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The thermodynamics of the one-dimensional Heisenberg-Ising model for |4|<1 as well as
of the X-Y-Z model is reduced to a set of non-linear integral equations under some plausible
assumptions. It is remarkable that the number of unknown functions involved in them
becomes finite when 7/cos-14 is a rational number for the Heisenberg-Ising model and when
K;/¢ is a rational number for the X-Y-Z model (where coupling constants J,, J, and J, are
parametrized by ¢, /, and J, as J,=J,cn(2¢, 1) and J,=J, dn (2¢, D); 1=[=0, K;=>2¢=0, and
K, is the complete elliptic integral of the first kind of modulus 7). The validity of our theory
has been confirmed by the high-temperature expansion of the free energy through the second
term for a general value of 4 and through the fourth term for 4=4%.

§1. Introduction

One of the authors® and Gaudin® have discussed the thermodynanﬁcs of the
Heisenberg-Ising ring of spin } with the anisotropy parameter 4 in the range
|d|=1 and |4|>1, respectively. These arguments have also been extended to
the region |4|<(1 by one of the authors.» However, this extension has been
criticized by Johmnson, McCoy and Lai® with the use of the high-temperautre
expansion.

In this paper, we make new propositions on the energy spectrum of the
excited states for a large chain and derive non-linear integral equations for the
thermodynamics of the anisotropic Heisenberg model (X.Y-Z model) as well as
of the Heisenberg-Ising model for |4[<(1 in one dimension. The ground state of
the Hamiltonian'

g _ v
j[:Ji; {8:"STa+ S¥SY i+ 4085 St . — DY —2uH ¢Z—1 S5 Sy=8:, (A-1)

has been discussed by many authors.””” In §2, two assumptions on the distribu-
tion of parameters which determine the eigenvalues of (1-1) for |4|<C1 are proposed
and consequently eigenvalue equations are reduced to more convenient ones for the
real parts of these parameters. As the energy spectrum of this Hamiltonian is
invariant under the transformation (J, 4) —> (—J, —4), we confine ourselves to the
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2188 M. Takahashi and M. Suzuki

region 1>>42>0. In § 3, non-linear integral equations are derived for the free energy
of the Heisenberg-Ising model (1-1) in the thermodynamic limit. In contrast
to the case |4|=1, it is quite remarkable that the number of unknown functions
involved in these non-linear equations becomes finite when 7/cos™'4 is a rational
number for [4]<(1. In particular, the free energy calculated from the non-linear
integral equations has been checked to agree with the wellknown exact results
obtained by the usual high-temperature expansion method, at least, through the
second term in a power series of J/T for the general value of 4 in the range
[4]<1, and through the fourth term for 4=%. In §4 we start with Baxter’s
equations® for eigenvalues of the X.Y-Z model and obtain non-linear integral equa-
tions for the free energy with the use of assumptions similar to those for the
Heisenberg-Ising model. Summary and discussion will be given in the last section.

§2. Eigenstates and eigenvalues of a large
Heisenberg-Ising system

In this section we discuss the eigenvalues of the Hamiltonian (1-1) for
1>4>0. Now suppose that there are M down-spins and N.M up-spins. Fol-
lowing Bethe™" we write

?p.= Z 0(21, Zgy vy, zM)S,—‘S;’S:M]O> (2'13.)
2y L2g B
and
X
m(zly g ZM) = ; exp {l( E kszj+ % ;z ¢Pj,Pl)} . (2 : 1b)

Here k;, &, ---, ky are quasi-momenta, P denotes permutations of the integers
1,2,---,m, and the phases ¢,, are defined by

cot (3¢ag) =cot 0 th{36 (xa —xp)}, (2-2)
where z, are introduced to parametrize the quasi-momenta %k, as follows:

cot(%k,) =cot(36)th(10zx.), (2-3)

d=cos 0 and n/220>0. 2-4)

In the case S*=(N—2M)/2>>0, the energy eigenvalue E and the momentum
eigenvalue K are given by

o
E=J3% (cosk,—4) — (N—2M) p.H
a=1

M
= > {—2rJ07" sin Oa, (x,)+ 24, H} — Ny,H, (2-5a)
a=1
M ¥ 1 shif(x,+17)
K= ka = — 1 2 £ 5 2 ) 5b
§1 aZ=:1 i " shif(x,—1) ( )

where
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One-Dimensional Anisotropic Heisenberg Model 2189

1 sin{(z/po) _T
) =— ; = 2-6
a(@) = hwa/p) —cos/py’ D6 (2-6)
The periodic boundary condition
m(zh Zay 0y Za—1, N+ 1) =@(1, 1y X3 **°y zM—l) (2'7)

is expressed by the relation

{.S.}M}M:— X {sh%@(xa—x,e'l“Zi)}. a=1.2 M (2:8)
sh 46 (zo—17) 71 {sh 30 (xg— x5 —24)) o .

Here, it should be remarked that the coupled equations (2-2), (2-3) and (2-8)
have a periodic property with respect to the M parameters z,. Thus, at first
sight it seems convenient to confine the region for x, in the first zone —mf™*
<Im z,<70*. However, it will be found to be more convenient to make use of
an “extended zone” in our problem- and to identify such parameters x, as coincide
with one another if any of them is repeatedly shifted by the period 2mif~'.
Hereafter the symbol (mod 2ps) implies the above feature of the periodicity,
where po=r/0. First, we discuss the case in which p, is an irrational number,
and later we take a limiting process for the case in which p, is a rational
number. In the limit of large N, the roots of (2-8) are grouped in a various
strings characterized by a common real abscissa and an order n. The follow-
ing two propositions play a main role in our theory. A reasoning for them will
be discussed in § 5.

