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Summary. We prove certain general forms of functional relations among Witten
multiple zeta-functions in several variables (or zeta-functions of root systems). The
structural background of these functional relations is given by the symmetry with
respect to Weyl groups. From these relations we can deduce explicit expressions
of values of Witten zeta-functions at positive even integers, which are written in
terms of generalized Bernoulli numbers of root systems. Furthermore we introduce
generating functions of Bernoulli numbers of root systems, using which we can give
an algorithm of calculating Bernoulli numbers of root systems.

1 Introduction

Let g be a complex semisimple Lie algebra with rank r. The Witten zeta-
function associated with g is defined by

Cw(si0) = 3 (dimp) ", (1)

©

where the summation runs over all finite dimensional irreducible representa-
tions ¢ of g.

Let N be the set of positive integers, Ng = N U {0}, Z the ring of rational
integers, Q the rational number field, R the real number field, C the complex
number field, respectively. Witten’s motivation [38] for introducing the above
zeta-function is to express the volumes of certain moduli spaces in terms of
special values of (1). This expression is called Witten’s volume formula, which
especially implies that

Cw(2k; g) = Cw (2k, g) ™" (2)
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for any k € N, where n is the number of all positive roots and Cy (2k, g) € Q
(Witten [38], Zagier [39]).

When g = sl(2), the corresponding Witten zeta-function is nothing but
the Riemann zeta-function ((s). It is classically known that

(2my/—1)%F

¢(2k) = _71 2h)] By, (k € N), (3)

where By is the 2k-th Bernoulli number. Formula (2) is a generalization of
(3), but the values Cw (2k,g) are not explicitly determined in the work of
Witten and of Zagier. In the present paper we introduce a root-system theo-
retic generalization of Bernoulli numbers and periodic Bernoulli functions, and
express Cyy (2k, g) explicitly in terms of generalized periodic Bernoulli func-
tions P(k,y; A) (defined in Section 4). This result will be given in Theorem
8. Note that Szenes [31, 32] also studied generalizations of Bernoulli polyno-
mials from the viewpoint of the theory of arrangement of hyperplanes, which
include P(k,y;A) mentioned above. However, our root-system theoretic ap-
proach enables us to show that our P(k,y;A) and its generating function
F(k,y; A) are quite natural extensions of the classical ones (see Theorems
proved in Section 6).

Our explicit expression of Cyy (2k,g) is obtained as a special case of a
general family of functional relations, which is another main result of the
present paper. To explain this, we first introduce the multi-variable version of
Witten zeta-functions.

Let A be the set of all roots of g, A the set of all positive roots of g,
¥ = {oq,...,a,} the fundamental system of A, ozjV the coroot associated
with o; (1 < j < r). Let Aq,..., A\ be the fundamental weights satisfying
(f, \j) = Aj() = 0i; (Kronecker’s delta). A more explicit form of Cw (s; g)
can be written down in terms of roots and weights by using Weyl’s dimension
formula (see (1.4) of [16]). Inspired by that form, we introduced in [16] the
multi-variable version of Witten zeta-function

G =Y Y T @V mad 4 meAn) o (4)
mi=1 my=1lacA;

where s = (54)aca, € C". In the case that g is of type X, we call (4) the
zeta-function of the root system of type X,., and also denote it by (,(s; X,),
where X = A, B,C, D, E, F,G. Note that from (1.5) and (1.7) in [16], we have

Cw(s; ) = K(9)°Ge(s,. ., 5:0), (5)
where

K(g) = ] (@ A+-+A) (6)

acAy
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More generally, in [16], we introduced multiple zeta-functions associated with
sets of roots. The main body of [16] is devoted to the study of recursive
structures in the family of those zeta-functions that can be described in terms
of Dynkin diagrams of underlying root systems.

The Euler-Zagier r-fold sum is defined by the multiple series

Cr(81,.-y8r) = Z Z my " (my + ma) T2 X (M)

mi=1 me=1

Xooe X (my 4+ mp)70m.
The harmonic product formula

C(51)C(s2) = C(s1 + s2) + Ca(s1, 52) + C2(s2,51), (8)

due to L. Euler (where ((s) denotes the Riemann zeta-function), and its r-
ple analogue, are classical examples of functional relations (cf. Bradley [3]).
However, no other functional relations among multiple zeta-functions have
been discovered for a long time.

Let

Cmr,2(s1, 82, 83) Z Zm in™%2(m 4 n)” %3, (9)

m=1n=1

This series is called Tornheim’s harmonic double sum or the Mordell-Tornheim
double zeta-function, after the work of Tornheim [33] and Mordell [27] in
1950s. But it is to be noted that this sum actually coincides with the Wit-
ten zeta-function (4) for g = sl(3), that is, the simple Lie algebra of type
As. Recently the third-named author [36] proved that there are certain func-
tional relations among (arr2(s1, S2, s3) = C2(s1, S2, s3; A2) and the Riemann
zeta-function. Moreover he obtained the same type of functional relations for
various relatives of (pr2(s1,s2,53) (see [34, 35]). The method in these pa-
pers can be called the “u-method”, because an auxiliary parameter v > 1 was
introduced to ensure the absolute convergence in the argument.

In [24], by the same “u-method”, the second and the third-named au-
thors proved certain functional relations among (3(s; As), (2(s; A2) and the
Riemann zeta-function. The papers [26, 25, 22, 23] are also devoted to the
study of some new functional relations for certain (mainly) double and triple
zeta-functions and their relatives.

The above papers give many examples of functional relations. Therefore
it is timely to investigate the structural reason underlying these functional
relations. The first hint on this question was supplied by Nakamura’s paper
[28], in which he presented a new simple proof of the result of the third-named
author [36]. (Nakamura’s method has then been applied in [22, 23].)

It can be observed from Nakamura’s proof that the functional relations
proved in [28, 36] are connected with the symmetry with respect to the sym-
metric group &3, which is the Weyl group of the Lie algebra of type As. This
suggests the formulation of general functional relations using Weyl groups.
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One of the main purposes of the present paper is to show that such general
forms of functional relations can indeed be proved. In Section 2, we prepare
some notation and preliminary results about root systems, Weyl groups and
convex polytopes, which play essential roles in the study of the structural
background of functional relations. We will give general forms of functional
relations in Sections 3 and 4. The most general form of functional relations
is Theorem 3, which is specialized to the case of “Weyl group symmetric”
linear combinations S(s,y;I; A) (defined by (110)) of zeta-functions of root
systems with exponential factors in Theorem 5 and Theorem 6. A naive form
of Theorem 6 has been announced in Section 3 of [11], but we consider the
generalized form with exponential factors because this form can be applied to
evaluations of L-functions of root systems (see [17] for the details.)

The theorems mentioned above give expressions of linear combinations
of zeta-functions in terms of certain multiple integrals involving Lerch zeta-
functions. Since the values of Lerch zeta-functions at positive integers (> 2)
can be written as Bernoulli polynomials, we can show more explicit forms of
those multiple integrals in some special cases. We will carry out this procedure
using generating functions (Theorem 4).

In particular, we find that the value S(s,y; A) = S(s,y;0; A) at s =k =
(ko ), where all k,’s are positive integers (> 2), is essentially a generalization
P(k,y; A) of periodic Bernoulli functions. The generating function F(t,y; A)
of P(k,y;A) will be evaluated in Theorem 7. Consequently, we can prove a
generalization of Witten’s volume formula (2) (Theorem 8).

In Section 5, we will show the Weyl group symmetry of S(s,y;A),
F(t,y;A) and P(k,y;A). For our purpose it is not sufficient to consider
the usual Weyl group only, and hence we will introduce a certain extension
W of the affine Weyl group, and will prove the symmetry with respect to W
(Theorems 9, 11 and 12). These results ensure that the existence of functional

relations is indeed based on the symmetry with respect to W, Although the
symmetry by affine translations is itself trivial in the case of periodic Bernoulli
functions, it plays an important role to construct the action of Weyl groups
on a generalization of Bernoulli polynomials introduced in Section 6. (See
Theorem 16 for detail.) It is to be noted that Weyl groups already played a
role in Zagier’s sketch [39] of the proof of (2) and also in Gunnells-Sczech’s
computation [6].

In Section 6 we will prove that P(k,y; A) can be continued to polynomials
in y (Theorem 13). This may be regarded as a (root-system theoretic) gener-
alization of Bernoulli polynomials. Since P(k,y; A) is essentially the same as
S(k,y; A), this gives explicit relations among special values of zeta-functions
of root systems. Moreover in the same theorem we will give the continuation
of F(t,y; A).

As examples, in Section 7 we will calculate P and F' explicitly in the cases
of Ay, As, A3 and Bs. In particular, from the explicit expansion of gener-
ating functions F', we will determine the value of Cy (2, A3), Cw (2, A3) and
Cw (2, B2) in (2). The case of As type is included in the results of Mordell [27],
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Subbarao et al. [29] and Zagier [39]. Furthermore Gunnells-Sczech [6] studied
general cases and, in particular, gave explicit examples for Cy (2k, As). Here
we can deduce explicit value relations and special values of multivariable zeta-
functions of any simple algebra g by the same argument, at least in principle,
though the actual procedure will become quite complicated when the rank of
g becomes higher. We also provide an example of a functional relation in the
Ay case.

Some parts of the contents of [16] and the present paper have been already
announced briefly in [11, 13, 12, 15].

2 Root systems, Weyl groups and convex polytopes

In this preparatory section, we first fix notation and summarize basic facts
about root systems and Weyl groups. See [9, 8, 10, 2] for the details. Let V' be
an r-dimensional real vector space equipped with an inner product (-,-). We
denote the norm of v € V' by |[v|| = (v,v)!/2. The dual space V* is identified
with V via the inner product of V. Let A be a finite reduced root system in V'
and ¥ = {aq,...,a,} its fundamental system. Let A} and A_ be the set of all
positive roots and negative roots respectively. Then we have a decomposition
of the root system A=A, [TA_. Let Q¥ be the coroot lattice, P the weight
lattice, Py the set of integral dominant weights and P, the set of integral
strongly dominant weights respectively defined by

szézay, P:éZ)\i, P+:éNO)\iv P++:éN)\i7
=1 i=1 i=1 i=1

(10)
where the fundamental weights {)\j}§:1 are a basis dual to ¥V satisfying

<Olz\»/, )‘j> = (5” Let
1
p:§ E azE Aj (11)

be the lowest strongly dominant weight. Then P, = P, + p.
We define the reflection o, with respect to a root o € A as

0q V=V, 0o 1 v— (¥ v)a (12)

and for a subset A C A, let W(A) be the group generated by reflections o,
for « € A. Let W = W(A) be the Weyl group. Then 0; = 0o, (1 < j <)
generates W. Namely we have W = W (¥). Any two fundamental systems ¥,
¥’ are conjugate under W.
We denote the fundamental domain called the fundamental Weyl chamber
by
C:{”UEV ‘ <w\/’v> 20}3 (13)
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where (#V,v) means any of (aV,v) for ¥ € V. Then W acts on the set of
Weyl chambers WC = {wC' | w € W} simply transitively. Moreover if wx = y
for z,y € C, then z = y holds. The stabilizer W, of a point « € V is generated
by the reflections which stabilize . We see that Py = PN C.

Let Aut(A) be the subgroup of all the automorphisms GL(V') which sta-
bilizes A (see [8, §12.2]). Then the Weyl group W is a normal subgroup of
Aut(A) and there exists a subgroup {2 C Aut(A) such that

Aut(A) = 2 x W. (14)

The subgroup {2 is isomorphic to the group Aut(I") of automorphisms of the
Dynkin diagram I'. For w € Aut(A), we set

Ap=A, Nw A (15)

and the length function £(w) = |A,| (see [9, §1.6]). The subgroup {2 is char-
acterized as w € 2 if and only if ¢/(w) = 0. Note that wA,, = A_ NwA; =
—Ay-1 and f(w) = L(w™).

For u € V, let 7(u) be the translation by u, that is,

T(u): V=1V, T(u) v v+ u. (16)
Since Aut(A) stabilizes the coroot lattice @V, we can define
W = Aut(A) x 7(QY). (17)

Then W = (2 x W) x 7(Q¥) ~ 2 x (W x 7(QY)). It should be noted that
W is an extension of the affine Weyl group W x 7(QV) different from the
extended affine Weyl group W x 7(PV) (see [10, 2] for the details of affine
Weyl groups).

Let V=V xR and § = (0,1) € V. We embed V in V and we have
V =V @& R§. For vy=mn+c € V with n € V and ¢ € R, we associate an
affine linear functional on V' as y(v) = (n,v) + ¢. Let QY be the affine coroot
lattice defined by R

QV=Q"®ZLs (18)

(see [10]).

For a set X, let §(X) be the set of all functions f : X — C. For a function
f € §(P), we define a subset

Hy ={\e P [ [f(}) =0} (19)

and for a subset A of F(P), define Hy = UfeA Hy. It is noted that we typically
work with linear functions and in such cases, H 4 is the intersection of P and
the union of some hyperplanes.

One sees that an action of W is induced on F(P) as (wf)(\) = f(w™IN).
Note that V c V C F(P), where the second inclusion is given by the associated
functional mentioned above.
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Let I c{1,...,r}and ¥; = {o; | i € I} C ¥. Let V be the linear subspace
spanned by ¥;. Then A; = ANV; is a root system in V; whose fundamental
system is ¥;. For the root system Aj;, we denote the corresponding coroot
lattice (resp. weight lattice etc.) by QY = @,c;Z oy (vesp. Pr = @,c; Z s
etc.). We define

Cr={veC|W. v =0, @) >0}, (20)

where I¢ is the complement of I. Then the dimension of the linear span of Cj
is |I| and we have a disjoint union

c= J] o (21)

{1}

and the collection of all sets wCy for w € W and I C {1,...,r} is called the
Coxeter complex (see [9, §1.15]; it should be noted that we use a little different
notation), which partitions V' and we have a decomposition

P, = H Pryy, (22)
Ic{1,...,r}

where
PI++ :P_;’_mC] (23)

In particular, Py, = {0} and Py ;44 = Pry.
The natural embedding ¢ : QY — @V induces the projection t* : P — Pr.
Namely for A € P, +*(\) is defined as a unique element of P; satisfying

(t(q), Ay = (g,t*(N\)) for all g € QY. Let
Wh={weW | A}, cwAl}. (24)

Then we have the following key lemmas to functional relations among zeta-
functions. Note that the statements hold trivially in the case I = @) and hence
we deal with I # () in their proofs.

