume 8

2.1.4 The volume at finite temperature 9

2.1.5  me-strips in an AdS black hole geometry with large temperature 10

3 Volume transitions and discontinuities 11
3.1 Two strips in AdSgy1 11
3.2 Two strips in Global AdS3 13
3.3 Strip in a Confining theory dual to AdS5 x S° compactified on a circle 14
3.4 Global AdS black holes 15
3.4.1 Example: BTZ Black hole 16

3.4.2 Example: global AdS;5 black hole 16

4 Discussion 17
A Leading temperature correction for a sphere 18
B The volume and action of the entanglement wedge 19
B.1 The volume of the entanglement wedge for a sphere and pure AdS 19
B.2 The action in the entanglement wedge 20

1 Introduction

Quantum physics differs from classical physics in two important aspects: entanglement
and complexity. The entanglement entropy (EE) (e.g. [1-18]) is a measure of the quantum
correlations of a quantum state, and is extremely useful in many quantum systems, ranging
from condensed matter physics to black hole physics. The AdS/CFT correspondence [19-
22] gives a simple geometrical way to compute entanglement entropy in holographic QFTs,
using the Ryu-Takayanagi (RT) formula [9, 10] (and its covariant HRT generalization [23]):

Area(ya)
=7 1.1
S = ion (1.1)

where 4 is the bulk extremal surface, and Gy is Newton’s constant.



However the entanglement (Renyi) entropies are not the whole story, and a quantum
state contains a large amount of information which is not contained in them. Quantum
complexity is a quantum information quantity which has to do with the difficulty converting
one quantum state to another quantum state. In the following we briefly review the concept
of quantum complexity, and its proposed holographic conjectures as given in [24-31].

Consider K qubits in an arbitrary quantum state:

)= > ciilin - dk) (1.2)
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where the ¢;, are complex numbers, and each j; is either 0 or 1. It takes a huge amount

of information, namely 2% complex numbers, to specify the state of K qubits. To define
quantum complexity, one starts by considering some simple reference state |0...0), which
is a product state. One then chooses a universal gate set of 2-qubit unitary operations.
Every state in the Hilbert can be approached (arbitrarily close) by applying a sequence
of these 2-qubit operations. The quantum complexity of a state |¢)) is then defined as
the minimal number of 2-qubit gates required to prepare the state |¢)) from the reference
state [0...0). When K is large, nearly all states |¢) have a maximal complexity which is

exponential in K:
Crnax ~ €5 . (1.3)

On the other hand, the maximal entropy is K log2 and thus the maximal complexity
is exponentially larger then the maximal entropy. For a system which undergoes thermal-
ization, the quantum complexity grows linearly in ¢ for a very long time which is much
larger than the thermalization time. After an exponentially large time ¢ ~ e, the com-
plexity saturates at a constant value Cyax. There can be fluctuations around the mean
value Cpax, and the time at which the system can fluctuate back to the reference state is
doubly exponential: tec ~ e . It was also argued that the rate of change of complexity is
proportional to the entropy and the temperature of the system: ‘é—f =TS.

Consider now the double sided AdS black hole geometry [32] which is dual to a specific
entangled state, namely the thermo-field double state, see figure 1. The left and right
CFTs can be viewed as being connected through the black hole interior by a wormhole
(e.g. by drawing a space-like slice between the two sides).! The wormhole is a dynamical
object which grows linearly in time at late times. In this classical bulk geometry the
wormhole continues to grow forever. On the other hand, thermal equilibrium is achieved
much quicker, and the entanglement entropies saturate [34-37].

In [24-31] there were two important conjectures made about how to compute complex-
ity in holography.? The proposals relate quantum complexity to the size of the wormhole.
The linear growth of complexity in a thermalizing system is then holographically dual to
the linear growth of the wormhole in an AdS black hole geometry. More precisely, the first

!The relation between the entanglement (EPR) of causally disconnected systems and the wormhole
(Einstein-Rosen bridge) in the dual bulk theory was conjectured by [33] to hold more generally and is now
known as ER = EPR.

2For additional recent work on complexity, see [38-44].



Figure 1. Left: illustration of the double sided AdS black hole Penrose diagram dual to the
thermofield double state. The left and right boundaries are where CFT; and CFTg live. The
singularity is shown in dashed red. A few maximal codim-one surfaces are shown, including the
one at t — oo in green (which does not reach the singularity.). Right: illustration of embedding
diagram of a wormhole.

conjecture states that the complexity is given by the volume? of the codim-one maximal
bulk surface that ends on the boundary at a time t:

Vv

€=t

(1.4)

where / is some length scale (typically the AdS radius or the BH radius) which needs to be
chosen for each case at hand. This is somewhat unsatisfactory, and led [25, 26] to suggest a
refined version where the dual of complexity equals the action evaluated in a specific bulk
region, as we review below.

