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ON WEAKLY PROJECTIVE SYMMETRIC MANIFOLDS
A. A. SHAIKH AND SHYAMAL KUMAR HUI

ABSTRACT. The object of the present paper is to study weakly projective
symmetric manifolds and its decomposability with several non-trivial exam-
ples. Among others it is shown that in a decomposable weakly projective
symmetric manifold both the decompositions are weakly Ricci symmetric.

1. INTRODUCTION

The notions of weakly symmetric and weakly projective symmetric man-
ifolds were introduced by Tamdssy and Binh [6] and later Binh [1] studied
decomposable weakly symmetric manifolds. A non-flat Riemannian manifold
(M™, g)(n > 2) is called a weakly symmetric manifold if its curvature tensor
R of type (0,4) satisfies the condition

(VxR)(Y.Z,U,V) = AX)R(Y, Z,U.V) + B(Y)R(X, Z,U,V)
(1.1) +C(Z2)RY,X,U,V)+ DU)R(Y,Z, X, V)
+ E(V)R(Y,Z,U, X)
for all vector fields X, Y, Z, U,V € x(M™), where A, B,C, D and E are 1-forms
(not simultaneously zero) and V denotes the operator of covariant differenti-
ation with respect to the Riemannian metric g. The 1-forms are called the
associated 1-forms of the manifold and an n-dimensional manifold of this kind

is denoted by (WS),. Moreover, it is to be noted that in a (WS),, B = C
and D = F [2] and hence the defining condition (1.1) of a (W.S),, reduces to

(VxR)(Y, Z,U,V) = A(X)R(Y, Z,U,V) + B(Y)R(X, Z,U,V)
(1.2) + B(Z)R(Y,X,U,V)+ DWU)R(Y,Z,X,V)
+ D(V)R(Y, Z,U, X),
where A, B and D are 1-forms (not simultaneously zero). A non-projectively

flat Riemannian manifold (M",g)(n > 2) (this condition will be assumed
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throughout the paper) is said to be a weakly projective symmetric manifold
if its projective curvature tensor P of type (0,4) satisfies the condition

(VxP)Y,Z,UV)=AX)P(Y,Z,UV)+ BY)P(X,ZUYV)
(1.3) +C(Z)P(Y,X,U,V)+ DU)PY, Z,X,V)
+ EWV)P(Y, Z,U, X)

for all vector fields X,Y, Z, U,V € x(M™), where A, B,C, D and E are 1-forms
(not simultaneously zero) and V denotes the operator of covariant differenti-
ation with respect to the Riemannian metric g ( [6]). Such an n-dimensional
manifold is denoted by (W PS),,.

Also in 1993 Tamaéssy and Binh [7] introduced the notion of a weakly Ricci
symmetric manifold. A Riemannian manifold (M", g)(n > 2) is called weakly
Ricci symmetric manifold if its Ricci tensor S of type (0,2) is not identically
zero and satisfies the condition

(14)  (VxS)(YV,2) = A(X)S(Y, Z) + B(Y)S(Z, X) + D(Z)S(Y, X),

where A, B and D are three non-zero 1-forms and V denotes the operator of
covariant differentiation with respect to the Riemannian metric g. Such an
n-dimensional manifold is denoted by (W RS),,.

The aim of the present paper is to study a (W PS),. Section 2 deals with
some basic results of (WPS),. In [6] Tamassy and Binh found out the neces-
sary and sufficient condition for a weakly symmetric manifold to be a weakly
projective symmetric manifold with the same associated 1-forms, namely, they
obtained the following result:

Theorem A. A Riemannian manifold (M", g)(n > 4) is weakly symmetric
and also weakly projective symmetric with the same associated 1-forms A, B,
C, D and associated vector field F' # 0 if and only if the Ricci tensor S
vanishes.

In a (WS),, the associated 1-forms B = C and D = E. However, in a
(WPS), this is not true, in general. In section 2 of the paper it is shown
that in a (WPS),, the associated 1-forms B = C but D # E and hence the
defining condition (1.3) of a (W PS),, reduces to

(1.5) + B(Z)P(Y,X,U,V) + D(U)P(Y, Z,X,V)

where A, B, D and E are 1-forms (not simultaneously zero). It is proved that in
a (WPS)y, if the Ricci tensor is of Codazzi type, then = is an eigenvalue of the
Ricci tensor S corresponding to the eigenvector L defined by ¢g(X, L) = a(X).
Also it is shown that in a (WPS),, = is an eigenvalue of the Ricci tensor S

corresponding to the eigenvector py defined by g(X, ps) = T(X) = B(X) +
E(X) for all X.
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Section 3 deals with an Einstein (W PS),, and it is proved that an Einstein
(WPS), is a (WS), provided that A+ B+ D is not everywhere zero. Also it
is shown that if the vector L defined by g(X, L) = «(X) is a concurrent vector
field in an Einstein (W PS),, then it reduces to a (W.5),.

Section 4 is devoted to the study of decomposable (W P.S'),, which is generally
called the product (W PS),, and it is shown that in such a manifold one of the
decomposition is Ricci symmetric and the other is projectively flat. Shaikh
and Jana [5] already proved that every (W.S), is not a (W RS),, in general. In
this paper it is shown that if a Riemannian manifold (M", g) is a decomposable
(WPS),, such that M = M? x My (2 < p <n—2), then M is (WRS), and
My is (WRS),—p. The last section deals with several non-trivial examples of
(WPS),, and also of decomposable (W PS),,.

2. SOME BASIC RESULTS OF (WPS),

In this section, we derive some formulas, which will be needed to the study
of a (WPS),. The projective curvature tensor P of type (0,4) is given by

2.1)
PY.Z,UV) = R(Y,Z,U,V) — ﬁ[S(Z, U)g(V,V) — S(Y.U)g(Z, V)],

where S is the Ricci tensor of type (0,2) of the manifold. Let
{61'27;:1,2,...,77,}
be an orthonormal basis of the tangent space at any point of the manifold.