Lemma 1. The subset W! coincides with the minimal (right) coset repre-
sentatives {w € W | L(o;w) > l(w) for alli € I} of the parabolic subgroup
W (Ap) (see [9, §1.10]). Therefore |W!| = (W(A): W(Ar)).

Proof. Let w € W!. Then A}, C wAY, which implies AY, NwAY = (. In

particular, o & wAY for i € I, which yields AY NwAY = (AY\{a)})NwAY.

Therefore

ai(A\_(_ﬂwA!) = ai((Ai\{a;/})ﬂwA\i) = (A\_f_\{oziv})ﬂaiwﬂz - AiﬁaiwA\i
(25)

and ¢(o;w) > £(w). Since ¢(o;w) = €(w) £ 1, we have £(o;w) = {(w) + 1 and

w is a minimal coset representative.

Assume that w € W satisfies £(o;w) > £(w) for all ¢ € I. Then we have
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oi(AY NwAY) = (AL \ {e'}) NowAY) U ({—a;} NojwAY). (26)

Since |03 (AY NwAY )| = {(w) and [(AY \{oy })NowAY | > l(o;w)—1 = {(w),
we have [{—a;} No;wAY | = 0. It implies that no element of AY NwAY is
sent to AY by o; for i € I, and hence &)Y NwAY = (). Since 0 & (AY, p)
and ¥ € wAY if and only if (o, wp) < 0, we have (¥}, wp) > 0 and hence

(A}, wp) > 0. It follows that AY, NwAY =0 and w € WY, O
Lemma 2.
VN (Pry) =Py @ Pre= | wPy. (27)
weW!

Proof. The first equality is clear. We prove the second equality.

Assume w € W', Then for A € Py, we have (AY, ,wA) = (wtAY,,\) C
(AY,X) > 0. Hence wPy C t**(Ppy).

Conversely, assume A € (*~1(Pry). Since |AY| < oo, it is possible to fix
a sufficiently small constant ¢ > 0 such that 0 < [(AY,cp)| < 1. Then we
see that X\ + ¢p is regular (see [8, §10.1]), i.e., 0 & (AY, X + ¢p) and the signs
of (¥, ) and (a¥,\ + cp) coincide if {(a¥,\) # 0, because (AY,\) C Z.
Let AY = {a¥ € AY | (a¥,\ + ¢p) > 0}. Then AY is a positive system
and hence there exists an element w € W such that Ai = wAY. Since
A€ L*_l(P{+), we have AY, C A~Yr Hence AY, C wAY, that is, w € W',
Moreover (AY, A+cp) > 0 implies (AY, w™' (A4cp)) > 0 and (AY,w™'A) >0
again due to the integrality. Therefore A € wPy. O

Lemma 3. For A € * Y (P;,), an element w € W' satisfying A\ € wP,
(whose existence is assured by Lemma 2) is unique if and only if X & Hav\ ay -

Proof. Assume o¥ € AV \ AY and A € * "} (Pr) N Hyv. Let w € W satisfy
A € wP,. Then 0,A = A € wP; and hence w™*\ = o, 1,w™ A € P, which
further implies w—'a¥ € A’Y, where A’V is a coroot system orthogonal to
w~ !\ whose fundamental system is given by ¥’V = {a) € ¥V | (af,w™ 1)) =
0} (see [9, §1.12]). If ¥V C wtAY, then W@V = AV C wlAY,
and hence w™'a¥ € w™tAY, which contradicts to the assumption ¥ ¢ AY.
Therefore there exists a fundamental coroot o € 'V \w ™t AY, which satisfies
ociw A = w™tA € Py by construction. Since w € W', we have w™'AY, C
AY \ {a}}. Hence oyw™tAY, C AY, because o;(AY \ {oy'}) € AY. Then
putting w’ = wo;, we have W 3w’ # w such that A € wP, Nw'P,.
Conversely, assume that there exist w,w’ € W such that w # w’ and
A € wPy Nw'P,. This implies that w™'A = w'~!'\ is on a wall of C' and
hence A\ € Hav. Let A" = {a¥ € AY | A\ € Hyv} be a coroot sys-
tem orthogonal to A so that A € Hawv. Assume A"V C AY. Then by
A = ww' "I\, we have ww'~! € Wy and hence ww'~! € W(A,), because
Wy = W(A"Y) C W(AY) by the assumption. Since id # ww'~! € W(A4,),
there exists a coroot a¥ € AY, such that 8V = ww'~'a"¥ € AY_. Then, since
w™Hww' ") AY, € AY and wtAY, C AY, we have w™!'Y € AY from the
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first inclusion and w™!(—8Y) € AY from the second one, which leads to the
contradiction. Therefore A € H,v for a € A"V \ AY. O

Next we give some definitions and facts about convex polytopes (see [40, 7])
and their triangulations. For a subset X C R¥, we denote by Conv(X) the
convex hull of X. A subset P C RY is called a convex polytope if P =
Conv(X) for some finite subset X C RY. Let P be a d-dimensional polytope.
Let H be a hyperplane in RY. Then H divides RY into two half-spaces. If P
is entirely contained in one of the two closed half-spaces and P N'H # (§, then
‘H is called a supporting hyperplane. For a supporting hyperplane H, a subset
F =PNH#Dis called a face of the polytope P. If the dimension of a face
F is j, then we call it a j-face F. A O-face is called a vertex and a (d — 1)-face
a facet. For convenience, we regard P itself as its unique d-face. Let Vert(P)
be the set of the vertices of P. Then

F = Conv(Vert(P) N F), (28)

for a face F.

A triangulation of a polytope is a partition of it into simplexes that in-
tersect each other in entire faces. It is known that a convex polytope can be
triangulated without adding any vertices. Here we give an explicit procedure
of a triangulation of P. Number all the vertices of P as pi,...,pr. For a
face F, by N(F) we mean the vertex p; whose index j is the smallest in the
vertices belonging to F. A full flag @ is defined by the sequence

. FoCFLC--CFg1CFqg="7P, (29)
with j-faces F; such that N (F;) & Fj_1.

Theorem 1 ([30]). All the collection of the simplezes with vertices N'(Fy),
ey N(Fao1), N(Fq) associated with full flags gives a triangulation.

Remark 1. This procedure only depends on the face poset structure of P (see

(7, 85]).

For a = *(ay,...,an),b = *(b1,...,by) € CN we define a-b = a1b; +
-++ 4+ anby. The definition of polytopes above is that of “V-polytopes”. We
mainly deal with another representation of polytopes, “H-polytopes”, instead.
Namely, consider a bounded subset of the form

P=(\H cRY, (30)
iel

where |I| < oo and H; = {x € R | a; - x > h;} with a; € RY and h; € R.
The following theorem is intuitively clear but nontrivial (see, for example, [40,
Theorem 1.1]).

Theorem 2 (Weyl-Minkowski). H-polytopes are V-polytopes and vice versa.
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We have a representation of k-faces in terms of hyperplanes H; = {x € RV | a;-
X = hz}

Proposition 1. Let J C I. Assume that F = PN (\;c; H; # 0. Then F is a
face.

Proof. Let x € P. Then x € ﬂjeJHj and hence a; -x > h; for all j € J.
Set a =}, ;yaj and h =} . ;h;. Let H be a hyperplane defined by {x €
RY |a-x=h}. Thena-x > hforx e Pand P C HT = {x e R" |a-x > h}.

Let x € PNH. Then a-x = h. Since a; - x = h; + ¢; > h; with some
c;j > 0forall j€J, wehave c; =0and x € H; forall j € J. Thusx € F. It
is easily seen that x € F satisfies x € P N H. Therefore F = PNH and H is
a supporting hyperplane. a

Proposition 2. Let H be a supporting hyperplane and F = P N'H a k-face.
Then there exists a set of indices J C I such that |J| = (dimP) — k and
F=PnN anJHJ“

Proof. Assume d = N without loss of generality. Let x € F. Then x € H and
hence x € 9P since P C H*. If x € H \ H; for all i € I, then x is in the
interior of P, which contradicts to the above. Thus x € H; for some j € I.
First we assume that 7 = P N H is a facet. Then there exist a subset
{%1,...,xn5} C F such that xo — x1,...,xy — x7 are linearly independent.
Let C be the convex hull of {x1,...,xy}. We consider that C C F is equipped
with the relative topology. Note that for x € C, we have x € H;(), where
i(x) € 1. We show that there exist an open subset & C C and i € I such that
H;NU is dense in U. Fix an order {i1,ia,...} = I. If H;, NC is dense in C, then
we have done. Hence we assume that it is false. Then there exists an open
subset U; C C such that H;, Ny = (. Similarly we see that H;, NU; is dense
in U, unless there exists an open subset Us C U; such that H;, NUz = 0. Since
|I| < oo, repeated application of this argument yields the assertion. Thus

there exists a subset {x},...,xy} C H; NU such that x5, — x},...,x}y —x]
are linearly independent. Hence we have F C H; and H = H,;.
For any k-face F, there exists a sequence of faces such that

.F:kafk+1C"‘CfN_1CP, (31)

where F; (k < j < N —1) is a j-face. Since F; is a facet of Fj11, by the
induction on dimensions, we have 7 = P N[, ;H; for some J C I with

|J| =N —k. O
Lemma 4. Let a = *(a1,...,ay) € CV and o be a simplexr with vertices
Po, .., PN € RY in general position. Then
N & Pm
e**dx = N!Vol(o)
/a mZ:O [Lzma: (Pm—pj) (32)

= N!Vol(¢)T(a* po,.-.,a-PN),
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where
P | 1 ... 1
Tog -+ IN o ° TN
T(xg,...,zN) = det /det . (33)
x(j)vil . J;%71 xév_l . x]]:]]_l
emO . emN J:(])V e Jj%
1 -
Vol(o) = / ax = [ det P, (34)
and

P:(l”' 1), (35)
Po - PN
with p; regarded as column vectors.

J
Proof. Let T be the simplex whose vertices are *(0,...,1,...,0),1 < j < N,
and the origin. Then by changing variables from x to y as x = pg + Py with
the N x N matrix P = (p1 — pPo,---,PN — Po), we have

/ea'xdx:ea'po|detl’:’|/eb'ydy7 (36)

where b = (by,...,by) = taP. Since

l—y1——Ym—1
/ (Ot = gy,
0

1 (ebm+(bl7bm)y1+"'+(bm—17bm)ym—1 _ ec+(b176)y1Jr--<+(bm_176)ym_1)
b — C ’
(37)
we see that
N
[ viy =aib)+ Y antble’, (38)
o m=1
where ¢;(b) for 0 < j < N are rational functions in by, ...,by. In particular,
we have
(-~
qo(b) = by by (39)
and hence

/ea.xdx _ _ |det(po —p1,-.-,Po — PN APy i Gn(2)e2 P (40)
o (a' (po *pl))"‘(a'(PO*PN)) 1 " ’

where G,(a) are certain rational functions in aj,...,ay. Since e*Pi for
0 < j < N are linearly independent over the field of rational functions in
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ai,...,an, exchanging the roles of the indices 0 and j in the change of vari-
ables in (36) yields [ e**dx

N

|det(Pm — P05 - - P — Pm—1Pm — Pm+1,-- - Pm — PN)| P
A Il zna (Pm—pj)

— . A
— N1Vol(o) e
= lizma (Pm—pj)
(41)
Generally we have
N eftm,
= =T(x0,...,ZN) (42)
m=0 Hj;énL(mm - mj)

by the Laplace expansion of the numerator of the right-hand side of (33) with
respect to the last row and hence the result (32). O

Although the following lemma is a direct consequence of the second expression
of (32) with the definition of Schur polynomials and the Jacobi-Trudi formula
(see [19]), we give a direct proof for convenience.

Lemma 5. Let a € CV, ¢ and po,...,py € RN are the same as in Lemma
4. Then the Taylor expansion with respect to a is given by

/ea'xdx:\/ol(o)(lJrNL_’_1 Z a-p;i+---

0<i<N
N! ko kn
+m Z (a-po)™---(a-pn) +) (43)
Koserrin >0
ko+--+kn=Fk

Proof. We recall Dirichlet’s integral (see [37, Chap. XII 12.5]) for nonnegative
integers k; and a continuous function g, that is,

k k
/yo°~"yN”g(yo + ot un)dyo- - dyn
.

Kol - k!
(N+ko+ - +kn

1
)'/ g(t)thotFhn+tN gy (44)
+JO

where 7 is the (N +1)-dimensional simplex with their vertices (0, . . ., i, .., 0),
0 < j < N and the origin. This formula is easily obtained by repeated appli-
cation of the beta integral.

We calculate

ﬂ@:%/QXWm (45)
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By multiplying
1
L= (k+ 1)/ shds, (46)
0

and changing variables as x’ = sx, we obtain

f(a) = bl /(a -x" Vs~ Ndsdx’, (47)

k!

where 6 = Uog s<1 <ssa) is an (N + 1)-dimensional simplex. Again we change

variables as Py = X = (i,) Then

N N
k41 s ¢ g
f(a) == |detP|[(§ (a~pj)yj) (E yj) dy
T j=0 Jj=0
. k+1 = ko kn k!
= g ldetPl 3 (@rpo)(apn) N T g
kos...,kn >0
kot +kn=Fk

N N
><[y§°-~-y§ifv (Zyj) dy,
7 )

where y = (4o, . ..,yn). Hence applying (44), we obtain

k+1,. . - . Y I
= det P E . o...(a- N
ko,....,kn=>0
ko+--+kn=k
(N +k)! 2 0 '
Eo,... k>0
ko+--+kn=Fk
(]

It should be remarked that a-p; for 0 < j < N are not linearly independent.
Thus the coefficients with respect to them are not unique. Lemma 5 is a special
and exact case of the following lemma.

Lemma 6. Let a € CV, o and po,...,py € RN are the same as in Lemma
4. Then for b € CN, the coefficients of total degree k with respect to a of the
Taylor expansion of

/ e(atP) X gy (50)
are holomorphic functions in b of the form
N eb'pnz
Vol(o) Z Z Cm,ko,....kn ky+1° (51)
m=0 ko,....kn>0 Hj;ém (b' (Pm - Pj))

ko+--+kn=k
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where cpm ko, ky € Q.