For AdS black holes the collection of all maximal slices foliate the entire space-time
outside of the horizon, but not the entire interior of the black hole. At ¢ — oo the final
slice is achieved, and it does not reach the singularity. However, the volume grows linearly
in ¢ (for late times) as expected from quantum complexity. Additionally, the volume passes
a few tests such as having the correct behavior in shock wave geometries.

The second conjecture [25, 26| states that the complexity is given by the bulk action
evaluated on the Wheeler-deWitt patch attached at some boundary time ¢:*

A

(1.5)

The action proposal is more satisfactory than the volume proposal in the sense that
one does not need to choose by hand a length scale £. The calculation of the action on the
WDW patch has a few challenging features: surface terms arising from the null boundaries

of the WDW patch, corner terms where the null boundaries meet, and a surface term from
the singularity of the black hole,® see [25, 26, 43, 44].

3The volumes of the interior of black holes in flat space were studied in [45, 46].
4The WDW patch is the union of all spatial curves anchored at a time ¢ on the boundary.
®Some of these issues can be ignored when calculating the time derivative of the WDW action.



In [25, 26] it was shown that for AdS black holes the rate of change of the WDW action
at late times is:

dA
o =2M. (1.6)

This result led to the very interesting conjecture [25, 26, 47] that black holes saturate
the inequality:

dC<2E

— < — 1.
dt — wh (1.7)

and as a result, black holes are the fastest computers in nature.

The recent progress in holographic complexity, and especially the complexity equals
volume conjecture, serves us as motivation to study bulk codim-one surfaces and their
volumes. Volumes of codim-one surfaces can be defined also for subregions on the boundary,
and can be seen as a natural subregion generalization of holographic complexity. In [48] the
codim-one volume contained inside the codim-two Ryu-Takyanagi surface was considered
as the dual of complexity for subregions.® In our work we further study codim-one volumes
for subregions, and uncover some interesting properties which they possess. We will also
be agnostic about the length scale £ and assume that one can be chosen appropriately. The
volume is also closely related to the volume of the entanglement wedge of the subregion,
which is believed to be the region in the bulk corresponding to the reduced density matrix of
the subregion [55]. The entanglement wedge is the domain of dependence of the “subregion
volume”.

The contents of this paper are as follows. In section 2 we consider the codim-one
volume inside the Ryu-Takayanagi surface as a natural dual to “sub-region complexity”.
We proceed to compute this volume for time-independent geometries, and we write a
general formula for the case of a strip entangling surface. We compute the volume in a
few examples, and plot the temperature dependence of the volume for an AdS black hole
geometry which exhibits non-monotonic behavior. In section 3 we show that the volume
has a discontinuous jump in geometries in which there is a transition between 2 bulk
minimal surfaces. We compute this jump in several examples. In section 4 we summarize
our results, and discuss future directions. In appendix A we present the computation of
the leading temperature correction for an AdS black hole geometry and sphere entangling
surface. In appendix B we calculate the volume and action of the entanglement wedge for
the case of a sphere entangling surface and pure AdS.

2 Bulk subregion volumes

Consider a holographic QFT in d space-time dimensions and an entangling surface of typical
length R. Now consider the codim-one volume contained inside the corresponding Ryu-

For additional related work, see [49-54].



Figure 2. A strip entangling region with width | and length L. — oo on the boundary, and its
corresponding minimal surface in the bulk. The boundary is at z — 0.

Takayanagi surface. The divergence structure of this volume was shown to be (see [44, 48]):

R a-1
d—1 [d-3 as+ (1) 2 o, d = even
V:Cdflﬁ‘i‘cdfg(sdi_s—i-...—f— R2 )

02§+(—1)%25010g (?) , d=odd

(2.1)

where § is the UV cutoff.” The leading divergence scales like the volume of the entangling
region, and there are subleading divergences. The expansion above contains a logarithmic
divergence in odd d, and a finite term in even d (i.e. opposite to the EE case). For the
EE these terms are the most interesting because they are universal. We will use this as
motivation to study these terms for the case of the volume.

In [44] we define a covariant generalization of the volume inside a Ryu-Takayanagi
surface, which is applicable also to time-dependent geometries. The prescription is the
following:

e For a given time ¢ on the boundary and an entangling region A, find the codim-two
HRT surface [23]. Then find the codim-one maximal volume attached to the HRT
surface and the entangling region A. This gives a covariant construction of the volume
associated with a subregion on the boundary.

Similar to the case of entanglement entropy [13, 14], in [44] this divergence structure
is written in terms of the curvatures of the boundary CFT.

