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On The Locally Uniformly Weak Star
Rotundity of Orlicz Spaces -
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ABSTRACT. In the paper, a sufficient and necessary condition is given for
the locally uniformly weak star rotundity of Orlicz spaces with Orlicz norms.

A Banach space X is said to be locally uniformly rotund (LU R),
locally weakly uniformly rotund (LW U R), locally uniformly weak star
rotund (LW*U R) provided that ||z,|| = 1(r=0,1,2,...), ||znt+2e|| =

2 imply (|z, — Zo|| — 0, z, — 29 = 0, 2, — Zy — 0, respectively.
X is said to be uniformly weak star rotund (W*UR) provided that

Hzall = |lwall = 1, |20 + ]| — 2 imply 2 — yn 2 0. At a glance we
know that
LUR= LWUR = LW*UR = R

W'UR= LWYUR

where 'R’ stands for the rotundity.
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In the sequel (7, £, 1) denotes a finite non-atomic measurable space,
M and N denote a pair of complemented N-functions, p and ¢ denote
their right-hand derivatives, respectively. For a measurable function z(¢)
we denote the modular of ¢ by Ry(z) = [ M(z(t)) dpe. Ly (G,Z,p)
denotes an Orlicz space generated by M, that is

Ly (G,Z, 1) = {z(t): for some a > 0, Rp(az) < oo}

and endowed with the Qrlicz norm

; 1
=l = e /Gw(t)y(t)du = inf (1 + Rp(ke)).

M € A, stands for that M which satisfies the condition A, for large
u, M € 7, stands for N € Ay, M € 5C stands for that M which is
strictly convex on the whole axis i.e. for 0 < A < 1,u,v, u # v,

MQOu+ (1= Av) < AM () + (1 — A)M(v).

(cf [1] and [3]).

In Orlicz spaces, for Luxemburg norm, it was obtained in [2] that
LUR& LWUR S LW*UR & R& M € SCNA,; for the Orlicz norm,
it is more complicated, for instance, LUR & LWUR & M € ANy N
SC(cA[3]), W*UR & M € SCNUC(cA[4]) and R & M € SC(cf[5]).
But so far it has not been discussed for LW™*U/ R. The goal of this paper
is to fill this gap, we will find a criterion for Orlicz space equipped with
the Orlicz norm to be LW*UR. For the sake of convenience, we first
establish several lemmas,

Lemma 1. For arbitrary 0 < A, 6, X < 1, there ezists 0 < §' < §

such that for all w,v > 0 if M(Au+ (1 — A)v) < (1 =6 (AM(u)+ (1 -
A)M (v)), then

M(Nu+ (1= M) € (1= 8)XM(w) + (1 — M) M(v))
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Proof. Without loos of generality, we assume that A" > A. Take
& = min{l, %}é

Hence 0 < §' < § and

MNu+(1=-XWw)= M [11:/;:()\11 + (1= A} + 1’___;\1;]
1=\ N\
< I_—AM(Au+(1 - Aw) + T\ M (u)
L— X Moo
< =20 ) + (- ) + 2w
= N M(u) - %Aéﬂd(u) £ (1= 8)(1 - \)M(v)
- (1 - f‘\,—(ll—(%—",\l)-a) NM(u) + (1= 8)(1 = X)M(v)

< (1= W M(u) + (1 - 61— N)M(v)

=1 -8ANMu+OQ-X)M®@)). =

X{T-3)
continuous over the interval (0,1). We deduce that for any [«, #] C (0,1),
in Lemma 1, there is a common §) such that for all A' € {a,f], and
u,v >0, u# o,

Remark. Notice that for fixed A, 4,6 (N) = min{l, i(]_—’\‘)-}ﬁ is

M(Nu+ (1= X)) < (1 - )N M) + (1 - M)M(v)).

Lemma 2. For z € Lp, if for some k > 0, Rn(p(kz)) =
Jo: N(p(kz(t))) dp < 1 and for all X > 1, Ry(p(Akz)) > 1, then

lell = (1 + Butha)). (e13)
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Lemma 3. For x € Lpg, there is k > 0 satisfying

lell = 3 (1+ Ruka)). (es13)

Lemma 4. If M € SC, ||z,|| = I-l;“(l'i' Rp(knzn))
(n=0,1,2,...) with bounded {k, }72y and ||zn + zo]| — 2, then

(ef[3])

u
kﬂ.xn = kOEU — 0.