Proof. We assume |a - (pm — P;)| < [b - (pm — p;)| for all j # m. Then we
have

e(a+b)~pm (52)
Il 2n(@a+b) - (Pm —Pj)
ePPm e Pm
7Hj¢mb'(9m—Pj)H_ (1+a'(pm—Pj)>
b- m 0 . kj

= P e2'Pm H Z (_a. (pm _pj))

Hj;ém b (Pm —Pj) j#m k=0 b (pm — Pj)

- ebPm (a:-pm)hm k;
- Z Z ki+l g ! H (a-(pj —pm)) "

k=0 ko,...,kn>0 Hj;ém(b “(Pm — pj)) m Jj#m

ko+-+kn=k

Applying this result to the second member of (32) with a replaced by a+b, we
see that the coefficients of total degree k are of the form (51). The holomorphy
with respect to a and b follows from the original integral form (50). Therefore
(51) is valid for the whole space with removable singularities. O

3 General functional relations

The purpose of this section is to give a very general formulation of functional
relations. For f,g € §(P) and I,J C {1,...,7}, we define

)

((f.g:0;4) = AEPE\HQ PR (53)
and \
S(fg: ;4= > ) (54)

(A)

We assume that (54) is absolutely convergent for a fixed I. By (24) and
Lemma 2, we have id € W! and P, C +*~1(Pr,). Hence (53) is also absolutely
convergent for all J since Py, C Py by (22).

For s € C, s > 1 and z,c € R let

_ I'(s+1) e((n+c)x)
SRS P D %

n—+c#0

A€ =1(Pry)\H,

Here and hereafter we use the standard notation e(z) = e2™V=1* for simplicity.
Let Dye be a finite subset of (QV\{0})®Rd C V. Then any element of v € Dy
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can be written as v =1, + ¢,0 (1, € Q¥ \ {0}, ¢, € R). We assume that Dje
contains Bre = {v; }icrc where v; = n;+¢;0 for ¢ € I¢ such that {n; };cse forms
a basis of QY. and ¢; € R. Let {u; }iere C Pre be a basis dual to {n; }iere.

Theorem 3. Let s, € C with $s, > 1 for v € Dye and let y € Vie. We
assume that

f(Aﬂt) = f(Ne({y, ), (56)
g+ w =g ] v +m* (57)
YEDjc

for any X\ € Pry and any p € Pre, where g* € F(P;). (Hence f depends on 'y,
and g depends on s.’s.) Then
(i) We have

SeLa =Y Y o g g A)

wEW! JC{l ) (58)
= C(f- 1 a5 T 4),
JCI
where
Ny.j = [wW(Az) N W (59)

and f* € F(Py) is defined by

POy = Pl (T SR

JeDe I'(sy+1)
/ / (A = V)x'y) ( H L, (2, C’v))
’yEDIc\BIc ’yEDIc\BIc
(H L, ( Y i) Z (s 14, )) H dz,
ic€le YEDjec\Bje ~y€Drc\Bje
(60)
and
V= Z Cilt; € Pre @ R. (61)
iele

(it) The second member of (58) consists of 2" (W (A) : W(Ay)) terms.
(ii1) If Hav\ay C Hy, then Clw™fyw™tg; J; A) = 0 unless Ny, g = 1.

Proof. First we claim that for w,w’ € W! and A\ € wP;,,, we have
A € w' Pyyy if and only if w' € wW(Aye). In fact, A € wPry Nw Pyyy
implies w'~'\ € Pyy4 and (w™lw)w' "'\ € Py, and hence w™lw’ stabi-
lizes Py, = Py N Cy. Therefore w™tw’ € W(A c). The converse statement
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is shown by reversing the arguments and we have the claim. By using this
claim, Lemma 2 and the decomposition (22), we have

S(f,9:1;4) = > 1)

A€ =1 (Pry)\Hy

(62)
1 f)
=2 X w2
weW! JC{1,...,r} Y AewP,, \H,
Therefore
1 FwA
S(fg:lsd) =Y > N > gngi
weWwl! jc{1,...,r} W NEPj 4 \wTlH,
_ 1 (w'HN)
"X 2w X g ®)

weW! JC{1,...,r}

> Nl ((wt fyw™hg; T3 A),

weWwl! jc{1,...,r} w,J

o )\EPJ++\Hw—1

where the last member consists of 2" (W (A) : W(A;)) terms since the cardi-
nality of the power set of {1,...,7} is 2" and [W!| = (W(A) : W(4;)) by
Lemma 1, which implies the statement (ii).

Assume that v =7, + ¢,6 € (QV \ {0}) ® R and A € P. Then v(\) =
My, A) + ¢y € Z+ ¢, and for y(A) # 0, we have

(ny + ¢y —7(N)zy)
Z / (ny +¢y)* 4 ()

n €L
n~,+cw7é0
Sy ey,
nyEZL n,Y+C,Y)"Y
n,YJrc,Y;éO
(2my/—=1)% [*
:—m . L. (24, cy)e(=v(N)zy)da,
v

where we have used the absolute convergence because of s, > 1.
By using (57), (56) and Lemma 2, we have

1
S(f.gLA) = > f >)( 11 W) (65)

AePry pEPic YEDjc
AtugHg

Applying (64) to the right-hand side of the above, we obtain
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OV 1
sugnar= 3 5 Gaen (11 T

AEPry pEPe ~YEBre
A ugHyg

(2my/—1)% [!
X( H ZW/O st(zm%)e(’7(>\+H)xw)d$v)-
(66)

Note that if y(A\) = 0, then ¢, € Z and the last member of (64) vanishes.
Hence we may add the case y(A + p) = 0 for v € Dy \ Bye in the above.
Therefore by using Hy = Hy: U Hp,.\p,. U Hp,. and putting u = >, . nijt;
(n; € Z), we have

S(f,9:1; Q)
_ (2my/—1)* f)
B ( H - F(S'y +1) ) Z ji7)\)

yEDjc\Bje )\EPI+\ng g

Z/ / v(A)xw)( 11 st(xv,cv))

n,€Z "‘/ED[C\BIC ’YGD[C\B[C
n; +c17£0
el”

YEDc\Bje

S(CHDED SUISRPSENCHILY
(TLZ' + Ci)swi

X H H dx.,

iele ~¥EDe\Bye
(2ry/ D) e
— el ( I S 5 S
YEDse Fsy+1) AEPrL\H 4 gV
/ / W= ) (T L arer)
EDII‘\BI(‘ yEDjc\Bje
<H Ls.Y ( Yy, /Jz - Z $7<7777Mi>70i)) H dx'y»
iele YEDjec\Bje YEDjc\Bje

(67)

which is equal to the third member of (58), because Pry = (J;; Psy4. Hence
the statement (i).

As for the last claim (iii) of the theorem, we first note that N, ; > 1 if
and only if wPyy+ C Havyay. This follows from Lemma 3 and the definition
of Ny, s, with noting the claim proved on the first line of the present proof.
Now assume HAV\AIV C Hy. Then, if Ny, ; > 1, we have wPjy C Hy. This
implies ¢(w™tf,w™1g; J; A) = 0, because the definition (53) is an empty sum
in this case. a

In the present paper we mainly discuss the case when Dy C QV. Nevertheless
we give the above generalized form of Theorem 3, by which we can treat the
case of zeta-functions of Hurwitz-type.
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For a real number z, let {z} denote its fractional part z —[z]. If s = k > 2
and c¢ are integers, then it is known (see [1]) that

k! e(nz)
Li(z,¢) = —————— ——
k( ) (27_[_ /_1)k nezz\;[[)} nk (68)

= Bi({z}),

where By () is the k-th Bernoulli polynomial. Thus if all L;(z, ¢) in the inte-
grand on the right-hand side of (60) are written in terms of Bernoulli polyno-
mials, then we have a chance to obtain an explicit form of the right-hand side
of (60). We calculate the integral in question through a generating function
instead of a direct calculation. The result will be stated in Theorem 4 below.

Remark 2. When s, = 1, the argument (64) is not valid, because the series
is conditionally convergent. Hence on the right-hand side of (67), s,, =1 for
i € I¢ is not allowed. However for n € Z \ {0}, we have

1 1
1 (CorvaD) / By (x)e(—nz)dz, (69)
n 0

where the right-hand side vanishes if n = 0. Thus the value s, = 1 is also

allowed for v € (Dye \ Bre) N QY on the right-hand side of (66) and hence in
Theorem 3.

Let M,N € N, k = (kl)lilSMJrN S N(])\4+N, y = (yi)lgiglbf S RM and
bjeC,cjeRfor1<i<Mand1<j<N.Let Pk,y)=

1 1 N N M N N
/ . / exp(z bjfl?j) <H Bkj ($])> <H BkN_H ({yzfz Cijxj})> H dl’j.
0 0 =1 j=1 i=1 j=1 j=1
(70)
For t = (t;)1<i<m+n € CMFN | we define a generating function of P(k,y) by
M+N tlfj
_ J
keNM+N j=1 "7

Lemma 7. (i) The generating function F(t,y) is absolutely convergent, uni-
formly on D x RM where Dr = {t € C | |t| < R}M*N with 0 < R < 27.

(i) The function F(-,y) is analytically continued to a meromorphic func-
tion in t on the whole space CM*N and we have
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F(t,y) = (MHV = _1)/ / (Hexp (b +t; xj)> (72)

Jj=1

« (H exp (b - Zcim}» H dz,

cM

:<Mff€%_1) DS exp(ZtN+z (i} +m)

J= mi=c; my=cy,

></P eXp(iV:(ajerj)wj) Hd%‘a

m.y j=1

+

where ¢ is the minimum integer satisfying c > > i<j<n Cij and c; is the

ci; >0

mazimum integer satisfying ¢; < Zléjﬁé\f ¢;j and
cij <

M
aj = tj — ZtNJriCij’ (73)
i=1

0<z; <1, (1<j<N)
N

Py = x = (2)1cjen | (Wit +mi —1 <Y cay < {yik+ma, 3, (T4)
j=1
(1<i<M)

which is a convex polytope.

Proof. (i) Fix R’ € R such that R < R’ < 27. Then by the Cauchy integral
formula

Brp(z) 1 ze**  dz (75)
k' B 27'('\/ -1 |z|=R’ e?—1 Zk+1’
we have for 0 <z <1
By L 1l _ Ci -
k! 2w ‘Z‘ZR/ —1 R/k
where .
Cr = max{ e’je_ : ] 2| =R, 0<z< 1}. (77)

Therefore
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P(k,y)]jleZkl S(MﬁNu 1) [ e bej><1;[1 Bules))

) M B,ﬂw({yi - i Cijxj})
(i )

k!

N
[ d=;
i=1 j=1
JW+N

M+N 1 N
<o TLae) [ f e T1 g T
j=1

M+N
R
M+N
=Oo” (R) |
j=1
(78)
where C' = exp(zyzlmbﬂ). Since
MAN /oy k M+N
M+N _ A MAN
Z COR’ <RI) = CCR/ m < o0 (79)
keNyI TN j=1 j=1
we have the uniform and absolute convergence of F(t,y).
(ii) Noting the absolute convergence shown in (i), we obtain
M+N 4 k
rev = © e 1T 50)
keNy TN
N tlfj
= > / / eXp Zb x]> <H (:vj)k]'>
KeNMHN =1 J
N tkN+1 N
<H Biy ., <{yz Zczjx]}) kNJ” ) H dz;
j=1 N-H j=1
M+N N N
= ( . 1> / / exp ijx]) (H exp(tjx]))
0 j=1 j=1
N
(Hexp(tN_H{ Y Zc”xj})) dej
j=1
M+N N
) [ [l S
j=1 j=1 =

N

X exp (; T j;cijxj])) 1:1 da;.

Here the inequality
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N
vi— ¢l Syi— Y cym Syi—o (81)
=1
implies
N
{vit +e <wi— [yi - Zci]wj} <A{yi} + ¢, (82)
j=1

and for m; € Z, the region of x satisfying

Yi — [yz - i Cij%} ={yi} +mi (83)

j=1
is given by
N
{yit +mi—1< Zcijxj <A{yi} +m;. (84)
j=1
Therefore
MAN of cir M
Py = (11 255) 3 3 en(Stwntiud +m)
Jj=1 mi=cy mJW:CJT/I i=1
N N
X / exp(Z(aj + bj)xj) H dx;,
P,y j=1 j=1
which is a meromorphic function in t on the whole space CM+N . O

Remark 3. When the polytope Pr, y is simple, then the corresponding integral
is calculated by Proposition 3.10 in [4]. Generally the polytopes we treat may
not be simple. In [17], we avoid such difficulty using a certain limiting process.

Lemma 8. The function P(Kk,y) is continuous with respect to'y on RM. The
function F(t,y) is continuous on {t € C | [t| < 2r}MTN x RM and holomor-
phic in t for a fived y € RM.