2.1 Strip entangling surface

In this section we study the volume prescription written above for the case of a strip entan-
gling surface of length | and width L — oo, in a time-independent background geometry,®
see figure 2. Namely we compute the volume inside the Ryu-Takyanagi surface. The case
of a sphere in pure AdS was studied in [48]. Since the strip entangling surface has zero

"Note that the coefficients in eq. (2.1) are dimensionfull.
8The translational symmetry of the strip considerably simplifies this problem.



curvature, there will only be a single divergence (“volume law”) plus a finite term:

lLd_2
V = Cd_lédj + Cfinite - (22)

Now consider a general asymptotically AdS;.1 metric:

2
45 = A fo(2)df? + () + Fa(2)de? (2:3)

where fo(z), fi1(z), and fa(z) are some arbitrary functions of z, which at the boundary
are fi(z=10) = 1.

The holographic entanglement entropy (area of the minimal surface) of a strip of length
[ is:

204 51472 ”2 2Ly L2 R
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(2.4)
where z, is the deepest point of the minimal surface in the bulk. In the second equation
the corresponding equation of motion was used. The equation of motion is:

f2( )
fl 2d 2 fl( )
Or = f2 z2d 2 —l=m( / dZ\/fiz 1(7)220-2 ' (2:5)

-1
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Note that the solution for z1(z) is computed as a one-dimensional integral.

Since the background is static, the volume inside the minimal surface is obtained simply
by integrating the inside of the minimal surface. We do this integral by slicing the bulk
with planes of constant z, with the result:

sdz) [T o poi2) sdz ) fi7 fo
V(z*)z/dzx/dd_2y §:2LdAdSLd‘1/5 71/0 dm:2LdAdSLd_1/6 SV ()

2d

(2.6)

where /g is the volume element, and x(2) is the profile of the minimal surface given in
eq. (2.5). Plugging eq. (2.5) into eq. (2.6) gives:

f2( )

ze dz f2
V(z*):QLdAdSLd_l/é / dZ\/ Al ) @

d I(Z Z2d 2

A
This is our formula for the volume as a function of z, for any asymptotically AdS geometry
(any fi23(2)). This formula is only slightly more complicated than the corresponding
formula for the entanglement entropy of the strip eq. (2.4), since there are two integrals
that one needs to perform instead of one.



From eq. (2.5) we have:
2(2)
/ \/ 202

fii l(z z2d 2

. (2.8)
-1
So in egs. (2.7) and (2.8) we have formulas for V(z,) and [(z.), and we can plot V as a
function of [ for any background. In the following we will compute the volume in several
examples using these formulas.

Note that there is another solution to the equation of motion for which z1(z) = %,
meaning a constant solution for which the surface does not cap off smoothly at some
point z, in the bulk. Although this is not the minimal surface for most cases,” it will be
interesting to consider its behavior compared to the minimal surface. The volume of this
surface is given by:

dz
Vi) = st [TV (29)
2.1.1 Pure AdS
For a pure AdSg4+1 background f;(z) = 1, the EE is given by:

d—1
d
Ld—l L d—2 2d 3 Ld 1 I ( - ) L d—2
S(l)y= ——ads (2} AdS 242 Z) L (210
2GN(d—2) \ 0 Gn(d—2) r < 1 ) l
2d—2
Similarly, the volume is:
d—2_ 4=t rd— d
Vo) — L eI 202 T (s ) i g 2.1)
T d—1 -1 _ 1 j[d—2 T §d-1  jd-2° :
(d—1)2ra=s (515
Note that the finite term has the same [ dependence as the finite part of the entanglement
entropy.
Similarly, the volume of the constant solution Eq, 2.9 is given by:
Lias L%
Vll) = A8 (2.12)

we get that for this solution there is no finite, universal, term.

2.1.2 Dyp-branes

Consider a Dp-brane background with metric [56]:

(7—=p)
ds? = o ( T (—de? 4 dad 4 dad) + e dU U AR ) (2.13)

Cp U 2

2\ 7
e? = (2m)* Py U77p_p

where ¢, = gYMN% \/272p77923pf (%)

9As we will review below, for confining theories the constant solution can be the minimal surface.



For non-conformal theories, in which the dilaton and the volume of the internal coordi-
nates are in general not constant, we use the natural generalization from quantum gravity
for the codim-2 surface:

1 8 _ —2 (8)
SA:(w)/d oe 2% Gind - (2.14)
Similarly, since we expect the general relation between complexity and the codim-1 surface
C~ ﬁ, the generalization will be:
N

1
C~ /d9ae—2¢ G (2.15)
0G0 ¢

Plugging in the equation for the dilaton and the metric we get that for the minimal
surface:

v U [ue-r

bl — —
dx Cp b

1 (2.16)

where U, is the turning point of the surface, and we assume that we can trust the super-
gravity solution at least up to this region.