Assumption 1. A string of order n consists of the sets

ot =zx,"+ (n+1-2k)i+ O(exp—0N) (mod 2py)

and
apt=x,"+ (n+1—2k)i+pi+O(exp—0N), (mod 2py) 2-9)

where 0>0,%k=1,2,---,n, and z,"* is real. We call these states the zn-th-order
bound states with + and — parities, respectively.

Assumption 2: The parity v and order » of a bound state should satisfy the
following conditions:

sin{z (n—1) /p} =0 for v=+1, (2-10a)

sin{w(n—1)/po} <0 for v=-—1 (2-10b)
and

23 [i/p)= (1= D= 1)/p4], (2-11)

where [z] denotes the maximum integer less than or equal to z (Gauss’ symbol).
The requirement (2.-11) comes from a plausible condition for the number
of magnons in some special limit. (For details, see the discussion in §5.)
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2190 M. Takahashi and M. Suzuki

Here we define series of real numbers P« and series of integers y,, m;, and 1y,
as follows:

p=r/b, p=1, y;= [pe-1/pi], D4 =pi-2—Pi-1Vi-1,

i
my=0, m;= I‘Z‘.lvk s

¥-1=0, yo=1, 1=y, 2=y, +1 and y;=v; 3+ viy; .. (2-12)
It is clear that p, is given by the continued fraction
-1 11 2-13)

Do Vit Vi et

The order and parity of all bound states which satisfy assumption 2 -are
expressed by

ny=yia+ (J—m)y; for mi<j<my, j=1,2, -,

=+1, vp,=~1 and v,=exp(@i[(n;—1)/p]) for j#1, m,. 2-14)

This will be proved in Appendix A. Now suppose that there are M, bound
states of parity v, and order 7, Taking the product of Egs. (2-8) for n; com-
ponents of a string, we have the following equations for the real part xj/ of
(2-9) (hereafter we write z%/ as z,%):

w Mg .
(@ == T 1 Entad—24, (2-150)
where : -
e;(x) =9(x; nyvy) ,
nj—1
g(x; 2ny, 'vfa,,)‘l_[1 9 (z; 2L, vp0,) for ny=n,,
Epn(x)=q 9(z; (my+m), vo) 9 (x; |5~ 1), vyo8)
Min (24, ng)—1
X Il ¢ (x; |ny—m| +2L, vpv)  for nyn,,
=1
sh 16 (x + 7i) N ch10(z+n)
H 5 -+ =2 > | ~y 5 s — J— — ~ " 2-15b
AR vy S A T N ¥ [ (2-15b)
The logarithm of Eqgs. (2-15a) yields
w Mg
Ntl(xaj) =27rIaj+ Z BZ].@]k(xaj_xﬁk), a=1’ 29 Y Mf > (2163)
k=1 R=

where

ti(x)=f(z; n4,v9), Op(x) =Ff(x; |n;—ml, vyo) +F(x; ny+m, V40s)
Min (n4, ng)-1

+2 ‘Z f(x; |nyg—ne + 24, VsV, (2-16b)
=1
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One-Dimensional Anisotropic Heisenberg Model 2191

and
0 for n/p,=integer,
f(x; n,v)= l In{—g(z; 7z, v)} =2v tan="{(cot (nr/2p,))" th(mx/2p,)}
i
otherwise . (2-17)

The property that f(x; »n,v) =0 for n/p,=integer in (2-17), comes from the
requirement that @,(z) do not contain any kind of step function. The quantity
I/ is an integer (or half-odd integer) for M; odd (or even), which is located
in the region

L <5HINF (005 15, 0) = 35 MiBiu(o0)l. (2-18)

Note that f(x; 7 vs) is a monotonously increasing function for r(7) odd, and
a monotonously decreasing function for () even, when r(j) is defined by

Moy =J < Mrj 1. (2-19)

§3. Non-linear integral equations for the free energy of the
Heisenberg-Ising model in the thermodynamic limit

Following Yang and Yang,”® we define particles and holes of bound states.
From (2-15), we obtain integral equations for distribution functions p; and p,;* of
particles and holes of bound states for the thermodynamic limit as follows:

ay(x) = (—1)"P(o;+ 0/ + 2 Txou(2), 3-1)
where () is defined in (2-19), and
T(@) =)L 0,(z) and a,(@) =@ "Le(z). (3-2)
dzx dz
The symbol a*b denotes the convolution of a(x) and b(x) as follows:
(@) = [ az—)b()dy. (3-3)
The energy and entropy are given by

E/N= ;il f_m (—Aas(z) +2n.H) 0;(x) dx ~ tH (3-9
and
S/N=%, Lﬂ {(0s+0/)Inlos+0/) —0sIn p;—ps* In o/ dz,  (3-5)

respectively, where A=2zJf'sinf. Minimizing the free energy F=E—-TS
with respect to p; we obtain the following non-linear equations for y,=p,*/0;:

220z 1snbny 9| uo1senb Aq 901268 1/.812/9/81/e1o1nue/did/woo dnoolwepese)/:sdyy wol pspeojumoq



