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One-dimensional nonlinear chromatography system and delta-shock waves
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Abstract. The Riemann problem for the nonlinear chromatography system is considered. Existence and admissibility of
d-shock type solution in both variables are established for this system. By the interactions of d-shock wave with elementary
waves, the generalized Riemann problem for this system is presented, the global solutions are constructed, and the large
time-asymptotic behavior of the solutions are analyzed. Moreover, by studying the limits of the solutions as perturbed
parameter ¢ tends to zero, one can observe that the Riemann solutions are stable for such perturbations of the initial data.
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1. Introduction

In this paper, we are concerned with the following conservation laws:

u
O+ Os <1u+v> =0,

v
8t1)+8x(1_u+v> _07

where u, v are the nonnegative functions of the variables (x, t) € R X R4, which express the concentra-
tions of the two adsorbing species and v > 0, v > 0, 1 —u + v > 0. Our main purpose is to investigate
the existence and admissibility of nonclassical solutions and the generalized Riemann problem for the
nonlinear chromatography system. The motivation comes from the fact that the delta-shock wave was
captured numerically and experimentally by Mazzotti et al. [22-24] in the Riemann solutions for the
local equilibrium model of two-component nonlinear chromatography, which consists of the following
conservation laws

(1.1)

8t(u + 7011“ ) + Opu = 0,
l—u+o
0 (1.2)
at(’l.t + m) + 3:,31) = O,

where u and v are the concentrations of the adsorbing species, and u > 0, v > 0, 1—u+v > 0, as > a; > 0.
There is substantial difference between the nonlinear chromatography system (1.1) and the following
chromatography equations
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By + O, (“) —0,
l1+u+vo

| "

v>:0,
1+u+vw

where u, v are nonnegative functions of the variables (z, t) € R x R,. That is, the fact that 1 —u+v > 0
n (1.1) and 1+ u+ov > 1 in (1.3), which results in the essential difference of the Riemann solutions, i.e.,
the former contains delta-shock solutions. For the Riemann solutions to the system (1.1), we can refer
to [9] and the references cited therein. The system (1.1) belongs to so-called Temple class [39] and the
shock curves coincide with the rarefaction curves in the phase plane. On the basis of the fact, we call
the system (1.1) a generalized Temple class and the results about the Temple class are available for the
system (1.1). Thanks to its features, well-posedness results for Temple systems are available for a much
larger class of initial data compared to general systems of conservation laws. For the related results about
Temple systems, we can refer to [1-4,6] and the references cited therein.

Delta-shock wave is a kind of nonclassical nonlinear waves on which at least one of the state variables
becomes a singular measure. Korchinski [18] introduced the concept of the Dirac function into the classical
weak solution when he studied the Riemann problem for the following system

ut + (%U’Q)r = O’
v + (%uv)x =0,

in his unpublished Ph.D. thesis in 1977. In fact, the concept of the d-shock solution and the correspond-
ing Rankine-Hugoniot condition were also presented by Zeldovich and Myshkis [43] in the case of the
continuity equation. Tan et al. [38] considered the system

ug + (u?), =0,
vy + (uv), =0,

(1.4)

(1.5)

and discovered that the form of Dirac delta functions supported on shocks was used as parts in their Rie-
mann solutions for certain initial data. There is another well-known example, i.e. the transport equations

pt + (pu)x =0,

(pu)e + (pu?)z =0,
which are called the one-dimensional system of pressureless Euler equations. The transport equations
(1.6) have been analyzed extensively, see [5,8,14,15,19-21,35,41] and so on. Recently, the weak asymp-
totics method was widely used to study the d-shock wave type solution by Danilov et al. [12,13,29,32,40]

in the case of systems which are linear with respect to one of unknown functions. In the same papers, it
is introduced a concept allowing functions of the form

u(z,t) = u®(z,t) + e(t)d(x — x(t)), (1.7)

to represent a solution to the considered systems. This concept is extended in [16] on systems which are
nonlinear with respect to both variables. we also see papers [17,25,27,34,42,43] for the related equations
and results.

