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Abstract In the present paper we study the asymptotic behavior of trigonometric
products of the form ]_[II{V: 1 2sin(xg) for N — 0o, where the numbers w = (xk),iV:]
are evenly distributed in the unit interval [0, 1]. The main result are matching lower
and upper bounds for such products in terms of the star-discrepancy of the underlying
points w, thereby improving earlier results obtained by Hlawka (Number theory and
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analysis (Papers in Honor of Edmund Landau, Plenum, New York), 97-118, 1969).
Furthermore, we consider the special cases when the points w are the initial segment of
a Kronecker or van der Corput sequences The paper concludes with some probabilistic
analogues.

Keywords Trigonometric product - Star-discrepancy - Kronecker sequence -
van der Corput sequence
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1 Introduction and statement of the results

Let f be a function f : [0, 1] — ]R(J{ and (xx)k>1 be a sequence of numbers in the
unit interval. Much work was done on analyzing so-called Weyl sums of the form

Sy = Z,ICV:] f(xx), and on the convergence behavior of %SN to fol f(x)dx. See
for example [8,17,36,41]. It is the aim of this paper to propagate the analysis of
corresponding “Weyl products”

N
Py =[] f@o,

k=1

in particular with respect to their asymptotic behavior for N — oo.
Note that, formally, studying products Py in fact is just a special case of studying
Sy, since

N
log Py =) log f (xp),

k=1
unless f(x) = 0 for some x € [0, 1]. Thus we will concentrate on functions f for
which f(0) = 0 (and possibly also f(1) = 0).

Assuming an even distribution of the sequence (xx)i>1, one expects

% Z,?/: 1 log f(xy) to tend to the integral fol log f(x) dx if this exists. That means,
very roughly, that we expect

N 1 ,
H f ) ~ (efo 10gf<x)dx)
k=1

which we can rewrite as

N

1 .
l_[Sf fx) =1, where S;:= e Jo log f(x)dx_
k=1
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On Weyl products and uniform distribution modulo one 367

Hence it makes sense to study the asymptotic behavior of the normalized product

N N
1_[ Sy f(xx) rather than H f(xk).

k=1 k=1

A special example of such products played an important role in [1] in the context of
pseudorandomness properties of the Thue—Morse sequence, where lacunary trigono-
metric products of the form

N
]_[ 2sin(r2%a)

k=1

for o € R were analyzed. (Note that fol log sin(rx)dx = —log 2, hence the normal-
ization factor 2 in this case.)
It was shown there that for almost all @ and all ¢ > 0 we have

N
[T 12sinGr2@)] < exp ((7‘[ +¢)/Nloglog N) (1
k=1

for all sufficiently large N and

N
1_[ |2 sin(nZka)l > exp ((n —¢)y/Nloglog N) )
k=1

for infinitely many N.

In the present paper we restrict ourselves to f(x) = sin(zx) and we will extend
the analysis of such products to other types of sequences (xx)i>1. In particular we will
consider two well-known types of uniformly distributed sequences, namely the van
der Corput sequence (x)x>1 and the Kronecker sequence ({ko})r>1 with irrational
a € [0, 1]. Furthermore, we will determine the typical behavior of

N
]_[ 2 sin(xy),

k=1

that is, the almost sure order of this product for “random” sequences (xi)g>; in a
suitable probabilistic model.

Such sine-products and estimates for such products play an important role in many
different fields of mathematics. We just mention a few of them: interpolation theory
(see [18,19]), partition theory (see [42,48]), Padé approximation (see [33]), KAM
theory and g-series (see [2,15,24,26,29]), analytic continuation of Dirichlet series
(see [25,45]), and many more.

All our results use methods from uniform distribution theory and discrepancy the-
ory, so we will introduce some of the basic notions from these subjects. Let xq, ..., xy
be numbers in [0, 1]. Their star-discrepancy is defined as
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368 C. Aistleitner et al.

An(a)

D}kv = D}k\,(xl,...,xN) = sup
ael0,1]

—da

’

where Ay(a) :==#{1 <n <N : x, € [0, a)}. An infinite sequence (xy)x>1 in [0, 1]
is called uniformly distributed modulo one (u.d. mod 1) if for all @ € [0, 1] we have

i Ay (a)
im =a,
N

N—o00

or, equivalently,

: *
Jim_ Dy =o.
For more basic information on uniform distribution theory and discrepancy, we refer
to [10,28].
Now we come to our new results. First we will give general estimates for products
]_[,](V: 1 2sin(mx;) in terms of the star-discrepancy Dy of (xx)1<k<n. A similar result
in a weaker form was obtained by Hlawka [18] (see also [19]).

Theorem 1 Let (x;);>| be a sequence of real numbers from [0, 1] which is u.d. mod
1. Then for all sufficiently large N we have

N 2AN
1_[ 2sin(mwx;) < <£> , 3)
Ay

k=1
where Ay := N Dy,.

Concerning the quality of Theorem 1, consider the case when (xi)i>1 is a low-
discrepancy sequence such as the van der Corput sequence (which is treated in
Theorem 5 below). Then Ay = O (log N), and Theorem 1 gives

N
]_[ 2sin(mxg) < NY1oeN 4)
k=1

forsome y € RT and all sufficiently large N. Stronger asymptotic bounds are provided
by Theorem 5 below; thus, Theorem 1 does not provide a sharp upper bound in this
case.