2192 M. Takahashi and M. Suzuki

Inny= (—Aas+ 2nymH) /T+ 33 (-1 Tysln(l+759,  (3-6)

where 7(k) is defined in (2-19). In Appendix B, we prove the following relations:

Tyo—5% (1 =20m; 0 DT j-r,6+ Tyar,0) = (—1) 1 0-1,56+0s41,) 5¢
a;~sx((1=20m; ) aj1+az) =0 for M =j<m;—2,
Ty~ (1 —20m;, ) s¥T sy, — dxT 5, — Ser¥ g1z

= (=) Os-s,15e+ 01,5ds — 0 111,45041) »

ay— (1 —20n,., 1) sixas ;s — dika;—si¥az =0 for j= my—~1, 37
where
© ikr
s;(x)Ei Sechn_x, dg(x)E ‘..Z_k.ek Ch((Pi_Pi+1)k) . (3_8)
4p; 2p; —=2x 2 ch (p.k) ch(pssik)

Using these relations we can rewrite (3-1) as follows:
05+ 0, =sx (051 +051)  for my <j<m,—2,
057+ 05" =six0% 1+ dixp," — sirk0fer for j=m,—1 3-9
with p"=0(z). Equations (3:6) are rewritten as
In(1+ %) = —2zJ sin 65 (z) /(6T"),
Iny;=1—-20p,,,) s In(1+ Pi-1) sk In(A495,)  for my <j<m;—2,
Inyy=1~20m,,5) s In(1+7,-1) +dix In(L+7,) +5,00% In (1 + Ny+1)
for j=m;—1 (3-10)

and

3-11
Jmo 1y T ( )

The free energy of this system F=E—TS is given by

Ji\’; = — 2776 sin 0 f;al (@) si(2)dz—T I_Zln A+ @) s(@dz. (3-12)

If pe=n/6 is a rational number given by the continued fraction

_1_=i i l; yl’yaZZ’ (3'13)
Do Vit Yeteey,
we take the limit y,,;—co in Egs. (8-10). Then in this limit we have that
pa=0+and s,y1=d,=%0(x). Therefore, a partial set of the integral equations
(3-10) (namely for j=>m,—1) can be reduced to the following simple difference
equations:
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One-Dimensional Anisotropic Heisenberg Model 2193

In mg-1=%10{(A+mg) / (1 + Yme2)}
and
Ing;=%In{1+7;-)A+950b  for j=m,. (3-14)
The general solution of these difference equations is given by
Tme-1 =K'+ (a+ a K

and

41 __ ,—n—1 n+2 o —0—-2)\ 2
77,,,,z+,.+1=<(“+ a" )kt (@ —a )> /(+ @+aE+r), 70,

a—a™!
(3-15)
Substituting (3:15) into (3-10) we can determine the parameters a and g as
a=exp(—yo it H/T) and lnkg(x)=s%In(1+9ny-2)- (3-16)
Thus, the set of Egs. (3-10) has been reduced to that with a finite number of
unknown functions 7, 7s, ***» Yme—2 and £; ie,

In(A+75) = —2rJ sin 00 (x) /(6T) ,
Iny;= A ~20m;, 1) sox In(L+795-0) + s In(X + 79540
for mi, <j<m;—2, 1<i<a,
Ing;=(1—20m,;, )sex In(A+7;-0) +dik In(L+7,) + 0% In (L + 9540)
for j=m;—1, 1<i<a
and
Tmg1=K+ (@+a Dk and In g=s.% In(L+ Ymy_2)- (3:17)
Especially when p, is an integer y;, the above equations (3:17) are reduced
again to the following very simple ones:
In(Q+9) =—2rJO0 'sin 00 (x) /T,
Inyy=spk In {1+ 7,0 QA+t for j=1,2,3, -, »—3,

In 7,_a =53 1n{(1 +0,-0) (1425 ch &A;g_H + m’)}

and
Ing=sek1ln@Q+7,2). (3-18)

The high-temperature expansion of the free energy based on these equations
is given in Appendix C. The results thus obtained agree with the well-known
exact one at least up to the second term for a general value of 4. In particular,
it is easy to obtain more terms of the high-temperature expansion for 4=3%.
The free energy for this case is given by

220z 1snbny 9| uo1senb Aq 901268 1/.812/9/81/e1o1nue/did/woo dnoolwepeoe)/:sdyy woly pspeojumoq



2194 M. Takahashi and M. Suzuki

F/N=—3%J—T In £(0), (3:19)
where £(x) is the solution of the following coupled non-linear integral equations
Iny (x) = —3v3(J/T)s1(x) +spx In(A+7,),

7 (x) =k (x) + 26 (x) ch BuH/T)

and

Ing(z) =s% In(1+7,). (3-20)

The case H=0 is investigated in Appendix D. The free energy calculated
from (3-20) agrees with that obtained by Katsura and Inawashiro'® through the
fourth term in the high-temperature expansion method.

In Appendix E it will’ be shown that for the limit p—2, Egs. (3-10) are
solved analytically and one obtail}s the exact free energy of the isotropic X.Y
model.'™ In the limit p,—>o0, Eqs. (3:10) become equivalents to those for the
isotropic Heisenberg model® as it should be.