The paper is organized as follows. In Sect. 2, following [9], we consider the elementary waves to
the system (1.1). In Sect. 2, the definition of J-shock wave type solution is given. Furthermore, under
the generalized Rankine-Hugoniot condition and d-entropy condition, the d-shock wave solutions are
obtained. In Sect. 4, we consider the initial value problem with three constant states. With the help of
the interactions of the d-shock and elementary waves, the global solutions are constructed. Moreover, we
prove that the solutions of the perturbed initial value problem converge to the corresponding Riemann
solutions as € — 0, which shows the stability of the Riemann solutions for the small perturbation, and
analyze the large time-asymptotic behavior of the solutions.

(1.6)
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I

Fic. 1. Curves of elementary waves

2. Elementary waves

In this section, we will consider the Riemann problem of system (1.1) with the following Riemann initial
data

(u,v)(x,0) = (ug,vy), =Fz>0, (2.1)
where u4, v+ are constants and satisfy
utr >0, ve>0, 1—ug+ovy>0. (2.2)

For details about the corresponding Riemann solutions, we can refer the reader to [9] and references cited
therein, also see [37].
The eigenvalues of system (1.1) are

1 1
N — - - 2.3
"Tlourw T —ut0)? (2:3)
and the corresponding right eigenvectors are
m=00" 7= ()" (2.4)

By simple calculations, we have
VA -7 =0, VA 73 #0,

where V denotes the gradient with respect to (u,v). Hence, A; is linearly degenerate, Ay is genuinely
nonlinear, and system (1.1) is nonstrictly hyperbolic for 1 — u + v = 1. It is easy to obtain that the
Riemann invariants of system (1.1) are

w=v-—u, z=v/u. (2.5)
If 1 —u—+wv =1, one can obtain A\; = Ay = 1, and we divide the phase plane into two parts (see Fig. 1)
I: {(u,v)]v >u,u>0} and II:{(u,v)|jlu—1<v <u,v>0} (2.6)

Riemann problems allow to consider the so-called self-similar solution, that is, the solution depending
only on the self-similar variable { = %. By using self-similar transformation, system (1.1) becomes

u
— - :O
€U§+(1_u+v>f ;

v
_ — ) =0
§U5+<1_U+U)§ :
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and the Riemann initial data (2.1) can be changed into the following infinity boundary value

(1, 0) (£00) = (g, 0. (2.8)
For smooth solutions, system (2.7) can be rewritten into
A(U)Ue = 0, (2.9)
where U = (u,v)T and
1+w —u
Alu,v) = o (1;1”@)2 (1 —ulﬂ’gf , (2.10)
Turor T aurop

For a fixed left state (u_,v_), the possible states which can be connected to (u_,v_) on the right by
a rarefaction wave lie on a curve, which is given as follows

_ 1
&= (1—u+wv)?’
Ru_,v_):¢ v _ v (2.11)
u o ou

v<ov_, u<u_, if(u_,v_)€l, or v>v_,u>u_, if (u_,v_)e€ll

In is well known that the Rankine-Hugoniot condition for a bounded discontinuity takes the form

ol = | =]

ool = | s ]

where [-] denotes the jump across the discontinuity and & = o denotes the speed of the discontinuity.
Let P=1—u+ v, we have

(2.12)

1 n UpVp — UpUyr
o= ,
PTPZ PTPg(ur — u@) (2 13)
1 UpVp — UpVy ’
o

“BR PR, —w)
where Py =1 —uy + vy and P. = 1 — u,. + v,.. From Eq. (2.13), we have
(upve — wpv)[(ur — ug) — (v —vg)] = 0. (2.14)

Thus, we have (u,vy — uev,) = 0 or u, — v, = ug — vg. The former gives

Uy Vy
We also obtain
1
o= PP

For a shock wave, the Lax entropy conditions imply 1/P,. < 1/P; which means P, > Py. Therefore,
for a fixed left state (u_,v_), the possible states which can be connected to (u—_,v_) on the right by a
shock wave satisfy

1 1
7T PP~ (I—u+v)(1—u_+v_)’
S(u_,v_): ¢ v _ v (2.16)
u  u_’
u>u_,v>v_ if(u_,v_)€el or u<u_,v<wv_ if (u_,v_) €Il
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The equality v, — u, = vy — ug implies 1/(1 — u, + v,) = 1/(1 — uy + vg), which means a contact
discontinuity. Then, the possible states that can be connected to (u—_,v_) on the right by a contact
discontinuity lie on the curve