Following the same procedure as for the conformal case we can extract the dependence
of the finite term on the length of the strip. The corresponding volume inside the minimal
surface is:

f(pngM7N) (217)

Viinite ~ — >
[265-p)

where f (p,gym, V) is some function which depends on the dimensions of the Dp brane,

the coupling constant and the central charge. Like for AdS, the finite term is an inverse
—(p+5)
power law —[26G-» . However for the D, brane case the power in the volume finite term is
4
different from the power in the entanglement entropy, which has the form Sgpje ~ —1 5-7.

2.1.3 The leading temperature correction to the volume

In this section we calculate the 1st order temperature correction to the volume in an AdS
black hole geometry. Consider again the metric:

ds? = Laas [ — fo(2)dt* + fi(z)dz + fa(z)d2"] . (2.18)

22

The form of the temperature perturbation is fa(z) = fo%z) = 1—k01szd ~ 14 koT%2%, where

ko is a constant, and T is the temperature. The finite term of the volume will have an

expansion of the form:'?

Vanite = L% as <l> [al + ao(TH? + a3(TH* + ... (2.19)

For temperature expansions for the holographic entanglement entropy see [57].



AV

—0.1F
—0.2F
—0.3F
—04¢F
—0.5F
—0.6F

Figure 3. Left: plot of AV =V — Vepr as a function of d for a temperature perturbation. Right:
plot of V — Vepr as a function of d for perturbations of the form fo(z) = 1 + mz9. Curves from
top to bottom correspond to: ¢ =d, q=d+1,¢g=d+2,and g =d+ 3.

and we want to find the first correction ag. We use egs. (2.7) and (2.8), and after a few
manipulations we get an integral expression for the volume:

AV =V —Vepr = cgT1%(2g9) * {—9190 (2.20)

+/ dUUd_l(—dglgo—l—(d—1)glgo(U)+goU_d_1g0(U)+gogl(U))}
1

where we subtracted the volume in the vacuum state: Vepr = V(T = 0). We also defined
the integrals:

and
g0 = go(U — o0), g1 =g1(U — 00). (2.22)

We plot the leading correction AV from eq. (2.20) as a function of the dimension d
in figure 3-left. We see from the plot that the 1st order correction is negative for any d.
This is different from the case of sphere (see appendix A and [48]), where the 1st order
correction vanishes but the 2nd order is positive [48]. For d = 2 the correction vanishes as
expected since the interval is like a one dimensional sphere.

Now consider a more general perturbation of the form fa(z) =1+ M2z?. We again go
through a similar calculation, and we show the results in figure 3-right for several values
of q. We see that the first order AV is negative for all d and ¢q. We also see that for
d = 2 the leading correction is non zero when ¢ # 2. This implies that the vanishing
leading correction for the sphere (obtained in [48] and shown in section A) applies only to
temperature perturbations, and for a general perturbation the 1st order correction will not
vanish.

2.1.4 The volume at finite temperature

In the previous section we computed the 1st order temperature correction to the volume in

various dimensions. In the high temperature regime we expect an expansion of the form:!!

Viinite = GOLd_Qle_l[l + O(l/<Tl>)] (223)

"For a general shaped entangling surface the high temperature expansion will go like V' ~ aovT? !,
where v is the volume of the entangling region. This is similar to the EE at high temperature.
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Figure 4. Plots of AV =V — Vepr as a function of | (we change [ and leave T fixed). At [ =0 we
have AV = 0. Left: the AdS5 black hole. Right: the AdS, black hole.
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Figure 5. The entanglement entropy entropy AS =S — Scpr as a function of | (we change | and
leave T fixed) for an AdSs black hole and a strip entangling surface. AS starts at the origin, and
has linear behavior at large T

which is linear in [ at very high T. We now focus on the AdS, and AdS5 planar black hole
geometries and a strip entangling surface. We compute numerically the dependence of the
volume on the strip’s length at a finite constant temperature. Figure 4 shows the result of
AV =V — Vepr as a function of the dimensionless parameter | when T is held fixed.

The plot starts at the origin at [ = 0 and AV = 0, and we see the expected linear growth
behavior at large [. Curiously the plot is non-monotonic and has a minimum. Compare
this plot to the monotonic behavior of the entanglement entropy, shown in figure 5 for the
AdSs black hole and a strip entangling surface. It would be interesting to understand the
meaning of the minimum in the volume. It would also be interesting to understand if for
general shaped entangling surfaces the volume likewise has a minimum.

It is also easy to see that for the constant solution eq. (2.9), we have:

AV, ~ agL4 21741 (2.24)
which 7s monotonic and linear in [.