§4. The one-dimensional X-Y-Z model

In recent papers,® Baxter obtained a set of transcendental equations to deter-

mine the energy spectrum of the one-dimensional X.Y-Z model, the Hamiltonian
of which is given by

N
H= 3 (eSES T+ JySISta+ 1SSk, (4-1)

where Sy,,=8,, N=even and 1>J,/J,2J,/J,=0 (this restriction goes without
loss of generality, since the eigenvalues are unaltered by changing the signs of

any two of J,, J, and J,). The coupling constants J, and J, are parametrized
by £ and [ as

Jo=Jyen(20, 1), J,=J,dn(2¢,1); 1>1>0, K,>2£>>0. 4-2)

Here K, denotes the complete elliptic integral of -the first kind of modulus I
There appear N/2 parameters z,, z, ---, and Zyp which satisfy

HEC(za A" _ Y2 {H(C (0 — x5+ 20)) _
{H(C(xa-i))} = —exp(2m/Q) g1{H(C(xa——xZ—2i))} » (432)
NZZlea =K,y +iKy (4-3b)

for ¢=1,2, -, N/2, where Q=K,,/¢; v and v/ are certain integers and H(z)
is Jacobi’s elliptic theta function of modulus I’=+1—7°.. The function H(2) is
also related to the usual elliptic theta function as

H(2)=%,(3/2K;; iK,/K}). 4-4)

The energy eigenvalue E and momentum eigenvalue K are given by
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One-Dimensional Anisotropic Heisenberg Model 2195

E=—J,z¢"sn(20) i/}:al(xa) —NJ,R (4-5a)

and
te_ oo [ _TNTT H(C(2o+1)) )

= (O ey -5
respectively, where

a(@)= 3 a(z—20), (4-62)

R=1—n(40)"' sn(20){a.(0) +a,(Q)}, (4-6b)
and the parameter p, of a,(x) in (2-6) is now replaced by

2=K,/C. 4-7)

It should be noted that a.(x) is expressed in terms of Jacobi’s zeta function
Z(&) with modulus 7 as follows:

a,(z) =% {Z(C) + M} (4-8)

sn®{ —sn* (i x)

and Z() denotes Jacobi’s zeta function with modulus /. Now we assume that
assumptions 1 and 2 are valid for the new parameters x;, 2, ---, and zys in
(4-3). In the same way as in §§2 and 3, we obtain integral equations for the
thermodynamics of the X.Y-Z model. The differences are that the real parts
of the new parameters shrink to the region [—Q, Q] and that the number of
parameters x is always N/2. We introduce new functions defined by

(@)= 3] sz +2i0)
and
di(z) =j=i;md,(x+2jQ), (4-9)
where the functions s;(x) and d;(x) are defined in (3-8). Then our non-
linear integral equations for the X-Y-Z model are given by
In(1+p) =—Jml sn(20)d(2) /T,
Ing;=1—20m,, ;) sex In(Q+95-0) + 8k In (1 +7540)
- for my , <j<m;—2,
Ing;=1—20m;, ) sex In(T 47,20 +dex In(Q+9) + sk In (A + 9540
for j=m;—1, (4-10)

lim 275 2% (4-11)
joe 7y T

The convolution used here is defined in the range [—Q, Q] as
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2196 M. Takahashi and M. Suzuki

frg(z)= f@ fle—2)9(zx")dx' . (4-12)

When p, is a rational number (or integer), the integral equations (4:10) and
(4-11) are reduced to those corresponding to (3-17) (or (3-18)), where uH
is replaced by A. It is clear that the solutions 7; of these equations are even
functions of 4. The quantity 1 is the Lagrange multiplier associated with the
condition that M(=the number of the parameters x) is N/2. To determine the
value of 1, we start with the expression

F/N= 1%7 (E —~TS—A(N— 2M)> = —J,R—J.t- sn(20)

Q Q
x I al(x)sl(x)dx—Tf In(l+p(e)s(@)dz.  (4-13)
Q -Q

Differentiating this equation with respect to A, and using the relation
0(E-TS)/oM=—-22, (4-14)

we obtain
Q
1—%4 =T L A+ (x))-@’h;Tx)sl(x) dz . (4-15)

The parameter 1 should be chosen so that the right-hand side may vanish. In
Appendix F we prove that this holds at 1=0. Thus, Eq. (4-11) is rewritten as

lim(In 7,) /2;=0. (4-16)
Y-

In Appendix G we solve Eqgs. (4-10) and (4-16) for the limit pp—2. The
results thus obtained gives the exact free energy of the anisotropic X.Y model
in zero magnetic field. In the limit p,—oco, we obtain the nonlinear integral
equations of the Heisenberg-Ising model for |[4|>1 in the zero field® 1In the
limit [—0, we obtain non-linear equations of the HeisenbergIsing model for
|4|<<1 in the zero field. These are equivalent to the equations in § 3, if we put
H=0 and §=2¢.

§5. Summary and discussion

Coupled non-linear integral equations for the free energy of the Heisenberg-
Ising model with [4|<{1 and in more general for the X.Y-Z model have been
derived with the use of two plausible assumptions on the distribution of z,’s. The
number of our coupled equations becomes finite, when /0 is a rational number.
The high-temperature expansion series has been checked to agree with the rigorous
one, at least, through the second term for a general value of 4(=cos@) and
through the fourth term for 4=1.