1 1

J: = .
1—u_ +v_ l—u—+v

(2.17)

Using these classical elementary waves, one can construct the solutions as follows:

The solution is R+ J if (u—,v_) € T and —u4 + vy < —u_ +v_;

The solution is S + J if (u_,v_) € Tand —uy + vy > —u_ +v_;

The solution is R+ (0,0) + R if (u—,v_) € I and (u4,v4) € II;

The solution is J + R if (u—,v_) € Il and —u4 +v4 < —u_ +v_;

The solution is J + S if (u_,v_) € Il and —uq + vy > —u_ +v_;

(u_,v_) eIl (up,vy) €l (or 1 —uy +vy =1)or 1l —u_+v_ =1, (uy,vy) € L In this case (f),
one can see

Qo T
NENINaANI NN

- @

1 1
A+: <\t =
P (l—up 0 )2 T T —uy oy
1 1
A= <N = 2.18
Vol —u_ o =72 (T—u_ v )2 (2.18)

which implies that the solution cannot be constructed by applying these classical waves described
above. Hence, the Riemann solution containing a weighted J-measure supported on a line should be
constructed in order to established the existence.

3. The nonclassical solutions

In this section, we will consider the nonclassical solutions for system (1.1). Following [12,13,16], we have
the following definitions.

Suppose that I' = {v; : 4 € I} is a graph in the closed upper half-plane {(x,t): z € R;t € [0,400)} C
R? containing smooth arc v; = {(x,t) : S;(z,t) = 0}, i € I, and I is a finite set. Let Iy be subset of I
such that an arc ; for i € I starts from the points of the z-axis; I'g = {xg;i € Iy} is the set of initial
points of arc ~;, ¢ € Iy.

Consider §-shock wave type initial data (u°(x),v°(x)), where

u’(2) = ug(w) +€40(Lo),  v°(w) = vo(w) +wyd(To),

ug, vo € LR xRy, €26(Ty) = 3. e¥6(z — 29) and wl6(Tg) = > wlé(z — 29), € and w? are constants
i€l iel
for i € Ip.

Definition 3.1. A pair of distributions (u(x,t),v(x,t)) and a graph I'; where (u(z,t),v(z,t)) has the form
of the sum

u(z,t) =z, t) + e(z,t)0(T) and wv(x,t) =0(x,t) + w(x,t)§(T),

u, v € LR x R;) and e(z,t)0(T) = > ei(z, )0 (7)), w(z, t)0(T) = > wi(x, t)d(v:), ei(z,t), wi(x,t) €
iel i€l

C(T) for i € 1, is called a generalized d-shock wave type solution of system (1.1) with the §-shock wave

type initial data (u®(z),v°(z)) if the integral identities



1456 Guodong Wang ZAMP

// Uy + Z 0. dxdt—i—Z/ ‘%”)de

ZGI

+/u (z)p(x,0)dx + Ze?¢ x

i€ly

// 0+ Z T dxdt+2/w,

ZGI

—|—/v0(a:)¢>(a:,0)dx + Zw?qﬁ z9,0) =0, ,

R i€ly

3.1
)dg (3-1)

hold for all test functions ¢(z,t) € D(R x Ry ), where

T, f% d/ is a line integral over the arc ~;.

is the tangential derivative on the graph

9¢(x,1)
ot

Theorem 3.2. For the Cauchy problem (1.1) and (2.1), in case (f), system (1.1) has 6-shock wave type
solution

wlt) = u_ -+ [WH(z - 2(6)) + )5z — 2(0)),
() = v + [v]H (z — z(t)) + w(t)d(z — 2(1)),

v

which satisfies the integral identities (3.1) in the sense of Definition 3.1, where I' = {(z,t) : © = x(t) =
ost, t >0},

[ G0 T et [ - [t

r 0 0

and H(z) is the Heaviside function

0, for =<0,
1, for x>0.

