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T he th eory  o f  a  on e-dim en sional d is lo catio n  m odel is developed . B esid es actin g  as a 
p oin ter to  d evelop m en ts o f  general d is lo catio n  th eory , it  has a  v a r ie ty  o f  d irect p h ysica l 
ap plicatio ns, particu larly  to  m onolayers on  a  crysta llin e su bstrate and  to  con d itions in  th e  
ed ge row o f a  terrace o f  m olecules in  a grow ing crysta l. A llow ance is m ade in  th e  th eory  for 
a difference in  n atu ral la ttice-sp acin g  b etw een  th e  surface layer or row and th e su bstrate.

The form  and energy o f  single d is location s and o f  regular sequ en ces o f  d islocations are ca l

cu la ted . Critical con d itions for sp ontaneous generation  (or escape) o f  d islocations are d eter

m ined, and likew ise th e  a ctiv a tio n  energies for su ch  processes below  th e  critical lim its. 
Various p h ysica l ap plicatio ns o f  th e  m odel are d iscussed, and th e  p h ysica l param eters are 
eva lu ated  w ith  th e  aid  o f  th e  Lennard -Jones force law  for th e  ab ove-m entio n ed  principal 
ap plications.

1. I n t r o d u c t i o n

T he th eory  o f  d islocations is m oderately  com plex even  w ith  ex ten sive  approxim a

tion s and  unreal restrictions such  as th a t  to  a sim ple cubic la ttice , and there rem ain  

m an y problem s, e.g. o f  d islocation  dynam ics, w hich  have on ly  been treated  quali

ta tiv e ly  even  w ith  th ese  sim plifications. I t  has therefore seem ed w orth  w hile to  us 

to  m ake a m ore ex ten sive  survey o f  th e  properties o f  d islocations in  a still m ore 

drastically  sim plified m odel, th e  sim plest w hich  can d isp lay  d islocations a t all. There 

are several different m echanical system s, all leading to  th e  sam e equations. W e choose  

one o f  them  to  set up th e  fundam ental equation . I t  consists o f  a num ber o f  id entical 

balls connected  b y  id en tical springs and arranged in  a straight line to  w hich  their  

m otion  is constrained, th e  balls being a t th e  sam e tim e acted  on  b y  a force w hich  

varies periodica lly  along th e straigh t line. In  th e  first instance, w e take th e periodic 

field to  be sinusoidal. This is realized to  a close approxim ation  i f  th e  chain  o f  balls 

and springs rests in  a long horizontal frictionless trough w ith  vertical side w alls and  

a sinusoidal corrugation o f  low  am plitude on  th e  b ottom  o f  th e  trough, so th a t th e  

periodic field is provided  b y  grav ity . W e m ay hereafter refer indiscrim inately  to  th e  

balls as ‘ atom s ’ and to  th e  source o f  th e  periodic field as th e ‘ substrate ’, though  th is  

does not express th e on ly  application  o f  th e  equations to  th e  physics o f  solids. Cer

ta in  aspects o f th is or eq u iva len t system s have been treated  b y  D ehlinger (1939), 

Frenkel & K ontorow a (1938) and L ennard-Jones (1940), b u t for b rev ity  w e derive 

th e  resu lts ah in itio .

O n e -d im e n sio n a l d is lo ca tio n s .

2. T h e  d i f f e r e n c e  e q u a t i o n

I f  a  is th e  ‘ w ave-length  ’ o f  th e poten tia l due to  th e  substrate and £ W  its  am plitude, 

b is th e  spacing betw een  atom s o f  th e chain  w hen  their connecting springs are un 

strained, /i  is th e  force constant o f  these springs, and xn is the d isp lacem ent o f the
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wth a tom  from  the wth trough  o f  th e  su bstra te  p o ten tia l, each  num bered  in  sequence  

from  an  arbitrary com m encem ent, th en  th e  p o ten tia l energy  corresponding to  N  

atom s o f  th e  ch ain  is

VN =  i t ^ s V n + i  - x n + a - b f  +  \ W NyZ(1 — cos
n—0 n = 0

T his m ay  be w ritten

rN -  W + l v ^ s V - e o s a ^ ) ,  (1)
0 0

i f  w e in troduce th e  abbrev iations

Cn — xJ a> P 0 = a /(b -a ) ,  =  (/ta2/2TT

5
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£ is  here th e  d isp lacem ent m easured in  u n its  o f  th e  su b stra te  spacin g; P0 m a y  be  

called  th e  vern ier period  o f  m isfit; th e  sign ificance o f  lQ w ill becom e ev id e n t la ter . 