Proof. For y € RM and x = (z;)1<j<n € RY let h(y,x) be the integrand of
(70). Let {yn}2; be a sequence in RM with lim, .y, = ye and we set
By (%) = h(yn, %) and hoo(x) = h(yoo,X). Then for x € [0, 1]V,

le hin(x) = hoo(x) (86)

holds if x satisfies N
(Yoo )i — ZCijIj ¢ Z, (87)

j=1

for all 1 <¢ < M. Hence (86) holds almost everywhere and we have
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N
nhﬁn;() Pk,y,) = nILHQO . b (%) H dx;
[0,1] Jj=1
N
= lim A, (x dx;
/[071]1\7 n— 00 ( )Jl;[l / (88)
N
= hoo(x) | | dx;
foop =01
= P(k7y00)7

where we have used the uniform boundedness h,,(x) < C for some C' > 0 and
for all n € N and x € [0, 1]V

Combining the continuity of P(k,y), definition (71) and Lemma 7, we
obtain the continuity and the holomorphy of F(t,y). O

Now we return to the situation y € Vie. Let y; = (y,p;) for i € I¢
and we identify y with (yi)iere € B We set Qly] = Q[(yi)ier-), Ay) =
ZiEIC Zyz + Z and ‘k| = Z’YGD]C k'\{- Let

D ={yor(~v) |~ € Dy \ By}, v= ZQ’MEPIC- (89)
iele

Theorem 4. Assgme the same condition as in Theorem 8. Moreover we as-
sume that D;e C QY and sy = k., are integers for all y € Dy such that k., > 2
for v € Bre and ky, > 1 otherwise. Then f* € F(Pr) in (60) is of the form

k|

) = e(—{y. ) 3 (my/=T)- <’“+N>Zf<k) (90)
& )

where n Tuns over a certain finite set of indices, N = |Djc \ Bje| and

9 € Qlyle(@-A(y)- D), g € (A(y)- D)
Proof. From (60), we have

RN (91)

27/ — 1)k~
I ( )

P = (=117 lef~ {5, e LS SV

YEDjc
where for k = (ky)~yen;e

P(k, y, A / / =) (I Be@)

'yGDIL\BIc YEDec\Bje

X(HBM({%— > x%wuﬁ})) I dx.

i€lC YEDc\Bje YEDc\Bje
(93)



Witten multiple zeta-functions 23

Hence P(k,y, \) is of the form (70). Therefore, by applying Lemma 7, we find
that P(k,y,\) is obtained as the coefficient of the term

IT & (94)

YED e
in the generating function
th
Fity )= > Py [] 5
kENLDICl yEDje V7
ty .
= ( Il &= 1) > exp( Xt (fud +ma)  (99)
YEDjc m;= iclc
i€l°
X / exp((a+b) - x) H dx.,
,Pm’y ’YEDIC\BIC

where a = (ay)yep,c\B,e € RM b= (by)yeD,e\Bye € CN with

Ay = t'Y - Z t"/i <77’Ya ,ui>7 (96)

i€lc
b, = —2mV/—1y(A —v). (97)

Since (1, 1i) € Z, any vertex p; of Pm y satisfies

(Pi)y € Y_Qui+Q=Q- A(y). (98)
icle
The first two factors of the last member of (95) is expanded as

<H etthLl)(H exp(t%({yi}+mi))>: Z P (y) H t/;;,

YEDjc i€lc k’ENLDIC‘ YEDjc

(99)
where Py (y) € Q[y] is of total degree at most |k’|.

Next we calculate the contribution of t of the integral part. By a triangu-
lation Py = lL:(Iln) 01,m,y in Theorem 1, the integral on Py, y is reduced to
those on o7 my. Since (94) is of total degree |k|, and a is of the same degree
as t by (96), the contribution of t comes from terms of total degree £ < |K|
with respect to a. By Lemma 6, we see that these terms are calculated as
the special values of the functions h(b’) at b, where h(b’) is a holomorphic
function on CV of the form

N
Vol(01,m,y) Z Z Cq,k0,.shN
frees s yerey N K +17?
q=0 Kog,...,kn>0 Hq’:O (b/ : (qu - qu/)) «
Ko+ +KEN=K q'#q

’
eP Piq

(100)
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and p;,’s are the vertices of 07 my and Vol(o;my) € Q[y] is of total degree
at most NV due to (98). Since

b-p;=-2rv/=1 Y  y(A-v)(p;)y €7V=1Q-A(y)-D, (101)
YEDjc\Bje
each term of (100) is an element of

e(Q- Ay)- D) 1 e(Q- A(y)- D)

(1v/—1Q - A(y) - D)<'+~ = (ﬂ\/fl)n'+NQ [y] (A®) .E)mﬂvv
where 0 < &’ <k < [Kk|.

Combining (99) and (100) for all m and [ € L(m) appearing in the sum,
we see that the coefficient of (94) is of the form (90). O

Qlyl

'g (102)

Remark 4. It may happen that the denominator of (90) vanishes. However the
original form (60) implies that f* is well-defined on P;. In fact, the values can
be obtained by use of analytic continuation in (100).

Remark 5. It should be noted that in Theorems 3 and 4 we have treated
y € Vie as a fixed parameter. In general, as a function of y € Vje, (90) is not
a real analytic function on the whole space Vjc. We study this fact in a special
case in Section 6.

We conclude this section with the following proposition, whose proof is a
direct generalization of that of (2.1) in [16].

Proposition 3. Let f,g € F(P) and J C {1,...,r}. Assume that J =
J1 11 J2 and that f and g are decomposed as

FO1+A2) = fi(A1) f2(A2), g(A1 4+ A2) = g1(A1)g2(N2), (103)
for f1,91 € §(Py,), f2,92 € F(P1,), M1 € Py, A2 € Py,. Then we have
C(f.9:J;4) = C(f1, 913 J1: A)C(f2, 925 23 A). (104)

4 Functional relations, value relations and generating
functions

Hereafter we deal with the special case

fF) = ey, N), (105)
g\ = I @’ x>, (106)
a€Ay

fory € V and s = (sa),cz € Cl?+], where A is the quotient of A obtained
by identifying o and —«. We define an action of Aut(A) by
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(WS)a = Sw-1a; (107)
and let 1
Gr(s,y;4) = Z e((y,\) H W (108)
)\GP++ Oé€A+ ’
Then we have
r(s,y;4), if J={1,...,r},
C(f.9: 15 4) = {g ( ) { J (109)
, otherwise,

because for J # {1,...,r} we have Py, C Hav = Hy. When y = 0,

the function ((s;A) = (-(s,0; A) coincides with the zeta-function of the

root system A, defined by (3.1) of [16]. Therefore (108) is the Lerch-type
generalization of zeta-functions of root systems. Also we have
1

S(fig:1;4) = Z e((y,\) H v e (110)

A€ =1(Pry)\H v a€A

which we denote by S(s,y;I; A). Note that Hav coincides with the set of all
walls of Weyl chambers. Let

S={s=(s4) €T | Rs, >1 forac A} (111)
Note that S is an Aut(A)-invariant set.

Lemma 9. (.(s,y; 4) and S(s,y;I; A) are absolutely convergent, uniformly
on D x V where D is any compact subset of the set S. Hence they are contin-
wous on S X V, and holomorphic in s for a fixedy € V.

Proof. Since for s € D, a € Ay and A € P\ Hav,

671'\‘\‘93&|

<
- ‘<O‘\/7)‘>|§RS(l

1
<O[V7 )\>sa

(112)

(the factor e™¥se| appears when (o, \) is negative), we have

1 1 1
I o] =1 1 g =0 1 e

acAL acAL aeV¥

1
A< _— 11
< U e (113)

where h(s) = [],ea, e™l3sal and A = maxgep h(s), B = mingey (mingep Rsy) >
1. It follows that

1 1 .
> v =W 2 T s = Vi@ <o

AEP\H pv aE€¥ AEP;+ a€¥
(114)

and hence the uniform and absolute convergence on D x V. O
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Remark 6. Although the statements in Lemma 9 and in the rest of this paper
hold for larger regions than S, we work with S for simplicity. For instance,
the above proof of Lemma 9 holds for the region {s = (s,) € Cl4+ | Rs, >
1 forae€W, Rs, >0 otherwise}. (See also Remark 2.) In more general
cases, we may need to specify an order of summation because the convergence
is conditional. One way to do this is the @Q-limit procedure treated in [6].

First we apply Theorem 3 to the case I # (). Then Theorem 3 implies the
following theorem:

Theorem 5. When I # (), fors € S andy € V, we have
S(s,y; I; A)

= > (II v ) suly:4)

weW! a€d 1

AN\ALy @my—1)° 1
:(—1)| +\ |( H (F(;i:)l) ))\Z e((y,\) H (aV, \)sa

a€A\Ary EPryy a€Ar} ’
/ / o(- ol M) [ Le@a0)
04€A+\ ArpUvw) ac AL\ (A4 UY)
(H L., ( Y, A Z an(av,)\i),O)) H dz,.
iele Q€A \(Ar4UD) Q€A (Ar4UD)

(115)
The second member consists of (W (A) : W(Ay)) terms.

Proof. Tt is easy to check (56) and (57) for (105) and (106), with Dye = A4\
Ary, Bre = Wre (hence ¢,=0 for all v € Dyc), and g*()\) = HaeA1+ (@Y, \)se
for A € Pry. Since Py C Hy for all J C I, we have the second equality.

Next we check the first equality. From (58), (109) and Theorem 3 (iii), we
have

Sy A) = > C(w ' fw g {l,...,rh A). (116)
weWw!
Further,
- _ 1
Cw™ frwTlg {1, r) A) = Z e((y,wA)) H v, wnyse
NEPy 4 aEAL ’
1
— -1
= Z e({(w™y,\) H m
)\€P++ OCEA+
_ 1
= Z e((w™y, \)) H {av, Aysua?
AEP acw— 1AL !

(117)
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by rewriting « as wa. When
acw AL NA. = (A nwtAL) = —A,, (118)

we further replace a by —a. Then we have

Cw™t fw g {1,...,r}; A) (119)
s, _ 1
- ( H (_1) wa) Z e((w 1y’)‘>> H <av /\>s“m
a€Ay AePy a€AL ’
= ( H (—1)_Sa)§r(w_1s,w_1y;A)7
a€A 1
where we have used the fact that wA,, = —A,-1. Hence the first equality
follows.
Lemma 1 implies that the second member of (115) consists of (W(A) :
W (Ar)) terms. O

Next we deal with the case I = (). Let S(s,y; A) = S(s,y;0; A). Then we
have the following theorem by Theorem 3.

Theorem 6. Fors € S andy €V,

S(s,y; Q) = Z( H (71)75“)§T(w*15,w*1y;A)

weW a€A 1

(I B [ [ (I et

ac€Ay aEALN\P

(HLsa<y, > xa<a\/7)\i>,0)> I da.

a€AL\Y a€AL\Y
(120)

The above two theorems are general functional relations among zeta-functions
of root systems with exponential factors. In some cases it is possible to deduce,
from these theorems, more explicit functional relations among zeta-functions.
(See Example 5). However in general it is not easy to deduce explicit forms
of functional relations from (115) by direct calculations. Therefore, in our
forthcoming paper [17], we will consider some structural background of our
technique more deeply and will present much improved versions of Theorem
7 and Theorem 13. In fact by using these results, we will give explicit forms
of other concrete examples which we do not treat in this paper. On the other
hand, in [14] we will introduce another technique of deducing explicit forms.
This can be regarded as a certain refinement of the “u-method” developed
in our previous papers. By using this technique, we give explicit functional
relations among zeta-functions associated with root systems of types Ag, Cy (=~
Bg), B3 and 03.
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Now we study special values of S(s,y; A). We recall that by (68)

Li(z,0) = Br({z}) (121)

for a real number x. Motivated by this observation, for k = (ka),ca € N‘OAH

and y € V we define

P(k,y;A):/Ol.../Ol( [ Bi(ew)

aEANT
(I8 ({0 X sat})) I1 oo
i=1 aEALN\Y aEAL\Y
(122)
so that s
S(ky: ) = (1)) (1} (Q”f!”)mk,y; A a2

fork € SﬂN(l)A”. This function P(k,y; A) may be regarded as a generalization
of the periodic Bernoulli functions and Byg(A) = P(k,0; A) the Bernoulli
numbers (see [1]). We define generating functions of P(k,y; A) and Bk (A) as

tha
Ft,y;4)= >  Plky;4) L (124)
ken, ! acdy T
tho
F(t;4) = Z By (4) H Pk (125)
k [AL] (XGA+ o
€N,

where t = (to),c7 With [to] < 27. Assume A is irreducible and not of type
Aj. Then by Lemma 8, we see that P(k,y; A) is continuous in y on V and
F(t,y; A) is continuous on {t € C | |t| < 2r}4+l x V and holomorphic in t
for a fixed y € V. Further by Lemma 7 (ii) we see that for a fixed y € V|,
F(t,y;A) is analytically continued to a meromorphic function in t on the
whole space Cl4+]. For explicit examples, See (250) for P((2,2,2),y; Az) in
the region 0 < y3 < y1 < 1, and [17, Example 3] for P((2,2,2,2),y;Cs).

Theorem 7. We have
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F(t,y; A) = (aL{ etat‘i1>/()l"'/ol< [ expltara))

OtEA+\'I’
X (Hexp<tai{<ya )\z> - Z $a<av7)\i>})> H d(Ea
i=1 QEAN\TY QEALN\T
" 2(p¥ A1)—1 2(p¥ Ap)—1 r
=(H etu“_l) > Y ety A+ mo)
acAy m1=0 m,=0 i=1
></ exp( Z tha) H dxy,
Pray a€AN\T Q€AW

(126)

where p¥ = 1 > aca, o is the positive half sum, t%, = to — Yot (@Y ),
m=(my,...,m,) and

Pm,y =
0<z, <1, (x€AL\V)
{<y7)\l>} +m; — 1 S Z xa<ava )‘z> S (127)
DLGA+\EP
{y, )} +mi, (1<i<r)

X = (ma)CXGA+\W

18 a convex polytope. In particular, we have

200Y M) -1 2(p¥ A)—1

F(t;A)(Hetja_l) DS exp(gtwm,;)

acAy mi=1 me=1 (128)
></ exp( Z t:;xa) H dxy,
Pra aEALN\Y Q€AW
where
Pm = m,0 —

0<za<1, (a€AL\D)

x = (Ta)aca\w | m; —1< Z zala’ X)) <my,  (1<i<r)
(!EA+\W
(129)

Proof. Applying Lemma 7 to the case N = |A\Y|, M = |¥|,b; =0, k; = ka,
yi = (y,\i) and ¢;; = (¥, \;), we obtain (126). O

From the above theorem we can deduce the following formula. In the case when
all ko’s are the same, this formula gives a refinement of Witten’s formula (2).
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In other words, it gives a multiple generalization of the classical formula (3). In
[38], Witten showed that the volume of certain moduli spaces can be written
in terms of special values of series (1). Moreover he remarked that the volume
is rational in the orientable case, which implies (2). Zagier [39] gives a brief
sketch of a more number-theoretic demonstration of (2). Szenes [31] provides
an algorithm of the evaluations by use of iterated residues. In our method,
the rational number Cyy (2k, g) is expressed in terms of generalized Bernoulli
numbers, which can be calculated by use of the generating functions.