In addition

U_Vy —V_Uy
(1- - +o-)(1 —ug +v4)

e(t) =w(t) =

o5 =

)

(3.2)

(I—u- + o) (1 —up +o4)

Proof. We need to check that the constructed d-measure solution satisfies the Definition 3.1 in the sense
of distributions, that is,

//Qm e ¢)M&+7dfwﬁ?“a+/w@wmmm:a (33)
0 R

// (v@ + Z ¢w> dzdt + 7w(t)Wdt + /UO(J;)(z;(QU7 0)dz = 0, (3.4)
0 R

for all the test functions ¢(x,t) € D(RxR.), where ug(z) = u_+[u|H(z), vo(z) = v_+[v]H(z), u(z,t) =
u_ + [u]H(x — z(t)) and 0(x,t) = v_ + [v]H(z — z(t)).
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Denote by A the left-hand side of (3.3), we have

z(t) 00 400

1457

(3.5)

A= / / _¢r + o )dadt —I—/ / Uy Pr + ——————— P, )dadt
— Uy + V4
0 —oo 0 z(t)
e} 0 00
+/e dt+ /u,¢(x,0)dm+/u+¢(x,0)dx
0 —o0 0
Without loss of generality, we assume o5 > 0, then the first term on the right-hand side of (3.5) equals
0o oo z(t) oo z(t)
/ / u_ppdadt —|—/ / u_ pedadt —l—/ / ———— ¢ dxdt
1—u_4+wv_
0 —oo 0 —oo
0 oo x(t) oo
U_
=— 0)d dadt - t),t)dt
[uswoes [ [usnr+ [ olato).0)
—o0 0 0 0
0 00 00 e} 1
=— / u_¢(z,0)dx + /da: / u_¢edt + / ui_—(b(x,t(x))dx
1l—u_+v_oy
—00 0 t(w) 0
0 00
— - [usw0de+ [ (s~ 1)udlatla)d
= u_¢(z,0)dx a0 —u_+0)) u_p(x,t(x))d.
—o00 0
The second term on the right-hand side of (3.5) equals
00 t(z) oo
I
/dac / uy ppdt / —— o(x(t), t)dt
0 0 0

oo (o)
1
- 0)d l- —mM8M8M8M— t(z))dx.
oot [ (1o Yusste s
0 0
The third term on the right-hand side of (3.5) equals

400
= (o) - [y [ olato).
0

u
l—u+v

=~ (oslul ~ [;—)) - [ dlatto

It is clear from (3.5)—(3.8) that

(oslu] — |

-

Des(a(t), o),

A=0.

A similar argument gives (3.4). It is easy to obtain (3.2). So, we complete the proof.

O

Using Definition 3.1 and repeating the proof of Theorem 3.2 almost word-for-word, one can derive the

generalized Rankine—Hugoniot condition for §-shock wave type solution of system (1.1).
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Theorem 3.3. Suppose that @ C R X R, is some region cut by a smooth curve I' = {(x,t) : & = x(t)} into
a left- and right-hand parts Qy = {(z,t) : £(x — x(t)) > 0}, (u(z,t)),v(x,t)), is a generalized §-shock
wave type solution of system (1.1), functions u(x,t),0(x,t) are smooth in Qi , and have one-side limits
U+, U+ on the curve I'. Then, the generalized Rankine—Hugoniot condition for §-shock is

dz(t) .

at X
de(t) . u

3 = COM =~ =) e (3.9)
dw(t) v

S = (@O0 = 1)) Loy
where e(t) = e(z(t),t), w(t) = w(z(t),t) and (1) = 4.

In addition to the generalized Rankine-Hugoniot conditions (3.9), to guarantee uniqueness, the dis-
continuity should satisfy

1 1
M= <A = <o
(1 —uy +vy)? I —uy +vy
1 1
<A =— <N\ = 3.10
i TN S (I T (3.10)

where uy and vy are the respective left- and right-hand limit values of u(x,t) and v(z,t) on the discon-
tinuity curve. Condition (3.10) is called as d-entropy condition. It is overcompressive and means that all
the characteristic lines on both sides of the discontinuity are not out-coming. A discontinuity satisfying
(3.9), (3.10), and (3.2) will be called a d-shock wave to system (1.1).

So, we complete the construction of the Riemann solutions to system (1.1).