T he con d ition  for equilibrium  o f  th e  wth a tom  is 9F /9£n — 0, w hence b y  d ifferentia 

tio n  o f  (1)

A ££ =  (7r/2Z§)sin2w£n. (2)

H ere w e em p loy  central difference n o ta tio n

A ^  =  C » - i - 2 L  +  U i -

S o lu tion s o f  eq u ation  (2) can  be con stru cted  n u m erica lly  from  specified  d isp lace

m en ts o f  a n y  tw o  su ccessive  atom s. Som e sim ple sym m etrica l so lu tion s can  be fou n d  

b y  e lem en tary  algebra, e.g . th a t  o f  figure 1 corresponding to

l/Zg =  (1 -  4£1)/w sin  2w£x ( 0 < £ 1< J ) .

3. Th e  d i f f e r e n t i a l  e q u a t i o n  a n d  i t s  s o l u t i o n s  

W hen £n+1 and  £n-1 are exp an d ed  in  T aylor series a b o u t th e  p o in t w one ob ta in s  

a 2 f + f  2 d %
* n i - l n +l- 2 £ .  +  { * . 1 - S r i  +  j j S ?  +  5 j S r , +  . . . .
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One-d im en siona l d isloca tions . I 207

W hen l0 is large, i.e. th e  springs are rela tive ly  strong, A* £ =  (7t/2Z§) sin  2n£n w ill be 

sm all, and one is justified  to  a first approxim ation  in  neg lecting  differential coeffi

cien ts o f  higher orders. H ereafter w e shall use, for th e  cond ition  o f  equilibrium , th e  

differentia l equation

d2£/dn2 = (7t/2Z§) sin  27t£, (3)

and keep  in  m in d  th a t th e  greater l0 th e  better th e approxim ation . 

In tegration  o f  (3) g ives

(d£ /dn)2 =  e2 +  (1 — cos 27r£)/2Z§

_ 1 +  c o s277-£|

\ l+ e H 2] ’
(4)

e2 being an  in tegration  con stant. d£/dn  is th e  am ount b y  w hich  th e  d istance betw een  

successive atom s, m easured in  u n its o f  a, exceeds u n ity , e is ev id en tly  th e va lu e o f  

th is excess w here £ =  0, i.e . where successive atom s are in  or close to  troughs o f  th e  

substrate poten tia l.

L et us w rite

&2 = 1 / ( 1  + eH l)and 0  =  7r (£ - J ) ,

and choose th e  zero for n  where £ =  i.e. 0  =  0, th en  (4) becom es

df>fdn =  ± ( n

where th e  +  v e  sign  refers to  expansions o f  th e  chain  o f  atom s w ith  respect to  the  

substrate, producing w hat w e shall call n egative  d islocations. The n egative sign  

corresponds to  com pression rela tive to  th e  substrate, and p ositive  d islocations. I f  

w e in troduce th e  convention  th a t l0 >0 for n egative d islocation

tiv e  ones, we m ay  discard th e  ± sign in  (5) w ith ou t loss o f  generality. I t  is con ven ien t 

to  consider n egative  d islocations, w hich  w e shall do hereafter, and keep in  m ind th a t  

th e  resu lts obtain ed  are also valid  for positive d islocations.

I f  e =  0, th en  

w hence

(i) Dislocations fa r  apart 0; =

1. T hen  from  (4)

d£/dn  =  (1/Z0) sin  zr£,

nn jl0 =  nJ  (1 /sin  r£) <2£

=  In tan  (tt£/2).

This can be w ritten  

where n — 0 w hen £ =  £, and

£ =  (2/7r) arc tan  e™/*0, 

d^/dn  =  (!/£,) sin 7r£.

1)

( 6 )

(6 a )

Figure 2 gives a graphical illu stration  o f  (6). I t  represents a single d islocation  

in fin ite ly  far from  an y  other in  the chain. From  (6a) and figure 2 one sees th a t 

approxim ately  in a d istance corresponding to  l0 atom s th e disp lacem ent £ changes 

b y  1. In  a rela tively  sm all region l0, therefore, there ex ists  a  sta te  o f  m isfit betw een  

th e  atom s and th e  substrate, w hile everyw here else there is a  nearly perfect degree 

o f  fit. In  a positive d islocation  there is one m ore and in  a negative d islocation there