As another example, let x; = k/(N + 1) fork = 1,2, ..., N. This point set has
star-discrepancy Dy = 1/(N + 1), and hence the general estimate (3) gives

N k
IHZsin<7tN+1)§(N+l)2. 5)

To be precise we can obtain this estimate directly from Theorem 1 only for “infinitely
many N” instead of “for arbitrary N”.
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On Weyl products and uniform distribution modulo one 369

Theorem 1 is stated for sequences, hence the “sufficiently large N’ may depend on
the sequence. But we can apply the Theorem 1 to a sequence (x)x>1 whichis designed
such that for infinitely many N we have xy = k/(N + 1) fork =1,2,..., N.

On the other hand, the product on the left-hand side of (5) is well known to be
exactly N 4 1 (see also Lemma 3 below). Thus, the general estimate from Theorem 1
has an additional factor N in comparison with the correct order in this case, which is
quite close to optimality.

As already mentioned above, Hlawka [18,19] studied similar questions in con-
nection with interpolation of analytic functions on the complex unit disc. There he
considered products of the form

N
on(2) =[] -&)*

k=1

where &; are points on the unit circle. The main results in [18,19] are lower and upper
bounds of |wy (z)| in terms of the star-discrepancy DY, of the sequence (arg %Ek), k=
1,...,N.! It should also be mentioned that Wagner [45] proved the general lower
bound

sup |on (2)| = (log N)*

lz|=1

for infinitely N, where ¢ > 0 is some explicitly given constant. This solved a problem
stated by Erdss.

In the sequel we will give a second, essentially optimal theorem which estimates
products H}I{V:I 2sin(mx) in terms of the star-discrepancy of the sequence (xi)i>1-
Let w = {x1,...,xy} be numbers in [0, 1] and let Py (w) = ]—[,1:]:] 2 sin(mwxy). Let
D}, (w) denote the star-discrepancy of w. Furthermore, let dy be areal number from the
interval [1/(2N), 1], which is the possible range of the star-discrepancy of N-element
point sets. We are interested in

N
Plildw) := sup Py (w) = sup l_[ 2sin(mwxg),
%) e

where the supremum is taken over all @ with D}, (w) < dy. We will show

Theorem 2 Let (dy)n>1 be an arbitrary sequence of reals of the form dy = %

with M (N) positive integers, and limy o dy = 0. Then we have:
(a) For all ¢ > 0 there exist c(¢) and N (¢) such that for all N > N (¢) we have

1 e 1 2Ndy
P]g/dN) < C(S)ﬁ ((; + 8) a) .

! The second paper was published in a seminar proceedings volume called “Zahlentheoretische Analysis”.
Hlawka introduced this term for applications of number-theoretic methods in real or complex analysis. In
particular, he often applied uniformly distributed sequences to give discrete versions of continuous models.
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370 C. Aistleitner et al.

(b) For all sufficiently large N we have

2 2Ndy
pav 2L (e 1 ,
— e® N \xdy
Let us now focus on products of the form

N

N
[[2sinGr{na}) = [ | 12sin(rne)]

n=1 n=1

where « is a given irrational number, i.e., we consider the special case when (x,),>1
is the Kronecker sequence ({na}),>1. Such products play an essential role in many
fields and are the best studied such Weyl products in the literature. See for exam-
ple [7,9,16,21,25,32,39,44]. Before discussing these products in detail, let us recall
some historical facts. By Kronecker’s approximation theorem, the sequence (na),>1
is everywhere dense modulo 1; i.e., the sequence of fractional parts ({rna}),>1 is dense
in [0, 1]. At the beginning of the 20th century various authors considered this sequence
(and generalizations such as ({and})nzl, etc.) from different points of view; see for
instance Bohl [5], Weyl [46] and Sierpifiksi [40]. An important impetus came from
celestial mechanics. It was Hermann Weyl in his seminal paper [47] who opened new
and much more general features of this subject by introducing the concept of uniform
distribution for arbitrary sequences (x)x>1 in the unit interval (as well as in the unit
cube [0, 1]%). This paper heavily influenced the development of uniform distribution
theory, discrepancy theory and the theory of quasi-Monte Carlo integration throughout
the last 100 years. For the early history of the subject we refer to Hlawka and Binder
[20].

Numerical experiments suggest that for integers N with ¢ < N < ¢;4+1, where
(g1);>0 is the sequence of best approximation denominators of «,

the product attains its maximal value for N = ¢;41 — 1. (6)
Moreover we conjecture that always

=
lim sup — H |2 sin(rna)| < oo. (7)

g—oo 4 el

Compare these considerations also with the conjectures stated in [32]. To illustrate
these two assertions see Figs. 1 and 2, where for & = /2 we plot ]_[,]1\’:l |2 sin(mna)|

for N = 1,...,500 (Fig. 1) and the normalized version % ]_[,]:/:1 |2 sin(rna)| for

N =1,...,500 (Fig. 2). Note that the first best approximation denominators of /2
are given by 1, 2, 5, 12, 29, 70, 169, 408, . . ..
For the case N = g — 1 for some best approximation denominator g the product

]_[Z;} |2 sin(rna)| already was considered in [9,39], and in much more general form
in [3] (see also [37]). In particular, it follows from the results given there that
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Fig. 1 [])_, [2sin(mna)| for N = 1,...,500 and & = v/2
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Fig.2 & [TV, 12sinGrna)| for N =1,....500 and & = /2
q—1 1 q—1
lim — log l_[ |2sin(rna)| = lim — Zlog |2 sin(rna)| =0, ®)
n= =

when ¢ runs through the sequence of best approximation denominators. Indeed, we
are neither able to prove assertion (6) nor assertion (7). Nevertheless we want to give
a quantitative estimate for the case N = g — 1, i.e., also a quantitative version of (8),
before we will deal with the general case.