The plausibility of our assumptions 1 and 2 may be realized in the following
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One-Dimensional Anisotropic Heisenberg Model 2197

discussion. In the limit of large N, we assume that the parameters z, to satisfy
(2-8) are grouped in various strings in the complex plane of these variables. To
realize what character these strings have, let Im x,5#7p,. Then the absolute value
of the parenthesis on the left-hand side in Eq. (2-8) is less or larger than unity.
Consequently the absolute value of the whole left-hand side in Eq. (2-8) goes to
zero or infinity as N becomes infinite. So is the right-hand side in Eq. (2-8).
Therefore we may expect that in a string there always exists, at least, one
parameter xz, which satisfies one of the relations

Zy—Zg= x2i+2pim; m=integer, (56-1)
ie.,
Zg—Xpg=x2i (mod 2py) (5-2)

for any o. For more detail, we have+ (or—) sign in (5-2), if the imaginary
part of z, is located in the region 2mp,<Im z,<(2m+1)p,(or(Zm —1) py<Im
2o<2mp). Furthermore, if {z,} are solutions of (2-8), then the complex con-
jugates {z,} are also its solutions. This may yield symmetric distributions of
the solutions {z,} about the real axis in the cofnplex plane. This symmetric
situation is also valid with respect to the pg-axis (mod 2p;). From these guid-
ing principles, we have proposed the two assumptions.

In particular, it may be instructive to mention here why we propose Eq.
(2-11) in assumption 2. Let us consider a special situation that all bound states
have the same order » and parity v. Assume that the relation

J\w pn,vdk=é]; (53)

n

holds when g}, is zero. For this case, the integral equation corresponding to
(3-1) becomes of the form

o Lies moy=signartonu@ + o= L (" (flamars 2m, +)
#2353 fa=a's 25, +}oun(@)dz’ (5+4)
where
a,,+=1—£+2[l£] and a,,—=—ﬁ+2[i+~1-]. (5-5)
Do 2p, Do 2p, 2

Equation (5-3) is rewritten as
n—-1
2na,”=sign a,"+ai+23 af;. (5-6)
J=1
Combining the above equation (5-6) with (2-10), we have

25 [/ = (r=Dn=1/]. 5-7)
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2198 M. Takahashi and M. Suzuki

When p, is a rational number (of the form :)1+i 1 —1—), there
Vat vs+ -4y,

is an alternative method to derive integral equations by assuming from the begin-
ning that the order » of bound states is restricted to integers smaller than v,
for this case. The equations thus derived are equivalent to those obtained by
taking the limit y,.;—oc0 in § 3, as shown in Appendix H. In both derivations,
the densities p; and p," at least, obey identical equations, and consequently we
arrive at the identical expression of the free energy in the two methods. In
particular when p, is an integer, the coupled integral equations proposed in a
previous paper” are equivalent to Egs. (3-18). Thus, the previous theory in
Ref. 3) can be regarded as still valid at 7/6= po=integer. A failure in that paper
is to have applied illegally those assumptions which hold only for p,=integer to
the other general case p,=non-integer.

In the limit T—0, Egs. (3:10) and (3-11) are reduced to the linear integral
equations obtained by Orbach,” and we have solved a'malytically Eqgs. (4-10) and
(4-11) to obtain the exact ground-state energy by Baxter.” (See Appendix I.)
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Appendix A
Proof of (2-14)——

We should always remember through this Appendix that po is assumed to be
an irrational number. Equation (2-11) is rewritten as

R ) e (250 @
;:1([?0 Do Do > ( Do Do >
It is clear that the right-hand side of (A-1) is zero or z—1. Using the simple
relation

[@+B] —[@] —[]1=0 or 1, (A-2)

we have

[—i:l-l-[zz;j]:[n*l] for j=1’2""’n—1‘ (A.3)
Do Do by

Since p, is not an integer, this condition (A-3) is satisfied, if n=1,2, .-, [20] +1.
When n>[p]+1, (A-3) is equivalent to the conditions

nl—i=[”“[ip°]]=[”“[if’°]‘1]+1 for i=1,2, ., m—1, (A-4)
2 Do
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where
m=[(n—1)/p] +1. (A-5)
After a simple manipulation, (A-4) are replaced by the equations
n=[ip] + [(m—i) po] + 1=nw1+ [ips] + [(m—D) pa] +1
for 7=1,2,.--, m,—1. (A-6)

Similarly, these conditions (A-6) are satisfied, if 7,=2,3, -, [1/ps] +1. If
n>[1/ps] +1, it is required again that

m=nva+ [ips/pa] + [(ma—9)py/pa] +1 for i=1,2, -, ns—1 (A7)
with 7,=[1/ps] +1. Repeating this process, we obtain all integers that satisfy
Eq. (2-11).

