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Qn The Local/y Uniformly Weak Star
Rotundity of Orlicz Spaces
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ABSTRACT. In the papa, a sufficient and necessary condition is given for
the Iocally uniformly weak Star rotundity of Orliez spaces with Orlicz norrns.

A Banaeit space X is said to be iocafly unifonnly rotund (LUR),
locally weak]y nniformly rotund (LWUR), locally uniforrnly weah star
rotund (LWWR)providedthat ¡¡x,~jj = 1 (u = 0,1,2,...), lIxn+~oI¡
2 irnply ¡¡x, — zo¡¡ —* 0, x,., — zo Y~ ~, x,. — za ~* O, respectively.
X is said to be uniforrnly weak star rotnnd (WUR) provided tSat
¡lx,.Il = ¡¡y,,¡¡ = 1, Ir,, + ~ —* 2 irnply x,~ — y,, ~. O. At a glance we
know tSat

LUR !=LWUR !=.LW*UR ~ R
W’UR ~ LW*UR

where ‘1?’ stands for tite rotundity.
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In tbe sequel (0, E, ji) denotes a frnite non-atornic measurable space,
M and N <lenote a pali of compleinented N-ñinctions, p and q denote
their right-hand derivatives, respectively. For a measurable function 41)
we denote the modular of z by RM(x) = L M(x(t)) dg. LM(C, E,y)
denotes an Orliez space generated by M, titat is

LM(G,E,g) = {x(t): for sorne a > 0, RM(az) < oo}

an(1 endowed with the Orlicz norm

/ 1

= sup J z(t)y(t) dg = mf + RM(kx)).

M E A2 stands for that M which satisfies tite condition A2 for large
u, M e 72 stands for N E A2, M E SC stands for that M which is
strictly convex on tite whole axis i.e. for 0< A < 1,u,v, u

M(Au + (1 — flv) < >.M(u) + (1 — A)M(v).

(cf [1] and [3]).

In Orliez spaces, fui’ Luxemburg norrn, it was obtained iii [2] that
LUR ~ LWUR ~ LW*UR ~ R ~ M E SCnA2; br tSe Orlicz norrn,
it is more complicated, br instance, LUR ~ LWUR * M E A2 fl~2 fl
SC(c113]), W*UR ~ M c SC 11 UC(cf[4]) and R * M E SC(cf[5]).
But so far it itas not been discnssed bar LW

5UR. TSe goal of this paper
is to 1111 this gap, we will find a criterion for Orlicz space eqnipped with
tite Orlicz norm to be LWUR. For tite sake of convenience, we first
establish several lemnias.

Lemma 1. Por arbitrary O =A, 6, A’ < 1, Mere exisis O < 6’ < 6
such thai for alt u, y > O if M(Au + (1 — A>i,) =(1 — 6)(AM(u) + (1 —

>t)M(v)), titen

M(A’u + (1 — A’)v) =(1 — t5’)(A’M(u) + (1 — A’)M(v))
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Proof. Without Ioos of generality, we assnrne that A’ > A. Tate

6’ = 7Ilt7i{1, =U—AJ6

Hence O < 6’ < 6 and

1—AM(A’u + (1— A’)v) = M [kzVAu + (1— A>i)) + A’ —A
1—A’ A’—A

M(Au+(1—A)v)+ M(u)1—A 1—A
1—A’ A’ —A

(1 — 6)[AM(u) + (1 — A)M(v)] + M(u)
— 1—> 1—A

— 1 — A

’

= A’M(u) A6M(u) + (1 — 6)(1 — A’)M(v)1—A
A(i — A’) \

= — 6 1 A’M(u) + (1 — 6)(1 — A’)M(v)
A’(1 —A) ,I

=(1 — 6’)A’M(u) + (1 — 6’)(1 — A’)M’(v)

= (1 — 6’)(A’M(u) + (1 — A’)M(v)). U

Mi—A’) l~ ~Remark. Notice that for fixed A,6,6’(A’) = ruin
‘ X(i—A) J

continuous over the interval (0,1). Wc deduce tbat foT any [a,>6]c (0,1),
in Leimna 1, titere is a cominon 6¿ sucb titat for aH A’ E [a,fi], and
u,v>O, u#v,

M91’u + (1 — A’)v) =(1 — 6<)(A’M(u) + (1 —

Lemma 2. For x E LM, if for sorne k > O, RN(p(kx))
f<.. N(p(kz(t))) dji =1 and for alt A > 1, RN(p(Akz)) > 1, titen

= (cf[3])
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Lemma 3. Por x E LM, itere 18 k > O satisfying

1h11 = + RM(kx)).