Then the Ricci tensor S of type (0,2) and the scalar curvature r are given by
the following:

S(X,Y) = iR(ei,X, Y,e;) and r = iS(X, Y)= ig(@ei,ei),
i=1

i=1 i=1
where () is the Ricci-operator i.e., g(QX,Y) = S(X,Y).
Now, from (2.1), we have the following:

(2.2) Y Ple,ZUe) =0=> Plej,e;,UV) =Y P(Y,Zeie),
=1 =1 =1

and
= n r

(2.3) z; P(Yer,e:,V) = ——[S(Y,V) = —g(Y, V)],
Also from (2.1), it follows that

(1) P(Y,Z,U,V):—P<Z,KU,V),
04 (ii) P(Y,Z,UV)# —-P(Y,Z,V,U),
PV ) prizuv) £ P Y 2)

(iv) P(X,Y,Z,U)+P(Y,Z,X,U)+ P(Z X,Y,U) = 0.
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Proposition 2.1. The defining condition of a (WPS), can always be ex-
pressed in the form (1.5).

Proof. Interchanging Y and Z in (1.3) we get
(VxP)(Z,Y,U,V) = AX)P(Z,Y,U,V) + B(Z)P(X,Y,U,V)
(2.5) + C(Y)P(Z,X,U,V) + D(U)P(Z,Y,X,V)
+ E(V)P(Z,Y,U, X).
Adding (1.3) and (2.5) we obtain by virtue of (2.4)(i) that
(2.6) V(Y)P(X,Z,U, V) +(Z2)P(X,Y,U,V) =0,

where v(X) = B(X) — C(X) for all X.

If we choose a vector field p such that v(p) # 0, then putting Y = Z = p
in (2.6) we get P(X,p,U, V) =0.

Again setting Z = p in (2.6) we obtain P(X,Y, U, V) = 0 for all vector fields
X, Y, U and V, which contradicts to our assumption that the manifold is not
projectively flat. Hence, we must have (X) = 0 for all X and consequently
B(X)=C(X) for all X.

But, in view of (2.4)(ii), it follows that the relation D = E does not hold in a
(WPS),. Hence, the defining condition of a (W PS),, can be written as (1.5).
This proves the proposition. 0]

Proposition 2.2. In a Riemannian manifold (M™, g)(n > 2), the Ricci tensor
is of Codazzi type if and only if

2.7 (VxP)Y,Z,UV)+ (VyP)(Z, X, UV)+ (VzP)(X,Y,U, V) = 0.
Proof. We first suppose that in a Riemannian manifold (M™, g)(n > 2), the
Ricci tensor S is of Codazzi type [3]. Then we have

(2.8) (VxS)(Y, Z2) = (VyS)(X, Z2) = (Vz5)(X,Y)

for all vector fields X, Y, Z on the manifold.
From (2.1) it follows by virtue of Bianchi identity that

(VxP)Y,Z, U V)+ (VyP)(Z, X, U V)+ (VzP)(X,Y,U V) =

(2‘9) n_l[g(Y7v>{(vXS>(ZaU)_<VZS>(Xa U)}
+g<Za V){(VYS)<X7 U) - (VXS>(Y7 U)}
+g(X, V{(V29)(Y,U) — (VyS)(Z,U)}].

Using (2.8) in (2.9) we obtain (2.7).
Conversely, if a Riemannian manifold satisfies the relation (2.7), then (2.9)
yields

gV, VI{(VxS)(Z,U) = (Vz5)(X,U)}
(2.10) +9(Z, V{(VyS)(X,U) = (Vx5 (Y, U)}
+ (X, VH{(V2S)(Y,U) = (Vy5)(2,U)} = 0.
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Putting Y = V = ¢; in (2.10) and taking summation over ¢,1 < i < n, we
obtain (VxS)(Z,U) = (VzS)(X,U) for all X, Z, U € x(M") and hence the
Ricci tensor is of Codazzi type. This proves the proposition. O

In view of (1.5), the relation (2.7) reduces to the following:

(2.11) a(X)PY,Z,UV)+a(Y)P(Z, X, U V)+a(Z)P(X,Y,U,V)
+ EW[P(Y,Z,U,X)+ P(Z,X,U,Y)+ P(X,Y,U,Z)|=0
where o(X) = A(X) — 2B(X) for all X.

Setting Y = V = ¢; in (2.11) and taking summation over i,1 < i < n, we
get

(2.12) a(P(Z,X)U) = 0.

Again putting X = U = ¢; in (2.12) and taking summation over i,1 < i < n,
we get

(2.13) o(QZ) = ~a(2),

that is, S(Z, L) = £g(Z, L). This leads to the following:

Proposition 2.3. If in a (WPS),, the Ricci tensor is of Codazzi type then

r

= s an eigenvalue of the Ricci tensor S corresponding to the eigenvector L

defined by g(X, L) = a(X) for all X.
Next, by virtue of (1.5), the relation (2.9) takes the form
A(X)P(Y,Z,U,V) + a(Y)P(Z,X,U,V) + a(Z)P(X,Y,U,V)
+ E(V)[P(Y, Z,U,X) + P(Z,X,U,Y) + P(X,Y,U, Z)]

(214) = [ V(VxS)Z.U) - (V28)(X,U)

+9(Z, V{(VyS)(X,U) = (Vx)(Y,U)}
+9(X, VH{(V29)(Y,U) = (VyS)(Z,U)}].

)
Setting Y =V = ¢; in (2.14) and taking summation over i,1 < i < n, we get

(215) a(R(Z X)U) - - ! [a(2)S(X,U) ~ a(X)S(2,U)]
= = 2(V28)(X,0) ~ (VxS)(Z,U)]

Putting X = U = ¢; in (2.15) and taking summation over i,1 < i < n, we

obtain

n—2
2n

If the manifold is of constant scalar curvature then (2.16) reduces to (2.13)
and hence we can state the following:

(2.16)

dr(Z) = a(QZ) — %a(Z).
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Proposition 2.4. If a (WPS), is of constant scalar curvature, then * is an
eigenvalue of the Ricci tensor S corresponding to the eigenvector L defined by
9(X, L) = a(X) forall X.

Again using (2.1) the equation (1.5) becomes
(VXR)(Ya Z7 U7 V)

— L (VxS)(ZU)(Y, V) ~ (VxS)(Y,U)a(Z, V)

= A[R(Y, Z,U,V) ~ - {S(Z,0)g(Y, V) ~ SV, U)g(Z, V)]

pary FBORXZUV) - L {S(Z,0)g(X,V) ~ S(X,U)g(Z, V)]

+ BU)R(Y, X,U,V) = —{S(X, U)g(Y, V) = S(¥,U)g(X, V)}]
+ DUR(Y, 2,X,V) = ——{S(Z, X)g(¥, V) = S(¥, X)g(Z, V )}

+BV)RY, 2,U,X) ~ —{S(Z,0)g(Y, X) = S(V,0)g(Z, X)}].