4. Interactions of §-shock wave with elementary waves

To start off, we consider the initial value problem with three pieces constant states
(u_,v_), x<0,
(u,0)(2,0) = (Um,Vm), 0<z<e, (4.1)
(ug,vy), «>c¢,

where ¢ > 0 is arbitrarily small. The data (4.1) is a perturbation of the Riemann initial data (2.1). Our
interest is to investigate whether the Riemann solutions of (1.1) and (2.1) are the limits of the solutions of
(1.1) and (4.1) as € — 0. In this section, we only consider the interactions of the d-shock and elementary
waves. For the interactions of elementary waves, we refer the readers to the book of Smoller [36] and the
monograph of Chang and Hsiao [7]. Also see [33] for the recent work about the interactions of elementary
waves. For a comprehensive survey, we can see the books written by Dafermos [10] and Serre [31]. For
interaction with d-shocks, we can see [28] and the references cited therein. The problem can be divided
into eleven cases as follows:

J+R®6, J+SDI R+RDI, 6D R+JDS,

S+JB® IDR+J, d®BS+J, IBIJ+R, DI+S, §DR+R.
When the Riemann solution R((®), @) is of type S + J, we have (u_,v_), (Um,vn) € I, which implies
that the d-shock cannot appear between left state (u,,v,,) and right state (uy, vy ). Thus, S+ J@ 4 is

impossible for this situation. Similarly, § @J + S is also impossible. We will discuss the first five cases in
detail and the other four cases can be discussed in a similar way.
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IS Il

©
0] U

FiG. 2. Case 1.1: (u—,v—) € II, (uq,v4) €1

For all the first three cases, we have (u,, vy, ) € I1.

Case 1. J + R@ d-shock. According to the location of states (u_,v_) and (u4,v4), there are three sub-
cases: (1.1) (u—,v_) € II, (uy,v4) € ; (1.2) 1 —u_ +v_ =1, (uy,vy) €I; (1.3) 1 —u_ +v_ =1 and
1 —u4 4+ v4 = 1. In the following, we discuss them in detail.

Case 1.1. (u_,v_) € II, (us,vy) € I, see Fig. 2. A contact discontinuity and a rarefaction wave start
at point O. The speed of the d-shock is o5 = 1/(P,Py) < 1/P2, where P, = 1 — 4, + vy, and the
rarefaction wave will overtake the d-shock at finite time. The intersection point A;(x1,¢1) is determined
by

z 1
TP
r—e " 1 (4.2)
t  P,P.’
which implies
Py P, P?
t1) = U . 4.3
(1, 11) (P+—Pm€’ P+—Pm€> (43)

We have the following fact:

Lemma 4.1. The §-shock can penetrate the rarefaction wave R and interacts with the contact discontinuity
J, the interaction of the delta wave and the discontinuity yields a new d-shock.

1 1 1 1 1 1 1 iy
Proof. When P <5< B We have P <1< Yo <5< B then the d-shock entropy condition

11 1 1
Pz p. =7 pPp. =P P2

is satisfied, where the intermediate state (u,,/, ) is expressed as

1 o
1—Upy + Uy 1—u_ 4+v_’ (4.4)
Um’ _ Um
Uy U

m

The §-shock begins interacting with the rarefaction wave R at the point A; and starts to bend. The
bending of §-shock is determined by
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x 1
t P
dx 1 1 1
de _ 1 <1 .1 (4.5)
dt PPy P~ P,
P+
:ZZ|t:t1 - mé‘.
Substituting the first equation of (4.5) into the second equation, we obtain
dz 1 Jz
Dl 4.6
dt Py (4.6)
Differentiating Eq. (4.6) with respect to ¢, we get
d? 1 d
Pz _ dv_a\ (@.7)
dt? 2Pyt \dt  t
Combining the first equation with the second equation in (4.5), it is easy to get
d*z 1 11
— =—|=—-=] <0 4.8
dt2  2PP,\/at (P P> (4.8)
for —+ < 5 < 5. Equation (4.8) means that the J-shock decelerates during the process of penetration.
Integratmg (4 6) we have
1
\f:\/l‘l-FPi(\/i—\/a), t>1, (49)
+

which together with x = Plgl t determines the ending point As(xs,t2) of the penetration. A direct

calculation leads to

$2:P+(P+_Pm)5

(P+_Prn’)2 ’ (4 10)
PP - PP, |
= TPy~ P

After penetrating the R, the propagating speed of the new d-shock is ﬁ, which is less than the speed

of the contact discontinuity A = P— So, the contact discontinuity J will overtake the d-shock at

m/

(23 t3) is determined by

a finite time. Their intersection point As
x 1
T E P,
dx 1 (4.11)

dt ~ PP, PP’

x\t ty — L2,

which means

(P T pftl
B\ T2 (4.12)