Lemma 4. If M E SC, llx,,¡¡ t(1 + RM(k,1x~))

(u = 0,1,2,...) wutit bour¿ded {k~}~i0 and ¡Ix,, + xo¡J —* 2, titen

~1
— k0x0 —* 0.

LN, RN(yn) =1 tnith f~(x,di) + xoQfly,,(i) dj¿ —* 2.
e,, G O,lun ¡

U—co

1..

Titen for every

[k,,x,,(t)y,,(t) — .AI(k,,z,,(t)) — N(y,,(fl)] d~ = O,

[koxo(t)y,,Q) — M(koxo(t)) — N(y,,(I))] dp = O,

lun j(knxn(t) — koxo(i))y,,(t) dp =

= 1
As u tends to ~, tite aboye li,nits itold uniformly wutit respecí lo subseis
en.

Proof. We have the following

s
1

S ~—(1 + RM(k,.x,~)) =
U

RM(k~x.3)

(cf[3])

(cf[3])

Lemma 5. Under tite sarne assurnption as in Lernrna 4, let y,, E

it ¡ k,,z,,(t)y,,(t) dpk,, Ja

= 1.
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H en ce

¡ [M(k~~x~(t)) + N(y41)) — k~~z.dt)~~(tj d1a O.

Since tite integrand is nonnegative, we inrnediately get the first and
tite second identity. Tite third one is a simple consequence of tite others.
u

Lemma 6. Itt Orlicz space LM(O, S,p) endovied tnith Orlicz norrn,
tite set

A = {z(t) E LM : RN(p(kx)) = 1 witere ¡¡x¡¡ = ~J1 + RM(kz))}

Ls dense 2?2 LM.

Proof. It is enongh to show that for any z E LM with RN(p(kx))>
1 or < 1 where ¡k¡¡ = j(1 + RM(kx)), and for any e > 0, titere is
z’ E A, such that ¡¡z — x’¡¡ <e and RN(p(kx’)) = 1.

Let RN(p(kx)) > 1.

Notice that for any c> 0, RN(p((1 — c)kx) < 1. Witen RN(p((l —

¿)kx)) = 1, set z’(t) = (1 — c)x(t). Titen Rpq(p(kz’)) = 1. Now by
Theoreni 10.5 in fIj, we get that flx’¡j = ~(1 + RMQcX’)), Le., z’ E A.
Clearly ¡¡x — z’¡j < e.

When RN(p((1 — s)kx)) < 1, since (C,Z,g) is nonatomic, titere is
c’co

N(p((1 — e)kx(t))) dg + ¡ N(p(kz(í))) dg = 1

Setting z’(t) = (1 — e)x(t)Xa’(t) + x(t)xc;\c;(t), we get
R.N(p(kx’)) = 1. Also by [1], l¡<¡ = *(1 + RM(kx’)). Clearly

— X~¡¡ < E.

Tite argument is analogous for tite case RN(p(kxfl < 1. u
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Theorem. Endovied with lite Orhicz norm, Orhicz space
LM(O,S,P) Ls LW~UR ifaud mUy if

(1) M E SC,
(11) M E 72,

(iii) for any e > O, titen-e exisí 6, a > O suciz tital for u, y satisfying
e2 <£u < y < u, M(u) =eup(u), aud M(’4”) > (1—6) M(tfl4.M(v

)

ye boye
p((l — £)11) =ap((1 — 6)v).

Proof. Sufficiency. Suppose ¡¡x,,¡¡ = +(1±RM(k,,xn))= 1 (u =
0,1,2,...) and ¡¡x,, + zo¡¡ —*2. Ely Lernrna 6, assrnne RN(p(k,,z,3) =
1 (n= 1,2,...).

In view of M 6 72, we know froin [3] that {k,~}~% is bounded.