Setting Y =V = ¢; in (2.17) and taking summation over i,1 < i < n, we
have

(2.18) B(R(X,Z)U) — E(R(U,X)Z) =
- _ﬁ[B(X)S(Z, U)B(Z)S(X,U) + E(X)S(Z,U) = E(QU)g(Z, X)].

Also putting Z = U = ¢; in (2.18) and taking summation over i, 1 < i < n, we
obtain

(2.19) T(QX) = =T (X),
which can be written as

r
(2.20) S(X, p2) = —9(X, p2),

where g(X, p2) =T(X) = B(X) + E(X) for all X.
This leads to the following:

Proposition 2.5. In a (WPS),, = is an eigenvalue of the Ricci tensor S
corresponding to the eigenvector ps defined by g(X, p2) = T(X) for all X.

3. EINSTEIN (W PS),
Let us consider a (W PS),,, which is an Einstein manifold. Then we have
r
(3.1) SOXY) = Lo(x,y),

from which it follows that
(3.2) dr(X)=0and (Vz9)(X,Y) =0 for all X,Y, Z.
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By virtue of (3.1) and (3.2), it follows from (2.1) that
(33) P(Y,2,U0,V)=

R(}/,Z,U,V)— :

n(n —1)

[9(27 U)g(Y> V) - g<Y7 U)g(Zv V)]

and
(3.4) (VxP)(Y,Z,UV)=(VxR)(Y,Z,UYV).
In view of (3.3) and (3.4), (1.5) reduces to
(VxR)(Y,Z,UV)=AX)R(Y,Z UV)+ B(Y)R(X,Z,U,V)
+B(Z)R(Y,X,U,V)+DWU)R(Y,Z,X,V)

r

+BV)R(Y, 2,U,X) = TS [A(X)

5 {9(Z.V)g(Y. V) - (Y. U)g(Z,V)}
+BY){9(2,U)g(X,V) = g(X,U)g(2,V)}
+ B(Z){g(X,U)g(Y, V) = g(Y,U)g(X,V)}
+DU{9(Z, X)g(Y, V) = g(Y, X)g(Z,V)}
+ EV){g(Z,U)g(Y, X) —g(Y,U)g(Z, X)}].

Using (1.2) in (3.5) we obtain

[BV) — DR 2,U.X) = — A0 {4(Z.0)g(Y. V)
(36) - g(Y, U)g<Z7 V)} + B<Y){g<Z> U)g(X> V) - g(X7 U)g(Z7 V>}

+ B(Z2){g(X,U)g(Y,V) = g(Y,U)g(X,V)} + D(U){g(Z, X)g(Y.V)
—g9(Y, X)g(Z,V)} + E(V){9(Z,U)g(Y, X) — g(Y,U)g(Z, X)}].
Setting X = U = ¢; in (3.6) and then taking summation over i,1 < i < n, we
get
(3.7) r[A(Z2)g(Y,V) - A(Y)g(Z,V) — (n—1)B(Y)g(Z,V)
+(n—1)B(Z)g(Y,V)+ D(Z)g(Y,V)— D(Y)g(Z,V)] = 0.

Further setting Z = V = ¢; in (3.7) and taking summation over i,1 < i < n,
we have

(3.8) rlAY)+ (n—1)B(Y)+ D(Y)] = 0.
Again contracting (3.6) over X and Y we obtain
~[E(V) = D(V)lgl(Z,U) = ﬁ[ (V)g(2.U)
(3.9) AU)g(2, V) +B(V)g(Z,U)
B(U)g(2,V) = (n = 1)DU)g(Z,V)

+ ( —DEWV)g(Z,U)].
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Now, setting Z =V = ¢; in (3.9) and taking summation over i,1 < i < n, we
get

(3.10) r[A{U)+ B(U)+ (n—1)D(U)] = 0 for all U.

Replacing U by Y in the above equation we have

(3.11) rlAY)+B(Y)+ (n—1)D(Y)] = 0.

Also setting Y =V = ¢; in (3.6) and taking summation over i,1 < i < n, we
get

E(R(X,U)Z) — D(R(X,U)Z) = [(n— DA(X)g(Z,U)

r
n(n —1)
+ BX)g(2,U) = BZ)g(X,U) + (n ~ 1) B(Z)g(X, )
T (n— )D(U)g(Z, X) + B(X)g(2,U) — E(U)g(Z, X)),
which yields, on further contraction with respect to Z and U, that
rinA(X) +2B(X)+2D(X)] =0 for all X.
Interchanging X and Y in the above equation we have
(3.12) rinA(Y)+2B(Y)+2D(Y)] = 0.
Adding (3.8), (3.11) and (3.12) we obtain
r=0if AY)+ B(Y)+ D(Y) #0 for all Y.
This leads to the following:

Theorem 3.1. An Finstein (W PS),, is a (WS),, provided that A+ B+ D is
not everywhere zero on the manifold.

Definition 3.1. In a Riemannian manifold a vector field W is said to be
parallel if it satisfies the following condition:

(3.13) VxW =0 for all X.

Let us now consider an Einstein (W PS),, in which the vector field L defined
by g(X,L) = A(X) — 2B(X) is a parallel vector field. Then we have

(3.14) VxL =0 for all X.

Therefore, using Ricci identity we get
R(X,Y,L,U) =0,

which yields

(3.15) S(Y,L)=0.

From (3.15) and (2.20) , it follows that r = 0 if ||L||* # 0.
Again if » = 0 then (3.1) implies that S(X,Y) = 0 and consequently the
manifold is a (WS),,. Thus, we can state the following:
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Theorem 3.2. If in an Finstein (WPS), the vector field L defined by
9(X,L) = a(X) is a parallel vector field, then it is a (WS), provided that
IL])? # 0.

Definition 3.2. A vector field F on a Riemannian manifold is said to be
concurrent [4] if (VxF) = kX, where k is a constant.
In particular if £ = 0 then F is said to be a parallel vector field.