Theorem 3 Let g be a best approximation denominator for .. Then

gq—1
1< []12sinGrne)| <
n=1

e
-
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372 C. Aistleitner et al.

Next we consider general N € N:
Theorem 4 Let o := [0; a1, az, as, ...] be the continued fraction expansion of the
irrational number a € [0, 1]. Let N € N be given, and denote its Ostrowski expansion
by
N =bigr +bi—191-1+ -+ biq1 + bo
where | = [(N) is the unique integer such that qg < N < qi4+1, where b; €

{0, 1, ..., ai+1}, and where q1, q2, . . . are the best approximation denominators for
o. Then we have

N 1
1_[ |2 sin(mrna)| < H2h"q,~3.
n=1 i=0

Corollary 1 For all N with g < N < q+1 we have

N
{ . 1 / logq; (logq;
— E log |2 <((log2)|{ — + +3 ok
N og |2 sin(mna)| < (log?2) (qz 2(13)/2) qi <log¢

n=1

where ¢ = (1 + +/5)/2 and hence

N 1
1
limsupﬁ E log |2 sin(na)| :O:/ log(2sin(mrx)) dx.
0

N—o0 n=1
The second part of Corollary 1 can also be obtained from [7, Lemma 4].
In the following we say that a real « is of type r > 1 if there is a constant ¢ > 0
such that

1
c
g+

a-—L
q

>

for all p, g € Z with ged(p, q) = 1.

The next result essentially improves a result given in [25]. There a bound on
[TV, 12sin (wna)| for a of type ¢ of the form NN log N
sharper bound 2V T was given. Note that our result only holds for r > 1, so we
cannot obtain the sharp result of Lubinsky [32] in the case of « with bounded continued
fraction coefficients.

instead of our much

Corollary 2 Assume that « is of type t > 1. Then for some constant C and all N
large enough ]_[,Il\]:1 |2 sin (mna)| < pCNITT

Now we will deal with ]_[,1:]:1 |2 sin(mrx,)|, where (x,),>1 is the van der Corput-
sequence. The van der Corput sequence (in base 2) is defined as follows: for n € N
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On Weyl products and uniform distribution modulo one 373

with binary expansion n = ag + a12 + @23 + - .- with digits ag, a1, az, ... € {0, 1}
(of course the expansion is finite) the n™™ element is given as

(see therecent survey [11] for detailed information about the van der Corput sequence).
For this sequence, in contrast to the Kronecker sequence, we can give very precise
results. We show:

Theorem 5 Let (x,)n>1 be the van der Corput sequence in base 2. Then

N
. 1 . 1
lim sup N2 1_[ 12 sin(rwx,)| = by

N—o00 n=1

and

N
lim inf 2 si n)| = .
}anggo l_[| sin(wx,)| =7

n=1

Finally, we study probabilistic analogues of Weyl products, in order to be able to
quantify the typical order of such products for “random” sequences and to have a basis
for comparison for the results obtained for deterministic sequences in Theorems 3-5.
We will consider two probabilistic models. First we study

N
HZsin(nXk),

k=1

where (Xy)k>1 is a sequence of independent, identically distributed (i.i.d.) random
variables in [0, 1]. The second probabilistic model are random subsequences (10t )i>1
of the Kronecker sequences (n«), where the elements of ny are selected from N
independently and with probability % for each number. This model is frequently used
in the theory of random series (see for example the monograph of Kahane [23]) and
was introduced to the theory of uniform distribution by Petersen and McGregor [38]
and later extensively studied by Tichy [43], Losert [30], and Losert and Tichy [31].

Theorem 6 Let (Xy)k>1 be a sequence of i.i.d. random variables having uniform
distribution on [0, 1], and let

N
Py = 1_[ 2sin(mw Xg).
k=1

Then for all ¢ > 0 we have, almost surely,
Py <exp <<% + 8> \/NloglogN>
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374 C. Aistleitner et al.

for all sufficiently large N, and

Py = exp(( 2 —¢) VN TogIog )

for infinitely many N.

Theorem 7 Let o be an irrational number with bounded continued fraction coef-
ficients. Let (§,)n>1 = (§n(®))n>1 be a sequence of i.i.d. {0, 1}-valued random
variables with mean 1/2, defined on some probability space (2, A, P), which
induce a random sequence (ni)k>=1 = (np(w))k>1 as the sequence of all numbers
{n >1: &, =1}, sorted in increasing order. Set

N

Py = 1_[ 2sin(mwngoe).
k=1

Then for all ¢ > 0 we have, P-almost surely,

Py <exp <(% + 8) v/ N loglog N)

for all sufficiently large N, and

Py > exp ((\/% - 8) v/ N loglog N)

for infinitely many N

Remark 1 The conclusion of Theorem 7 remains valid if « is only assumed to be of
finite approximation type (see [28, Chapter 2, Section 3] for details on this notion).