Lemma 5. Under the same assumption as in Lemma 4, let y,, €
Ly, Rn(yn) € 1 with {(za(t) + zo(t))ya(t) du — 2. Then for every

€, C G:

lim
71— OO

/ lenn () (8) = M (knzn(8)) — N(a(®))] d = 0,

lim j [kozo(t)yn(t) — M(Kozo(t)) — N(ya(t))] d = 0,

=00
€n

lim / (knzn(t) — kozo(t))yn(t) dp =

n—oo

= lim / M(knzn(t)) — M{kozo(1)) du.

n—0Q

As n tends to oo, the above limits hold uniformly with respect to subsets

€n-

Proof. We have the following

1 1
]l k_ v k-n.-'l:n(t)yn(t) du S k—(RN(yn) + RM(k“I‘ﬂ))

1
< (U Ry(knza)) = lzall = 1.
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Hence

f(_.,, [M(knifn(t)) + N{ya(t)) - knzn(t)yn(t)] dis — 0,

Since the integrand is nonnegative, we inmediately get the first and
the second identity. The third one is a simple consequence of the others.
|

Lemma 6. In Orlicz space Lp (G, E, 1) endowed with Orlicz norm,
the set

A = {.B(t) € Ly Rn(p(kz)) =1 where ||z]] = %(1 + RM(km))}

25 dense in L.

Proof. It is enough to show that for any z € Ly with Ry(p(kz)) >
1 or < 1 where [jz||] = £(1+ Rp(kz)), and for any & > 0, there is
z' € A, such that ||z — 2'|| < € and Ry(p(kz')) = 1.

Let Ry(p(kz)) > 1.

Notice that for any € > 0, BEn(p((1 - €)kz) < 1. When Ry(p((1 -
eykxr)) = 1,set 2’(t) = (1 - ¢)z(t). Then Ry(p(kz')) = 1. Now by
Theorem 10.5 in [1], we get that ||z’|| = 2(1+ Rp(kz')), ie., z' € A.
Clearly ||z - 2'|} < e.

When Rn(p((1 - g)kz)) < 1, since (G, X, 1) is nonatomic, there is
T CG

[ o - ks dut [ Noths(o) du = 1

Setting z'(t) = (1 - e)z(t)xa (t) + z(t)xene (1), we get
Rn(p(kz’)) = 1. Also by [1], [lz’]] = }(1 + Rpm(kz")). Clearly
iz — 2'|| <e.

The argument is analogous for the case Ry(p(kz)) < 1. =
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Theorem. Endowed with the Orlicz norm, Orlicz space
am{GLE, p) is LWXUR if and only if

(i) M € SC,

(1) M € 72,

(iti) for any € > 0, there exist 6, a > 0 such that for u,v satisfying
£ <eu < v <u, M(u)2 cup(u), and M () >(1—6)5ﬂﬁ)—'*J--1 :,M”,

we have
p((1 = &)u) < ap((1 — 6)v).

Proof. Sufficiency. Suppose ||z, |} = (14 Bumlkazn)) = 1{n=
0,1,2,...) and ||z, + zo]] — 2. By Lemma 6 assume Ry(p(knz,)} =
1(n= 1 2,...).

In view of M € V72, we know from [3] that {k,}32, is bounded
Denote k& = supk In the following we shall show that 2, = =g, i.e.,

any subsequence of {z,, }n=1 has its subsequence w*-convergent to zy. So
we can assume that k&, — k. On the other hand, by Lemma 4, it yields

ko, — ko £ 0. Therefore by Theorem 14.6 in (1], k,z,, — koZo Exy 0.

At first we claim that & > ko Indeed, for any n > 0, take
Y € EN,RN(y) < 1 such that f( zo()y(t) die > ||zol| —m = 1 -1
Since f( mny dy — f( kozoy du, we get that for n large enough
Joknzny du > [ kozoy dpp — 1 > kol — ) — 9. 50 k — k, =
||k?lT?l|| > f( nfnl dlu' > f( kﬂmﬂy dﬂ N> LO(I - "7) -

Now we only need to show that & = kg, so z,, — zg % 0. Then by
Theorem 14.6 in [1], we get that z, — g Ex o Le., z, —zo = 0.