Next, we suppose that in an Einstein (W PS),, the vector field L defined by
g(X,L) =a(X)=A(X)—2B(X) is a concurrent vector field.
Then we have

(3.16) Vil = kX,

where k is a constant.
Making use of Ricci identity we have R(X,Y, L,U) = 0, which implies that

(3.17) S(Y,L) =0 for all Y.

Now, (3.17) yields r = 0 provided that || L||* # 0.
Thus, arguing as in the case of parallel vector field we obtain that the man-
ifold under consideration is a (WS),. Hence, we can state the following:

Theorem 3.3. If in an Einstein (W PS),, the vector field L defined by
9(X, L) = a(X)

is a concurrent vector field, then it is a (WS), provided that ||L]|* # 0.

4. DECOMPOSABLE (W PS),

A Riemannian manifold (M",g) is said to be decomposable [8] if it can be
expressed as M} x My 7 for 2 < p < n — 2, that is, in some coordinate neigh-
bourhood of the Riemannian manifold (M™,g), the metric can be expressed
as

(4.1) ds® = gi;dr'de’ = Guyda®da®+ Jop de®da”,
where g, are functions of x',z% --- 2P(p < n) denoted by 7 and éag are
functions of zP*! xP*2 ... 2™ denoted by :%; a,b,c,--- run from 1 to p and

a, 3,7, -+ run from p + 1 to n. The two parts of (4.1) are the metrics of
M?(p > 2) and My "(n — p > 2) which are called the decomposition of the
manifold M™ = M? x My 7?(2<p<n-2).

Let (M™, g) be a Riemannian manifold such that M{ x M,"" for 2 < p <
n — 2. Here throughout this section each object denoted by a ‘tilde’ is assumed
to be from M; and each object denoted by a ‘star’ is assumed to be from M,.
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Let X, Y, Z, U,V € x(M;) and )*(, }j, é, [}, \;e X(Ms), then we have the
following relations:

and r =7+ 7t, where r, 7, and 7 are the scalar curvature of M, My, M, respec-
tively. Let us consider a Riemannian manifold (M", g) which is a decomposable
(WPS),. Then M™ = MY x My™", (2<p<n-—2).

Now, from (2.1), we have

(4.2) P(y,Z,0,V)=0=P(Y,Z,U,V),

* ~ ~ * ]_ ~ ~ * *
(43) PV, 2,0.V) = = S(Z,0)9(¥, V)
and

%~ %~ 1 x % .
(4.5) P(Y,2,U0,V)=——5Y,U0)9(Z,V).

(4.7) AX)P(Y,Z,0,V) =0.
Similarly we have

(4.8) B(Y)P(X,Z,0,V) =0,
(4.9) DWU)P(Y,Z,X,V)=0
and

(4.10) E(WV)P(Y,Z,U,X) = 0.
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* *

(2,V) = E(V)S(Z,0)9(Y, X) = 0.

V in (4.6) we obtain
U)+ B(2)S(X,U)+ D(U)S(Z,X).

Now, putting X :)? Y =y in (4.6) we get
(4.11) D(U)S(Y, X)g
Similarly, putting Y’ }j 1%

(412)  (VS)(Z,U) = A(X)S

(2,
Also putting X :X, Y }j U =0 in (4.6) we have
(413) (V. S)(Y, )S(Y,U) + B(Y)S(X,U) + D(U)S(Y, X).

U) = A(X
In the similar way, from (4.6), we have the following:

*

(4.14) D(U)S(Y, X)g(Z,V) — E(WV)S(Z,U)g(Y, X) =0,
(4.15) AX)P(Y,Z,U,V) =0,

(4.16) B(Y)P(X,Z,U.V) =0,

(4.17) DO)P(Y, Z,X,V) =0,

(4.18) EWV)P(Y,Z,U,X) =0

and

(V. P)(Y.2.U.V) = A(X)P(Y, 2,U.V) + BY)P(X, 2.U, V)

(4.19) +B(Z)P(Y.X.U.V) + DU)P(Y. 2. X.V)
+E(V)P(Y. Z.U.X).
From (4.7)—(4.10) we have two cases. Namely,

(I) A=B=D=FE=0on M,

(IT) M, is projectively flat.
At first, we consider the case (I). Then from (4.19) we have

(V. P)Y.2,0.V) =

that is,

Setting Z=V=e, in (4.20) and taking summation over a,, p+ 1 < a < n, we
obtain

(4.21) (V 9)(Y,0) =0,
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which implies that M is a Ricci symmetric manifold.

Secondly, we discuss the case of (II).

Since, M; is projectively flat, it is a manifold of constant curvature. Hence
we can state the following:

Theorem 4.1. Let (M™, g) be a Riemannian manifold such that M = M? x
M;7P (2<p<n-—2). If M is a (WPS), then the following holds:
(I) In the case of A= B =D = FE =0 on M, the manifold M is Ricci
symmetric.
(IT) When M, is projectively flat, it is a manifold of constant curvature.

Similarly, we have from (4.15) — (4.18) that
Theorem 4.2. Let (M™, g) be a Riemannian manifold such that M = M7 X
My (2<p<n-=2). If M is a (WPS), then the following holds:
(I) In the case of A= B =D = FE =0 on M, the manifold M, is Ricci
symmetric.
(IT) When My is projectively flat, it is a manifold of constant curvature.

Next, we consider the contraction with respect to X and Y in (4.11) and
obtain

(4.22) D(U)rg(Z, V)~ (n—p)E(V)S(Z,U)] =0,
which yields
(4.23) E(QU) = rD(Y),
where
P *
4.24 = .
Similarly, from (4.14) we have
(4.25) E(Q U) = r2E(D).
where
n—op._
4.26 o = T.
(4.26) 2=

Thus, we can state the following:

Theorem 4.3. Let (M™, g) be a Riemannian manifold such that M = M} x
My (2<p<n-—=2). If M is a (WPS), then the 1-forms D and E are
related by E(QU) = rD(Y) on M, where r, = s r and E(Q l}) = TQE((*])

on My, where ro = %f.

Again from (4.12) and (4.13) we can state the following:

Theorem 4.4. Let (M™, g) be a Riemannian manifold such that M = MY x
M} (2<p<n-2). If M is a (WPS),, then the manifold M, is a (WRS),
and the manifold My is a (WRS),—,.
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5. SOME ExaMPLES OF (WPS),, AND DECOMPOSABLE (W PS5),

Ezample 5.1. Let M* = {(z',2*, 2% 2*) e R*: 0 < 2! < 3,0 <2®> <} bea
manifold endowed with the metric
(5.1) ds? = (dz')? + sin® 2! (dz?®)? + sin® x' sin® 2% (dz®)? + (dz*)?.