Theorem 8. Assume that A is an irreducible root system. Let ko = ko) € N

and k = (ko) ,ecz- Then we have
—1)lA+] 2my/—1)2ka

a€Ay
(130)
where | runs over the lengths of roots and (Ay); ={a € Ay | |af =1}.

Proof. Since the vertices p; of P, satisfy (pj)a € Q, by Theorem 7 and
Lemma 5, we have

Bak(4) = P(2k,0;4) € Q, (131)
and hence by (123),

S(2k,0; A) = (1)A+< 11 W_l)%“>32k(A) € Qr2Xihl(Adnl,

]
wed, (2kq)!
(132)
On the other hand, by Theorem 6
§(2k, 0 4) = [ WG, (2k; A), (133)

since roots of the same length form a single orbit. Therefore we have (130). O

Remark 7. The assumption of the irreducibility of A in Theorem 8 is not
essential. Since a reducible root system is decomposed into a direct sum of
some irreducible root systems, this assumption can be removed by use of
Proposition 3.

Remark 8. It is also to be stressed that our formula covers the case when some
of the k,’s are not the same. For example, let X, = Co(~ Bs). Then we can

take the positive roots as {ay, ag, 2a1 +ag, ag +ag} with ||| = ||y +2a3 ||,
lay || = loY + aY||. We see that

o0 o0 1

GeAA2C) =Y L
= = m?n*(m+n)*(m + 2n) (134)
53 12
= 7
6810804000

Explicit forms of generating functions can be calculated with the aid of The-
orem 1 and Lemma 4. We give some more explicit examples in Section 7.
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5 Actions of ﬁ\/

In this section, we study the action of W on S(s,y;4), F(t,y;A) and
P(k,y; A). First consider the action of Aut(A) C W. Note that P\ Hav
is an Aut(A)-invariant set, because Hav is Aut(A)-invariant. An action of

Aut(A4) is naturally induced on any function f in s and y as follows: For
w € Aut(A),

(wf)(s.y) = flw™'s,w™ly). (135)
Theorem 9. Fors € S andy € V, and for w € Aut(A), we have
(w$)(s,y:2) = ( T] (~17)8G6y:4), (136)
a€A 1

if Sa €Z for a € Ay-1.
Proof. From (110), we have
_ 1
W)y = > elw v [1 oogen (187
AEP\H 5v acAy ’
Rewriting A as w™!\ and noting that P\ Hav is Aut(A)-invariant, we have
1
CA) =
@)y = > ety W) [ vy

AEP\H pv acAy

1
> ey, ) ]I oV (138)

AEP\H v wla€A,

( II 0)s6y:a),

a€A 1

Thus we have

Theorem 10. For s € S and'y € V, we have S(s,y; A) = 0 if there exists
an element w € Aut(A)s N Aut(A)y such that sq € Z for a € Ay-1 and

> sa¢2Z, (139)
a€A 1

where Aut(A)s and Aut(A)y are the stabilizers of s and y respectively by
regarding y € V/QV.

Proof. Assume (139). Then by Theorem 9

(1-( I o =))seyia=o (140

a€EA 4

w

which implies S(s,y; A) = 0. O
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Lemma 10. The group Aut(A) acts on Cl4+! by

tw- ) AL\ A, -
(W) = Z_fa €A\ A, (141)
—tw—1a; Zfa € Aw*%

where t = (to) 7 € Cl4+1 and the representative o runs over A, .

Proof. What we have to check is that the definition (141) indeed defines an
action. Since

1 if A A, -1
(v(wt)) _ (wt)v s 1 ac Ay \ vl (142)
« —(wt)v—la, ifae A,-1,
we have
(v(wt))a = tww)-1a; (143)

if and only if either

l.ae A \A,randvlae Ay \ Ay
or

2. a €A, 1 and —vla € Ay

holds. Here, the minus sign in the second case is caused by the fact that if
a€ A,1thenvlaev A, 1+ = -A, C A_. Therefore (143) is valid if and
only if « € A4 and

a € (VA4 \ Ay-1) NvAL) U (v(=Ay-1) NVAL)
= (AL \vwA_) U (vA_ NovwAy)

= (WAL NovwA;L)U (vA- NvwAy)
= vwAy.

(144)

This condition is equivalent to o € Ay \ Agyy-1. This implies v(wt) =
(vw)(t). O

Note that we defined two types of actions of Aut(A) on Cl4+l, that is, (107)
and (141). The action (141) is used only on the variable t and should not be
confused with the action (107).

If Ais of type Ay, then F(t,y; A1) = te!t¥} /(e —1) (see Example 1 below)
is an even or, in other words, Aut(A)-invariant function except for y € Z. In
the multiple cases, F(t,y;A) is revealed to be really an Aut(A)-invariant
function. To show it, we need some notation and facts. Fix 1 < m < r. Note
that 0, Ay = (AL \ {am}) [[{—am}- Let Ay = (AL \ &) Nop(Ay \P) and
Uy = UN0oy (AL \P) so that o, (AL \¥) = A1 [[¥:. Let Ay = (AL\P)No,, ¥
and Yo = ¥Nop,W. Then we have AL \W = Ay [[As and & = & [[ P [[{am}-
Moreover we see that o, fixes ¥s pointwise and ¥; = 7,,As.
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Lemma 11.
Z /\7<O‘1\/a am> = Qy — 2)\’m (145)

a; eV

Proof. Note that o; € ¥ if and only if (), @) # 0 and a; # ayy,. Let v be
the left-hand side. Then we have

Y if 4
<O¢>€/,’U>: <ak7a >a 1 o € ¥, (146)
0, if ap € Yo U{am},
which determines the right-hand side uniquely. a

An action of Aut(A) is naturally induced on any function f in t and y as
follows: For w € Aut(A),

(wf)(t,y) = flw™'t,w™ly). (147)

Theorem 11. Assume that A is an irreducible root system. If A is not of
type A1, then
(wF)(t,y;4) = F(t,y; A) (148)
fort € Cl2+l and y € V, and for w € Aut(A). Hence for k € N‘OAH and
yev,
(wP)(k,y;4) = ( [[ (-1 )Pk,y:4). (149)

a€A, 1

Remark 9. If k is in the region S of absolute convergence with respect to s,
the relation (123) and Theorem 9 immediately imply (149), while if k € S, it
should be proved independently.

Remark 10. The assumption of the irreducibility is not essential by the same
reason as in Remark 7.

Proof. 1t is sufficient to show (148) for the cases w =0, € W and w =w €
2 because Aut(A) is generated by simple reflections and the subgroup f2.
Applying the simple reflection o, to the second member of (126), we have

(omF)(t,y; 4)

(T ) [ [ (I ettnen)

acA, Q€AW
X exp(tam (1 — {(me,)\m> — Z zo (Y, )\m>}))
aEAN\T
X (ﬁ exp(tgmai{@my,)\i) — Z xa<av,)\i>}>) H dzg,
12;7}1 aEAL\Y aEALN\Y

(150)
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where we have used the fact that by the action of o, the factor [, ¢ 4, to/ (et —
1) is sent to

t
_to'm,a'm H t0'7na — to'?nam,e 7mam H to’?na
o—tomom — cloma — 1 elomam — clome — 1
acA L \{am} acA L \{am}
t

=t T Lo

ete — 1
a€Ay

(151)

Therefore, rewriting z, as %, o, we have

(omF)(t,y; Q)

(I ) [ f T )

«@ a€EAL\Y
€xXp (tam (1 - {<Ya Om)\m> - Z xama<amav; Um)\m>})) X
a€A+\&P
H exp(tomoz,',{<yao—m>\i> - Z l'amoz<0ma CTm i }) H dxama
i=1 a€EAL\Y a€EALN\Y
i#Em

- ( wEds efa—1>/ / II  explta wa))

aeam (AL\P)

exp(tam (1 - {(y, Am — Q) — Z oo, Ay — am>})) X

Q€T m(AL\T) (152)
H exp(t(,mai{<y,)\i> — Z xa<av,)\i>}> H dxg
a; €¥\{am} a€om (AL \P) a€om (AL\Y)
( ta_l)/ / H exp(ta{zal) H exp(ta, {Za; })
a€Ay € a€q a; €Y
Xexp(tam (1_ {<y7)\m_am> - Z xa<av7>\m_am>}))
a€A U,
(11 (o fr= X wala’an}))
a2 a€AUP
X ( H exp(t(,mm{<y,)\i>— Z xOL(on,)\?;)})) H dz.
a; €V acA U, aEAUP

Here we change variables from x = (24)aecA,up, t0 2 = (20)acA,un, 8S

o = T, %faGAl, (153)
(v, M) — ZﬁeAlu% zg(BY, \i), if @« = o0 € Ag,
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so that the Jacobian matrix is calculated as

Oz _(Lay O
8X< © —Iay) (154)

where I, is the p x p identity matrix, since

Zoma; — <ya )\z> - Z xa<ava )\z>

acAUP,

= <ya /\z> - Z xa<ava)‘i> — Tay-

a€Aq

(155)

Thus we have |det 9x/0z| = 1. For a = o, € Az and «; € ¥y, we have
(@Y, \i) = (omay, i) = (o, omAi) = (g, Ai) = i, (156)
and hence

Loy = <Y7 >\1> - Z Za<ava /\1> — Romay

acA,

(157)
= <Y7>\Z> - Z Za<av7>\’i>'
a€A+\W
For the fourth factor of the last integral in (152), we have
<a\/, )‘j> = <Umaz)/\j> = <O‘>c/7am/\j> = <O‘>c/7/\j> =0, (158)
for o = o € Ay and o € W5, and hence
A= D wala ) =y ) — Y Zale¥, )
ac€Aq acA
€A UY €Ay ., (159)
=y, )= DL zala¥N).
CXGA+\W
For the third factor, we have
<Y; Am — am> - Z xa<ava Am — am>
aceA U,
= <Ya Am — am> - Z xa<avv Am — am> - Z Loy, <O%\‘/7 Am — am>
ace, a; €V
= <Y7 Am — am> - Z xa<av7 Am — am> + Z Loy <O[;/705m>
ace, a; €Y1 160
:<Y7/\m_04m>_ Z Za<ava/\m_04m> ( )
aEA;

a; ¥y a€AL\Y
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by using (157). Hence we have

<Ya Am — am> - Z xa<ava Am — am>

a€EA U,

= <Y7>‘m - am> - Z Z(x<avv>\m - am>
acA,

+ Z {y, \i){a), aum) Z Z zolaY M) ey o) (161)

a; €¥ a€EAL\Y a; €Y

= —{y, Am) + Z Za ", Am),

a€AL\Y

where in the last line we have used Lemma 11 and the fact that for o =
oma € Ay we have

(¥, A — ) = (om0 mAm) = (), Am) = 0. (162)

Since all the factors of the integrand of the right-hand side of (152) are periodic
functions with period 1, we integrate the interval [0,1] with respect to z,.
Therefore using (153), (157), (159) and (161) we have

(omF)(t,y; A)

:(aeA eta1>/ / 11 exp(ta{z} )

acA,
X ( H exp(tai{<y,)\i) - Z za(av7)\i>}))
i €W aEAN\T
X exp(tam (1 - {—(y, Am) + Z za (¥, )\m>}>)
a€AN\T
X ( H exp(taj{<y,)\j>— Z za<av,)\j>}>)
;€W a€A N\
X ( H exp(tamm{zc,mai})) H dzg
a; eV a€EAL\Y
N (aeA+ eta—1>/ / ae]_;[\q/expt ZO‘)
X < H exp( {(y,/\> Z za<av,)\i>}))
a;€¥\{am} Q€AY
X exp(tam (1 — {—(y, Am) + Z za<av,)\m)}>) H dze
aEAN\T aEAN\T
= F(t,y; Q)

(163)
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where in the last line, we have used the fact that for any «,, € ¥, there exists
aroot « € Ay \ ¥ such that (¥, \,,) # 0 and thus 1 — {—z} = {z} for
x € R\ Z implies that the integrand coincides with that of F(t,y; A) almost
everywhere.

Lastly we check the invariance with respect to w € 2. Since w € {2 per-
mutes ¥ and leaves A, and hence A, \ ¥ invariant, we have

(WF)(t,y;4)

:(H etij’“_l)/ol.../ol( H exp(tmxwa))

a€Ay QEAN\T
X <ﬁexp(twai{<w_1y,/\i> — Z xw(X(an,w)\i)})) H dx e
i=1 a€EAL\Y a€AL\Y
= ta )/1/1 exp(ta o)
(ag+ et — 1 0 0 (aelA_{\W )
X <ﬁexp(twai{<y,w)\i> - Z xa<av,w)\i>})> H dxq
i=1 Q€AW QEAN\T
= F(t,y; Q).
(164)
O

It is possible to extend the action of Aut(A) to that of W as follows: For
q€QY,
(7(9)8)a = sa
(T(@)t)a = tas (165)
@y =y +q.
We can observe the periodicity of S, F' and P with respect to y from (110),
(122) and the first line of (126). From this periodicity, we have

Theorem 12. The action of Aut(A) is extended to that ofW and is given by

(T(q)S)(S, Y; A) = S(S> Yy A)a
(T(@)F)(t,y; A) = F(t,y; 4), (166)
(t(q)P)(k,y; A) = P(k,y; A),

forqe QV.

Remark 11. Some statements related with S(s,y; A) or -(s,y; 4) in Sections
4 and 5 hold on any regions in s to which these functions are analytically
continued. In particular, in the case y = 0, as we noticed at the beginning of
Section 4, the function (.(s; A) = (. (s, 0; A) coincides with the zeta-function
defined in [16], and its analytic continuation is given in [16, Theorem 6.1] or
by Essouabri’s theory [5].
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6 Generalization of Bernoulli polynomials

In the previous sections, we have investigated P(k,y; A) as a continuous func-
tion in y. In fact, this function is not real analytic in y in general. However
they are piecewise real analytic, and each piece is actually a polynomial in
y. In this section we will prove this fact, and will discuss basic properties of
those polynomials.

Let D ={y eV |0<(y,\) <1, (1<i<r)}bea period-parallelotope
of F(t,-;A) with its interior. Let % be the set of all linearly independent
subsets R = {f1,...,0,—1} C 4, Hrv = @:;11 R 3} the hyperplane passing
through RY U {0} and

9= |J Or +9) (167)
Rez
qeQY

Lemma 12. We have

Ng = U w(U(ﬁQV\{a}/} —‘rZOzJV)). (168)

weWw Jj=1

The set {9rv +q | R € Z,q € QV} is locally finite, i.e., for anyy € V, there
exists a neighborhood U(y) such that U(y) intersects finitely many of these
hyperplanes.