Denote k- = sup k~. In the following we shall show that x,, z
0, i.e.,

U

any subsequence of {x,,},,=1 has its subsequence w-convergent tozo. So
we can assurne that k,, —* k. On the otiter hand, by Lemrna 4, it yields

ji EN

— k0x0 —* 0. Therefore by Theorern 14.6 lii [1], lc,,x» — k0x0 —~ O.
At first we claixn that k > k0. Indeed, for any 1) > 0, tate

y E EN,RN(Y) < 1 sucit that f~xo(t)y(t) d~ > ¡¡X0¡¡ —77 = 1 —

Since f, k,,x,LV dji —. f<-. k0zoy dg, we get that for u large enough
Sc k,,x,,y <¡ji > jjkoxov 4s. — ~; > koe — 77) — tj. So k — k,, —

¡¡k-,1x,4¡ =5<. k’,,x,~y dji > 5<. koxoy <¡ji — ~ > ko(1 — i¡) —77.
Now we only need to show that k = k0, 50 — zo ~t O. Then by

EN
Titeorern 14.6 in [1], we get that z,, — —* O Le., x,, — ~+ O.

Take y,, E EN, RN(y,,) =1 satisfying f~(z,,(t) + xo(t))y,,(t) <¡ji —*

2. Then f~x,,(í)y,~(í) dp —* 1, and f~zo(t)y,.(t) dp —. 1. Therefore we
have

k — = linx /(k,,z,,(t) — k0xo(t))y~(t) dji (1)
--Ja

Let E > O be arbitrary. Ely M E 72, there exists e =q’(e) > O (cf[6,3])
snch that for aH ¡~l =e, and br afl A, ~ =A = 2k+kn it holds1+k

M(Au) =(1 — n’)AM(u) (2)
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Denote rn= i+k. For77 — ~4,by (iii), there exist 6, a > O
such that br u,v, O < ~>2 = 7711 =y < u, if M(u) =7711p(u),

M(~t”) > (1— ¿)M(tL)+M(t>) titen

p((l — s¡)u) =ap((1 — 6)v)

Por sucb6and[aq3] = [dr 1+k]’ by tite rernark after Lernma 1,
it follows tbat there exists 6’ such that if M(~f) =(1—
and A’ E [i-4’4~], then

M(A’u + (1 — A’)v) =(1 — 6’)(A’M(u) + (1 — A’)M(v). (4)

Since fo ¡kozo(t)¡p((1 — 6)koxo(t)) dp =RM(koxo)
6)/cozo)) =k0 we can find Go c O such that ¡4G\Go) is

+ RN(p((1 —

small enough
to get tite following

L\G. lkoxo(O¡p((1 — 6)kozo(t)) d~ <

.10 Go

an d

M(kc~xo(t)) <¡ji < e

Uk,,x4t) — koxo(t) .—* O

uniforrnly over Go~

For each n, we split G\Go mio tite litre paris:

A,, = E G\Go : ¡k~x,,(t)¡ < ¡koxo(t)¡}

= {t E O\Go\A,, : rnax(jk~z,,(i)¡,¡koxo(i)¡) <4

ami

(3)

71£
a

(5)

O,, = {t E G\Oo\A,.\B,, : M(k,,x,~(t)) < i,Ik,,x,,(i)Ip(Ik,,x,,(t)¡)},
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D_ — {t E O\Go\A,,\B,,\C,, ¡koxo(t)¡

or M (knxu(t)+
x~ (t))

=(1

< 77Ik,,~,,(t)¡; or z,,(i)zo(i) < O;

M(k,,x,,(t)) + M(kozo(fl

)

6) 2 3’
E_ — O\Go\A,,\B,,\C,,\D,,

— {t E G\Go : x,~(t)zo(t) =O; 77E =ií¡k,.z,,(t)l =¡koxo(t)¡ =¡k,,x,,(t)¡

lvi (k,,z,jt)) =iik,,lx,,(t)jp(k,1¡z,,(t)¡); and

M (k.~xt.(í) + koxo0

)

>(í—6) M(k,x ,,(t)) + M(kozo

(

2

In tite foilowing, one by one, we estirnate tite integrais of the integrand
(k,,x,, — kozo)v,, over

0o, A,,, B,,, O,,, D,,, ami E,,.

Frorn (6), for u large enongh

< (7)

Froin the striic.ture of A,,, by Leinina 5, it follows that br n large enough

IA~ — koxo)y,, <¡ji =

From the structure of fi,,,

(M(k~x,,(t)) — M(koxo(t))) dji + c < e.