Remark 2 1t is interesting to compare the conclusions of Theorems 6 (for purely
random sequences) and 7 (for randomized subsequences of linear sequences) to the
results in equations (1) and (2), which hold for lacunary trigonometric products. The
results coincide almost exactly, except for the constants in the exponential term (which
can be seen as the standard deviations in a related random system; see the proofs).
The larger constant in the lacunary setting comes from an interference phenomenon,
which appears frequently in the theory of lacunary functions systems (see for example
Kac [22] and Maruyama [34]). On the other hand, the smaller constant in Theorem 7
represents a “loss of mass” phenomenon, which can be observed in the theory of slowly
growing (randomized) trigonometric systems; it appears in a very similar form for
example in Berkes [4] and Bobkov—Gotze [6]. It is also interesting that the constant
7/+/6 in Theorem 1 is exactly the same as in results obtained by Fukuyama [13]
for products ] |2sin(wnga)| and []|2 cos(wnge)| under the “super-lacunary” gap
condition ny41/ny — 00.
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On Weyl products and uniform distribution modulo one 375

The outline of the remaining part of this paper is as follows. In Sect. 2 we will prove
Theorems 1 and 2, which give estimates of Weyl products in terms of the discrepancy
of the numbers (xz)1<k<n. In Sect. 3 we prove the results for Kronecker sequences
(Theorems 3 and 4), and in Sect. 4 the results for the van der Corput sequence (Theorem
5). Finally, in Sect. 5 we prove the results about probabilistic sequences (Theorems 6
and 7).

2 Proofs of Theorems 1 and 2

Proof of Theorem 1 The Koksma—Hlawka-inequality (see e.g. [28]) states that for any
function g : [0, 1] — R of bounded variation V (g), any N and numbers xq, ..., xy €
[0, 1] we have

1 1 N
’/0 g()dx — = 3" g ()| < V(g) Dy(xi....xw),
k=1

where D;’{, is the star-discrepancy of x1, ..., xy. Let Py := ]_[,1(\;1 2 sin(mx;) and
N
Yy :=logPy = Nlog2+ Zlog sin(xy).
k=1

F0r0<8<%let

logsin(me) if ||x]| <e¢
logsin(wx) otherwise.

fe(x) = {
Note, that /01 log sin(rx) dx = —log 2, hence
1 1 e
f fe(x) dx = 2¢elogsin(we) —i—/ log sin(mrx) dx — 2/ log sin(mrx) dx
0 0 0
&
= 2¢logsin(mre) —log2 — 2/ log sin(rx) dx.
0
By partial integration we obtain

&€ &
f logsin(rx) dx = elogsin(re) — / xm cot(mwx)dx
0 0
= ¢logsin(we) — e — O(&?)

(with a positive O-constant for ¢ small enough). Furthermore, we have
1 172
V(fe) = f |f8/(x)| dx =2n / cot(mx)dx = —2logsin(we).
0 e
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376 C. Aistleitner et al.

Altogether we have, using the Koksma-Hlawka inequality and since log sin(re) =
log(mse) — # — O(eh),

N

Ty < Nlog2+ Y fe (x)
k=1

1
< Nlog2+ N/ fe(x)dx + ND V(fe)
0
&€
=N (28 logsinme — 2/ log sin(rx) dx) — 2ND}§, logsin(re)
0

&
= ZN/ xm cot(wx) dx — 2N Dy, log sin(re)
0

=2Ne + NO(&®) 4+ 2N D}, (—log(rre) + O(?))
=2Ne —2NDjy logme + NO().

Hence

1 2ND}, )
Py = eEN < e2Ne _ ect N
TE

for some constant ¢ > 0. We choose ¢ = Dj{, and obtain

b - (/ N >2ND7V
N=\C
ND}

For some ¢’ > 0. Note that ¢’ can be chosen such that ¢’ < 1 if ¢ = D} = o(1) for
N — oo. O

Next we come to the proof of Theorem 2. We will need several auxiliary lemmas,
before proving the theorem.

Lemma 1 For N,M € Nwith M < % let D = % Consider the following point set
: If N is even, the @ is given by the points

M M+1 S-1 5+1 S +2 N-M
N N N

gy e vy

together with 2M times the point %
If N is odd, the @ is given by

MM+l AR N-M
N N 7 N

together with 2M — 1 times the point %
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AN (@)
N

Fig. 3 Discrepancy function a +— —aof®

(i) Then @ has star-discrepancy
Dy (w) = D.

(ii) If any of the points of @ is moved nearer to %, then the star-discrepancy of the
new point set is larger than D.

Proof We give the proof for N even only (the proof for N odd runs quite analogously).
The parts (i) and (ii) immediately follow from the form of the graph of the discrepancy
function a — w —a fora € [0, 1] as it is plotted in Fig. 3. O

Lemma 2 For @ as in Lemma 1 we have PJE,dN ) — Py (®).

Proof LetX] <X, < --- < Xy denote the points of @. Assume, there is another N-
point set w different from @ with points x; < xp < --- < xy such that Dj;, (w) < dp
and Py(w) > Py (). Leti € {1, ..., N} be minimal such that x; # X;, and assume
that w is chosen such that this i = i(w) is maximal. If i is such that X; < %, then
X; < X, otherwise (see Fig. 3) we had D}, (w) > dy.

By translating x; to X; we obtain a new point-set @ with D} (®) < dy, Py (@) >
Py (w), and i (@) > i(w), a contradiction.

In the analogous way we can argue if i is such that X; = %, or such that X; > %
Hence, such an w cannot exist. m|

Lemma 3 Forall N € Nand all x € [0, 1] we have
(i) TI=,' 2sin(xk/N) = N, and
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378 C. Aistleitner et al.

(i) TIN,' 2sin(r (k + x)/N) = 2sin(x).

Proof The proof of Equation (ii) is based on noting that e/*" and e ~/“V are the zeros

of X* — 2cos(aN)X + 1. Then, the polynomial X*V — 2cos(aN)X" + 1 has 2N
zeros and these are

2k 2tk
cos(a—i—%):l:isin(a—i—%), k=0.1,....N—1).