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

4
 A

u
g
u
st

 2
0

2
2
 



is one less a tom  th an  there are troughs o f  th e  su bstra te  p o ten tia l. l0, w hich  is a 

m easure o f  th e  m agn itude o f  th e  region  over w h ich  m isfit ex ten d s, m a y  be called  

th e  effective length  o f  a d islocation .
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F i g u r e  2

(ii) General solution: 1

From  (5) it  fo llow s th a t

7 rn jl0k =  J ^ ( l  -

=  F(k,<f>) =  F(k(7)

in th e  standard  n o ta tion  for e llip tic  in tegrals. T h is can  be w ritten

£ =  !  +  (l/7r)am (7

and dQ dn  =  ( 

=  (1/l0k) { 1 - k 2 cos(8)

em p loying  th e  n o ta tio n  o f  e llip tic  fu n ction s (Jahnke E m d e 1938).

F igure 3 illu strates a ty p ica l exam p le.
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One-d im en sional I 209

W e now  h ave a regular sequence o f  sim ilar d islocations.

From  (8) and figure 3 one sees th a t th e  effective length  o f  a d islocation  is now  

reduced to  kl0, and the num ber o f  a tom s per d islocation  is

P  =  2l0kK(Jc)ln, (9)

where K (k )is th e  com plete e llip tic  in tegra l F (k , bn).

R eferring back  to  figure 1, it  is to  be observed th a t even  for sm all valu es o f  l0, so 

long as l0 exceeds u n ity , there is good q u a lita tive  correspondence betw een  so lu tions 

o f  the difference equation  (2) and the d ifferentia l equation  (3).

4. Eq u i l i b r iu m  w i t h  f r e e  e n d s

On differentiating (1) th e  term  in  P0, and hence all reference to  th e natural spring- 

length  6, disappeared. This is on ly  significant in  connexion  w ith  the boundary  

conditions. W e consider th e case in  w hich  th e  chain  has a free end whereas the  

substrate continues.

F i g u r e  4

For simplicity we speak of tension, which is appropriate for negative dislocations 

(lQ >0). The results for positive dislocations are identical.

The tensions in the springs are given by

tn =  M xn+i +  a - x n - b )

=  M £ n + 1 -C n ~ l  I Po)

— fia{d^jdn + (lj'2\)d2̂ jdn2 + ... — 1/P0}.

Neglecting higher terms in the Taylor series, and substituting for d^jdn from (8), 

we find
tn = (2 Wllja){(1 — &2 cos2 7r£)*/K0 

and in the special case where e = 0, k = 1, oo,

tn — (214 III a)((l/^o) sin7r£— 1/P0}. (10a)

A graphical representation of (10) is shown in figure 4.

I f  the springs are cut a t the .points represented by A, B  and C in figures 3 and 4,

• then the separate parts of the chain will remain in equilibrium with their ends free
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210 F. C. F rank  and J . H . v a n  der M erwe

— cu ttin g  it  a t B , for in stan ce, w ill leave  th a t  part to  th e  r igh t to  B  in  stab le  and  th a t  

to  th e  le ft  in  u n stab le  equ ilibrium . T he d isp lacem ents £0 o f  th e  free ends (tn{£0) =  0) 

fo llow s from  (10), i.e .
COS Tt£0 =  ±  ( l / P - ^ / P g ) 1, ( 1 1 )

and  from  (10a), a t  a free end  far from  an y  d isloca tion ,

sin  7t£0 =  IJPQ.(11a)

5. En e r g i e s

5-1. Poten tia l energy p e r  d isloca tion  VD

F rom  (1) th e  p o ten tia l energy  per d islocation  is

F * =  Wll S  ( U  -£ n -V P o )2 + W2  ( l - c o s 2 ^ J
n=() n =  0

=  Wllf  {dQdn — 1/P0)2dn  +  W  f  s in 2 n^dn,
J o '  J o

w here £n+1 is exp an d ed  in  a T aylor series, term s o f  h igher order th a n  th e  first are 

n eg lected , and  th e  su m m ation  rep laced  b y  an  in tegral. H en ce , u sin g (7), (8) an d  (9), 

an d  carrying o u t th e  in tegration , th is  g ives

VD =  W ll{4E(k)l7rkl0 - 2 ( l - k * ) K ( k ) l n k l 0 - 2 I P 0 +  P IP*}, (12)

rin

w here E{k)  =  (1 — k2s in 2 dxjr is th e  com p lete  e llip tic  in tegra l 

k in d . 0

VD, th u s defined , includes strain  energy  w h ich  is p resen t in  th e  chain  (unless 1 /P0 

is  zero) in  th e  absence o f  d islocations. T his en ergy  is represented  b y  th e  final term  

in  (12). W e m ay  om it th is  term  if  w e prefer to  regard th e  u n d isloca ted  s ta te  as th e  

zero o f  p o ten tia l energy.