2.1.5 me-strips in an AdS black hole geometry with large temperature

For an AdS black hole geometry at very large temperature and a strip entangling surface,
the volume is linear in [, as we saw in the previous subsection. Now consider m strips in

~10 -



an AdS planar black hole background, e.g. [58]. The length of the strips is denoted by
[, and the distance between them x. Now take the separation between the strips to be
very large: 1" > 1. The bulk minimal surface will correspond to m disconnected bulk
surfaces. Nevertheless, in this section we compute the volume inside the connected surface.
Although it is not the minimal surface it has an interesting property. The volume of this
surface is easily computed:

Vconnected = Co(ml + (m - 1).%') — Co(m — 1)x = C()ml (2.25)

where Cj is a constant. We see that if we take the length of the strips [ to be constant and
we separate the strips a large distance x apart, then the volume inside the connected bulk
minimal surface goes to a constant Cyml. If we take the “mutual volume” by subtracting
mVi_strip, we simply get zero.

Compare this with the area (entanglement entropy) of such a connected surface:

Seconnected ~ 2C1((m — 1)z +ml), T > 1 (2.26)

and this quantity grows linearly with x. So the volume of the connected surface goes to a
constant independent of x, even though its area depends linearly on x.

3 Volume transitions and discontinuities

There are various cases in which the holographic entanglement entropy exhibits “phase
transitions”, as one changes some parameter of the system. This occurs when two bulk
minimal surfaces exchange dominance, and is reminiscent of 1st order phase transitions.
The entanglement entropy is continuous across the transition, but there is a jump in the
derivative of EE. Such transitions occur for example in disjoint entangling surfaces, global
AdS black hole geometries, and confining geometries.

In this section we compute the behavior of the volume inside the minimal surface,
when there are bulk transitions. In all of the examples that we consider, the volume has
a discontinuous jump at the transition point. Note that these transitions imply that the
volume of the entanglement wedge jumps discontinuously. In the following we will compute
a few examples where such transitions occur.

3.1 Two strips in AdSg41

When calculating the entanglement entropy of a subregion composed of two disjoint regions,
there is a transition between a connected and a disconnected surface. More precisely, as
the distance between the subregions is varied, a transition occurs when the areas of the
bulk minimal surfaces exchange dominance, see figure 6.

The EE of two parallel strips can now be easily calculated. The disconnected surface
is simply the addition of two strips of length [, and the connected surface is composed of
two strips of length x and 2] 4 x, see figure 6.

When calculating the difference of the volume between two types of surfaces in figure 6,
the divergent terms cancel. So for clarity we write just the finite terms. The volume of

- 11 -



Changing x

< o

Figure 6. Changing the separation x between the two strips while keeping the length [ fixed (or
vice a versa), there is a transition between minimal surfaces marked in red. We also marked in gray
the volume inside the minimal surfaces.

AS 12
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1 /_’—— 8t
X
— 6,
05/ 1.0 15 20 25!
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) 2F
g
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Figure 7. 2 strips of constant length [ for an AdSs geometry. Left: AS = Scon — Sdisconn as a
function of the separation distance x (in units of [) for a fixed strip length {. The red constant
line is the disconnected surface area. When AS = 0, the EE has a transition, and this occurs at
7 ~ 0.71. Right: plot of AV = Vion — Viisconn @s a function of the separation distance (in units of
1) for a fixed strip length {. From the right plot it is clear that at the transition (marked by the red
line) AV > 0, hence there will be a jump in the volume. After the transition to the disconnected
surface, the area and volume do not depend on x.

the connected surface is obtained by subtracting the volume of a strip of length x from the
volume for a strip of length (21 + z):

o Co
(x + 20)d-1 + xd—1

chon = (31)

where ¢y can be read from eq. (2.11). The volume of the disconnected surface is simply
the volume of two strips with length I:

2co
Vdiscon = _ldj . (32)
Subtracting the two volumes, we get:
1 1 2

AV = Vieon — Vidiscon = Co | — >0. (3.3)

(21 4 x)d-2 + T2 * Jd—2
Note that this is always positive. Positivity can also be seen from the fact that the discon-
nected surface is contained inside the connected surface. In figure 7 we plot AS and AV
as a function of 7, with fixed [ for AdS5 geometry. The right plot shows the finite jump of
the volume at the transition.

~12 -



At the transition point the connected and disconnected surfaces have equal area:

1 1 2
Scon B Sdiscon transition x - (2l + Cl?)d72 B ‘Td*z + ld72 =0 (34)
Plugging this in eq. (3.3) gives:
2¢
AV . Veon — Vidiscon = 7d—02 >0. (35)
transition transition X

Therefore at the transition point there is a finite jump in the volume.
Repeating the analysis for m strips gives:

— (m—1)2% (3.6)

AV e

transition

We can also do the same analysis for a D,-brane geometry with m-strips (instead of
AdS). This gives (see eq. (2.17)):

2co

p+5
1 2(5—p)

AV

=(m-1)

transition

(3.7)

3.2 Two strips in Global AdS3

As another example, consider global AdS3 (d = 2) and a strip entangling region with an
opening angle at the boundary 0,,. The metric is given by:

9 5 dr?
ds® = —f(r)dt +f(r)

where we set Laqs = 1. Solving the EOM, the geodesic is given by:

ro (6) = (SmQ (6o0) — sin’ (9))_ . (3.9)

c0s? (0so)

+7%d0?,  f(r)=r*+1 (3.8)

N

The volume is:

0o Too
V(0so) = 2/ d@/ dr— =2t — (3.10)
0 ro®) (1+712)2

where roo = 7(0) is the UV cutoff. The finite term is a constant equal to —.
Now consider 2 strips of opening angle 6, each. The “disconnected” and a “connected”
minimal surfaces are shown in figure 8 at their transition point. Their volumes are:

Vadisconn (foc) = 40700 — 27, Veonn(foo) = 40o07oc - (3.11)
Therefore the difference of the volumes is a constant:
AV = Veonn — Vidisconn = 27 (3.12)
and the jump in the volume at the transition point is thus:

AV = . (3.13)

transition

~13 -



Figure 8. Two strips in global AdS3 at the transition point. For clarity we use the compactified
radial coordinate p = %arctanr for which the boundary is at p = 1. The boundary entangling
region A is marked in green, the minimal surface in blue and the volume inside the bulk surface in
gray. The Left and Right plots show the connected and disconnected minimal surfaces respectively.
The difference in volumes between the right and left plots is: Vionn — Vaisconn = 27. Note that the
disconnected surface is contained inside the connected surface.

3.3 Strip in a Confining theory dual to AdSs x S°® compactified on a circle

Another well known example of a holographic entanglement entropy transition occurs for
bulk geometries which are dual to confining theories [59]. These transitions were first
studied in [17, 18] (see also [58, 60]), and were interpreted as a probe of the confinement-
deconfinement transition. The bulk minimal surface jumps from a “connected” to a “dis-
connected” surface as the the size of the region A is changed, see figure 9. The entanglement
entropy is continuous at the transition, but its derivative is not, as is seen in figure 10-left.
The volume inside the minimal surface has a discontinuous jump at the transition
point, as we will now show. We study the case of AdSs compactified on a spatial circle,
with a strip entangling surface. However, we expect a discontinuity to occur generically in
any holographic confining theory and any shaped entangling region. Similar to the case of
entanglement entropy transitions, we believe that this first order phase transition of the
volume is a large N effect, which will be smoothed out after computing % corrections [61].
Consider the metric of AdS5 compactified on a circle in Poincaré coordinates:

ds® = (Lidsf 1 _d(zi)4 + datda,, | + <Lids>2 (1 - <;>4> (de*)®  (3.14)

20

where Lags is the radius of AdS, and zy is the point where the contractible cycle shrinks
to zero. In this geometry we consider a strip of length [. In figure 10 we plot the area
difference ASgg and volume difference AV. From the left plot we see that the transition
occurs at [ = 0.62, and from the right plot it can be seen that there is a jump in the volume
with AV < 0 at the transition point. Note that the volume will keep changing (growing
linearly with the size [ of the region A) after the transition to the disconnected surface,
unlike the area.
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Figure 9. The transition between connected and disconnected minimal surface for a confining
background. In red we mark the codim-two minimal surface, in blue the boundary subregion A,

and in gray the volume inside the minimal surface.
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Figure 10. AdS5 compactified on a circle. Left: ASgg = Sconn — Sdisconn @s a function of [ (we
plot here only the physical branch). The blue and red curves are the areas of the “connected” and
“disconnected” surfaces respectively. The transition occurs at the point where the curves meet.
Right: plot of AV = Vonn — Vaisconn as a function of I. The transition point can be read from the
left plot. The transition point is marked by the dashed red line, and it can be seen that there is a
jump with AV < 0 at the transition point.

3.4 Global AdS black holes

In this section we consider the global AdS black hole, and a cap entangling surface. We
follow the notation of [62], which considered these “Entanglement plateaux” transitions
for the entanglement entropy. The minimal surface is constrained to satisfy the homology
constraint. Additionally, there is a bulk region in which the minimal surface never enters,
see figure 11. As a result there will be a discontinuous volume jump at the transition point,

which we now will compute.
Consider the metric for a black hole in global AdS:

ds® = _f(r)dt2+W7;)+r2 (d6? + sin® 0dQ7_,) | f(r) = 7"2-|-1—T+r(;—_+2) (3.15)
where r4 is the size of the black hole horizon, and we set Lags = 1. The relation between
the temperature and the size of the horizon is given by ry = 27” [T +4/(T)2 — %]

with a unit sphere at the boundary.
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Figure 11. We plot the two types of minimal surfaces for the AdSs black hole with horizon
size 11 = 1, and a cap entangling region. For clarity we use the compactified radial coordinate
p= %arctanr for which the boundary is at p = 1 and the horizon is at p = 0.5. The surfaces are
shown exactly at the transition point (when their areas are equal). In red we mark the boundary,
blue is the minimal surface, green is the boundary entangling region, and gray is the volume inside
the minimal surface. Left: the connected minimal surface. Right: the disconnected minimal surface.