Hence, we get
i 2k
XZN—Zcos(aN)XN+1 = l_[ <X2—2cos <a+T)X+1).

k=0

Taking X = 1 and a = 2b, the last equation is written as

N-1 Tk
2sin (bN) = 2sin{b+ — ).
sin (bN) ,E) sm( + N)

This is a standard formula that can be found in [14, Formula 1.392].
Putting b = 7, the proof of assertion (ii) is complete. Equation (i) follows imme-
diately from Equation (ii) by noting that

. N1

sin(bN) . wk
= 2 b+ —.

sin(b) E Sm( + N)

Letting b — 0 and using I’Hospital’s rule, we conclude that

Another nice proof of Equation (i) can be found for example in [35]. O

Lemma 4 There is an gy > 0 such that for all ¢ < gy we have
&
elog(mre) —e — &2 < / logsin(rx) dx < elog(me) — ¢.
0
Proof This follows immediately from the Taylor expansion

e 2
/ logsin(rx) dx — elog(me) = —¢ — %83 + (’)(85).
0
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LR e e i g

05

=

Fig. 4 The function log sin(wx)

Lemma 5 There is an ey > 0 such that for all ¢ < g9 we have

log(me) — e < logsin(me) < log(me).

Proof This follows from

n2x?
log sin(wx) — log(mx) = S +0@(xh.

]

Proof of Theorem 2 Let Ndy = M with M > 2 (for M = 1 the result is easily
checked by following the considerations below) and @ as in Lemmas 1 and 2. Note that
M = M(N) depends on N. We assume M (N) even. For M (N) odd the calculations
are carried out quite analogously. We have, using also equation (i) of Lemma 3,

N-1 k M—1 k -2
~ . L 2M—1 . "
Py(w) = (H 2s1n(nN)) 2 (H 251n<71N>>

Note that the function x +— logsin(wx) is of the form as presented in Fig. 4. Hence
for M < % we have

M—-1
T N .
ﬁ) + N /,{, log sin(rx) dx

M—1 k
< 1 i —
< Z og sin (TFN)

k=1

log sin (
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380 C. Aistleitner et al.

W _( M—1
< N/1 log sin(rrx) dx + logsin | 7 N .
v

By Lemma 4 for all M with % < go for the integral above we have

N [1 log sin(mrx) dx
N

—1 1
§(M—1)10g<rr ) (M—l)—log(N>+1+N

and hence, using also Lemma 5,

M-1
TM-—1
logsin({mr— ) < (M —1)log TN —logm +1logN + 1
k=1

1
+ N +log(M — 1) —log N + logm

TM—1
<M —1)log <_T) + log(M — 1) 4 2.

This gives
= k ? M1, T M —1\2M-D
1_[ sin | m — = ez Zk:l logsin(k/N) < e4(M _ ])2 - ,
N e N

k=1

and consequently

Py o L (WY (e Ny
=AM -2\ M—1 e N\zM-—1
27121 e 1\*NW
b N<;E) '

This proves assertion (b) of Theorem 2.
On the other hand we have

N
N /1 log sin(;rx) dx
N

_1>—(M—1)—$—log<£)+l,

z(M—l)log(n N
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and hence
g M -1
logsm( —> > (M —1)log <_T>
k=1
M-, +1logN +1+1 log N — ~
———— —logm + 1o ogmw —logN — —
N g g g g N
— (M —1)lo M- +1_l_M
- E\e W N N
This gives
M1 k ? M—1 1 M —1\>M-D
(1—[ sin <n_>) — 2 i logsinGrk/N) & — (Z ) ’
bl N SIS \ e N
and consequently
2M—1)
H M—1)? 1) e N
P <2N —_—— . 9
N (@) < 2Ne (nM_1> ©)

It remains to show that for all ¢ > 0O there are c(¢) and N (¢) such that for all
N > N (¢) the right hand side of (9) is at most c(e)%((}% + 8)%)2/‘/[.

To this end let B(¢e) be large enough such that for all M > B(¢) we have (M —
1)1/ M M <1+ —8 Furthermore, let N (¢) be large enough such that for all N >

N (¢e) the Value N= dp is so small such that

M—1 l-{-%«s

Then for all M > B(e) and all N > N (&) we have

o (XY

aM-—1
<27T2(M—1)2 e w4 M N m
e — _e —_—
~ e N T M—1M
272 QL 1. M N
=5 M- ——
e2N M—1M

IA

272 (e n ) N\M
— (= +¢)— .
e2N \\x M
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If M < B(e), then the penultimate expression can be estimated by

272 M (M ])7 M N
2N M—-1M

< s (S
- M<B(s) M—1 N\nx M
e N

where
272 M M
c(e) ;== max |- e2MM=Dpp_ 12 [ —— )
M<B(e) \ €2 M—1
This implies the desired result. O

3 Proofs of the results for Kronecker sequences

Proof of Theorem 3 Let @ = £ 460 with 0 < 6 < # where ¢ is the best
approximation denominator following g. The case of negative € can be handled quite
analogously. There is exactly one of the points {ka} for k = 1,...,¢ — 1 in each
interval [m m;“) form =1, ..., g — 1. Note that the point in the interval [qq;], 1)is
the point {q a}, where g~ is the best approximation denominator preceding g. We
have

—1 1
foral=t—go<f -y L T
q q :
Hence, on the one hand (by equation (i) of Lemma 3),
g—1

qg—1 2
2
l_[|2$in(rmoz)|§ n2sin<nz) 2sinz=—. q §q—,
e q 2 2sin(w/q) 2

n=1

On the other hand
q—1 q—1 n 1
1_[ |2 sin(rna)| > l_[ 2 sin (n—) _ |2 sin(nq_a)‘
el nel q 2 sin (n wqﬂ)

—-1/2
2qsin<r[q />=qsin121.
q 2q
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Proof of Theorem 4 Let N; :=biqi +bj—1q1—1+---+biy1gi+1 fori =0,...,1—1
and N; := 0. Then

| Ni+bigi
l_[ |2 sin(mna)| = l_[ l_[ [2sin(rna)| .
i=0n=N;+1
We consider
Ni+biqi
; := ]—[ |2 sin(mna)| .
n=N;+1

Let o := f;’ + 6; with, say,
quite analogously.)