+ 1
t3 = (P_IQ) Py = 1t1 P+
After the time t3, the new d-shock is determined by
de 1
dt  P_P.’ (4.13)
$|t:t3 = I3,
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\Z t
I "
LD - ©

II d

© A
O u O O/

FiG. 3. Case 1.2: 1 —u_ +v_ =1, (ug,vy) €1

which implies

x = (t — tg) + x3. (414)

PP,

From Fig. 2, we can see that as t — oo, the time-asymptotic solution can be described as
(u—,v_) + d shock + (ut,vy). (4.15)

Moreover, letting ¢ — 0, one can easily see that the limit of the solution (1.1) and (4.1) is the
corresponding Riemann solution in this case.

We now seek the strength of the §-shock. Before the §-shock interacting with the R, the strength of
the d-shock is determined by

{W = 25 [(1 = Po)uy + (P = Dult, (4.16)

vs = g [(1 = Pr)vy + (Py = Dvmlt,

where ¢ < t;. When t; < t < t9, the strength of the d-shock is determined by the following ordinary
differential equations

dw,, 1
dw, 1
= - - < < ’

walt=t, = ppr (1 = P)us + (P4 = Dupmlts,

wv|t:t1 = ﬁ[(l - Pm)U+ + (P+ - 1)Um]t1)

where P = e derived from Egs. (4.5) and (4.9).

I v/ R
(Vt=Vt1)/ Py’
Case 1.2. 1 —u_ +v_ =1, (ug,vy) €1, see Fig. 3.

The d-shock interacts with the rarefaction wave R and the contact discontinuity J. The picture is
shown in Fig. 3. Different from the above subcase 1.1, the d-shock penetrates the R at point As and
meanwhile interacts with the J, then generates another new §-shock, see subcase 1.1 for detail.

As t — oo, the time-asymptotic solution can be described as

(u—_,v_) + d-shock + (uy,vy). (4.18)

We can see that the limit of the solution (1.1) and (4.1) is the corresponding Riemann solution in this
case.



1462 Guodong Wang ZAMP

()H u

Fic. 4. Case 1.3: 1 —u_ +v_=1,and 1 — (ug +v4) =1

Case13. 1 —u_+v_=1land 1 —uy +vy =1
We have the following properties.

Lemma 4.2. The §-shock interacts with the rarefaction wave R, but cannot penetrate the R. Moreover, it
has x =t as its asymptote, see Fig. 4.

Proof. The §-shock begins to interact with the rarefaction wave R at point A(z1,t;) and changes into
another new d-shock (a curve) which is calculated by

x 1

g_ﬁi 1 11 1

e P e (4.19)
dt ~ PP, P, P.— PP,

x‘t:tl =X1.

From (4.9), we have
Vi = i+ (Vi V). (1.20)

The first equation in (4.19) implies /= = /t/P. Substituting it into (4.20), we get v/t = (\/z1 —
VE/PY) /(5 — P%f) which implies ¢ — +00, as P — P, = P_. The fact tells us that the new d-shock
cannot penetrate the R and has z = t/P? =t as its asymptote. O

As t — o0, the speed of the §-shock tends to o5 = 1/(P_-Py) = 1/P_ = 1/P, = 1 and the §-shock
decelerates during the process of penetration. For large time, the solution can be expressed as

(u—,v_)+ J+ (ug,vq). (4.21)

So, as € — 0, we can see that the limit of the solution (1.1) and (4.1) is the corresponding Riemann
solution in this case.

Case 2. J+ S @ 6-shock, see Fig. 5. In this case, we can describe the interactions by the following lemma.