Take yn € En, Rn(yn) < 1 satisfying [, (zn(t) + zo(t))yn(t) dp —

2. Then [ za(t)yn(t) dp — 1, and [ zo(t)yn(t) dup — 1. Therefore we
have

k—ky, = lim /_(kna:,,(t) — kozo(t yn(t) du (1)

n— 00

Let € > 0 be arbitrary. By M € v/, there exists £ > 5'(e) > 0 (cf[6,3])

such that for all |u] > £, and for all A, m <AL %"i——, it holds

M(3) < (1= 7 )AM(u) (2)
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Denote m = 1+ k. Fory = Z, by (iii), there exist 6, a > 0

m?

such that for u,v, 0 < 7% < nu < v < u, if M(u) > nup(u), and
M (242) > (1 - 6)MME) phen

p((1 — m)u) < ap((1 - 6)v) (3)
For such & and [a,3] = [#;, &E]’ by the remark after Lemma 1,

it follows that there exists 6’ such that if M(**) < (1- 6)M—(3)jﬂﬂ,

and A € [T-IFE’ T-E"E]’ then

M(Vu+ (1= M) < (1= 8NM@) + (1 - MYM(v).  (4)

Since fc; |kozo(t)|p((1 — 8)}kozo(t)) dir < Rpas(kozo) + Rn(p((1 -
8Ykowo)) < ko we can find Go C G such that u(G\Gp) is small enough
to get the following

- Trosa(tlp(1 = Dkoza(t)) du < %
G\Go

M (kozo(t)) dp < ¢ (5)
G\Go

and U
knzn(t) - kol‘o(t) =0

uniformly over (.

For each n, we split G\Gq into the five parts:
A, ={t € G\Go: |knza(t)| < Ikowo(tn}
B, = {t € G\Go\An : maz(|k,z.(t)],kozo(2)]) < £

C"u = {t € (;\GU\AN\BR : M(kﬁmﬂ(t)) < nlknmn(t)lp(Ikﬂmﬂ(t)l)}s
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I)n = {t € (';\(';O\AH\BTI\C'R : |k01'0(t)| < ’?lkn-'ﬂn(t)h or .’Bn(t).’lﬁg(t) < 07

or M ( knmu(t) ;‘ kO-TO(t)) S (1 _ 6) M(knzn(ﬂ) ;' M(kﬂmﬂ(t)) },

M
|

= G\Go\A\B\Cn\ D,
= {t € G\GO : .’.Bn(t).’to(t) 2 Ov ne S ﬂlknzn(t)' S Iko.’to(t)l S |kn$n(t)|

M (knz,(t)) > nkplzn(Dlp(knlz.(2)]); and

M (knzn(t) :;' k0$0(t))_2‘£l__._6-)_ni(£ﬁ:n.(l).)_;ﬂ(mt))}

In the following, one by one, we estimate the integrals of the integrand
(kuzn - kOmO)yn over GO, An, Bu, Cns Dna and En-

From (6), for n large enough

/;' (knzn — koTo)yn dﬂ-\ < Ellynllm) (7
From the structure of A,,, by Lemina 5, it follows that for » large enough

j (knmn - k‘oﬂio)yn dﬂ: < /;; (M(knz',,(t)) - M(kol‘g(t))) d,u +e<e.
" ) (8)

From the structure of B,

,/ (knmn - kDmO)yn dﬂ" < ‘ZE”anI(N) < 2. (9)
By
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Since ||zn|| = 1, Rm(zy) < 1. From Ry(p(knzn)) = 1, it yields
that for n large enough

/C U = kool d < /C n (M(knz"(t)) - M(koa;g(t))) dute
< f M(knxn(t)) du+ 2 < 7]/ |knzn(t)lp(ku$n(t)) dp + 2¢

Chn Cn
<b( [ Mlenw) dut [ Nolboza(e)) du) + 22

< 2kn + 2 < 2(1 + k)e.