Then the only non-vanishing components of the Christoffel symbols, the cur-
vature tensor, Ricci tensor, scalar curvature, projective curvature tensor are
given by

1 1
1 : 1\ Pl : 1\ win2 2
Iy = ~3 sin(2z"), I35 = —5 sin(2z") sin” x*,
P2——1'(22)r2— ta' =13, s, = cot 2
33 = 25111 x7), 17y =cotx” = 175,155 =cotzx”,
R1221 = — Sil’l2 Il, R1331 = — SiIl2 Il sin2 ZE27 R2332 = — Sil’l4 l’l SiIl2 I2,
Si1 = —2, 809 = —2sin®z', S53 = —2sin® ' sin? 2%, r = —6 £ 0,
<21 2 1 52,2
Prgo) = —g sin“x" = —Pia1a, Pi331 = —g sin” x" sin” x° = — Py313,
1 2
4 1 22
Pagzp = ——sin” " sin” x° = — Pago3, Prasy = — -,
3 3
2 .53 2,01 52,2
P2424 = —g Sl T ,P3434 = —g S~ T Sl X

and the components that can be obtained from these by the symmetry proper-
ties. The covariant derivatives of all components of projective curvature tensor
are vanish. In terms of local coordinate system we consider the components of
the 1-forms A, B, D and FE as follows:

AZ:BZ:DZ:EZ:OfOTZ:1,2,3,4

Then one can easily prove that (M*, g) is a (W PS), with non-vanishing scalar
curvature.

Thus, we can state the following:

Theorem 5.1. Let (M*, g) be a Riemannian manifold endowed with the metric
given in (5.1). Then (M*, g) is a weakly projective symmetric manifold with
non-vanishing scalar curvature, which is projectively symmetric.

Ezample 5.2. Let M™ = {(z',2*,2°,--- ,2") e R": 0 <z' < Z,0<2® <%}
be a manifold endowed with the metric

(5.2) ds® = (dz')? + sin® ' (d2?)? + sin® 2' sin® 2% (d2®)? + Z(dxk)2.
k=4

Then the only non-vanishing components of the Christoffel symbols, the cur-
vature tensor, Ricci tensor, scalar curvature, projective curvature tensor are
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given by

1 1
r, = —3 sin(22'), T3, = ~5 sin(2z') sin® 2%,

1
2 _ : 2y 12 _ 1_ 13 13 _ 2
I35 = —3 sin(2z7),I'}, = cotz™ =I'},;, I'yy = cot a=,
Rigor = —sin® 2!, Ryss; = —sin? 2t sin? 22, Rys30 = — sin® 2! sin? 22,
Si1 = —2, 80 = —2sin®z', S35 = —2sin®a' sin? 2%, r = —6 #£ 0,
n—3 n—3
.21 21 s 22
Pigo) = — sin“x’ = P, Pi331 = — sin”x” sin” x” = P33,
n—1 n—1
n—3 2
41 22
Pagzo = — sin” x” sin” x° = Pago3, Pipr1 = ——,
n—1 n—1
2 91 22 1 22
ngm:—lsmx,P;;kkg: 1smxsmx,for4§k,‘§n.
n— n—

and the components that can be obtained from these by the symmetry prop-
erties.

In view of the above all the covariant derivatives of the projective curvature
tensor are vanish.

Therefore, our M™ with the considered metric ¢ in (5.2) is a Riemannian
manifold of non-vanishing scalar curvature.

In terms of local coordinate system we consider the components of the 1-
forms A, B, D and E as follows:

AZ:BZ:DZ:EZZOfOI‘Z:]_,Q, , n.
Then (M",g) is a (WPS),, and hence we can state the following:

Theorem 5.2. Let (M",g)(n > 4) be a Riemannian manifold equipped with
the metric given in (5.2). Then (M™, g)(n > 4) is a weakly projective symmet-
ric manifold with non-vanishing scalar curvature, which is projectively sym-
metric.

Now, we consider the two manifolds (M}, ds?) and (M5 ~*, ds2) where M} =
R* and My ~* = R
(5.3) ds? = (da')? + sin® 2'[(dz?)* + sin® 2°(d2®)?] + (dz")?, ds; = Z(dxk)Q.
k=5
Then (M™,ds?) is obviously a decomposable manifold where ds® is given by
(5.2). Hence we can state the following:

Theorem 5.3. Let (M™,g)(n > 4) be a Riemannian manifold endowed with
the metric given in (5.2). Then (M™,g)(n > 4) is a decomposable weakly pro-
jective symmetric manifold (M}, ds?) x (My~*, ds2) with non-vanishing scalar
curvature, where ds? and ds3 are given in (5.3).
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Ezxample 5.3. Let M = R* be a manifold endowed with the metric
(5.4) ds® = gijda'dr? = (1 + 2v)[(da")? + (dz*)?] + (dz?)* + (da*)?,

(i,j = 1,2,3,4), where v = i;—l =+ }l and K is a non-zero constant.

Then the only non-vanishing components of the Christoffel symbols, the
curvature tensor, Ricci tensor, scalar curvature, projective curvature tensor
and its covariant derivatives are given by

Iy = 1:27 =Ty = T3y, Rugsr = 1 ‘:/2’7’
Snzﬁ:&a&r:(lf—;wg?ﬁo?
Pio1a = Piy1a = Paaza = mv
Paszp = —3(1+W,P1331 = ;1 :27 = —Pi313,
(5.5) Pro121 = Praiag = Paazan = H7
1—-4
56) Prans =~
(5.7) P31 = H = —Pi3131

and the components that can be obtained from these by the symmetry proper-
ties, where ‘,” denotes the covariant differentiation with respect to the metric
tensor and S;; denotes the components of the Ricci tensor and r is the scalar
curvature of the manifold. Therefore, the manifold M* with the considered
metric is a Riemannian manifold, which is neither projectively flat nor projec-
tively symmetric and is of non-vanishing scalar curvature.

We shall now show that this (M?, g) is a (WPS),, that is, it satisfies (1.5).