Lemma 4.3. The shock overtakes the §-shock at a point Aq(x1,t1) and generates a new §-shock, which is
overtook by the contact discontinuity J at finite time as well.

Proof. The propagation speed of the shock S is o1 = ﬁ, which is greater than that of the d-shock,
o9 = ﬁ. Then, the S intersects with the §-shock at a point A;(z1,¢;) which is calculated by
1
T=p b
ml (4.22)
T= 5 P+t +e.
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Fic. 5. Case 2: J+ S @ d-shock
Using P_ = P,,/, we have
P, P_P, P,
t1) = . 4.2
(e1,11) <p+_p_€» p_p_f) (1.23)
After the time t1, the J will overtake the new d-shock at point Ag (e, t2), which is determined by
e_ 1 _ 1
t P. P,
dz _ _ 1 (4.24)
dt PP’

$|t=t1 =1,

which implies

P S N P -
(xg,m):(() T (P >) (4.25)

tq

We know that when the new d-shock interacts with the J, it keeps the same speed, i.e., 0 = 55~ = 55—

P_P, — P, Py
Moreover, after the time ¢9, the new d-shock is calculated by
dr 1
dt PP’
x\t:t2 = X2.
O
Thus, as t — oo, the solution can be described as
(u—,v_) + d-shock + (uy,vy). (4.26)

Case 3. Ry + Ro@® 0-shock. By Riemann solutions R((), D) between state (u_,v_) and (uy,vy), we
divide this case into two subcases: (3.1) R(®,®) is R+ J and (3.2) R(O,dD) is S + J.

Case 3.1. R(O,®D) is R+ J. There are two kinds: (i), (u_,v_), (uq,vq) € T'and (ii) (u_,v_) € I, 1 —
Uy + Vy = 1.

(1). (u—,v-), (us,v4+) € I, see Fig. 6. By the above discussion, it is clear that the d-shock cannot
penetrate the rarefaction wave Ry at point As(xs,ts), since when % < % < 1, the J-shock entropy
condition is not satisfied and its strength is equal to zero. At the time ¢t = to, we again have a new
Riemann problem with data (ug, ve) = (0,0) and (uy,v,) = (u4, v ), which is resolved by a shock S and
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Fi1G. 6. Case 3.1: R(O,®) is R+ J, (¢). (u—,v_),(uy,vy) €1

O u 0) O’

Fic. 7. Case 3.1: R(O,®) is R+ J,(¢). (u—,v_) €Ll —uy +vqy =1

a contact discontinuity J. We now consider the interaction between the shock S and the rarefaction wave
R;. We can know that the shock S is determined by

z 1

t P

de 1 (4.27)
dt ~ PP’

x‘t:tg = T2,

where the point As(z9,ts) can be calculated by above methods.
So, we have the following lemma

Lemma 4.4. The 0-shock cannot penetrate the rarefaction wave Rs and changes into a contact discon-
tinuity J and a shock S at point Ay after the interaction with Ro. The shock S, determined by (4.27),
cannot penetrate the rarefaction wave Ry and has © = P%t as its asymptote.

According to the Lemma 4.4, as t — oo, the solution can be described as
(u,,v,)+R+(um/,vm/)+J—|—(u+,v+). (428)

(ii). (u—,v-) €I, 1 —uy + vy =1, see Fig. 7. In this kind, the d-shock interacts with the rarefaction
wave Ry at point A(T, ), which is calculated by (4.3), then changes into a new §-shock. Similar to Lemma
4.2, we also have the following lemma.
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O u

Fic. 8. Case 3.2: R(O,®) is S+ J

Lemma 4.5. The new d-shock cannot penetrate the rarefaction wave Ry and has x =t as its asymptote.

As € — 0, the solution can be described as
(u—yv_)+ Ry + J + (ug,vyg). (4.29)

We can see that the limit of the solution of (1.1) and (4.1) is the corresponding Riemann solution of
(1.1) and (2.1).

Case 3.2. R(O,®) is S + J, see Fig. 8. Unlike subcase 3.1 (i), the d-shock penetrates the rarefaction
wave Rs, then interacts with the Ry and penetrates it. We will prove the following lemma.