When £ € Dy, |kozo(t)] < nlknzna(t)|, since t ¢ A, U By. So
Jknzn(t)] > €, and from (2) it follows

M (Eako- (2, (t) + 20(1)) < M (5B kaza(t))

Tn+t ko T
< (1—-mny) MM(knmn(t)) = (1—mny) M&j iy M(knen(1))
-0 =5 +ko M(knzna(t))

—) [ Mknza(0)) + 55 M(kozo(t))] (+)

When t € D,,, z,(t)zo(t) < 0, since t ¢ A, U B,. While |z,(t)| >
‘.‘Eo(t)l,

M (b (2, () + 20(t)) <M (Fake o,(1)

< (1 - M(knxn(t))

) kn+k0

<(1—7) [ M(kaza(t) + 225 M(kozo(1))] (%)

While |z,(t)| < |zo(?)],
M (ke (g (2) + 20(0)) < M (Eake mo(t))

< gka M(kozo(t))
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(A

(l—k_,.kfk_o) [ﬁ“k—o M(knxn(t))+§n—k_|§k—o M (komo(t))]. (#%)

Taking 6" = min{8',7, 3v), and applying (4), we have

02— “Scn + -EOH

-
1+%

v

k]_,.(l + RM(kn-’En)) + kl_o(l + RM(kO:EO))_

—fathe (1 4 Rps(fake (2, + 20)))

= k +k° f(. [kﬂk:l‘—!ko M (kynan(t)) + Tffk‘; M (kozo(t))-

-M (ku-l-k (zn + 550)(75))]

v

hatho [, [her M(knoa(t) + g M(kozo(1))-

_____J.

-M (k +ho (:I:,,,-f»-:co)(t))] dpt

v

btk [ 8" B M(knza(t)) + 252 M(kozo(t))] d

I\/

& [ (M(knza(t) + M(kozo(t))) dp.

Obviously, for n large enough

f (knﬂ”n ~ koo )yn dﬂf < / M(knﬂ?n(t)) — M(k‘oxg(t)) dj..L +e< 26
D, D,
(11)

When t € E,,, then Ink,z,.(t)| < lkozo(t)| < [knzn(t)],
and M(knzn(t)) > ﬂknixn(t)lp(knlwu(t)l), and

M (k"mn(t);-kozo(t)) > (1-8) M(knzn(t)) 2+ M(kozo(t))-

Hence
p((1 = p)lknzn(t)]) < ap((1 — 6)|kozo(2)]).

Moreover, from Lemma 4 and condition (5) we get for n large enough
that
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Jg, (kna — kozo)yn dp
= 1 fg, kntutn dp + [ (1 = Mkncayn dpe — [ kozoyn dp
< k4 fg, M((1=Mkaza(t)) dat [ N(un(D)) dp— [ M(kozo(t)) dp

~fg, Ny(t)) dp + ¢

FAN

nk +e+ fg (1= nkalea()lp((1 = 9)ka|za(t)]) dp

1A

nk e+ (1—n) & [ kolzo(t)lp((1 - 8)|kozo(t)]) dut
< pkte+ 2 = nk+2e < (24 k).
Combining (7} - (12), and (1), we deduce that

0 <k-ko<0(e),

where 0(¢) — 0 as ¢ — 0.
Hence k = kg, which completes the proof of the sufficiency.

Necessity.

LW*UR = M € SC. Since LW*UR = R, it follows (i), by [5].
LW*UR = M € 2. Indeed, if we suppose that it is not true, then there
exist u, / 00, satisfying ;% >2%(n = 1,2,...) (cf [6,3]). Choose
¢ > 0, Go C G, with g(G\Go) > 0 and N(p(c))uGo = 1. Moreover,
choose (i, C G\Go, With u,p(u.)pG, = 1. Hence N(p(un))uGn < 75-
Then take T,, C Gy, such that N{p(e))uTn + N{p{un)})}uG, = 1. Hence
1T, — nGy. Now set

ko = cp(c)pGo; kn = cp()pTy + tnp(un)uGn. (n = 1,2,..))

Obviously, kn, — ko + 1. Define

zo(t) = fo-xao(t); z,(t) = ™ (exT, () +tnxc, (1)) (n = 1,2,...)
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Since Rn(plkozo)) = Bn{(p(k,z.)) = 1, by Theorem 10.5 of [1], it
follows that '

l T
loll = - ep(c)uGo = 1;
0

1
lzall = 5 (ep()uTn + unp(un)uGn) = 1(n=1,2,...)

and

1 1
H'Tn + 3:0” Z ('_ +

1
I E)CP(C)PTR + -];; (unp(un)pG, — 2.

But on the other hand, we have

1 1 c Uy,
-2 = (=1 )oxr. 0+ Exonn - Exa,(0)

T

Since p(Go\Ty) = 0, uG, — 0, T, / Go, by Theorem 14.6 in [1], we

derive that
1 1

g — Ty — (k_o“ - m)CXGo # 0.