The homology constraint implies that the horizon is part of the minimal surface.

3.4.1 Example: BTZ Black hole
For the BTZ black hole (d = 2) we have an analytic solution for the geodesic (see [62]):
h? (r0) \
r(0) =7y <1 - (r+6) ) (3.16)
cosh” (14 0)

where 0 is the strip opening angle on the boundary. The minimal surfaces are depicted

[NIES

in figure 11 at the transition point.!? The volume for the strip is identical to that of pure
AdS, eq. (3.10):

V(0oo) = 2000700 — 7. (3.17)

Note that this result is independent of the temperature of the black hole. Then the
difference between the volumes of the connected and disconnected volumes

AV = Veonn — Vdisconn = —2m. (318)

3.4.2 Example: global AdS5 black hole

We numerically calculate the minimal surfaces and the volume inside them (see [62] for

more details on the numerical calculation). Figure 12-left shows the EE difference ASgg =
vol(A)

vol(Sd—1)

which is a cap centered at the § = 0 with radius 6,). One can see a transition at a ~ 0.915

Sconn — Sdisconn as a function of a, where a = (the size of the entangling surface
when ASgg = 0. Figure 12-right shows the volume difference AV = Veoun — Vidisconn @S a
function of a. One can see that the volume of the disconnected surface is always larger
than the connected as expected. In particular, at the transition point (a & 0.915) the
volume jumps discontinuously: AV‘ transition ~ —0-18 < 0 in our units.

1211 the figure the horizon size is taken as ry = 1.
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Figure 12. Left: plot of ASgg = Sconn — Sdiscon as a function of « for the case of an AdSs
black hole with horizon size r; = 1. The transition occurs at a = 0.915. Right: plot of AV =
Veonn — Vdisconn @s a function of «. The transition point is marked by the red dashed line, and we
see that AV‘tranS. ~ —0.18 in our units.

4 Discussion

In this paper we studied the codim-one volume inside the Ryu-Takayanagi surface, first
considered in [48]. We performed explicit computations for various examples in time-
independent geometries. We found that for an AdS black hole, the volume is a non-
monotonic function of the strip’s length at a fixed finite temperature, even though the EE is
monotonic. We also showed that the volume exhibits a discontinuous jump in geometries for
which two bulk minimal surfaces exchange dominance. It will be important to understand
better the QFT quantity dual to the subregion volume, and the significance of its universal
terms in order to compare to the bulk results. It will be also interesting to understand the
dual interpretation of the discontinuous jump in the volume assuming that this is indeed
the dual of quantum complexity of a subregion. As we mentioned before these jumps
imply that the volume of the entanglement wedge exhibits a discontinuous jumps under
small changes of the reduced density matrix.

It would be interesting to compute the subregion volume for time dependent back-
grounds (e.g. quenches). The time dependence was very important in the study of holo-
graphic complexity of Susskind et al. for the case in which the region A is the whole
boundary, and the bulk geometry is a double sided black hole. In that case, the linear late
time behavior matches the expectation from complexity.

It would also be interesting to understand % corrections to the subregion volume.
For the entanglement entropy this is given by the bulk EE, where the entangling region
is precisely the volume inside the RT surface [61]. It would be interesting to understand
if there is a relation to bulk relative entropy [16, 63, 64]. Another direction would be to
understand the behavior of the volume for higher derivative gravity in the bulk.

The suggestion of [65] is a reformulation of the Ryu-Takayanagi formula in terms of
bit threads, which loosely speaking probe the volume inside the RT surface. It would be
interesting to understand our results in terms of the bit thread formulation.

In [50] it was shown that the quantum fisher information metric (the 2nd correction
of the relative entropy) for a sphere and a CFT is dual to the canonical energy integrated

17 -



inside the RT surface. Instead, one can alternatively integrate other bulk fields inside the
volume, and try to understand the dual information theoretic quantities.

One can study further properties of the subregion volume by performing relevant per-
turbations or shape perturbations. From the analysis of [66], it can be immediately shown
that the volume corresponding to entangling surfaces with a rotational or translational
symmetry is an extremum with respect to shape perturbations of the entangling surface.

For some entangling surfaces ., when there are no transitions between bulk extremal
surfaces, the volume inside the RT surface can be foliated with bulk extremal surfaces
attached to concentric entangling surfaces with different scales. Perhaps this result can
relate the subregion volume (complexity) to an integral over entanglement entropies.
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A Leading temperature correction for a sphere

We will show that the 1st order temperature correction to the volume vanishes for a sphere
entangling surface of radius | (we thus verify the calculation of [48]). Consider again the
general asymptotically AdS metric:

L2
ds® = % [ — fo(z)dt® + fl(z)dxi + fa(2)d2?] . (A.1)
Where for a black hole geometry at small temperature, fi(z) =1 and fa(z) =
1+ koT92.