Lemma 4.6. After penetrating the rarefaction wave Rs, the §-shock changes into a contact discontinuity
J and a shock S. Moreover the shock interacts with the rarefaction wave Ry and penetrates it.

Proof. As the mentioned above, when the d-shock penetrates the Ry at point As(xze,ts), the d-shock
entropy condition is not satisfied and its strength is zero, and we have a new Riemann problem, which is
solved by a contact discontinuity J and a shock S, where the shock S is determined by (4.27), P% < % <.

The propagating speed of the shock is o = % = P}im/ and one can obtain ‘C%” < 0, which means the

o decelerate in the penetration. We also have %P, < %, which implies that the shock can penetrate

the R1 . O

When ¢t — o0, it is easy to obtain that the solution can be described as
(u_,v_ )+ S+ (U Ve ) + J + (uyg,vy). (4.30)
which is the same as the corresponding Riemann solution.

Case 4. d-shock @ d-shock.
In this case, we have (u_,v_) € II,1 — up, + vy, = 1 and (uy,vy) € I, see Fig. 9. We can check that
the propagating speed of the d;-shock o1 = ﬁ is greater than the speed of the da-shock oy = & 1P+.

The §;-shock will overtake the d-shock at point A(Z,t), which can be expressed as follows

T 1
t P_P,’
A 1 (4.31)

t  P,P.’
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F1G. 9. Case 4: §-shock @ d-shock

So, we obtain

(@,1) = (P+P_+P €, Zfi’”ﬁf 5> : (4.32)
After the time ¢t = £, the d-shock entropy condition is satisfied
Ajzplimfzﬂwszp_& gA;:%gAr;:Pi_,
and a new d-shock is formed, denoted by d3-shock, which is determined by
de_ 1
dt P_Py’ (4.33)
Tl =7

Thus, as t — oo, the result of interaction of two d-shock waves is still a single J-shock wave. It is easy
to see that as e — 0, the limit of the solution of (1.1) and (4.1) is the corresponding Riemann solution of
(1.1) and (2.1).

Case 5. R+ J @ o-shock. In this case, on the basis of the fact that R(®, @) is R+ J and R(@), D) is
a nonclassical §-shock, we have 1 — u,, + v, = 1 and (u—,v_), (uq,v4) € I. So, we divide this case into
two subcases.

Case 5.1. R((®,@P) is R+ J. As discussed above, after the d-shock interacts with the right-contact discon-
tinuity J at the point A, we can see that % < % < 1 and the d-shock entropy condition is not satisfied
and its strength is zero. Hence, we have a new Riemann problem and the §-shock changes into S+ J. The
shock begins interacting with the R at the point A. We derive the equation of the shock S : z = z(t) as

= 1 1 1,

t P2 P, P~

de 1 (4.34)
dt ~ PP’

x(t) = 7.

By virtue of the Lemma 4.4, we obtain that the shock S cannot penetrate the rarefaction wave R and
has x = P12/t as its asymptote (Fig. 10).
We can see that as ¢ — 0, the solution can be described as

(s ) + R+ (s, vr) + T + (104, 04): (4.35)
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Fi1G. 10. Case 5.1: R(®,®D) is R+ J

0 u (@] o’

FiG. 11. Case 5.2: R(®,P) is S+ J

Case 5.2. R(O, @) is S+ J. Similarly, we obtain that the d-shock interacts with the contact discontinuity
at the point A;, then changes into a shock S and a new contact discontinuity. By Lemma 4.6, we obtain
that the shock S can penetrate the rarefaction wave R at some point A, the solutions to this subcase
are shown in Fig. 11.

We can see that as ¢ — oo, the solution can be described as

(u,7v,)+S+(um/7vm/)—|—J—|—(u+7v+), (436)

which is the same as the corresponding Riemann solution.

So far, we have finished the discussion for the interactions of the d-shock and the elementary waves
and the global solutions for the perturbed initial value problem (1.1) and (4.1) have been constructed.
We summarize our results in the following.

Theorem 4.7. The limits of the perturbed Riemann solution of (1.1) and (4.1) are exactly the corresponding
Riemann solution of (1.1) and (2.1). The Riemann solutions of (1.1) and (2.1) are stable and admissible
with respect to such small perturbations of the initial data.
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