5*2. Generation o f a  d isloca tion  by  force on the free  end

A  d islocation  can  be generated  b y  pu lling  th e  end  a tom  reversib ly  from  its  eq u i

librium  d isp lacem ent £0 (A , figures 3 and 4) to  its  n e x t  stab le  equ ilibriu m  d isp lace

m en t 1 +  £0 {C ,figures 3 and  4). T he w ork done during th is  process is

=  a  \ t dll,as fo llow s from  figure 4
J o

= 2Wll{2E(k)/7rkl0-l/P 0}. (13)

T he corresponding va lu e  for sin gle  d islocations th en  becom es (lim it 1)

WD =  2Wll(2/nl0-/P0). 

I t  m a y  be n oted  th a t  i f  Q is th e  to ta l p o ten tia l en ergy  o f  a long chain  o f  a to m s  

con ta in in g  N  d islocations, VD is  th e  m ean  p o ten tia l en ergy  per d isloca tion , Q /N , 

w hile  WD is th e  d ifferentia l energy  per d islocation , dQ /dN . T h is rela tion sh ip  m a y  be 

verified  b y  in tegration .
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One-d im en siona l d isloca tions . I 211

5*3. A ctiva tion  energies

Consideration  o f  th is  process, th e  app lication  o f  force to  the end atom  o f th e  chain, 

enables us to  define an  a ctiv a tio n  energy  for th e  in troduction  o f  a d islocation , i.e. 

th e  work done in  pulling th e  end  atom  reversib ly  from  its  stab le equilibrium  d is

p lacem ent (A , figures 3 and 4) to  its  u nstab le equilibrium  disp lacem ent ( , figures 

3 and  4) g iven  b y

=  4 W l l { E ( k ,  in  -  n£0)lnkl0 -  ( i  -£0)/P0}, 

where £0 is g iven  b y  (11). E (k , in  — n£0) is  th e  in com plete ellip tic  

second  kind.

F or d islocations far apart (lim it k =  1)

Ug =  4 JFZ§{(1 -  cos n^0)/nlQ- ( i ~  Q /P 0}. ( 14a)

Sim ilarly , th e  activa tion  energy for th e  escape o f  d islocations is

=  Ug~WD. (15)

6. S t a b i l i t y  l i m i t s

T he necessary and sufficient condition  th a t a g iven  so lu tion  o f  equation  (3) can  

correspond to  equilibrium  w hen th e ends o f  th e chain  o f  atom s are free is th a t there 

shall ex ist  a real so lu tion  £0 o f th e equation  t(£0) =  0, i.e. equation  (11). H ence

1 - m i / P l ^ k 2 and l - k H U P l^ Q ,

i .e . (1/A;2 - 1 ) M  £0/P 0 <  1/A;. (16)

I f  l / k < l 0IP0 d islocations w ill be spontaneously  generated a t the ends, while if  

(1/A;2 — 1)* > Iq/Pq th ey  w ill spontaneously  escape. W hen d islocations are absen t or 

far apart (16) reduces to

0 ^1 JP 0<1. (1 6 a )

T he sta te  o f  low est energy w ill be th a t for w hich  the energy rem ains sta tionary  for 

generation  or escape o f  d islocations, i.e. th a t for w hich 0, so th a t

lo/Po =  2E(1-7)

and the corresponding equation  for d islocations far apart is then

IJP0 =  2/n. (17a)

This defines the critical valu e o f  m isfit, above w hich the low est energy sta te  o f  the  

system  is one contain ing d islocations. A  som ew hat larger m isfit, as given  b y  (16a), 

is needed for them  to  be developed  spontaneously  (at the absolute zero o f  tem 

perature).
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212 F. C. F ran k  and  J . H . v a n  der M erwe