In terms of local coordinate system, we consider the components of the
1-forms A, B, D and E as follows:

1—-4 )
A(0;) = A = Tran, fori :‘1’
(5.8) 0,  otherwise
B,=D,=FE;=0 for i = 1,2,374’
where 9; = 2

T Ozt
In our M* with the considered 1-forms, (1.5) reduces to the following equa-
tions:

(5.9) Piow,i = AiPioy + B1 P + Bo Py + D1 Pigi + EiProyi,
(5.10)  Piog; = AiPiog + B1Pigys + BoPriyga + Dy Praip + Eo Proy;,
(5.11)  Piazi = AiPias + BiPuaz + BuPriia + D1 Prus + Es P,
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(5.12)  Ppoizi = AiPoi2 + BiPio1s + BaPiia + D1 P + E2 Py,
(5.13)  Pussii = AiPis3 + B1Pissi + B3Pz + D3 Pizip + EyPiss;,
(5.14)  Pisw1i = AiPiswi + B1Pw1 + B3Priw1 + DwPisi + E1Pigw,
(5.15)  Prusii = AiPrust + BiPuws1 + Buw Pzt + D3Pryi + By Prusi,
(5.16)  Pisz1; = AiPiss1 + By Pigs1 + B3Pys1 + D3Pisiy + E1 Py,
(5.17)  Pigisi = AiPisis + B1Pis1s + B3Prjs + D1 Pisis + EgPrau,
(5.18)  Pizzi = AiPisi3 + B1Pisi3 + B3Pz + Dy Pisiz + E3 Py,
(5.19)  Pipsi = AiPipis + B Pipis + BpPriiz + Dy Pryis + Es Py,
(5.20)  Pgisi = AiPi3 + By Pisi3 + B3Ptz + D1 Pz + E3Piay,
(5.21)  Pigui = AiPrawu + B1 Pty + BaPriy + DiPrasy + EyPlag,
(5.22)  Piga; = AiPiyga + B1Pigga + ByPriga + Dy Pryis + EyPrag;,
(5.23)  Puag = AiPiia + B P + BiPrig + D1 Py + EyPry,
(5.24)  Puiai = AiPuis + BiPuis + ByPiing + D1 Py + Ey Py,
(5.25)  Pasgei = AiPasyy + BoPisyy + By Pajgy + D3 Pasiy + Ey Pass;,
(5.26)  Pogwzi = AiPasw + BaPiswz + B3 Pajwy + Do Pasio + EoPagu,
(5.27)  Pouwszi = AiPawso + BaPiusa + By Paisy + D3 Pawio + EoPaysi,
(5.28)  Pussai = AiPassy + By Pissa + B3Puso 4+ D3 Pysip + Ey Passi,
(5.29)  Payzri = AiPayzy + B3Py + ByPsizy + D3 Payiy + Ey Py,
(5.30)  Psawai = AiPsaws + B3Pigws + BaPsiwa + Dy P3gia + EyPagui,
(5.31)  Psgzqi = AiPsssq + B3 Piszy + B3Psizq + D3Psgiq + EyPsssi,
(5.32)  Puzai = AiPoss + ByPuss + ByPyiss + D3 Pyyig + E4Pyys;,

where i = 1,2,3,4;1=1,2,3,4;t =2,3,4,u=1,3,4,w=1,2,4,v=1,3;s =
3,4;p = 1,4;v = 2,4. Since, for the cases other than (5.9) — (5.32), the
components of each term of (1.5) either vanishes identically or the relation (1.5)
holds trivially using the skew-symmetry property of P.

Now, using (5.5) and (5.8), it follows, for ¢ = 1, that right hand side
of (5.9)(for I = 2) = (A; + By + D1)Pia1n = ;((11;2‘%)3 = Plajp1 = left hand
side of (5.9)(for [ = 2).

For i = 2,3,4, the relation (5.8) implies that both sides of equation (5.9)
are equal. By the similar argument, it can be easily seen that the equa-
tions (5.10) — (5.32) hold. Thus, the manifold under consideration is weakly
projective symmetric.

Hence, we can state the following:

Theorem 5.4. Let (M*,g) be a Riemannian manifold endowed with the met-
ric given in (5.4). Then (M* g) is a weakly projective symmetric manifold
with non-vanishing scalar curvature, which is neither projectively flat nor pro-
jectwvely symmetric but projectively recurrent.
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FExample 5.4. Let M = R"™ be a manifold endowed with the metric

5.33) ds* = g;;da'da’ = 2v[(da')* + (da®)? )+ 0;da'da?,  (i,5=1,2,--- ,n),
j J

where v = "% #+ i and K is a non-zero constant.

Then the only non-vanishing components of the Christoffel symbols, the
curvature tensor, Ricci tensor, scalar curvature, projective curvature tensor
and its covariant derivatives are given by

ISR 1:27 =TY; = —Ty, Rigsn = 1:277
Snzm%wzsgg,r:(lf—%ﬁo,
P1212:P1414:P3434: (n—l)a+27)2’
P2332:_(n—]_>8/1+27)27P1331:Z—:?l—f—’YZ’y :_P13137
Pk = Psisi = (= 1)(71+27>2 for 5 <k <n,
(1 —4v)

(534) P1212,1 = P1414,1 = P3434,1 = (

V(1= 49)
n—1)(1+4 2y)3
(=201 —-4y)
(5.36) Pisgi1 = -1 +29?2 —Pi3131,
7(1—4y)
n—1)(1+2y)3

n—1)(1+2v)3

(535) P2332’1 = —(

(5.37)  Pigara = Psggen = ( for 5<k<n

and the components that can be obtained from these by the symmetry proper-
ties, where ,” denotes the covariant differentiation with respect to the metric
tensor and S;; denotes the components of the Ricci tensor and 7 is the scalar
curvature of the manifold. Therefore, the manifold M™ with the considered
metric is a Riemannian manifold, which is neither projectively flat nor projec-
tively symmetric and is of non-vanishing scalar curvature.

We shall now show that this (M™, g) is a (W PS),, that is, it satisfies (1.5).