Appendix B

Derivation of (8:7)——
It is convenient to introduce functions A, defined by
Ap(2) = (1Y P00 () + T n(z). (B-1)

The Fourier transformations fiﬂ(k) of the functions A, (x) satisfy the symmetry
property

A (k) = Ay (k) (B-2)
and they are calculated as
sh(pok) Ap=sh{((—1)**'po—gs+ @) B} +sh{((—~ 1)’y + gy + i) &}

nj—1

+2'§Sh{(—41+m+an)k} for my<j<my, j<Ils=m,
and  j=my,, j<I

and

sh (pok) Asny = sh {(—1)'p0— g+ a0 & +5h{((— 1)'po+ gmy +2,) B}

+2 ,Z sh{(—gm;+qs+a)k} for m +1<;<m;—1, (B-3)
=1
where
ai=po—20+2p,[1/p0],
g;= (=1 (ps— (G—mpe+) for m;<j<mys,. (B-4)

Fourier transformations of a,(x) are given by

A _sh(q;k) .
a;(k) —m. (B-5)
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After a lengthy calculation, we have
A= {1 —205m, ) Aysit Apini} /2 ch(pik) = (—1)+10,,,
8;— {1 —20),m;.)8s-1+ 8411} /2 ch(pk) =0 for mi i <m;—2,
ch{(petpu) By Agi— (1—20,m.,) ch(pisak) Apysi—ch (pik) A,y
=2(—=1) "¢ ,ch(p:k)ch (pirik),
ch{(pitpir) Bt d5— (1 =204 m,.,) ch(pik) 851~ ch(prak) d701=0
for j=m;—1. (B-6)

These equations are equivalent to (3-7).

Appendix C

High-temperature expansion for a general value of 4——

At first we obtain the solution of the zeroth order, 7, by putting A/T'=0

in Eqs. (3-10). The integral equations (3-10) are reduced to the following
difference equations:

In(1+%9)=0,

In 7,9 =41~ 20, M0 (L4700 + A+ 900, M j<ma—2,
In ;@ =41 =20n, , NIn(1+952) + 3 In(1+7,) +$ In(1+90),
J=m;—1

and

[}
lim 77 _2pH (C-1)
J-—wo 714 T

The solution of the above difference equations (C-1) is given by

2 41 —n—1
1 oS (ny+y;—1) ’ _2"—z
i fiyi—1) 7 z—z !
and z=exp(—uH/T) . (C-2)

In order to apply an iterative method to Egs. (3-10), we expand In(1 +7;(x)) with
respect to the parameter A/T as

In(1+7,(@)=In(1+7,%) + 3(4) ¢ (),
L7,(2) = A+7,) exp(35(4) s ()

2 (1)\2
= (1+771(0)) {1+ %01(1) + (%) —(012 ) + Cj(z)} + e >
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(1)\2 2
ps(x) =7,94+ A+ 25 %c,“)—k A +7,9) {(C:'T)_I_ c,“’} (_:14:> oo,

L (147 (0>> . <A> <1+77 o) (c (1))2} A\?
— © J ( J @ 7 =
Ing;(x) =ln 7, + ln{l—l- <—%(o) c;® T + o > {c, + o <T> +

¢
=Ing®+ A+ @) e R+ A+ @) (o0 + G

_fa+ (ﬂf(;) DeY¥ } <%>2+ . (C-3)
The equations for ¢, are written as
S 0a(+ 0/ D) ~Dysle® = 85, (2), (%
where
A —=204,m; 0514151+ 04,018s  for m;  <j<m;—2,
”E{(1—2(»,,,”__1)5,,”13{+a,,,az,,+(sf,,_lsi+1 for j=m;—1. (€-5)
The solution of (C-4) is easily given by
e e 1>1f<m+yi D otz ?ﬁ-ﬁ‘;‘%
~f )@ ECEDTRIBL o oy <im,. (co6)
sh (pok)

Thus, the high-temperature expansion of the free energy is obtained as

F/NT=— % fw (%) 5,(z) dx — fwln (L +7(2) 51 (x) dx

=—-1n(z+z‘1)—é l 1 wSh{(?o_l)k}“'Sh{(Po“'g)k}_ dk +O<(A>2>

T 27 f°(1) J-o sh(pok) 2¢chk \T
- —In<2 chﬂ;{ﬂ —%@—tanhﬂﬁ%l) +0<(%>°> (€7

up to the first order of J/7T. This agrees with the well-known results obtained
by the ordinary high-temperature expansion method.

Appendix D

High-temperature expansion for d=3% through the fourth term

In order to confirm the validity of our treatment, we have performed the
high-temperature expansion of the free energy for /=% in a power series of J/7T
up to the fourth term. Now the free energy for 4=1% is expressed as
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r=—4[ a@s@dz—T [T+ n@s@dz

=—%J—T1n £(0). (D-1)

Here g(z) is the solution of the following non-linear integral equations:

Inp(x) = —c(J/T)s:(x) +25% In(A+ ), (D-2)

In g(x) =s;* In(A + ), (D-3)
where

c=34/3 and 51(x) =% sech(%). (D-4)

As the solution for J=0 is given by 7, (z) =3 and k(z) =2, we may find the
solution for the general value of J in a power series of J/7" as follows:

N(x) =3+ b:(2)(J/T) +b:(x)(J/T)* + by () (J/T)* + - -
and
£(x) =2+ci(2)(J/T) +es(2)(J/T) + cs(x)(J/TY +--- . (D-5)

Substituting (D-5) into (D:2) and (D-3), and expanding again the logarithmic
functions there, we obtain the following linear integral equations for b,(x) and
cn(2):

2¢, (x) ~S1*bn (-'17) = Bn (x) s
2s14¢, (x) —bp(x) =C, (), (D-6)
where B,(x) and C,(x) are expressed by simple polynomials of the functions

{b k=1, ---,n—1) and {c} k=1, -, n—1);

Bi(x) =0, Ci(x) =3c51(2), Ba(z) = 2cf —Lswbl, Co(z) = Lsprei— Lo,
) 3 6
Bg (x) =13 — %Cls _ %51* (blbg) + 4'—1851*513 N