The area of a bulk surface is:

_ Zx TZd_2 /f z +T'/2
Area:LdAdé/5 dz (2) d—21( ) (A.2)

z

where 7 is a radial coordinate. The equation of motion is:

Td_3 d T‘d_27“,
-9 VR )-o (13

To 1st order in T¢, the solution is:

422042 — 2922 + 22)

r(z) =22 — 22 + koT
(=) ’ 2(d+1)4/22 — 22
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The volume inside the bulk minimal surface is:

Zx / d—
V = L% i dzfz(zizl(z). (A.5)

Plugging r(z) from eq. (A.4) gives:

Y 2 _ ,2\(d—1)/2 d a2 o .2
@D (12 — 22)(d=1)/ koT* ,4 a(d—1)z%(1" 4 27)
[ d 1 1—koT .

V()“/g ‘ 2 Ty 0 AT D)2 = 22

A.6)
Expanding at linear order in 7%, and changing variables to t = z/I gives:
led 1 (1 o tQ)%

V(1) — Vir—o(l dt td —dtt?| =0 AT
)= Vreol) = g5 | @t | ] (A7)

and the integral is zero. Therefore we showed that the 1st order temperature correction to
the volume vanishes for a sphere entangling surface.

B The volume and action of the entanglement wedge

The entanglement wedge [55] is a codim-zero bulk region defined as the bulk domain of
dependence'® of the volume inside the HRT surface. Thus the HRT surface is the rim of
the entanglement wedge. It was was argued in [55] that the entanglement wedge is the
region most suitable to be the bulk dual of the reduced density matrix.

B.1 The volume of the entanglement wedge for a sphere and pure AdS

As a simple example consider Poincaré AdSy,1 and a sphere entangling surface of radius I:
24+r2=12. (B.1)

The corresponding entanglement wedge is half of a cone in the bulk in Poincaré coor-
dinates, and is shown in figure 13 for the case of AdSs;. The null boundary surface of the
entanglement wedge (for ¢ > 0) is given by the equation:

Ny (B.2)

2 is a boundary radial coordinate, z is the bulk coordinate,

where ¢ is the time, r = /x;
and [ is the radius of the entangling surface sphere. Thus, the volume of the entanglement
wedge is simply given by twice (because there is an equal contribution from ¢ < 0) the

volume inside the surface of eq. (B.2):

(1—t)2—22

l I—t
Vivedge = 2/ dt/ dz\/g(z)/ drrd=2Q,_ (B.3)
0 é 0

13The causal domain of dependence D[A] of a region A is defined as the set of all points P for which all

causal curves through P intersect A.
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Figure 13. For AdS; and an interval A, showing the the entanglement wedge region (the inside of
the half-cone). The region A is the blue interval, and the bulk minimal surface is the gray dashed
curve.

where Q45 is the area of a (d—2)-sphere, and /g(z) = LdAzé/z(d“). We can easily expand
this integral to derive the leading divergences:
d—
20 QLigg/ dt/l U=ty )T 200 ,L5 (11 d-1 14 .
zd“ d—1 d2 61 2(d—2)2 512
(B.4)

Vwedge

Note that the leading divergence goes like and there are subleading divergences

5d ?
5(1%2 + ... etc. We can also easily compute the universal finite or log terms.

B.2 The action in the entanglement wedge

In the previous section we calculated the volume of the entanglement wedge. In this section
we consider a related quantity, the gravitational action computed inside the entanglement
wedge. We stick to the simple example of a sphere entangling surface and Poincaré AdS.

The gravitational action is composed of a bulk term, a null-boundary term, and a
corner term (for more details see [43, 44, 67]):

Jona(o-52)

Ligs
d d—1
8 3G dX/— dxn+8 e d* x+\/—ga.

For pure AdS, the bulk term is proportional to the volume that we computed in a

A= -Abulk + ANuH + Acorner = 167G

previous section:

d(d — 1)
Abulk = <R - L2> Vwedge (B6)
AdS

where Viedge Was computed in eq. (B.4).
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We can choose an affine parameter, and then x is zero and the null boundary terms
vanish, see [43, 44, 67]:

Anun = 0. (B.7)

The codim-two corner term of the action arises from the dashed gray curve in figure 13.
The action contribution from this corner is (see [43, 44]):

\/M ld72 ld74 ld72 ld74
Acorner:log< 72 ) jiz Tyaa | tlsam Tyt (B.8)

where u3 4 are the normalization vectors of the null boundaries of the entanglement wedge.
Above, there are only even or odd powers, but not both. Summing the bulk and corner
terms, we obtain the action in the entanglement wedge.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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