Letn = N; +dq; + k forsome 0 < d < b; and 1 < k < g;, then, with
Kk = k; := {N;a} (mod %) and 5,- := g;0; we have

o <0 < — 1_ . (The case of negative 6; is handled
qi ‘] 1 qiqi+1

{na}:{Nia+k§+(dqi+k)9i}={ +%+d9 +k9} (10)

for some I(k) € {0, 1, ...,qg; — 1}. Since 0 < k6; + dq;6; < Z’ﬂg’ < %, for given d

there is always exactly one point {n«} in the interval [« + ;, K+ l;{‘fl) =: [; for each
1 =0,...,q; — 1 (the interval taken modulo one).
We replace now the points {na} by new points, namely:

o if {na} € I with k + = q 5 L then in the representation (10) of {na} we replace
k6; by 0, unless I = q; — 1
o if {na} € I with k + 1;’_1 1 then in the representation (10) of {na} we replace
k6; by 6;.
e if {na} € I, where [y is such that « + éﬁ <l<i+
— for the d such that « + % +db; > % in the representatlon (10) of {na} we
replace k6; by 0, B
— for the d such that « + 51—0 +d+ 1o < % in the representation (10) of {na}

IOH then

we replace k6; by 6;, ~ ~

— for the single dj such that « + ;—01_ +dob; < % <K+ éﬁi + (dp + 1) 6; we replace
{na} by %

e if {na} € [ withl =¢q; — 1, then

— for the & such that k¥ + q’ s h6; > 1 in the representation (10) of {na} we
replace k6; by 6;,

— for the & such that « + q’ Ly (h+ 1)6; < linthe representation (10) of {na}
we replace k6; by 0,

— for the single &g such that x + q’ L hofi <1 <k + q‘ L (ho +1)6; we

replace in the representation (10) of {na} the k6; by 0 if g(/c + q’ Ly hob;) >
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gl ++— ai=1 + (ho + 1)9 ) and by 49 otherwise, where here and in the following
we use tile notation g(x) := |2sinmx|. Let the second be the case, the other
case is handled quite analogously.

__ Using the new points instead of the {na} by construction we obtain an upper bound
I1; for IT;. Then

I; = g(k +6)g(k +26;) - - g(k + b;f;)
g(K+%-I—éi)g(K-l-%+29~i)~~-g<lc+%+bi9~i>

xg(/c+b+9~,->g</c+@+2§i)-~-g(/<+l°q;’,l+bi9~,-)
g(/c+lo+9) (K+l°+d09)g()
xg (6Lt o+ 1)8) g (i + 2+ b = 15)

Xg(l(—i—lo;ir]) <K+10“+9) (K+’°“+(b—1)0)

g(K+q"qu) (K-‘rq' +9) (K+q' +(b—1)9)
xg(/c+’ﬁ]—j‘)--~g<x+q"—’_+(ho—1)9,-> <+"' +(h0+1)9)

(K+ +(h0+2)0) (K+ +b9)

Hence

—1gi—1 1
]_[ ]_[ (K—i—é‘l-déi) 32)

glic + 9=+ hof)

lo—1 i qi—1 i
X Hg(/c—i-——i-bi@,-) Hg<x+—>.
=0 qi _ qi

I=ly+1
By equation (ii) of Lemma 3 we have
gi—1 i
[]e (K + o + d@i) = 2| sin(q; (k + d6;))| <2
=0 !

and hence
Tlﬂ Q+ +w>sﬂ*mmmw+m®»

@ Springer



On Weyl products and uniform distribution modulo one 385

Note that b; é,- < Z’:—ii < % and therefore also « + dé,- < % always. Hence

lo—1 I . gi—1 /
(H8<K+_+bi9i)) l_[ g(/c—i-—)
1=0 qi I=lp+1 ai
(2) <3> <Lqi/2J> (1)2 (Lqi/2J+1) (‘11"1)
=gl )el ) el——)el5) s\——— )¢l ——
qi qi qi 2 qi qi

nz (7)) s = s = 242
sin - = — < 2q;.
qi sin(rw/q;)  sin(w/q;)

Hence

N 2 ‘sin (T[C]i (K + hob; ))
m; <2b! 242
Z‘Sin( (K—i—q’ +h09)>‘

We have

o (e 1) _ i 252 )|

‘m( (K+ +h09>)’_ ‘sin( (/c+ +h09))

since | sin(nx)/sinx| < n for n € N. Hence

~

; <2%q}

and therefore

N l
]—[ 2 sin(rna)| < 1—[ 2big3,
n=1 i=0

as desired. O
Proof of Corollary 1 By Theorem 4 we have

N

b b I N
_Zlog|251n(ﬂna)| < (log2) ot---+0b ogqi + -+ logg
n=1 qgo+---+bq bo + biqi + -+ biq
=< (10g2) (i + lmax0§i<l bl) 13 llqul .
ql 5]! q[
We have

q = aq+q-2>aqa-_1q-2+aq-3+q-2 > (@a-_1+1)q 2.
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By iteration we obtain

i
a1 > (@aj—1 + 1) (@—2a1—3 + 1) - (@2a; + 1) > 27 ' max g

1<i<l
if [ is even and

q > (@qa—1+ 1) (a—2a3+1)---(azax + 1) g1 > 25 maxl a;

if [ is odd. With these estimates we get

1 [ llog q;
— Zlog|2 sin(mna)| < (log?2) ( Y= 3)/2> +3 -

Note that ¢; > ¢'~! and hence | < ll(;gg‘g + 1, where ¢ = (1 ++/5)/2.
Hence

1 l logg; (logg;
—Zlog|2sm(nnoz)|<(log2)< = 3)/2>+3 o <log¢>+1 )