Colz) = — %blb, + 2%53 + %sl* (cex) — 2—2;31%3, ete. (D-7)
Now the coupled integral equations (D-6) are solved by the Fourier transform
to give

ba () = {5:(B)} {4 (B) B (k) — 3 (&) C. (&)},
éa(®) = {25:(R)} " {B ()) B, (k) —g (&) C. (B}, (D-8)

where § (k) denotes a Fourier transform of 5,(z), and consequently it is given
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by 8,(k) =%4sechk The Fourier transforms 5(k) and (k) are defined by

-~ — $1 (k) — sh 2%
BB = R oh 3k

and

o {G(BY _sh % .
1= @r B3 (D-9)

respectively. In this way it is possible, in principle, to obtain the solution in a
power series of J/T up to an arbitrary order. In fact we have found the series
expansions through the fourth term (i.e., z=3). The results thus obtained are
summarized as

51(/3) = —3¢ph, él(k) =—-(3¢/2)q,

. 1 A PN A 1 ~ A~
by(k) = 24 4P (®) +45) +4(6,5}), ék) = ) {6 + 12(c®) +44(c)}
by(k) = {(123) 15 4 } ) { 7/(Fx £ x5,) — l} G + L5 G

1, 1 1 48 3

LA (D-10)
54" T

With use of the above results, the free energy is expressed by

F_ _Jd s 3 R 35J?
L —Tiz-2 {2 27J 4B d } j (°(2) + g (@)} dz
- L ey @G+ @ —eppPrdkt- (D)

J 9J* 1J° ,
=—T1n2—§-—§ —i_‘-“? Tz'l' . (D'l].)

Here, we have used the following formulae

S 1 (ke)ch(2k) + 7 sh(2k)

’ D-12
2rc sh(3k) ( )
%51 (ke)chk—mshk Crg
72 sh(3k) ’ ( )
L(a, b,c)= j » sh(az)sh(bz)sh(cz) 5

- sh’3x

=%{f(a+b—c) +f(@a—b+c)+f(—a+b+c) —fla+b+o);

f()( 1)tan%” (D-14)
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for |a|+|6|+|c|<9, and in particular
Li(a, 5)=I(a, b, 3) =%{(a — B)cot ”(LG‘Q— (a+5)cot E(i;_b)} (D-15)

together with formulae derived by differentiating (D-14) and (D-15) with respect
to a,b or c.

Appendix E

Isotropic X-Y limit

The isotropic X-Y Hamiltonian corresponds to the case y,=2 and y,—>oo
in (2-13). Consequently, the coupled nonlinear integral equations (3-10) for
this limit are reduced to the simple equations:

Ing= —%sl(x)—I——%—ln{(l—l—m)(l—l—m)}, (E-1)
lnﬂz=% In{(L+75) /(147 (E-2)
In 771=% {1+ 75m) Qg G=3,4, (E-3)
and
lim(In 7,) / (2i—3) =#I. (E-4)
oo
The general solution of the difference equation (E-3) is given by
1+77.7’=f2(]_1) fOI' j=2’3,"': (E'S)

where

W _ a2t —a gV < ,aoH>
=2 T = | z=exp|--£07T).
f() e R P\~

Substituting (E-5) into (E-1), (E-2) and (E-4) we have

 pa _ (2 +exp(—As(x)/T)\" .
147 =F20), a <z_2+exp(__ASI(x)/T)) : (E-6)

Using the formula (3-12), we arrive at the well-.known expression’® in the form

F

= —wH-T [ s(@)ln(l+2* exp (T As @)D +2* exp(~ T As, (@) de

= —pH-T f_ ‘;_’; In {1 + 2% exp (% cosk>} . (E-7)
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Appendix F

Proof of 1=0——

When p, is a rational number, it is clear that 07,/04 vanishes at 1=0,
because y; is a function of ch(y,A/T).
When p, is an irrational number, we introduce functions 7%(x) satisfying a
series of the following coupled integral equations:
In(1+7%) = —xJ.L ™ sn(20)0 (2) /T, !
In 7%= (1= 20me, ) se% In (L+75-0) + s In (L + 754
for m; <j<m;—2, i<a,
In %= (1 —20m,,,»)sex In(A+75.1) +dox In(A+7,%) + s In (1 +9%,1)
for j=m;—1, i<a,
Tma-1= {£* (D) + 2% (x) ch (vl / T),
In£%(x) = (1 —20mp-1,me.) s% In (X + 7% _5). (F-1)

The functions 7,=lim,., 7, satisfies Eqs. (4:10) and (4-11). Differentiating
(F-1) with respect to 2 we have lineat integral equations for 07,%/01. At 1=0
it is clear that no inhomogeneous term appears in these equations. Therefore
we have 07;%/04]|,-0=0 and 0%,/01]|._o=0. We arrive also at the same conclusion
by using the high-temperature expansion method, because each term in the series
is even with respect to 1 as shown in Appendix C.

Appendix G

Anisotropic X-Y limit

The anisotropic X-Y Hamiltonian corresponds to the case y,=2 and y,—>oo
in (4-10). The coupled equations (4-10) for this limit are reduced as
follows:

Inp=—JaT{"sn(20)su(x) + $ In {1 +7) A+ )}, (G-1

Inp=31n{d+7%)/Q+7)}, (G-2)
Iny;=%In{1+7-0)A+950}; 7=38,4, -, (G-3)
. In 9, - .