This contradicts to the fact thay Lps is LW*U R, which show that M €
Va. .
LW*UR = (#%). Otherwise, suppose there exist € > 0, up, vn /
oo such that €2 < gu, < vp < Un, M(u,) > eunp(uy),

Uy + Vp 1, M{u, )+ M(v,)
M( 5 )>(1—H) 5 , and

p((l - 5)“11) > ZHP((I - :,1;)1),1).

In view of the continuity of M(u), we select O,, 0 < 0, < 1 with
©, ./ 1and

M(u,;-}-@n'vn)z(l_l)Mu M(O,v
2 n 2

(13)
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We first construct two sequences {w,}22; and {r,,}°%, satisfying
£
™\ Opvy Swy, £ (1 - g)un, and p(T'n.wn) > 2np(wn)- (14)

Since 1 < %: < 15, without loss of generality, if necessary we can pass to

a subsequence, we assume that lim 2= = b> 1. Denote
n—oo 8

_ ' I ey 'P((l_i)bvn) =
£ = sup{¢' >0: ,}ﬂo—ﬂzﬁ-)_— =

Obviously, 1 < £ < (l - %)b In the following we discuss two cases.

p((l - %)bvn) —

(I) Let H —= 0o,
n=0c Pkcvn)
For any A > 1,
Cp((= $bu) _ pl(1 = $)bu) p(A€ws)
p(€vn) p(Afvy) p(£vn)

Since on the right side of the identity the first quotient formula is

plAlun —

bounded, lim = o0o. Passing to a subsequence if necessary, we

n—soo PLEVA)

assume that p((14+1))&v,) > 2"p(£v,). Easily we know that for n large
eIlOllgh, Uy < €vp < (1-—-%)5'1}“ < (1_%)'”:1- Forw, = fv,, 7 = 1+%a
condition (14) is satisfied.

=— p((1 = Fbvn)
(II) Let 'n]:l-vmoo -—_T@F < 00.

For any G, < 1,

p(Q1 = g)bv) _ p((1— §)bvs)  p(€wi)
P(Onévi) p(€vi) P(©r&vi)

00 +—
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T _pléui)
Hence im 205
p(Ev,) > 27p(©,€v,). Obviously 0,0, < 0,8v, < fv, < (1 - §)bv, <

(1= £)un. If we take wy, = ©,€v,,and T, = —él—:, then (14) is satisfied.

= o0o0. Passing to a subsequence if necessary, we get

By (14), we can choose disjoint subsets (¢, C &, G, NG, =
@ (n # m)such that

. , 1
Np@)hGn = s (0= 1,2,0.)

For n large enough,

. . on . 1
N(P(un))#(Jn > N(P(Tuwn))#(-fn > 2 N(p(wn))#('u = §

Pick out G, C ¢, satisfying

N(p(u WG, = % (n = 1,2,...)

Now set

0

. kg = 1+ZM(TU1)}LC;”

i=1

ky, = 14+ Z M(w)uG; + M(u,)uG, (n = 1,2,...)
i#n

By M € v7,, it yields that ﬁu(’%ﬁ% < d {(u > up) (cf[6,3]). Then
oo oo oo d
> M(wuG: < Y wp(w)uGs < d Y Npw)uGi = 3,
i=1 i=1 i=1

=, - _ d
M(un)lu'(’n S unp(un )#Gn S dN(p(un)))u'Gn = 5
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So {k,}2, is bounded. Passing to a subsequence if necessary, we
assume that &, — k. From

) i, - £
M (u, )pG, 2 ety p(un)pGy = eN(p(un))pG, = 5

we get that k — kg > 5. Define
1 o
zo(t) = [ > wix, (1);
jami

Ta(t) = ~k1—

n

(wa'XG.-(t)+unx¢n(t)) (n = 1,2,...)
i#En
We have

[ W okaza) di = 3 NG + N(p(un)iGi < 1
« i#Fn

In addition, for any A > 1, take ig > n such that A > ;. Then

[ W GOkwa@) dn = 3 NGOG + N (oA G
a i#n

> Z N(p(riwiHpG; > Z 2N (p(w))uG; = oo.

t=ip i=1p

By Lemma 2, it follows that

1 1 _
lzoll = — (14 Bam(knza)) = — (14 M{wiuGit+ M(up)uG,) =
kn kn I¢ﬂ-
= 1. (n = 1,2,..))