Proof of Corollary 2 Since « is of type t > 1 we have
1

2
aj+14;

c

1+
q;

Pi

< |0 ——

<

and hence b; < aj4+1 < qf - /c. Especially we have the following: Let b; := qu , then,
because of

1
a* "—big <N <+ Da <2g]"",

we have

.
by =g < N7 < e N

Hence the bound from Theorem 4 can be estimated by

I I -1
b;i 3 by 3 b;
[12"4 =2 (l—[%)ﬂz’
i=0 i=0 i=0
-1 ;
< chlel/t N3(Z+l) 1—[ 2Cl}\](l*l/l‘)(l/t)
i=0

< zclefl/ng logN _ 2CNH/f

for N large enough. O
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4 Proof of the result on the van der Corput sequence

Let

N
Py = ]‘[ 2sin(xy) and f (k) == 2 sin(wxz),
k=1
where x;, is the k™ element of the van der Corput sequence.

Lemma 6 Let (in dyadic representation)

n:i=asgas_q...ar+1 011...11011...1

AkAk—1...a] 41 A1A]—] ...d)
and
n:=asas_1...ar+1111...11011... 1.

Then Py > 2P,.

Proof We have

fr4+D-fa+2hfm+2+1) - f(n+2 425

P; =P
e f4+284+1)--- f(n+2k+2)
. 11y
Slnce{xn+1,...,xn+zl}:{§,§+%,...,§+22—,1}w1th
1 1 Qk+1 ag
$=2,+1 Tttt am Tt

we obtain from equation (ii) of Lemma 3
f+1)- f(n+2") =2sin(x2'¢).
k .
Furthermore, {x,, 5141, ..., X, 0k} = {y, ¥y + Z]_k’ oLyt 22—;1} with

1 Ag+1 as
Y=g T Tt o

and hence, again by equation (ii) of Lemma 3,
f<n+21+1>-~-f(n+21+2k) :2sin(7r2ky).

1

Note that 2,{% <y <5
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In the same way we have {x,, ok 1,..., X, ok o} = {7, 7T + 2—1,
with
1 1 ak+1 as
tEom Tt Yo Tt o

and hence by equation (ii) of Lemma 3
f+2+1) - fn+25+2) = 2sin(x2').
So

2sin(m2'€) sin(w 2 y)
sin(2!7)

P; =P,

We have to show that

_ 2sin(m2'€) sin(w 2k y)

- > 2.
sin(2!7)

Sincet:y—k%—zikandézy—i—%—g—#itfollowsthat

2 sin (n (21y +1-— % — ﬁ)) sin(2ky)
sin (7r (2’y +1- #))

Letk — [ =: m and 2'y =: 5. Then we have 2,,,% <n< %m and

I' =

2 sin (rr (77 +1— 2%,, - 2m_1+1>) sin(w2™n)

F:
sin(rr (r]—l—l—z%))

Letz::sz—n.ThenwehaveO<z< 2mﬁand

2sin (7 (1 - 2 = 57 ) ) sin(x (1 = 272)
sin(zr (1 — 2))
2sin (n (z + 2,,,%)) sin(r2"z)
sin(mr z)
2sin (71 yn%) sin (712’”2,,,%)

: 1
Sin <7T W)

I' =

>

=2
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Here we used that sin(w(z + ﬁ)) for0 < z < zmﬁ is minimal for z — 0 and

sin(72"z7)
sin(mz)

for0 <z < w% is minimal for z — 2,,,% O

Lemma 7 We have:

K k+1
. ' y
(i) Let n=1111...1110111...1110
and 7= 1111...1111011...1110
then Py > P,.
s—1 k+1
. ' '
(ii) Let n=1011...1110111...1110
and 7 =1011...1111011...1110
then P; > P,.
k+1
l
(iit) Let n=1111...1110111...1111
and 7= 1111...1111011... 1111
then P; > P,.
_ Let n=1011...1110111...1111
(iv) and 7= 1011...1111011...1111
then P; > P,.

Proof We only prove (ii), which is the most elaborate part of the lemma. The other
assertions can be handled in the same way but even simpler. In (ii) we have

2k_2

Py = P, f(10111...110111...111) 1_[ S(1011...100...0+1)
i=0

Posi ( ( | 1 3 >) sin(x)
= sin{nw(1- -
n 2k+2 2s+1 sin(r 127<x

with x = 2"(2,(% - zs%). Hence

Pﬁ:Pn
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for0 < y < 1—16 and 8y < x < % shows that g(x, y) > 1 in this region. Hence

P; > P,. O

Proof of Theorem 5 Consider n with 2° < n < 2**!. From Lemma 6 and Lemma 7
it follows that for 25 +25—! <5 < 25%! the product P, has its largest values for

ny=111...11110 =25t -2
ny=111...11101 = 2t -3
ny=111...11100 =21 — 4

and for 2° < n < 25 4 257! the product P, has its largest values for

ng=101... 11110 =251 — 2571 _2
ns =101...11101 =21 —25-1 _3
ne =101...11100 = 251 — 251 _ 4,