7. App l i c a t i o n s  o f  t h e  mo d e l

7*1. Im agin e a solid  crysta l w ith  a sim p le  cub ic  la tt ic e  con ta in in g  one or m ore  

stra igh t parallel T aylor (1934) d isloca tion s (all p o s it iv e  or a ll n eg a tiv e) in  a sing le  

glide-p lane. Suppose th e  m ateria l to  be sh aved  aw ay , parallel to  th is  g lide-p lan e, 

t ill th ere rem ains on ly  one layer (or a  v ery  sm all num ber o f  layers) o f  a tom s ab ove  

th e  g lide-p lane, w h ile  th e  crysta l is s till th ick  b elow  it . In  th e  n ew  e la stic  eq u ili

brium  n early  a ll th e  strain  a ssoc ia ted  w ith  th e  d is lo c a tio n ^ ) w ill be in  th e  th in  

layer ab ove th e  g lide-p lane, and  th e  crysta l b elow  can  be regarded as e ffec tiv e ly  

rigid . T h en  in  each  row  o f  a tom s im m ed ia te ly  ab ove th e  g lide-p lan e an d  norm al to  

th e  d isloca tion  line(s) th e  con d ition s are su b sta n tia lly  th o se  o f  our first m odel, and  

th e  eq u ation s d evelop ed  m a y  be ap p lied  to  th e  sy ste m  w ith  reason ab ly  good  

accuracy. T he sy stem  m a y  be trea ted  on e-d im en sion a lly  so  long  as th e  d is loca tion  

lines rem ain  stra igh t and  parallel. In  th is  case b is a p p ro x im a te ly  eq u a l to  a , b u t n o t  

e x a c tly , sin ce in  general a surface layer o f  a tom s in  a crysta l has a ten d en cy  to  ex p a n d  

s lig h tly  i f  held  togeth er  b y  hom opolar forces, or to  con tract i f  th e y  are ion ic . L arger 

differences b etw een  6 and a  arise w hen  w e are consid ering overgrow th  or ab sorp tion  

o f  one su b stan ce  on  a  crysta l o f  another.

7-2. A lon g th e  ed ge o f  an  ou ter layer, or a t  a p lace w here it  is  in com p lete , en d in g  

in  a stra igh t terrace edge, w e h ave  a row  o f  a tom s a ttra c tin g  an d  rep ellin g  each  oth er  

so  as to  ten d  to  m ain ta in  a n atu ra l spacing  6 an d  su b jec t to  a su b sta n tia lly  s in u so id a l 

p o ten tia l field o f  w ave-len g th  a  (not in  general e x a c t ly  eq u a l to  b) arising from  th eir  

neighbours in  th e  rest o f  th e  crysta l. T h is is  a tru ly  on e-d im en sion a l prob lem , corre

sp ond in g  c lose ly  to  our first m odel. W e e s tim a te  th e  p h y sica l param eters o f  th e  

m od el for correspondence w ith  th is  case from  a  L ennard- J o n es law  o f  forces (1924) 

b etw een  th e  a tom s in  § 8, and  find th a t  th e  appropria te va lu e  o f  l0, th e  effective  spread  

o f  th e  d isloca tion , is  ab ou t 7.

V alu es o f  l0 o f  sim ilar order o f  m agn itu d e w ill a p p ly  in  case (7-1) w h en  w e consider  

d isloca tion s b etw een  a surface m on olayer an d  th e  rem ainder o f  th e  crysta l.

7-3. I f  in  case (7-1) w e s ta rt w ith  B urgers (1939) ‘sc r e w ’ d isloca tion s in  p lace  o f  

th e  T aylor d islocations, we shall fin ish  w ith  a s itu a tio n  w hich  is aga in  w ell describ ed  

b y  our eq u ation s, in  w hich , how ever, th e  d isp lacem en ts are tran sverse  to  th e  

chain  o f  a tom s enu m erated  b y  n . T he a tom ic  p osition s w ill in  fa c t correspond  

d irectly  to  th e  graphs o f  versu s n  sh ow n  in  figures 2 an d  3. T h ese d is loca tion s, 

corresponding to  screw  d isloca tion s in  three d im en sion s, m a y  be ca lled  ‘tr a n sv e r se ’: 

th ose  o f  case (7-1) corresponding to  T ay lor d isloca tion s in  three d im en sion s are 

‘lo n g itu d in a l’. T he lon g itu d in a l an d  tran sverse  d isloca tion s o f  a surface layer  can  

be o f  im p ortan ce in  con n ex ion  w ith  adsorbed  m on olayers, ox id e  layers, and so  on. 

T hese, and  th e  lon g itu d in a l edge d isloca tion s (7-2) a ll d eserve con sid eration  

in  con n ex ion  w ith  th e  original form ation  o f  d isloca tion s in  th e  grow th  o f  a 

crysta l.