Proof. Fix R € Z. Then AY = AVN§HRrv is a coroot system so that RY ¢ AV.
Let © be a nonzero vector normal to $Hrv. Then there exists an element
w € W such that w™ 'y € C. Put w 'ty = Z;Zl cjAj with ¢; > 0. Then
a¥ =377 ajal € A orthogonal to w1y should satisfy > i—1aje; = 0.
Since a; are all nonpositive or nonnegative, we have a; = 0 for j such that
¢j # 0. Hence ¢; = 0 except for only one j, because w™rAY C AV is orthogonal
to w™ 'y with codimension 1. That is, w™ 'y = cA; for some ¢ > 0. Therefore
w(PV \ {aj}) is a fundamental system of AV and Hrv = Duw@\{ay}) =
wHy v\ {ay}- Moreover QY =wQ" =@._, Zway, which implies

HrY + QY = wHwv\(ayy + Lway, (169)

since @::1,¢¢jzaiv C ﬁlp\/\{a;/}. This shows that $)4 is contained in the
right-hand side of (168). The opposite inclusion is clear. The local finiteness
follows from the expression (168) and |W| < co. O

Due to the local finiteness shown in Lemma 12 and 09 C $)4, we denote
by ©*) each open connected component of D \ H2 so that

D\ 50 = [[ 2, (170)

vey
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where J is a set of indices. Let ¥ be the set of all linearly independent sub-
sets V.= {f1,...,6-} € Ay and & = {0,1}" ", where n = |A4|. Let
W = ¥ x . For subsets u = {uy,...,ux},v = {v1,..., 0641} C V and
c={c1,...,cpr1} CR, let

<U17'U1> e <U1,'Uk+1>
H(y;u,v,c) = det . (171)
(ur,v1) - (Uk,Vpy1)

(y,v1) +c1 -+ (¥, Vkt1) + Cht1

We give a simple description of the polytopes Pm y defined by (127). For
vye Ay, a€{0,1} and y € V, we define u(y,a) € R"" by

_D)l-aigV )\ oy o
u(yia), = T = aet, (172)
(_1)a6a'ya if ol ¢ v,
where o runs over Ay \ ¥, and define v(v, a;y) € R by
D ({{y, )} +mi —a), ify=a; €,
o ary) = | D7) - s
(—1)% = —a, ifyew.

Further we define
Hoa(y) ={x= (Ta)aca,\w ER"" [u(v,a) - x=v(y,a;y)},  (174)
and

HE(y) = {x = (Ta)aca,\w €R"" [u(y,a) - x >v(y,a;y)},  (175)

where for w = (w,),x = (z,) € C"", we have set

WX = Z WaLo- (176)
aEAL\Y
Then we have
Pmy =[] Hi.). (177)
vEAL
a€{0,1}

We use the identification C® V ~ C” through y — (y;)7_; where y; = (y, A\;)
with (-,-) bilinearly extended over C. For k = (ka),cx € N, we set [k| =

EQGZ ka'

Theorem 13. In each D), the functions F(t,y; A) and P(k,y; A) are real
analytic in'y. Moreover, F(t,y; A) is analytically continued to a meromorphic
function FW(t,y; A) from each C* x W) to the whole space C"* x (C ®
V). Similarly, P(k,y;A) is analytically continued to a polynomial function
Bl(:’) (y;A) € Qly] from each ®™) to the whole space C @ V with its total
degree at most |k| +mn —r.
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Proof. Throughout this proof, we fix an index v € J. Note that {{y,\;)} =
(y, ;) holds for y € ©. We show this statement by several steps. In the first
three steps, we investigate the dependence of vertices of Py y ony € D)
and in the last two steps, by use of this result and triangulation, we show the
analyticity of the generating function. We fix m € N except in the last step.

(Step 1.) Let V.= {fB1,...,6,} C Ay and ay € {0,1} for v € A, \ V.
Consider the intersection of |A; \ V|(= n — r) hyperplanes

[ Hya, (y) = {x=(2a) | u(r,09) - x = v(7,05;y) for vy € Ay \ V}.
YEAL\V
(178)
Then this set consists of the solutions of the system of the (n — r) linear
equations

Pacanw Tala’, Nj) = (y,Aj) + mj — aa,, fory=a; e¥\V,
Ty = G, forye AL\ (PUV).
(179)

Let I={i| ;e V\¥}and J={j | o;j € ¥\ V}. Note that [I| = |J| =: k
and {f; | i € I°} = {a; | j € J°}. The system of the linear equations (179)
has a unique solution if and only if

det((BY, A))iEh # 0, (180)

and also if and only if
Vev, (181)

since

|det((BY, M) 20| =

et <(<ﬁ%&>);iﬂ <</3M>>;§f,c)‘

(o, NIET () )T

e (€BY AN+ (182)
0 Ijge)
= |det((87, A))5h |,

where I, is the p x p identity matrix. We assume (181) and denote by
p(y; W) the unique solution, where W = (V,A) € # with the sequence
A = (a,)yea,\v regarded as an element of 7. We see that p(y; W) depends
on y affine-linearly.

(Step 2.) We define &, : # — R™™" by

{y : W= p(y; W). (183)

Any vertex (that is, 0-face) of Pm,y is defined by the intersection of (n — )
hyperplanes by Proposition 2. Hence Vert(Pmy) C & /(#). On the other
hand, Pm,y is defined by n pairs of inequalities in (127). The point p(y; W)
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is a vertex of P,y if all of those inequalities hold. We see that (n — ) pairs
among them are satisfied, because

PYiW)E () Hoya,(¥), (184)
YEAL\V

and also it is easy to check

p(yiW)e () (HD, o )\ Hyia,(¥)) (185)
YEAL\V

Therefore p(y; W) € Vert(Pm,y) if and only if the remaining r pairs of in-
equalities are satisfied, that is,

p(y;W)e [ H}.v)
BEV
ac{0,1}

={x=(zq) |u(B,a) -x>v(B8,a;y) for 8 € V,a € {0,1}}, (186)

or equivalently x = p(y; W) satisfies 7 pairs of the linear inequalities

<y7 >‘l> +m—1< ZaeA+\g(/ xa<av, >‘l> < <y7 >\l> + my,
for f=0;€VNY,
0<zg<1, for 6 € V\U.
(187)
We see that it depends on y whether p(y; W) is a vertex, or in other words,
whether the solution of (179) satisfies (187). We will show in the next step
that p(y; W) € H(y; W) implies y € g, where

Hiy; W)= [ Hsaly). (188)
BEV
ac{0,1}

Then for y € © \ H, we can uniquely determine the (n — r) hyperplanes on
which the point p(y; W) lies; they are {H, 4. (¥)}yea,\v. Therefore &, is an
injection. .

For f € V and a € {0,1}, we define fz,: D — R by

faa 1y = u(B,a) - p(y; W) —v(B,asy). (189)
Then for y € © \ H%, we have f3,(y) # 0 and hence we define
f=(fsa)peviaciony : D\ Hz — (R\ {0})*". (190)

Therefore for y € ® \ $%, the point p(y; W) is a vertex if and only if f(y) is
an element of the connected component (0, 00)?". Since each f3,, is continuous
and hence f(D)) is connected, we see that for a fixed W € #, the point
p(y; W) is always a vertex, or never a vertex, on D) Thus
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Wen 1= 5;1(Vert(77m,y)) cw (y e ZD(")) (191)

has one-to-one correspondence with Vert(Pm, y) and is independent of y on
D),

(Step 3.) Now we prove the claim announced just before (188). First we
show that the condition

P(y; W) € Hpa,(y) (192)

for some = a; € VN¥ and ag € {0,1} implies y € Hz. For x = p(y; W),
condition (192) is equivalent to

D wala,N) = (v, M) +my — aa,. (193)
DLGA+\EP

From (179) and (193), we have an overdetermined system with the |[V\¥| =k
variables zg for § € V\ ¥ and the |(¥ \ V) U{a;}| = (k + 1) equations

BEV\¥
for j € JU {1}, where
Cj = m] - a’OLj - Z a'y<rYV,Aj> S 7. (195)
NEAL\(TUV)
Hence we have
< i\i’)‘j1> < i\i7>\jk> <IBZ\17)\Z>
Bins M) (B A (BisA)

(¥ A + ¢ (v A + 6 (v, M) +a
(196)
where we have put I = {iy,...,ix} and J = {j1,...,Jr}. As the consistency
for these equations, we get

H(y; {8} Yer: AN Yiesvmy» {eibjesumy) = 0. (197)
By direct substitution, we see that each element of
{8 = dpevifan U{-a},  a= D caf (198)
JjeEJU{l}
satisfies (197), while af — ¢ does not. In fact, if y = —gory = ¥ — ¢

(B € (VNw)\ {a}), then the last row of the matrix is (0,...,0), and if
y = Z\; —q (Bi, € V\¥), then the last row is equal to the p-th row, and
hence (197) follows, while if y = «)’ — ¢, then the last row of the matrix is
(0,...,0,1) and hence
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H{(y; {51‘\/}1'617 {/\j}jeJu{l}a {Cj}jeJU{l}) = det(< >);€€{; # 0, (199)

because of (180). By (181), we see that V \ {o;} C A is a linearly indepen-
dent subset and hence (V \ {a;}) € Z. It follows that (197) represents the
hyperplane $vv\(ay} — ¢ C Hz. Therefore (192) implies y € .

Similarly we see that the condition p(y; W) € Hp 4, (y) for some = 5 €
V\ ¥ and ag € {0,1} yields a hyperplane contained in £z defined by

H(y; {8 Yienuy {Nj}Yjes {dj}jes) = 0, (200)
which passes through r points in general position
{8Y = a}peviisy U{-d}, (201)
where
0= d;a, (202)
jeJ
dj =mj —an, — > a, (7Y, ;) € Z. (203)

YEALNPU(VA{S}))

This completes the proof of our claim.

(Step 4.) We have checked that on ®®), the vertices Vert(Ppy) nei-
ther increase nor decrease and are indexed by #,. By numbering #;, as
{W,W,,...}, we denote p;(y) = p(y; W;). We see that on D*), the poly-
topes Pm,y keep (n — r)-dimensional or empty because each vertex is deter-
mined by unique (n — r) hyperplanes. Assume that P,y is not empty. Next
we will show that the face poset structure of Py is independent of y on
D),

Fix yo € D). Consider a face F(yq) of Pm.y, and let

Vert(Pm,y,) N F(yo) = {Pi, (¥0), - - -, Pi,, (Y0) }- (204)

Then by Proposition 2, there exists a subset Jo = {(71, a+,), (72,a+,),...} C
Ay x {0,1} such that |Jp| =n —r — dim F(yo) and

{Pi(¥0)s P (¥0)} C F(¥0) = Pmyo N ] Hoyay(yo)-  (205)

('77‘17)6‘70

By the definition of p;, (yo), - - -, Psy, (Yo) (see (178)), we find that for (v, a,) €
A4 x {0,1}, the condition

{Pi:(y0)s -+, Pin (Y0)} € Hrya, (¥0) (206)

is equivalent to

h
ﬂ AL \Vy) ay = (Aq))y =+ = (Ai,)y, (207)
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where Wy, = (Vi,,A;;) = &.1(pi;(yo)). Hence each (v,a,) € Jo satisfies
(207). Assume that there exists a pair (7', a’,) ¢ Jo satisfying (207). Then

{Pi,(y0)s - P, (¥0)} € () Moy, (v0), (208)
('Yva’y)ejé

where J5 = Jo U {(7/,a,)}. Hence by (28), we have

F(yo) = Conv{pi, (y0),---,Pi,(Yo)} C ﬂ Hya, (¥0), (209)
(v:a4)€Tg

and in particular,

Pi(yo) €[] Hrya, (Vo) (210)
(’Yvaw)EJé
Since (n — r) hyperplanes on which p;, (yo) lies are uniquely determined and
their intersection consists of only p;, (yo), their normal vectors {u(v, ay)}(y.a,)es
must be linearly independent. It follows from (209) that dim F(yo) <n—1r—
[Tl < n—r —|J| = dim F(yo), which contradicts. Hence (207) is also a
sufficient condition for (v, a,) € Jo.
By definition, we have

Pi(¥): P () Hya, ), (211)

(v,a+)€J0

for all y € D*). Define

-F(Y) = Pm,y N m IH'\/,(LY (y) (212)

('Yaa'y)EJO

Then {pi, (¥),--.,pi, (y)} C F(y) and by Proposition 1, we see that F(y) is
a face. Fix another y; € ©*). Then by the argument at the beginning of this
step, there exists a subset J; C A4 x{0,1} such that | /1| = n—r—dim F(y;)
and

Vert(Pm,y,) N F(y1) = {Pi, (¥1)s- - Pir (Y1), Pinys (Y1)s - Py, (1)}

- ]:<Y1) = 7Dm,y1 N ﬂ /H%a7 (YI)7
(v.a4)ETL
(213)

with b’ > h (because all of p;, (y1),-..,Pi, (y1) are vertices of F(y1), while
so far we cannot exclude the possibility of the existence of other vertices on
F(y1)). Since each (v, a,) € Ji satisfies

W
e ﬂ(A-‘r \Vij)v Ay = (All )"/ == (Aih/)w (214)

j=1
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which is equal to or stronger than condition (207), we have J;3 C Jp. On
the other hand, by comparing (212) and (213), we see that each (v,a,) €
Jo satisfies (214). As shown in the previous paragraph, condition (214) is
sufficient for (v,a,) € Ji1, which implies Jy = J1 and hence dim F(y,) =
dim F(yo). If b’ > h, then (214) implies

{pil (y0)7 SRR %78 (y0)7 Pinys (yo)a <oy Piy, (yo)} - ]:(yo)v (215)

which contradicts to (204) and hence h’ = h. Therefore for all y € ®*) we
see that all faces of P,y are determined at yo and are described in the form
(212), and we have

Vert(Pm,y) N F(y) = {Pi (¥), -, Pin, (¥)}- (216)

Assume that F'(yo) C F(yo) for faces F'(yo), F(yo) of Pm,y,. Then by
(28), it is equivalent to

Vert(Pm,y,) N F'(y0) C Vert(Pm.y,) N F(yo)- (217)

By applying {;01, we obtain an equivalent condition independent of y and
hence F'(y1) C F(y1). Therefore the face poset structure is indeed indepen-
dent of y on ).