(8)

0)3’

(k,,x,, — koxo)y,, dji (9)
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= 1, RM(z,¡) =1. Frorn RN(p(k,,x,,)) =Since ¡¡z,,¡¡
that for n large enougit

— koxo)y,, <¡ji =
— M(koxo(t)))

1, it yields

dji + £

=4 M(k,1x,,(t)) dji + 2e =,¡ ¡k,.x,,(i)¡p(k,,z,~(t)) <¡ji + 2e

4 N(p(k,,z,,(t))) d~) +
< 2k77+2e =2(1+k)e.

When 1 E D,,, ¡kozo(t)¡ < t~¡k,,x,,(t)¡, since t ~ A,, U fi,,. So
¡k,,x,,(t)¡ > e, and frorn (2) it foflows

M ( k~+ko (x,,(t) + xo(t)) =M ( ~~ft?1$kkflk,,x,,(t))

______ ______ ~.±2~~.=(1— 77177) k0+~k~ M’IC’C’ = 11 — ko+yk,, M(k,,xk..+ko \flXfl\/J ko k,.±k

=(1 — ~) k,.+ko M(k,,x,-.(t))

(*)

Witen t E D,1, x,,(i)xo(t) < O, since 1 « .4,, u B,,. Whi]e ¡x,,(t)¡ =
:ro(1)¡,

M (¿x4~ (x,,(t) + zo(t))) =M ~ z,,(t))

=(1 — u’) k~+ko M(k~z,,(i))

(**)

\Vhile ¡Zfl(t)¡ < ¡zo(t)¡,

M (kk~\rk~ (z,,(t) + xo(t)) < M (k~t, xo(t))

—SA— (1))k-,.-4-ko M(koxo

M(x4t)) <¡ji +
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Taking 6” = ntin(¿’,77, 4x)~ and applying (4), we bave
O ~— 2— ¡¡z,, + zoII

±(t+fiM(k,,x,,))+r(1+RM(koxo))—

~k;+t (14- RM(t$~— (z,, + xo)))

k,.k0 f<~ ~ M(k,,x,,(t)) + k~+k, M(koxo(t))—

M ( k,.kp (z + xo)(t))] dgk,.+ko’~

k.o [k»tk, M(k,.x,1(t)) + ~ M (koxo(t))k, +ko—M ( k..kó (x,, + xo)(t))] dji

k,.+ko

=~‘t~it 6” ~ M(k,,x,,(t)) 4~ ¿~;~0 M(koxo(t))] <¡ji

=~fDÁM(k;.zn(O) + M(kozo(t))) <¡ji.

Obviously, for u large enougb

— koxo)y,, <¡~ =ID,. M(k,Lx4i)) — M(koxo(t)) <¡ji + £ <2£.

(11)
When 1 E E,, then qk,,~z,,(t)¡ =Ikozdt)l

and M(k,,x»(t)) =i,k,,Ix,«t)¡p(k,,¡x,,(i)¡), and

1) + koxo(i)
2 ) > (1

1)) + M(kozo(t))6)
2

p((1 — 27)¡k,,x,,(I)¡) =ap((l — 6)¡koxo(i)¡).
Moreover, froin Lemrna 4 and condition (5) we get br u large enongit

M (k.txn(

Hence

that
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fE,.(knxn — koxo)y,, du

= ~fE,. k,,x,1y,, dp + f~(i — z~)k,,x,,y,, dp — fE kozoy,, dp

=nk+f~ M((1—2»k,1x,,(t)) <¡/1+ fE N(y,,(t)) dil—JE M(koxo(i)) <¡ji

fE,. N{y,1(t)) dp 4-a

=27k + £ + fE(1 — 77)k,,¡Z,,(fl¡p((1 — t~)k,,¡x,,(t)¡) <¡ji

~ i7k + £ + (1 — 2» ~ f~ kofro(t)jp((1 — 6)¡koxo(fl¡) <Ip

=?ik+£+””~ = 77k+2c=(2+k)e.va

Cornbining (7) - (12), ami (1), we deduce that

O =k — k0 < O(s),

where O(s) —* O as £ —* O.

Hence k = k0, wbich completes the proof of tite sufliciency.

Necessity.
LWUR * M E SC. Since LW*UR * R, it follows (1), by [5].
LWUR ~ M E V2. Indeed, ífwe snppose that it is not true, titen titere
exist u,, / c~, satisfying J~j4’t > 2~ (u — 1 2,...) (cf [6,3]). Choose
c > O, Go C O, with ~C\Co) > O a.nd N(p(c))jiOo = 1. Moreover,

1choose O,, c G\Go, with u,,p(u,,),uG,, = 1. Hence N(p(u,,))jiG,, <
Then tate T,, c G~, such that N(p(cflpT,

1+N(p(u,3)pC,, = 1. Hence
¡sT,, —* ~ Now set

= cp(c)~aCo~ k_ — cp(c)jiT,, + u,,p(u~)¡¿G~. (u = 1,2,...)