7-4. A  long-chain  m olecu le, sa y  o f  a norm al a lip h a tic  com pound, w hich  has som e  

torsional f lex ib ility , and  is restrained  in  tw istin g  b y  th e  forces from  parallel n e ig h 

bour ch ain s in  th e  crysta l, prov ides an oth er sy ste m  to  w hich  th e  sam e eq u ation s  

are ap p licab le, w herein  th e  d isp lacem en ts are angles o f  ro ta tion .
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O n e-d im en siona l d isloca tions . I 213

7-5. A  som ew hat d ifferent p h ysica l ap p lication  is show n in  figure 5 w hich  g ives 

a  form al tw o-d im ensional descrip tion  o f  forced tw in n in g (e.g. as observed in  calcite). 

F or th e  case p ictured , an  unstrained  (tw o-d im ensional) u n it cell is supposed  to  be 

a  60° rhom bus. T he sta te  show n, w ith  th ree or four b ad ly  strain ed  u n it cells near the  

centre and  around th a t a rapid  asym p to tic  approach  to  a strain-free condition , 

should  b y  its  m otion  tran slate th e  tw inn ing  surface, causing one tw in  to  grow in to  

th e  other: and an  applied  stress should  cause it  to  m ove. T his configuration, h ow ever, 

is n o t a sim ple d islocation; its  presence does n o t d isturb  th e con tin u ity  o f  la ttice  

planes. In  so  far as th e  tw in n in g  plane m ay  be looked  upon  as a close grid o f  parallel 

T aylor d islocations w ith  d isp lacem ent vectors norm al to  th e p lane (W ooster 1940) 

(w hich exert forces on  each  other to  hold  their  neighbours in  th e  sam e p lane, and

\  \  \  \
VTA

F ig u r e  5

are m oreover subject to  a periodic ‘ substrate poten tia l ’ because th ey  are in a crystal), 

the figure represents a transverse d islocation  o f  th e system  o f  d islocations. W e m ay  

call it  a d islocation  o f  second order. Q ualita tively , w e m ay describe it  b y  the eq u a

tions o f  a one-dim ensional d islocatab le  system  developed  above, representing  

the d isp lacem ent o f an in d iv idual T aylor dislocation. H ow ever, a t a d istance from  

th is  second-order d islocation  there ex ists  a s ta te  o f  strain  sim ilar to  th a t around 

a single T aylor d islocation; there are (n +  1) un it cells in  th e

parallel to  the tw in nin g plane, above it, as contain s n  below  it. On th is account 

these second-order d islocations exert long-range repulsive forces on each other. 

This agrees w ith  observation; Garber’s (1947) elastic  tw in  w edges are on ly  about 

1 fi th ick  for a length  o f  the order 1 cm ., so th a t 1 /P , th e inclin ation  o f the tw inning  

surface to  the ideal tw in nin g plane, probab ly does not exceed  about 1/10,000 to  

1/ 1000 .

There are other second-order d islocations, a sigm oid  bend o f  an  ordinary d is

location  line from  one la ttice line on  to  the n ex t parallel one being the sim plest type. 

These are required to  describe th e inclined tw inning surfaces in a R eusch  ‘rectan g le’
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or Garber ‘le a f ’ elastic  tw in  o f  ca lcite , as con trasted  w ith  th e  Garber w edges. B e in g  

d islocations o f  a one-d im ensional sy stem , th e y  a lso  are q u a lita tiv e ly  illu stra ted  b y  

th e  equations in vestiga ted .

8. In  order to  ap p ly  th e  equations ob ta in ed  for our m odel to  a ctu a l p h ysica l 

system s, i t  is  necessary to  assign  va lu es to  th e  p h ysica l param eters, l0 and  P0. T he  

m ost im p ortan t app lications are to  a  surface ‘is la n d ’ layer o f  a tom s on  a  crysta l, 

in  w hich  w e m a y  h ave d islocations o f  th e  edge row  w ith  resp ect to  th e  rest o f  th e  

is land  (§ 7*2) or o f  th e  layer w ith  respect to  th e  su bstra te  crysta l (§7*1). In  particu lar, 

in  th e  la tter  case th e  atom s o f  th e  surface layer need  n o t be o f  th e  sam e k in d  as th ose  

o f  th e  substrate. In  th is  case P0 can be estim ated  ap p rox im ately  from  th e  la ttice  

spacin gs o f  th e  bu lk  m ateria ls . T o th is  ap p roxim ation  it  becom es in fin ite  w hen  th e  

atom s are o f  th e  sam e k ind, b u t th is  is  n o t correct. T he va lu es b o th  o f  P0 an d  o f  l0 m a y  

be estim ated  in  th is  case b y  th e  m eth od s o f  L ennard-Jones. L e t th e  suffixes  