Similarly,
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00

1 1
llwoll = £ (1 + Rmlkozo)) = ™ (1+ > Mwi)uG:) = 1.
7 =1
Since
[ w; te G (it #n)
kn*:l-ko UWn te Gn\@n

ko ko _
m (zn(t) + zo(t)) = < -

k k s
Ttk Wnt g5 Un LEGH

{ ¢ otherwise

we derive that

knko
]C N(Pkn Ty Bt zo)) du < ; N{p(w:))uGi+

+N(p(wnDi(Gn\Gn) + N(p(un))pGr < 1
But for any A > 1,

knko _
/r.; N(p(x\k_n e (#n + 20))) dp > ;N(P(I\WJ)#G; = oo,

Hence, by Lemma 2, it yields that

ko + ko knko

“In + IO“ = knkl) (l + RM (m (mﬂ + I0)))‘
From (13), we get
Uy, + W, 1y M(u,)4+ M(w,



Cn The Locally Uniformly Weak Star Rotundity of Orlicz Spaces 95

By the remark after Lemma 1, we deduce that there exist &, Y\, 0 with

knwn + kﬂun k
M{—) > :
( kn + k[) ) - (1 n) ( + kO M(u"))
Therefore,
o+ aull = b 1+ 5 M+ Mt on (GG

+M(m_k,;.-i;,g_ﬂn)pé,,]

> k e [l-f— ; M (w)uG; + (1 —6,3)(#M(wn)+

i M (1)) G
> (1- 5,,)[%0-(1 + ; M(w)pG)+

1+ ; M (wi)uGi + M(un)nén)]

- 2

Since uG, — 0, we have that

20(t) = 2alt) % (7= ) mea

which contradicts with the fact Ly is LW*UR. [ |

Finally we give an example of an N-function M that satisfies (i)
and (i), but not (iii). So Ly is separable and Las is rotund, but not
LW*UR.
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Let

t 0<t<l
p(t) = .
(k+ )M 22 9k <t 2hH1 (k=10,1,2,..)

and

Jul
M) = fo p(t) dt.

Then M € SC, since p(t) is strictly increasing on the whole axis.

And M € 2. Indeed, from ¢(s} = sup ¢t (cf § 2 of [1]), it yields that
p(t)<s

¢ 8 0<s<1
2k kF 4 oy < s < (k+ 1)

linear (k+ 1M <s<(k+1)F'+ %

| pk+1 (k+l)k+1+§1pSSS(k+2)k+2 (k=1,2,...)

For any s, there is k such that k% + b < s < (k+ 1)¥*1 4 7, s0
25 < (k + 2)¥*2. Hence 95((2;’% < 2—;—:—1 = 2. By the Young inequality, it
yields that N(2s) < 2s¢(2s) < 4sg(s) < 8sq(3) = 165g(3) < 16N (s),
ie., M € 7.

But M does not satisfy (iii). In fact for v, = 2%, u, = 25+ (k =
1,2,...), we have

l)uk = 2> v = %22)(%—)2.

2) M{ug) ~ plug)(un—v) _ p(?k)£2t+l—2k) _ (.|c+1)'=+k1§l _ !
vrpbur) = upp(ur) p(2FF )2k +1 (k+1)k+1+2_‘_;_ni 2

(where ok+1 . gk+1 _ 0).
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M{up )+ M(vy)
3) —Z—~—— — 1. Indeed,
sy

uk -
M(uk)+M(vk)—2M(uk;vk) = fmp(t) dt—-f p(t) dt

) +v

Uk Up — Vi Up — Vi
= —_ —_ < N ¢
/u ... P —p(t 5—) dt < = —totm=p(w))
2k+1 _ 2k et 2k+1 - 2.’c k41 2k 2k 1
= —5 k)T g -+ D] = oy =

Since M (%3} — oo. It follows that 3) holds.
Hp((1-Fue) = p(%) = plw) = R+ > (k1) (K*+ Bty
>(k+ Dp((1 - Pw) £ = 1,2,...

Combining 1) - 4), we see that M does not satisfy (iii).
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