Obvionsly, k,, —* k0 + 1. Define

e 1
xo(t) = rxao(t); x,1(t) = ~— (cxT(t)+11,,xa.,Át)). (u = 1,2,...)
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Since RN(p(koxo))
foflows titat

= RN(p(k,,x,,)) 1, by Titeorein 10.5 of [1], it

1
= cp(c)jiGo =

(cp(c)pT~+u,,p(u,,)jiG~) = 1 (7t 1,2,...)

¡h~ + xo¡¡ =
1

+ h)cp(c)iuTn +
1~ (u,,p(u,,)gG,, —* 2.

Rut on the other hand, we have

xo—x,, = (í) + ~jXGo\T,.(t) — VXGÁI)

Since 1400\T,,) —~ O, ¡sG,, —* O, T,, / G~, by Theorem 14.6 in [1], we
derive that

x0 — x,, (2; 1
1 + kO)cxGo # O.

This contradicts to the fact that LM is LW*UR, ‘which sho’w that M E

LWUR !=‘ (iii). Otherwise, suppose diere exist e > O, u,,, y,,

M(
11”t Vn)

1 M(u,,) + M(v,,

)

u 2

1
u

In view of tite continuity of M(u), we select e,,, O < 0,, < 1 with
0,,/land

!) M(u,,) + M(0,,v,,

)

u 2

1A,,
and

1

- h»xrn

V2-

and

MQ”’ +OflV»

)

(13)
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(14)

We flrst construct two sequences {w,,}~1 and {r,,}g.1 satisfying

r,, ‘\ í, ®,,v,, =vi,, =(1 — ~)u,,, and p(r,,w,,) > 2
ttp(w,,).

Since 1 =~.A- ~ 1, without loss of generality, ifnecessary we can pass to
a subsequence, we assurne that Hm ~- — b =1. Denote

n—..00 lis

E = sup{E’ > O

Obviously, 1 =¿ =(i — flb. In the following we discuss two cases.

(1) Let fi; — ~)bv,,) —

,,co p(¿v,)

For any A > 1,

P(EVn)

p((l — ff)bv,,) p(A~v,,

)

P(¿Vn)

Since on tite right side of tite identity tSe first quotient formula is
1)ouIIded hm ~ — to a k we

p ¿ti) — ~• Passing silusequence n necessary,
assunie that p((i + ~) )~t’,,) > 2~p(E~,,). EasiIy we know that for u large
enough,v,~ =¿u,, C (1—flbv,, =(i—~9u,,. For vi,, = ¿t’,,, -r,, =
con<lition (14) is satisfied.

(II) Let fi; p((l — 4-bVn

)

p(Ev,~) <oc.

For any O,, < 1,

p((1 — ~)bv¿) _

oc—
p((l —

a,s t—*oo.
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p(¿v.) —Ilence •~00 p(ev,¿> — oc. Passing to a subsequence if necessary, we get

p(E~,,) > 2’~p(O¿v,,). Obviously O~’v,, =®,,Ey,, = ¿y,, =(i —

(1— ~)u,,. II we take vi,, = O,,¿v,,, and r,, = f, then (14) is satisfled.

Ely
~ (n # ~~)swch thai

(14), we can choose disjoint subsets O,, C O, 6’,, 0 (¾, —

N(p(w,,))pC,, = 1

For Ti large enough,

Pick out O,, c O,, satisfying

(u — 1 2 ..)

N(p(u,j»tG,, > N(p(r,,w,,))pG,, > 2’N(p(n’,,))jiG,,
1
2

(u = 1,2,...)

00

= í+~M(wi)jioí,
3=1

00

Iv,, = 1 + >5 M(w~)jiG~ + M(u,,)jiG,, (u = 1,2,...)

Ely M e 72, it yields thai 9><~~ <¡(u =u~) (cf[6,3]). Then

00 00 d
M(in1)pG1 =>5 W1p(ir~)/IG1 =<¡>5N(PO~>j))/~GI = 2’

t= 1 1=1

d
2

1

Now set

=
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So {k,1}~t1 is bounded. Passing to a subsequence if necessary, we
assuine that Iv,, — Iv. From

M(u,.)jiG,, =cu,,p(u,,»íC,, =cN(p(u,¿j)jiG,, =
£

i

we get tbat Iv — k0 > ~. Define

00

= ~—ZwixGÁt);
3=1

x~(t) = k (z WiXG~ (O +
11nXC,. (o)

4,,

We Lave

N(p(

(u = 1,2,...)