(Step 5.) By Theorem 1, we have a triangulation of Pr,y with (n — r)-
dimensional simplexes 0} m y as

L(m,y)

Pmy= J otmy (218)
=1

where L(m,y) is the number of the simplexes. From the previous step and
by Remark 1, we see that this triangulation does not depend on y up to the
order of simplexes, i.e.,

{Z(1, m,y),...,Z(L(m,y), m,y)} (219)

is independent of y, where Z(l,m,y) is the set of all indices of the vertices
of 0m,y. Reordering o; m y with respect to [ if necessary, we assume that
each Z(I,m) = Z(I,m,y) is independent of y on ®). Note that |Z(l,m)| =
n—r-+1. Let L(m) = L(m, y) if Pm_y is not empty, and L(m) = 0 otherwise.

By (218) and Lemma 4, we find that the integral in the third expression
of (126) is

L(m)

(n=1)! > Vol(o1my)

1=1 i€Z(l,m)

et" Pi(y)

HjEIV;(él,lm) t*- (pi(y) — pi(¥))

where t* = (%) with ¢}, = to — > i ta,(@¥, X;). We see that Vol(om,y) is
a polynomial function in y = (y;)7_; with rational coefficients and its total
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degree at most n —r on ®*) due to (34), because in Step 1 we have shown
that p;(y) depends on y affine-linearly. Therefore from (126), we have the
generating function

Z fj(y)ehf("’y)7 (221)

(n—r+1) 3, L(m)
> 9i(t,y)

ta
F(t7y;A): ( H et‘)‘fl

j=1

which is valid for all y € ©*), where f; € Qy] with its total degree at most
n—rand g; € Z[t,y], h; € Q[t,y] are of the form

gj(ta)’) = Z (<¢)avY> +Ca)tou ¢a €P, cq€Z, (222)
acAy

h](taY) = Z (<<PmY> +da)taa Yo € P®Q, da e Q (223)
a€EAL

We see from (221) that F(t,y; A) is meromorphically continued from C™ x
D™ to the whole space C" x (C® V), and that P(k,y;A) is analytically
continued to a polynomial function in y = (y;)7_; with rational coefficients
and its total degree at most |k| +n — r by (124) and Lemma 5. O

Theorem 14. The function P(k,y; A) is not real analytic in'y on V unless
P(k,y; A) is a constant.

Proof. By Theorem 12, we see that for k € N}, P(k,y; A) is a periodic func-
tion in y with its periods ¥V, while by Theorem 13, P(k,y; A) is a polynomial
function in y on some open region. Therefore such a polynomial expression
cannot be extended to the whole space unless P(k,y; A) is a constant. This
implies that there are some points on $g, at which P(k,y;A) is not real
analytic. a

The polynomials Bl((u) (y; A) may be regarded as (root-system theoretic)
generalizations of Bernoulli polynomials. For instance, they possess the fol-
lowing property.

Theorem 15. Assume that A is an irreducible root system and is not of type
Ay. Fork e N, y € 99W) and y' € 99 with y =y’ (mod QV), we have

Bl(:’) (v;4) = Bl(: )(y’; A). (224)

Proof. If y = y’, then the result follows from the continuity proved in Lemma
8. Ify #y',buty =y’ (mod QV), we also use the periodicity. O

This theorem also holds in the A; case with k& # 1 and can be regarded as a
multiple analogue of the formula for the classical Bernoulli polynomials

By (0) = Bi(1), (225)
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for k # 1. Moreover the formula
Bi(1—y) = (=1)"Bu(y) (226)

is well-known. In the rest of this section we will show the results analogous to
the above formula for Bl((y)(y; A) (Theorem 16), and its vector-valued version
(Theorem 18). The latter gives a finite dimensional representation of Weyl
groups. In this framework, (226) can be interpreted as an action of the Weyl
group of type A; (Example 1). These results will not be used in the present

paper, but we insert this topic because of its own interest.

Lemma 13. Fiz w € Aut(A) and v € J. Then there exist unique gy, € QY
and k € J such that
7(qup)wd”) =D, (227)

Thus Aut(A) acts on J as w(v) = k. Moreover q, ) + Vqw,y = Quw,y for
v,w € Aut(A).

Proof. Tt can be easily seen from the definition (167) that g is W-invariant.
Therefore W acts on V' \ 9% as homeomorphisms and a connected component
is mapped to another one.

Fix y € w®®). There exists a unique ¢ € Q" such that 0 < (7(q)y, Aj) <1
for 1 < j < r, that is, ¢ = —Z;Zl aja] € QY, where a; = [(y,\;)] is the
integer part of (y, ;). Denote this g by g,,. Then 7(gy,.)y € D) for some
Kk € J and thus T(qu)w@(”) =),

Let w,w" € Aut(A). Assume

’

T(q)w@(v) =), T(q/)wlg(n) — ), T(qu)w/w@(u) _ @(n”),

(228)
for q,q',q¢" € QV and v, k, k', k" € J. Then we have
) = 7(q )u'r(q)wD " (220)
= 7(¢' +w'q)w'wd™).
By the uniqueness, we have ¢’ +w'q = ¢” and &' = " O
Theorem 16. For w € Aut(A),
BY (g wi)w i A) = (] (07 BAS (v:.4). (230)

aEA,,

Proof. By Theorems 11 and 12, we have
P(k,T(qw_lyw(y))w_ly; A) = P(k,w_ly; A)

= (aelgl(—l)kwla)P(wk,y;A) 281)

= (I 0" P(uk,y; 4),

aEA,
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where we have used w1t A, -1 = —A,,. By (227) in Lemma 13 with replacing
w, v by w™t, w(v) respectively, we have

T(Qu-1 w()) w1 DM) = D), (232)

Hence y € ®®®) implies T(qwq’w(y))w*ly € ™). Therefore we obtain

P, (- w)w ™ yi 4) = B (r(gu-rwe))w ™ yi 4), (233)
P(k,y; 4) = BY""(y; 4), (234)
by Theorem 13. The theorem of identity implies (230). O

Let P be the Q-vector space of all vector-valued polynomial functions of
the form f = (f,)yey : V — Rl with f, € Q[y]. We define a linear map
d(w) : P — P for w € Aut(A) by

(W) ) (y) = fu1)(T(qu-1 )0 'y). (235)
Theorem 17. The pair (¢,°B) is a representation of Aut(A).
Proof. For v,w € Aut(A), we have
(G)6(0) F)u (¥) = (S@)Fus () (@1 )0 y)

= fw—l'u—l(u) (T(qw—17,u—1(y))w_1T(q,u—lj,/)’l)_ly) (236)
= f(vw)*l(l/)(T(QUJfl,vfl(u) + w71q7\)*1,u)(vw)71yy

Since by Lemma 13 we have g, -1 ,-1¢,) + wilqv_l)y = q(vw)-1,v, We Obtain

d(vw) = ¢(v)p(w). =

Define Bf(”) € P for k e Ny and v € J by

) :
v v B 1 A), if v =&,
(BY)u(y) = (BY)u(y: 24) = { P W12 L (8
0, otherwise,
and let o
%m = Z @Bk/ C B, (238)

(k',v")e(k,v)

where (k,v) is an element of the orbit space (Nj x J)/Aut(A).

Theorem 18. The vector subspace %W is a finite dimensional Aut(A)-
invariant subspace and the action is

o(wBY = (T (=1 % )B4, (239)

a€A,,
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Proof. If k = w(v), then we have

(¢(w)B1((V))H(y7 A) = Bl(:/) (T(qw_l,w(u))w_ly; A)
(T o)y, @0

aEAy
by Theorem 16 and otherwise
(&(w)BY)x(y) = 0. (241)
Thus we obtain (239). O

For the representation in the Ag case, see (259) and (260).

7 Examples

Ezample 1. The set of positive roots of type A; consists of only one root ;.
Hence we have Ay =W = {1} and 2p¥ = o . Weset t = t,, and y = (y, A1).
Then by Theorem 7, we obtain the generating function F(t,y; A1) as

bt
Fty; A1) = 57— {vy, (242)
Since® ={y |0 <y <1} and Z = {0}, we have H% = Q" and hence D\ H
consists of only one connected component D \ H5 =D = DM, Therefore we

have
tety

F(l)(t7y7A1) = et _ 1

(243)

for y € ®®), which coincides with the generating function of the classical
Bernoulli polynomials. Since J = {1}, we see that Bf(l)(y; A7) consists of only
one component, that is, the classical Bernoulli polynomial By (y). The group
Aut(A) is {id,01}. For y € ®1) we have o1y = —y and hence 7(a))o1y =
af —y € W due to 0 < (@) —y, A1) < 1, which implies that the action on
Q[y] is given by (¢(01)f)(y) = f(ay —y). Therefore we have the well-known
property

(6(01)BM) (5 A1) = Bi(1 —y) = (~1)* Bi(y) = (~1)* B (y; A1), (244)

Ezample 2. In the root system of type Az, we have AL = {a1, 2,01 + as}
and ¥ = {ay,a2}. Then Z = A, and from Lemma 12 we have

Nz =Ra) +Zay)U(Ray +Zay)U (R (af +a3) +Zay). (245)

We see that D \ 7 = DM [[D?), where
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W ={y |0<ys <y1 <1}, (246)
D@ =y |0<y <y2 <1}, (247)
with y1 = (y, A1) and ya = (y, A2). Let t1 = to,, ta = to, and t5 = to,+a,-
For y € ®(), the vertices of the polytopes Py, m,.y in (127) are given by
0,y for Poo,y,

Y2, Y1 for Po.1,y, (248)
Y1, 1 for 73171,),.

Then by Theorem 7 and Lemma 4, we have

F(l)(ta Yy AQ)
t1t2t3et1y1+t2y2
T @ e e 1)
6(t3*t1*tz)y2 -1 ‘ (e(t37t17t2)y1 _ 6(t3*t1*t2)y2)
X ——+ e (1 —y
<y2 (t3 —t1 —t2)y2 (1 =2 (t3 —t1 —t2)(y1 — y2)
(et3*t1*t2 _ 6(t37t17t2)y1)
(ts —t1 —t2)(1 — 1) >
t1t2t3€t1y1+t2y2
T et — 1)z —1)(es —1)(ts — b1 — o)
+ etz (e(te,—tl—tz)yl _ e(ta—tl—tQ)yQ) + et1+t2 (et?,—h—tQ _ e(tS_tl_t2)y1))'

+ 6t1+t2 (1 — yl)

(e(tS*t1*t2)y2 -1

(249)
Hence by the Taylor expansion of (249), we have
1 1 1
B ,(y; As) =g7s0 T 5 Wive - Yt —y3) + E(?)yly% — 3yiys + 2y3)
1
+ 5 (=203 = 3yTvs + dyiys — 291 + )
. (250)
+ %(—5y1y§ + 10y7ys + 10y7y3 — 15y1y2 + 6y7)

1

+ —(6y15 — Byiys — Syiys + 6yiys — 2y7 — 249).

w
o

Similarly we can calculate Bg%)Q(y;Ag) for y € ®®, which coincides with

(250) with y; and ys exchanged. In the case y = 0, from Lemma 8, we have
titgtzehi i (et — 1)

(efr —1)(et2 — 1)(ets — 1)(ts — t1 — ta)

F(t; Ay) =
1 1 2 _ 2 2 (251)
=1+ *12@1752 —tity — tatz) + 360 (titats — titats — titsts)

1 1
+ m(t%t% + 1242 4+ t242) + mt?tit% +oen
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by letting y — 0 in (249). See Table 1 for explicit forms of B, i, k,)(A2)
with ]{517 kg, kg S 4. Note that B(k17k27k3)(A2) =0 for (kl, k’g, kg) which are not
in the table.

By Theorem 8, we recover Mordell’s formula [27):

27T\/—71)6 B(2,272) (AQ) 3 (27T\/j)6 1 o 7T6

3! (21)3 31 30240  2835°

(252)

We also discuss the action of Aut(A). Note that Aut(A) is generated by

{01,09,w} where w is a unique element of {2 such that w # id, and hence

war = ag, WA = Ao and w? = id. Also note that a; = 2\ — X2 and as =
2Mg — A\1. For y € C‘D(l), we have

(2,2, Ag) = (~1)* ¢ — (1)

(f +o1y, M) =14 (y,01\) =1+ (y,\1 —aq) =1 —y1 + 4o, (253)
(f + o1y, A2) = (y,0102) = (y, A2) = v,

which implies
0 < (o + o1y, X2) < (&) + o1y, \1) < 1. (254)

Therefore we have 7(ay)o;®® = DM and in a similar way ;93 = D),
and so on. Thus from (235) we see that for f = (f1, f2) with f1, fo € Q[y],
the action of Aut(A) is given by

(¢(o1) f)y) = (f1(a1v + U1Y)af2(013’))7
(¢(o2) )ly) = (fl (02y), fo(ay + 02}’))7 (255)
(W) (y) = (f2(wy), fr(wy)),

or in terms of coordinates,

(D(o1) ) (w1, y2) = (f1(1 = y1 + y2, y2), fo(—y1 + 2, 92)),
(0(o2) )1 y2) = (Fryr,v1 — v2), fa(yr, 1+ 91 — v2)), (256)
(W) )1, y2) = (fo(y2s11)s f1(y2, 1))
Then for
By 5(¥; A2) = (B33 5(v; 42),0), (257)
By 5(v: A2) = (0, By (v: 42)), (258)
we have

1 1

d)(o-l)Bg,%,Q = Bg,%,za
1 1

#(02)BY) 5 = BS) 5. (259)
1 2

¢(W)Bé,%,2 = B;%z-
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More generally we can show

1 _
¢(01)B§€1)7k2,k3 = (_1) le](Cll),ks,kz’
OB s = (DB (260)