X  — I , II , I I I ,  refer to  close-packed  one-d im ensional, tw o-d im en sional, and  three- 

d im ensional la ttices  (the la tter  in  cub ic  close pack in g). T hen  th e  p o ten tia l energy  

per atom  m ay  be w ritten

V = - A mSx  <x

w here A  and  B  are con stants, a  th e  in tera tom ic d istan ce, and  mS x  signifies th e  

la ttice  sum  for th e  ex p on en t — m  and  th e  la ttice  X .  W e shall a c tu a lly  ta k e  to  be  

12 and  m to  be 6.

T he equilibrium  spacin g a x  is  defined  b y  th e  con d ition  dV/dot =  0. T hus

<xx  =  (' n B nSx jm A mSx )l

T he la ten t h ea t per a tom , L x , is  m in us th e  p o ten tia l en ergy  per a to m  a t  eq u i

librium  spacin g. T hus

L  x  “■ Aocx ,̂'̂ Sx (̂ti— ) .

T he force con stan t in  hom ogeneous com pression  is

fix  =  (d2V/doc2) a=Xx =  m ( n - m ) A mSx ctx m~2 

=  m nL x  ocx 2.

T he la ttice  sum s required  are

<iSI =  1*0173, 6£ n  =  3 x 1*0630, 6£ m  =  6 x  1*20433,

12S j  =  1*00025, l2Sn  =  3 x 1*0016, =  6 x 1*01097,

th e  va lu es for 6$ m  and  12$ m  bein g th o se  o f  Jon es & In gham  (1925).

I f  a 0 =  (2 B /A ) i represents th e  equilibrium  spacin g o f  a pair (or triangle or te tr a 

hedron) o f  a tom s, w e have

a o/a i  =  l-0 0 2 7, a 0/a n  =  1*010, otJotUI 1*029,

ctj/ocn =  1*007, ^i /^i i i  ~  1*026, ^ n /^ m  =  1*019.

A ccord in gly , th e  n atural m isfit o f  a row  a t  th e  edge o f  an  island  layer is g iven  b y  

its  vern ier period

P0( I ,I I )  =  144,

214 F. C. F rank and J . H . v a n  der M erwe
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and correspondingly th e  natural m isfit o f  a surface layer on  th e  three-d im ensional 

crysta l is  g iven  b y  P0(II , I II )  =  53-5.

To estim ate l0 for th e  case o f  th e  edge row o f  a tw o-dim ensional la ttice  we consider 

th e  p o ten tia l energy o f  a single atom  rolling in  con tact w ith  th e  ‘ straigh t ’ edge o f  

a sem i-in fin ite tw o-d im ensional la ttice . W e tak e th e  la ttice  spacing to  be uniform , 

as th ou gh  th e  a tom s were hard spheres o f  d iam eter a n , and th e  path  o f  th e  add i

tion a l atom  to  be th e  sam e as it  w ould  be if  it  were a hard sphere o f  th e  sam e d ia 

m eter. T hen  th e  h ighest and  low est energies are obtain ed  a t th e  tw o  sym m etrical 

p ositions where it  m akes resp ectively  one and tw o  contacts. T hese energies are

l-0 1 9 4 a n «  =  0'639-Ln  =  0 -2 7 4 £ m ,

0 -7 8 4 A a fi6 =  0 -492 L u  =  0 -1 9 3 L m ,

resp ectively . T aking th e  flu ctuation  to  be sinusoidal as an  approxim ation  (which w e 

shall refine in  a la ter paper in  th is  series), th e  appropriate va lu e o f  W  in  equation  (1) 

is  th e  difference betw een  these tw o energies:

Wu  =  0-325A afi6 =  0-204L n  =  0-0807 

W e likew ise have th e  force con stant

/q  =  36A ajf 8 x 1-0173.

A nd hence

l l  =  /i ia h l2W n  =  36 x  l-0 1 7 3 a fI/2  x 0-325af.

Thus Z0(I ,I I )  =  7-35.

l0 is  natura lly  larger th e  harder th e  atom s. Since W  is  approxim ately  proportional 

to  L , l0 is approxim ately  proportional to  (m w)t

W e m ay now  find th e  energy o f  such  an  edge d islocation , from equation  (13a).

I t i s  WD = W ( i l J n - 2 lU P 0)

=  0-0807.Ln i (9-37 — 0-75)

=  0 -6 8 8 L m .