By equation (i) of Lemma 3 we have

2S
sin (7r/25+1)

hence nlzP,,1 — % for s to infinity. Furthermore,
1

2 2
Py = — : =
" sin (/2 £ (2 =2)  gin (r/25+1) 2sin (71 (% - #))
2s71

sin (7/25+1) cos (m/251)”

and hence %Pnz — % for s to infinity. Finally

25—1
sin (r/25%1) cos (/25+1) f (2+! = 3)
2s—1
sin (/251 cos (r/25+1) 2 sin (7{ (l — 1= 23,1“ ))
2s—2
sin (7r/25%1) cos (/251 sin (n (;11 + ﬁ)) '

Py =

Letnow 2° + 251 < < n3 be arbitrary. Then
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and the last term tends to

2 1

—. <
9msing 2w

Hence for all s large enough we have nlan < % forall 28 + 2571 < n < n3.

We still have to consider n with 2° < n < 2° 4+2°~!. With equation (ii) of Lemma 3
we have

1
F£A01T . 1) T2, 72 £(11000. .00 + i)

1 sin (W)
= P’” - (3w 1 3r
2sin (F5) sin=f

Py, = Py,

The product «; of the last two factors tends to —= 3 [ for s to infinity.

Furthermore, it is easily checked that P,; and P, are smaller than P,,. Hence for
all n with 2° < n < 25 4+ 27! we have

Pn Pn4 Pnl (2s+1 _2)2
2 = 3 2 2s Ks
n 2= nj 24
which tends to E 7 < % for s to infinity. So altogether we have shown that

lim sup — 2 HZsm(nx,) =

n—00
i=1

From Lemma 6 and from equation (i) of Lemma 3 it also follows that for all s we have

. s+1 : d
min P, = Py =2°7 sin| —
25 <p<25+! 25+l

which tends to 7 for s to infinity. This gives the lower bound in Theorem 5. O

5 Proof of the probabilistic results

In the first part of this section we consider products

N
N = l_[2sin(JTXk), (11)

k=1
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where (X )k>1 1s a sequence of i.i.d. random variables on [0, 1]. We want to determine
the almost sure asymptotic behavior of (11). We take logarithms and define

N N
Sy =log Py = ) log2sin(r X)) = Y _ ¥, (12)
k=1 k=1

where Yy = log(2sin(w X)) is again an i.i.d. sequence. Thus we can apply Kol-
mogorov’s law of the iterated logarithm [27] (see also Feller [12]) in the i.i.d. case.
However, for later use we state this LIL in a more general form below.

Lemma 8 Let (Zy)i>1 be a sequence of independent random variables with expec-
tations EZ, = 0 and finite variances IEZ,% < 00, and let By = Z,ivzl IEZ,%. Assume
there are positive numbers My such that

B
1Zy| < My and My =o| | —2 ). (13)
loglog By

Then Sy = ZII(VII Zy satisfies a law of the iterated logarithm

S
lim sup — 2N —2  almost surely. (14)
N—ooo ~/Bnloglog By

In the case of centered i.i.d. random variables Z; with finite variance, we have
By = bN with b = EZ?. Thus in this case

SN
limsup ——— = V2b almost surely. 15
NP N Toglog N Y (15)

In order to apply Lemma 8 to the sum (12), we note that
1
EY;, = E(log(2sin(w Xy))) = / log(2sin(rx))dx =0,
0

and compute the variance
2

1
EY? = E(log? (2 sin( Xp))) = / log? (2 sin(rx)) dx = ’17—2
0

This proves Theorem 6.
For the proof of Theorem 7 we split the corresponding logarithmic sum into two
parts

> log(2sin(rne))

1<np<N

N N
= % (Z log(2sin(mna)) + Y Ry, log(2 sin(nna))) , (16)

n=1 n=1
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where R, = R;(t) denotes the nth Rademacher function on [0, 1] and the space of
subsequences of the positive integers corresponds to [0, 1] equipped with the Lebesgue
measure. For irrationals o with bounded continued fraction expansion, by Corollary 1
we have

N
> log(2sin(na)) = O(log> N). (17)

n=1

For the second sum in (16) we set Z,, = R, log(2sin(rno)) and apply Lemma 8.
The random variables Z, are clearly independent and thus we have to compute
the quantities By and check condition (13). Obviously, EZ,, = 0 and IEZZ =
log2 (2sin(mrna)). Using the fact that

. €0
|sin(na)| = 2fnerf| = =,

with some positive constant cp, we obtain
|Zn| < cilogN
with some ¢; > 0. Using Koksma’s inequality and discrepancy estimates for (no),>1
it can easily been shown that
2

N 1
By _1 2(2si 2, T
=N Z}loé’ (2sin(rna)) — /0 log” (2 sin(wna)) da = o
n=

Thus, the conditions of Lemma 8 are satisfied and we have

N
Y,
lim sup 2zt U

b
Nooo VNIoglogN /6

Consequently, from (16) and (17) we obtain

P-almost surely.

. Di<men log@sin(rnia))  x
lim sup =

Nesoo J/Nloglog N 2.6’

Finally, note that by the strong law of large numbers we have, P-almost surely, that

P-almost surely. (18)

N
#{k : lfnkSN}NE.

Consequently, from (18) we can deduce that

lim sup le{v:l log(2 sin(mrnga)) _ 7

N 0o J/Nloglog N J12°

This proves Theorem 7.

P-almost surely.
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