1 2
¢(W)B,§c1),k2,k3 = Bl(m),kl,ks‘

Ezample 3. The set of positive roots of type Cy(~ Bs) consists of ay, ag,
2001 + o2 and a1 + aa. Let ¢ = 1oy, t2 = tay, 13 = t2a,+a, a0d ta = toy 4an-
The vertices (Z2a; +ass Tay+as) Of the polytopes Pp,, m, in (129) are given by

(0,0),(0,1/2),(1,0) for Py 1,
0,1),(0,1/2),(1,0 for P o,
(0,1),(0,1/2),(1,0)  for Py (261)
(071)v(1a1/2)7(170) for P2,2;
(0,1),(1,1/2),(1,1) for Py 5.
Then by Lemmas 4 and 5, we obtain
4 "
F(t;Cy) = (jl:[l 7 J_ 1)G(t;02)

1
=1+ m(2t11t2t§ — At totd — 2t t3ts + At tity — At tst] — At taty

+ titgts — AtTtgty — At3taty — tolsts — 2tataty — 2t3tsty)

_|_

511930 (3t1totats — 3t tatsts — 3t3tataty — 3t3tatsty + 20515t5 + St1tat3

+ 8133t + 26513t7)
T 224242 4
* 9676800 12T
(262)

where
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G(t; Cg) =
ets 23 +%
(ty +to —t3)(t1 — 2t3 +ts)  (t1 + 200 — t4)(ty — 2t3 + t4)
etitt2 et2tts
+ —
(t1 +to —t3)(t1 + 2t —ta)  (t2 +1t3 —ta)(tr — 2t3 + 1a)
ela 9¢ 3 +tat+ 3
+ +
(ty + 2ty —tg)(ta +t3 —ta)  (t1 +2t2 —ta)(t1 — 2t3 + 14) (263)
26%+t3+%4 etitta+ts
+ +
(tl + 2ty — Tf4)(t1 — 2t3 + t4) (tz +t3 — t4)(t1 + 2ty — t4)
et1+t4 et3+t4
- +
(ta +t3 —tq)(t1 — 2t +t4)  (t1 +t2 —t3)(t1 + 2to — t4)
90 F Htattat+ 3 etittatts

+
(ty + 2to — tq)(ty — 2t3 + t4)

(t1 +to —t3)(t1 — 2t3 +t4)

See Tables 2, 3, 4 for explicit forms of B, r, ky,k,) (C2) With ki, ko, k3, ks <
4. Note that By, k, ks k) (C2) = 0 for (k1, k2, k3, k) which are not in the table.

Using these tables, we obtain

2my/—1)8 B(2,2,2,2)(C2)
2,2,2,2; :—14(
CQ( y 4y 4y 702) ( ) 21.92 (2!)4
2my/—1)8 1 i
— (! = 264
(=1) 21.22 9676800 302400’ (264)
and so g g
G (2Ca) = 62 - (265)

302400 8400

Ezxample 4. The set of positive roots of type As consists of oy, as, as, ag+as,
as + az and oy + as + asz. Let t1 = ta,, t2 = tay, 3 = tas, ta = tai+as,
t5 = tagtas and ts = ta, tastas- The vertices (To, tags Tastazs Tagt+astas) Of
the polytopes Pry, my.ms it (129) are given by

0,0,0), (0,0,1),(0,1,0
0,0,1),(0,1,0),(1,0,0
(0,1,0),(0,1,1
(1,0,0), (

(0,1, 1), (
(1,0,1)

(0,0,0)
(0,0,1)
(0,0,1),
(0,0,1)
(0,0,1)
(0,1,1)

Then by Lemmas 4 and 5, we obtain

,(1,0,0),(1,0,1
0,0,1),(0,1,1),(1,0,1
0,1,1),(1,0,1),(1,1,0

),(1,0,0) for P11,
),(1,1,0) for P1 2.1,
),(1,1,0) for P1 2,2, (266)
),(1,1,0) for Pao 1,
),(1,1,0) for Pa 2.2,
), (1,1,1) for Py 3.9.
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6
t,
. _ J .
F(t7A3) - <H eti — 1 G(t7A3)
j=1 (267)
23
2424242,2,2
=14t 222222 + - -
1%2%3%4%5%6
435891456000 ’
where
G(t; A) = (268)
etatty _ et1tts
(t1+ta—ta)(t1—tz3—ta+t5)(t3+ta—teg) (t2+tz—t5)(t1—tz3—ta+ts5)(t1+t5—1t6)
_ et6 + et1t+ta+t3
(t1+ta+tz—te)(t3+ta—te)(t1+t5—tg) ' (t1+i2—tg)(ta+tz3—t5)(t1+ia+t3—t6)
etatts etottztity
T (t1+ta—tg)(tattz—t5)(ta—ta—tsttg) (tottz—t5)(t1—tg—ta+t5)(t3+ts—tg)
+ et1ttatts + etatte
(t1+ta—tg)(t1—tz3—ta+t5)(t1+t5—tg) ' (tz+tg—tg)(t1+ts—tg)(ta—tg—ts+tg)
+ etattatts _ etstte
(t1+ta—tg)(tg+ta—te)(ta—tga—ts+tg) (ta+tz—t5)(t1+ta+tz—te)(tz+ta—te)
+ et1ttattstts _ etattztte
(t1+ta—tg)(t1+taFtz—te)(t1+ts—te) (t2Ftz—t5)(t1+t5—te)(t2—ta—ts5+te)
+ et1ttatts _ etatte
(ta+tz—t5)(t1+t5—tg) (ta—ta—ts+tg) (t1Fta—ta)(t1+ta+tz—ts)(t1+ts—t6)
+ et1ttattz+ty _ et1tta+te
(ta+tz—t5)(t1+ta+tz—te)(ta+ta—te) (t1+ta—tq)(t3+ta—tg)(t2—ta—t5+te)
et1ttz+tatis eta3ttatte
T (t1Fts—te)(ta—ta—t5+ie) (t3Tta—te) (t1+ta—tq)(t1 —t3—ta+t5)(t1+t5—16)
+ Jt1ttstte + Jt1t+tattstts
(to+tz—t5)(t1—t3—ta+ts5)(t3+ta—te) ' (t1+ta—tg)(ta+tz—t5)(ta—tga—ts5+tg)
_ etattstte + et1ttattzttgtts
(t1+to—tg)(tat+tz—ts5)(t1+tattzg—tg) ' (t1+tat+tz—tg)(tz+tga—te)(t1+ts—tg)
4 ctottgttgttg _ et1ttatts+te
(to+tz—t5)(t1—tz3—ta+t5)(t1+t5—tg) (t1+ta—tg)(t;—tz—tg+ts)(tg+ta—te) "
Therefore we obtain
(3(2,2,2,2,2,2: Ag) = (—1)6 2TV —D" 23 - B
e 4! 435891456000 2554051500 ’
(269)
which implies a formula of Gunnells-Sczech [6]:
23 92
2 12 12
Cw(2 A3) =12 ™ = ™ (270)
’ 2554051500 70945875

In higher rank root systems, generating functions are more involved, since
the polytopes are not simplicial any longer. For instance, we have the gen-
erating function of type G, Ay, B3z and C3 with 1010 terms, 5040 terms,
19908 terms and 20916 terms respectively by use of triangulation. In [17], we
will improve Theorem 7 and will give more compact forms of the generating
functions F(t,y;A), which do not depend on simplicial decompositions. As
a result, the numbers of terms in the above generating functions reduce to
15, 125, 68 and 68 respectively (as for the G case, see [18]). In fact, the
number for A,, is (n +1)"~!, which coincides with the number of all trees on
{1,...,n+ 1}. See [17] for the details.
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Ezxample 5. In Theorem 5, we have already given general forms of functional
relations among zeta-functions of root systems. In previous examples we ob-
served generating functions and special values in several cases, but here, we
treat examples of explicit functional relations which can be deduced from the
general forms. First consider the A, case (see Example 2). Set

A+ = A+(A2) = {04170427OZ1 + O[Q},

andy =0, s=(2,5,2) for s € C with ®s > 1, I = {2}, that is, Ary = {aa}.
Then, from (110), we can write the left-hand side of (115) as

> 1 > 1
S(s,y; 1;4) = — i 3
(s Y ) mg—l m2ns(m + n)2 " m;l m2ns(_m + n)2
L 'n,z#;

= 2<2<2a S, 27 AQ) + C2(27 25 S5 AQ)
On the other hand, the right-hand side of (115) is

((%\ﬁ ) Z mé/ —ma)Ly(z,0) La(—x, 0)da

( 27r\/7 ) Z: ms/ —ma)Ba(2)Bs(1 — z)da,

by using (121). From well-known properties of Bernoulli polynomials, we can
calculate the above integral (for details, see Nakamura [28]) and can recover
from (115) the formula

202(2,5,2; A2) + (2(2,2, 53 Az) = 4¢(2)((s +2) — 6¢(s +4), (271)

proved in [36] (see also [28]). The function (a(s; A2) can be continued mero-
morphically to the whole space C* ([20]), so (271) holds for any s € C except
for singularities on the both sides. In particular when s = 2, we obtain (252).
Similarly we can treat the Co(~ Bs) case and give some functional relations
from (115) by combining the meromorphic continuation of (s (s; Cs) which has
been shown in [21].
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(K1, ko, k3) | Bk by ks) (A2) || (K1, k2, k3) | By s ks (A2)
(0,0,0) 1 0,1,1) ~1/12
(0,1,3) 1/120 (0,2,2) 1/180
(0,2,4) | —1/630 (0,3,1) 1/120
(0,3,3) ~1/840 (0, 4,2) ~1/630
(0,4, 4) 1/2100 (1,0,1) ~1/12
(1,0,3) 1/120 (1,1,0) 1/12
(1,1,2) 1/180 (1,1,4) ~1/630
(1,2,1) ~1/180 (1,2,3) 1/5040
(1,3,0) | —1/120 (1,3,2) | —1/5040
(1,3,4) | 1/12600 (1,4,1) 1/630
(1,4,3) | —1/12600 | (2,0,2) 1/180
(2,0,4) | —1/630 (2,1,1) | —1/180
(2,1,3) 1/5040 (2,2,0) 1/180
(2,2,2) 1/3780 (2,2,4) | —1/18900
(2,3,1) 1/5040 (2, 4,0) ~1/630
(2,4,2) | —1/18000 || (2,4,4) | 1/103950
(3,0,1) 1/120 (3,0,3) | —1/840
(3,1,0) | —1/120 (3,1,2) | —1/5040
(3,1,4) | 1/12600 (3,2,1) 1/5040
(3,3,0) 1/840 (3,3,4) | —1/277200
(3,4,1) | —1/12600 | (3,4,3) | 1/277200
(4,0,2) ~1/630 (4,0,4) 1/2100
(4,1,1) 1/630 (4,1,3) | —1/12600
(4,2,0) | —1/630 (4,2,2) | —1/18900
(4,2,4) | 1/103950 || (4,3,1) | —1/12600
(4,3,3) | 1/277200 | (4,4,0) 1/2100
(4,4,2) | 1/103950 | (4,4,4) |—19/13513500

Table 1. Bernoulli numbers for A»
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1/5040
—1/50400
1/10080
1/5040
—1/67200
—1/16800
1/2520
—1/50400
—1/16800
1/166320
—1/360
~1/360
1/2520
1/1260
1/360
1/720
—29/2419200
—1/2520
1/403200
—1/2520
—1/20160
1/5040
—1/1267200
1/2217600
1/8400
—1/5040
1/1267200
1/2217600
—1/1260
1/2520
—1/403200
—1/2217600
—1/2217600
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0
4
3
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1
2
3
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Table 2. Bernoulli numbers for Cs
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(kl,k27k37 k:4)

B(k1,k2,k3,k4)(02)

(k17k27 k"37k4)

Blky kea kg, k) (C2)

(27 07 17 1)
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—1/360
1/3780
1/2520
—1/12600
—1/360
1/1440
—1/20160
—1/10080
1/86400
1/3780
—1/20160
1/15120
—1/3801600
—1/50400
1/20697600
—1/16800
1/2534400
1/67200
—1/2217600
—1/12600
1/86400
—1/50400
1/20697600
53,/4036032000
53/1513512000
1/2520
1/2520
—1/16800
—1/8400
—1/2520
—1/20160
1/5068800
1/67200
—797/16144128000
1/16800
1/806400
—1/134400
1/2217600
1/16800
1/268800
—373/32288256000
—53/4036032000
1/8400
—1/67200
797/16144128000
53,/4036032000
53,/4036032000

(2,0,1,3)
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1/2520
—1/12600
—1/16800

1/41580

1/2520

—23/4838400
1/806400
1/2534400

—1/2217600
—1/12600
1/806400
1/604800
1/403200

—1/3326400

1/2520
—1,/10080
1/403200

—373/16144128000
53,/4036032000
1/41580
—1/2217600
—1/3326400
—1/2217600
1/166320
—1/172972800
—1/8400
—1/16800

1/55440

1/55440

1/8400

—1/806400
—1/268800
1/2217600
—1/2520
1/20160
—1/5068800
373,/32288256000
—53,/4036032000
—1/55440
1/134400
—1/443520
1/461260800
—1/55440
—1/2217600
—1/2217600
1/443520
—1/461260800

Table 3. Bernoulli numbers for Cs
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(k17k27 k:S,k4)

Blky ka kg k) (C2)

(k17k27 k37k4)

Blky ks kg k) (C2)

(47 07 17 1)
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1/1260
—1/12600
—1/8400
1/41580
1/1260
—1/20160
29/2419200
1/134400
—1/403200
—1/12600
29/2419200
—1/201600
373/24216192000
373,/32288256000
1/20697600
—1/8400
1/134400
—1/1267200
—1/887040
479/4036032000
1/41580
—1/403200
1/665280
—1/345945600
—1/461260800
—1/172972800

(4,0,1,3)
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—1/8400
1/41580
1/55440
—691,/94594500
—1/8400
23/4838400
—1/5068800
—1/2534400
797/16144128000
1/41580
—1/5068800
—1/3801600
—1/1267200
1/665280
—1/345945600
1/55440
—1/2534400
373,/32288256000
373/16144128000
—1/461260800
—691,/94594500
797/16144128000
1/20697600
479/4036032000
—691,/1513512000
479/1372250880000

Table 4. Bernoulli numbers for Co
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