In terms of local coordinate system, if we consider the components of the
1-forms A, B, D and FE as

1—4 .
A(0) = A = Trar, for i - 1,

Bi:Di:Ei:Ofori:LQ,-“,n,
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where 9; = 2

= 2.
In our M™ with the considered 1-forms, (1.5) reduces to the following equations:

( ) Pious = AiPiou + B1Pis1 + BaPriy + D1 Piay + EjPioi,
(5.40)  Pigo; = AiPraw + B1 P + By Prisy + Dy Praja + Ey Pray,

( ) Pruzi = AiPras + BiPuis + BuPiiia + D1 Pryio + EoPra,

( ) Piizi = AiPio1a + BiPio1o + BaPijia + D1 Paia + EoPioy;,

( ) Puszis = AiPisy + B1Piss + B3Py + D3 Prsyy + Ey Py,

( ) Piswii = AiPisw1 + B1Pisu1 + B3 Priva + Dy Pisin + E1 Pigw,
( ) Piwsii = AiPrwsi + B1Piwsi + By Prisi + D3 Pryin + E1 Prysi,
( ) Pissii = AiPss1 + By Pis31 + BsPus1 + D3P + 1 Pissi,

( ) Pisis; = AiPis1s + B1Pisis + BsPiits + D1 Pisis + EsPisui,

( ) Pisisi = AiPisis + B1Pisis + BsPras + Dy Pisis + E3Piay,

( ) Pipizi = AiPips + Bi1Pyis + By Piias + D1 Pipis + EsPipi,

( ) Pisizi = AiPisis + BiPis13 + B3Pz + D1 Pisis + E3 Py,

( ) P = Ai Py + B1 Py + BaPriy + DiPragy + EyPras,

( ) Pia; = AiPraga + B1Pigga + BaPrita + DiPryig + EqPrag,

( ) Piigi = AiPiig + B1 Py + BiPiig + D1 Piiig + EgPi,
(5.54)  Puia; = AiPura + BiPiuis + ByPrina + D1 Puis + E4 Py,
(5.55)  Pasgyi = AiPasge + BaPisgy + By Poigy + D3 Pasiy + Ey Pass;,

( ) Paswzi = AiPaswa + BaPiswa + BsPaiws + DiyPagia + EoPasuy,
(5.57)  Pauszi = AiPausa + By Pusa + By Paisy + D3 Pawio + EoPays;,
(5.58)  Puszai = AiPgssy + By Pisso 4+ B3Paiza + D3 Pgsip + E Pagas,

( ) Psasei = AiPsast + B3 Pugt + BaPsist + D3Py + EyPsas;,
(5.60)  Psyuwai = AiPagws + B3 Pigws + BiPsiwa + Do Pssis + EyPayu,
(5.61)  Psgzqi = AiPsssg + B3Pissg + BsPaizg + D3 Pasig + Ey Pz,

( ) Puasai = AiPoisa + ByPiss + ByPyisa + D3 Poyia + EyPoas;,
(5.63)  Pigi = AiPua + BiPigu + BePriu + D1Pigi + Ei Py,

( ) Pirmki = AiPikmk + B1Pikmk + B Primk + D Pirik + Ex Piimi,
(5.65) Pk = AiPrjak + Bi1Pik + ByPritk + D1 Pryik + ExPryji,
(5.66)  Puaki = AiPuar + BiPigix + BrPiik + D1 Piir + Ex Pigais

( ) Pssii = AiPaisi + B3Pt + By Paisi + D3 P + Ej Py,
(5.68)  Psgwk,i = AiPakwr + B3 Pirwk + BiPaiwk + DuwParir + Ex Paguwi,
( ) Pk = AiPsssi + BaPs + B, Psisi + D3 Pssip + Ej P,

( ) Puski = AiPusk + BiPiks. + B Pusk + D3 Piir + Ey Pigsis
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where ¢+ = 1,2,--- ,n; [ = 1,2,--- . n; t = 2,3,---,n; u = 134,---,n;
w =124 n v=24---n s =34---n p=14--- n; q =
4,5, -+ . n;m = 2,3,4; y = 1,3,4; z = 1,2,3,4. Since, for the cases other
than (5.39) — (5.70), the components of each term of (1.5) either vanishes
identically or the relation (1.5) holds trivially using the skew-symmetry prop-
erty of P.

Then it can be easily shown that the manifold under consideration is weakly
projective symmetric and hence we can state the following:

Theorem 5.5. Let (M",g) be a Riemannian manifold endowed with the met-
ric given in (5.33). Then (M™,g) is a weakly projective symmetric manifold
with non-vanishing scalar curvature, which is neither projectively flat nor pro-
jectively symmetric but projectively recurrent.

Let (MY, g3) be a Riemannian manifold in Example 5.3. and (R"™, go) be
an (n—4) dimensional Euclidean space with standard metric gg. Then (M™, g)
in Example 5.4. is a product manifold of (Mj,gs) and (R"™, g5). Thus, we
can state the following:

Theorem 5.6. Let (M™,g)(n > 4) be a Riemannian manifold endowed with
the metric given in (5.33). Then (M", g)(n > 4) is a decomposable weakly
projective symmetric manifold (My, g3) x (R"™*, go) with non-vanishing scalar
curvature, which is neither projectively flat nor projectively symmetric but pro-
jectively recurrent.

Ezample 5.5. Let M = {(z',2% 23,2*) € R* : 0 < 2 < 1} be a manifold
endowed with the metric

(5.71) ds® = gjdx'da? = (x4)%[(dx1)2 + (dz*)?] + (d2?)? + (dz®)?,

(i, = 1,2,3,4). Then the only non-vanishing components of the Christof-

fel symbols, the curvature tensor, Ricci tensor, scalar curvature, projective
curvature tensor and its covariant derivatives are given by

2 2
1 _ 4 _ 4 _
Py=Ty= @ = -1, R = _W’
2
Siy = Su= -
11 44 3(374)27
4 2
r= _W # 0, P12 = Piaiz = Ty
Pian = = Piuss, Pouss = Poaas = ——
1441 Ok 1414, Poaao 3443 oz
20
5.72 P, =P, = V==
(5.72) 1212,4 1134 = o7y
40
(5.73) Piypa = = —Piaa 4,

27(x4)3
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20
(574) P2442,4 = —m - P3443,4

and the components that can be obtained from these by the symmetry proper-
ties, where ‘,” denotes the covariant differentiation with respect to the metric
tensor. Therefore, the manifold M* with the considered metric is a Riemann-
ian manifold, which is neither projectively flat nor projectively symmetric and
is of non-vanishing scalar curvature.

We shall now show that this (M?, g) is a (W PS)4, that is, it satisfies (1.5).