Iv,,x,,(t))) <¡ji = >3 N(p(w
1))ji01 + N(p(u,,)»ut < 1.

1!=,,

In addition, for any A > 1, take lo > u snch that A > y10. Then

J N(p(Ak,,z,,(t))) dg = >3 N(p(Aw~))gCí +
4,,

> >3 N(p(r1w1))ji01
3 = ‘o

> É2N(p(wwgc;1 = oc.
t= ~0

Ely Lemnia 2, it follows titat

¡lx,,lI = ~- (1+RM(Iv,,x,j)
7~

= 1.

= 2; (1-I->3M(w1)~G1+M(u,3~G,,) —

4”

(u = 1,2,...)

Sirnilarly,
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= 1 (1+ RM(koxo)) =
M(w1)gO~) = 1.

Iv,, Iv (x,,(t)+xo(t)) =

u

k.,+ko

11~ +k,.+ko U

O

166’ (i#~)

1 E G,,\GU

1 E 6’,,

otherwise

we derive that

4 N

+N(p(ir~))g(G,,\Ó,,) + N(p(n,,))gG,, =1
Rut for any A> 1,

JIGN(P(Ak.:±0Iv0(x,,+ za))) dji>
>3 N(p(Au1))p01 = oc.
4”

H ence, by Lemnia 2, it yields that

Iv~ + k0
k,,k0 (i + RM

k,,k0
k,,+ko (x,,+xo))).

Frorn (13), we get

+11

’

2 “~ =(í — ~) M(u,,)+M(w,,

)

Ti 2

Sin ce

dg <>3N(p(viifl~uGí+
4,,

=
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Ely the rernark after Lemnia 1, we deduce that titere exist 6,, \ O with

Iv,, + Iv0 —6,,) k,,+ko

Therefore,

¡¡-.r,,+xol¡= 1 + ~
4,,

+

+M ( k.,w,.+kou,/e,. + he

+ E M(w1)jiG~ + (1
4’,

+ kn+ko M(un))itGn]

+ 2
4”

+ 2 M(w~»íO¿ +
4,,

M(u0~G4]

—.2

Since /16’,, —* O, we have that

xo(t) —
— ~)ZWíxa’@)

i=1

whicit contradicts with the fact LM is LW*UR.

Final]y we give an example of an N-function M
(iii). So LN is separable and LM 15

that satisfies (i)
rotirnd, but not

— 6,,)

> (1

aud (II), but not
LW*UR.

u
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1

(Iv + i)~~’ + t~2k-PI—

0<1<1

2k <j <2k+1 (Iv = O, 172, ..

M(u) = p(i) di.

Then M E SC, since p(t) is
Ami M E 72. Irideed, froní q(s)

g(s) = 1
¡

strictly increasing on the whole axis.
— sup 1 (cf § 2 of [1]), it yields that

p(t)=s

5 O<s<1

linear (k+1)k+l=s<(k+1)k+l+4

(Iv= 1,2,...)

For any s, there is Iv such that Iv” + pb.r < s =(Iv + 1)k+1 + ~r, so
2s < (Iv + 2)k+2. Hence 9~.j1 = = 2. Uy the Young inequaility, it
yields that N(2s) =2sq(2s) =4sq(s) S Ssq(;)
1.6., M E 72.

= 16~q(fl =16N(s),

Ud M does not satisfy (iii). In fact for V/e — 2” u~ — 2k+í (Iv =

1,2,...),wehave

1) U~ = ~ > 7)/e —~k.
2

2) M(t¿k) ~ ~.M.3~&flk —u,p(uk) nL. POn)
4EUI4ÉII—2fl.

Let

p(i) = {
and

-4- 2

(where 2k+1 = 2k+1 —
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Al<u¡j+M(v,

)

1. Indeed3) u,+v,NM 2)

M(u~) + M(v~) - 2M(1§+)
- Ii

2

u, +tL

p(t) <¡t—j 2

p(t)—p(t— 71/e —

2 )dt<
— ~ (p(u) — p(V~))

2

— 2 RIv+
— 2”

1)”~’ + 22/e

1,2,...

Since M (~‘1~’) ~ It foflows that 3) itoíds.

4)p((1—~-)u~) = — p(v~) = (Iv+1)”~’ > (Iv+1)(Ivk+2’2k’1)

>(k+1)p((1—I)v~) k =

Cornbining 1) - 4), we see that M does not satisfy (iii).
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