Thus it  has ju st the sam e order o f  m agnitude as th e la ten t heat o f  evaporation  o f  

a single atom . Such edge d islocations should  therefore be fairly frequently  form ed  

by therm al agitation.

The valu e o f  l0 should  be approxim ately  th e sam e for d islocations o f  th e surface 

layer w ith  respect to  th e underlying three-d im ensional crystal; for th e force constant 

[i should  be about the sam e in  both  cases (we are n o t dealing w ith  hom ogeneous com 

pression in  th is second case), and the valu e o f  W  corresponds to  th e breaking o f  one 

atom ic contact per atom  in  both  cases. In  th is case the d islocation  is a line and its  

energy proportional to  th e line length  o f  th e order o f  m agnitude o f  an  atom ic la ten t 

heat per atom ic spacing o f  length . I t  is doubtfu l whether any appreciable num ber o f  

dislocations w ill be form ed in  therm al equilibrium  in  th is case, bu t it  m ay be noted  

th a t the m isfit param eter l0/P0 «  0-15 is sufficiently large to  g ive an activa tion  energy  

hindering th e escape o f  an y  d islocations w hich are form ed, excep t w hen th ey  are 

very close together (about 15 atom ic spacings apart according to  equations (16) 

and (9)).

One-d im en siona l d isloca tions . I  215
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One-dimensional dislocations. II. Misfitting 

monolayers and oriented overgrowth

By  F. C. F r a n k  a n d  J . H . v a n  d e r  M e r w e  

H . H . W ills P h ys ica l Laboratory, U n ivers ity  o f B ris to l

(Communica ted by N. F. M ott, F .R .S .— Received  22 December 1948—  

Revised  25 March  1949—Read  19 M a y  1949)

T h e eq u a tio n s d erived  in  p art I  o f  th is  series for a  on e-d im en sio n al d is lo ca tio n  m od el are  
ap p lied  in  th is  p aper to  th e  case o f  a m on olayer on  th e  su rface o f  a  cry sta llin e  su b stra te , 
p articu la r ly  w h en  th e  n atu ra l la ttice  sp acin g  o f  th e  m on olayer differs from  th a t  o f  th e  
su b stra te . J u stifica tio n  is g iv en  for th is  ex ten sio n  o f  th e  eq u a tio n s to  the tw o-d im en sion a l 
case. I t  is sh ow n  th a t  th e  th eo ry  p red ic ts  a  certa in  critica l am ou n t o f  m isfit  (9 % d ifference in  
la ttice  sp acin g  in  a sim p le  case) b elo w  w hich  th e  m on olayer in  its  lo w est en ergy  s ta te  is  
deform ed  in to  ex a c t  fit w ith  the su b stra te , an d  ab ove w hich  it  is on ly  s lig h tly  d eform ed  in  
the m ean , h a v in g  m a n y  d is loca tion s b etw een  it  and th e  su b stra te . T he en ergy  o f  ad sorp tion  
as a fu n ctio n  o f  m isfit  is also ca lcu la ted , b ecom in g  a lm ost co n sta n t ab ove th e  cr itica l lim it. U p  
to  a larger critica l m isfit (ab ou t 14 % in  th e  sam e sim p le  case) th e  m on olayer can  be d ep osited  
m eta sta b ly  in  ex a c t  fit on  th e  su b stra te , a t su ffic ien tly  lo w  tem perature. S in ce th e  d is lo ca ted  
la yer is m ob ile  on  the surface , co m p lete ly  orien ted  overgrow th  o f  one cry sta l on  an oth er  can  
o n ly  be ex p ec ted  if  th e  first m on olayer can  b e form ed  over th e  co m p lete  surface und er sub- 
critica l con d ition s. T his is in  gen eral agreem en t w ith  ob servation .

1. P r e l i m i n a r y  i n v e s t i g a t i o n

W e propose to  ap p ly  th e  eq u ation s derived  in  part I  for on e-d im en sion a l d isloca tion s  

to  m isfittin g  m onolayers on  crysta llin e  su bstra tes. B efore doin g so  w e ex a m in e  

a litt le  m ore c losely  the v a lid ity  o f  th ese  eq u ation s for a tw o-d im en sion a l prob lem . 

L et us ta k e  as a sim ple  first-order rep resen tation  o f  th e p o ten tia l en ergy  o f  a tw o- 

d im ensional square array o f  a tom s, enu m erated  b y  n  in  th e  x  d irection , m  in  th e

 D
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