In terms of local coordinate system we consider the components of the 1-
forms A, B, D and E as follows:

10 for i=14

A(@) - AZ - {_3?’

(5.75) 0, otherwise ,

Bz’ = Dz = Ez =0 fori= 1,2,3,47
where 0; = %.
In our M* with the considered 1-forms, (1.5) reduces to the following equations:

(5.76) Pioni = AiPiay + B1 Py + BaPriny + D1 Proy + EProai,
(5.77) Piowy; = AiProyy + B1Pigss + BoPriga + Dy Praig + EoPray;,
(5.78)  Pruzi = AiPrue + BiPuis + BuPrig + D1 Prug + Ea P,
(5.79) Pio12i = Ai P12 + BiPio1a + BaPina + D1 Pigia + EoProys,
(5.80)  Pisiui = AiPi3iy + B1Ps1y + B3Pty + D1 Pisiy + EyPray,
(5.81) P33 = AiPiaiz + B1 Pz + B3 Pris + Dy Pr3iz + E3 Py,
(5.82)  Pipizi = AiPipis + B1 Pz + By Prins + D1 Pipis + Es P,
(5.83)  Pisi3i = AiP13 + BiPisi3 + B3Py + D1 Pis + B3Py,
(5.84) Prag; = AiPrag + B1Piyy + BaPrigg + Dy Prag + EyPraai,
(5.85) P = AiPravt + B1Piv1 + BaPrivi + Dy Praiy + By P,
(5.86)  Pryari = AiProar + BiPivay + By Priat + DyPryiy + Ey P,
(5.87) Piai = AiPuar + BiPuay + ByPuai + Dy Pui + Ey P,
(5.88) Piy1r; = Ai Py + B1 Py + BaPriye + D1 Prais + By P,
(5.89) Piagai = AiPraga + B1Piaga + BiPriga + Dy Praia + EyPrag,
(5.90)  Piiag = AiPiig + BiPiig + BiPring + D1 Py + E4Pr,
(5.91) Pigrai = AiPuna + By Piyis + ByPra + D1 Puis + Ey P,
(5.92) Poari = AiPosss + BaPiyay + ByPojar + Dy Posit + E Posys,
(5.93)  Payai = AiPass + By Pisws + BiPajvy + Dy Posio 4 Eo Poyyi,
(5.94)  Papuzi = AiPawsz + BaPivaz + By Pojss + DiPayiz + EaPoyy;,
(5.95)  Puasi = AiPos + B Py + ByPiigg + DyPayiz + Eo Poyyi,
(5.96)  Psyari = AiPsusy + B3 Pigss + BaPsiss + DyPayy + Ey Payy,
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(5.97)  Pagzi = AiPsgu3 + B3Piays + BiPsivg + Dy Payiz + E3Psyy,
(5.98)  Pauzi = AiPsus + B3Piys + By Psisg + DyPayiz + E3Pyyy;,
(5.99)  Puzi = AiPyaas + ByPiaus + ByPuisz + DyPyais + E3 Py,
where ¢ = 1,2,3,4;1 =1,2,3,4;t = 2,3,4;u=1,3,4p=1,4v=1,2,3;q =
2,3; s = 3,4, since for the cases other than (5.76) — (5.99), the components of

each term of (1.5) either vanishes identically or the relation (1.5) holds trivially
using the skew-symmetry property of P.

Now, using (5.72) and (5.75), it follows for i = 4 that, right hand side
of (5.76)(for | = 2) = AyPi910 = % = Pio124 = left hand side of (5.76)(for
[ =2).

For i = 1,2, 3, the relation (5.39) implies that both sides of equation (5.40)
are equal. By the similar argument, it can be easily seen that the equa-
tion (5.41) — (5.63) holds. Thus, the manifold under consideration is weakly
projective symmetric manifold.

Hence, we can state the following:

Theorem 5.7. Let (M*,g) be a Riemannian manifold endowed with the met-
ric given in (5.75). Then (M*,g) is a weakly projective symmetric manifold
with non-vanishing scalar curvature, which is neither projectively flat nor pro-
jectively symmetric but projectively recurrent.

Ezample 5.6. Let M = {(z', 2% 23,--- ,2") € R": 0 < z* < 1} be a manifold
endowed with the metric

(5.100) ds? = [(z*)5 — 1)[(dz")® + (da*)?] + Supda®da’,

where d,, is the Kronecker delta and a, b run from 1 to n. Then the only
non-vanishing components of the Christoffel symbols, the curvature tensor,

Ricci tensor, scalar curvature, projective curvature tensor and its covariant
derivatives are given by

Fh - Fi4 - % = _Filp Ry = —3(;4)§a
S11 = Su = —ﬁﬂ" = —ﬁ # 0,
Pio1p = Pigi3 = —m, Prag = —ﬁ = —Piqa,
Posgo = Paaz = m, Pigik = Pagar = —m7
(5.101) Pioiga = Pisiza = W7
(5.102) Piaga = _Nn=2) = —Praa 4,

9(n — ()3
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20
_— — P
20
P =————for5 <k <n.
4k4k.4 9(n — 1)@4)3 Oroxs k=N

If we consider the components of the 1-forms A, B, D and E as

(5103) P2442,4 = —

(5.104) Piriga =

_ 10
AB) = Ay =4 &5

0, otherwise,
BZ:Dl:EZIOfOI'Zzl,Q, ,n,

where 0; = %, then it can be easily shown that M™ is a (W PS),, which is
not projectively symmetric.

for i =4,

Hence, we can state the following:

Theorem 5.8. Let (M™,g)(n > 4) be a Riemannian manifold endowed with
the metric given in (5.100). Then (M™,g) is a weakly projective symmetric
manifold with non-vanishing scalar curvature, which is not projectively sym-
metric but projectively recurrent.

Let (M2, gs5) be a Riemannian manifold in Example 5.5. and (R"™*, g,) be
an (n—4) dimensional Euclidean space with standard metric g4. Then (M", g)
in Example 5.6. is a product manifold of (M2, gs) and (R"™,g4). Thus, we
can state the following:

Theorem 5.9. Let (M™,g)(n > 4) be a Riemannian manifold endowed with
the metric given in (5.100). Then (M™, g)(n > 4) is a decomposable weakly
projective symmetric manifold (M2, gs) x (R"™*, g4) with non-vanishing scalar
curvature, which is not projectively symmetric but projectively recurrent.
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