111_1)1010 ———(2]__3) 0. (G-4)

The solution of the above difference equations is given by
1+771=(a(x)+1)_2 and 1+771=(d(.l‘)+])2; j=293s"'9 (G'S)

where
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a(z) = —{1+exp(ds,(z)/TH; A=Jnl'sn(2) and (=Ky/2. (G-6)
Substituting this into (4-13) we have

§= —%(J,—J,,) -Tfqul(x)ln{l + exp <%sl(x)>} {1+ exp(—%sl (:c))}dx .

(G-

We transform the variable z as follows:

=sinton( 2 B), = (1-1)/(1+0), M=vITE r—vi=B
g=sin cn<1+k,, ) A=)/ A+, . U=vIZ]
and
_ P APD F NN Se— .
£(q) = As, () ,1+k,dn(_1+k,, ) VTR os'q. (G-8)

Finally we obtain

Fe o (eSO o D). o

Appendix H

Non-linear equations for a rational number Do
Let p, be a rational number given in the form

p=t=y+1 1 1>2; »>2, H-1)
v Vot Vot-ooF y,

where # and v are integer and prime to each other. In this case we add to
Assumption 2 another condition that #,< «#. Since # =y, in our previous notation,
we have only to consider bound states with parity v; and order n; for j=1,2
"'y Mq. (These notations are defined in (2-12) and (2:14).) It must be remarked
that at j=m and k=m,—1, the second term of r.h.s. of (2:16) for 0,(x) is
zero, because (u;+n;)/p,=v=integer. Thus, we obtain a set of integral equa-

tions slightly different from (3-10) as follows:
In(1+70) = —27J6~ sin 60 (x) /T,
In9y=(1—20m,,»)s0% In(L+75-1) + 50k In (L +7541)
for my <j<m;—-2, j<m,—2, i<a,
In9y=(1~20m,,,)sex InQ+9;_1) +dox In (X +95) + sp40% In(1+7;4,)

for j=m;—1, j<a,
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In 77m,1—2 = (1 - 26ma-1,ma—2) si* ln(l + ﬂmu—a) + Sgk lIl {(1 + ﬂma—l) (1 + 777;;)} ’

In 1= &‘;,LH.'F Se* In (14 Ymy—2)

and
10 7, =¥f£‘7g§ —sak In (L4 7myes)- (H-2)

It is clear that this set of equations is equivalent to (3-17). The above argu-
ments are applied also to the X-Y-Z model in a quite similar way.
Appendix I
——The limit T—0—-o

In this limit we put &;(x) =T Iny;(x). Equations (3-10) and (3-11) are
written as follows:

e(x) = (1 —=20m,_, 1) sexef_y+si¥efy for my, <j<m;—2,

g(x)=Q1~- 20my.,1) Se¥€5_1+ dixes* + sppaxef,  for j=m;—1,

gt =—Ad0(x), lim % =24H, A=27J0"sin0, a1
jow 714
where
g;(x) for ¢;(x)=0,
&t (@)= e =g;—¢;7.
0 for ¢,(z) <0,

For J>0 and H=0, ¢;(j=2) are always positive. From Eqs. (3:5), ¢ is
given as the solution of the integral equation

1= — Aay(z) + 2 H— r Tor(z— 26 (z') d.

The function g (x) is a monotonously increasing function of x* and is negative
in a certain region [—B, B]. Therefore y (x) is zero in this region and infinite
outside this region. Linear integral equations (3-1) are written as

4@ =0+ [ Tule-ao@)de for l2<B.  @-2)
For J<0 and H=>0, ¢;(jFy,) are always positive, and ¢, is given by
&,=—Aa, +2uH+ J:T,,l,,l(x—x’)e; (x)dzx' .
In the same way as in the above paragraph we obtain

@ == @+ [ Tnla—2)0,) . -3
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The integral equations (I-2) and (I-3) are equivalent to those obtained by
Orbach.”

Next we discuss the X.Y.Z model. In the limit T—0, Egs. (4-10) and
(4-16) are written as

€(x) = (1 —20m,_,, ) ss¥ei_1+ 8kef1  for mu 1 <j<m,—2,

() = (1 —20m;_,,1) si¥€}_s +dyxe,;* + Sipkefy for j=m;—1,

&t =—A0(z), lim¥ =0, A=gJz"sn(20). 1-4)

Fom nj

For J,>0, we have

a(x) =—A4s,(x) and ;=0 for j=>2. (I-5)
For J,<{0, we have ;=0 for >y, and
50=|A|6($),

sjzsl*(Sj—1+8j+1), ]=1, 2, te, V1“2 ’
-1 =81%6, s+ ke,
and
&), = —8%E,,_; . (I-6)

This set of equations is solved analytically by the Fourier transformation and
the result is given by

6, (x) =14l S exp<”ﬂix>ch((po+1~j)n7r/Q)

s j=1,2,""yl_'1,

20+ \ Q0 /) ch((pot D rmr/Q)
__l4 < nrix 1 .
oI exp< Q0 >2ch<<po—1>nn/Q>' D

Substituting (1-5) and (I-7) into (4-13), we obtain the exact ground-state energy
of the X.Y.Z model by Baxter.®
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