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Abstract: We give some inequalities of capacity in Gaussian channel with or
without feedback. The nonfeedback capacity C,, z(P) and the feedback capacity
Ch,rB,z(P) are both concave functions of P. Though it is shown that C,, z(P) is a
convex function of Z in some sense, C,, pp z(P) is a convex like function of Z.

1 INTRODUCTION

The following model for the discrete time Gaussian channel with feedback is consid-
ered:
Y, =S, +%2, n=12 ...

where Z = {Z,;n = 1,2,...} is a non-degenerate, zero mean Gaussian process
representing the noise and S = {S,;n = 1,2,...} and Y = {YV,;n = 1,2,...}
are stochastic processes representing input signals and output signals, respectively.
The channel is with noiseless feedback, so S, is a function of a message to be
transmitted and the output signals Yi,...,Y,, 1. For a code of rate R and length
n, with code words x"(W, Y™™ 1), W € {1,...,2"%}, and a decoding function g, :
R" — {1,...,2"%} the probability of error is

Pe™ = Pr{g,(Y") #W;Y" = 2" (W, Y™ ") + Z"},
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where W is uniformly distributed over {1,...,2"%} and independent of Z". The
signal is subject to an expected power constraint
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and the feedback is causal, i.e., S; is dependent of Z,...,7Z;_; fort = 1,2,...,n.
Similarly, when there is no feedback, S; is independent of Z". We denote by
Rg?),RgL) the covariance matrices of X, 7, respectively. It is well known that a
finite block length capacity is given by

1 |RY + RY|

Cn,FB,Z(P) = Imax
Ry

Y

where the maximum is on Rg?) symmetric, nonnegative definite and B strictly lower
triangular, such that

Tr((I + BYRY(I + B') + BRY B < nP.

Similarly, let C), z(P) be the maximal value when B = 0, i.e. when there is no
feedback. Under these conditions, Cover and Pombra proved the following.

Proposition 1 (Cover and Pombra [5]) For every e > 0 there exist codes, with
block length n and 2™Cnr5.2(P)=9) codewords, n = 1,2, ..., such that Pe™ — 0, as
n — oo. Conversely, for every e >0 and any sequence of codes with 2™ Cn.r5.2(P)+e)
codewords and block length n, Pe(™ is bounded away from zero for all n. The same

theorem holds in the special case without feedback upon replacing C, rpp z(P) by
Chn.z(P).

When block length n is fixed, C), z(P) is given exactly.

Proposition 2 (Gallager [9])

k
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where 0 < ry < ry < --- < 1, are eigenvalues of R(Zn) and k(< n) is the largest

integer satisfying nP 41y + - -+ 4+ 1 > kry.

We can also represent C,, pp z(P) by the different formula.



Proposition 3 Let D = R} > 0. Then

1 T+ BD + DB' + D)|
P) = —1 1

where the mazimum is on T > 0 and B strictly lower triangular, such that

T —-BDB">0, and Tr(T)<nP.

Proof. By definition there is A > 0 and strictly lower trianglar B such that

Tr((I+ B)A(I + Bt) + BDBt] <nP (2)
and ) A+ Dl
_|_
P)=—"1 ) 3
Cn,FB,Z( ) on og |D| ( )
Let

T =(I+ B)A(I + B") + BDB".
Then by (2) we have Tr(T) < nP and
T —BDB'"=(I+ B)A(I + B") > 0.

Since
I+ B|=|I + B =1,

we have
|A+ D|=|(I+ B)A(I + B")+ (I + B)D(I + B")| = |T'+ BD + DB" + D|.
This consideration shows, by (3),
Chrpz(P) < RHS of (1).
Conversely there is T' > 0 and strictly lower triangular B such that T — BDB! > 0

and

1 T+ BD + DB+ D
RHS of (1) = %log | D) ‘ (4)

Let
A=(I+B)(T-BDB")(I+B"Y ™"

Then since T'— BDB! > 0, we have A > 0 and

(I+ B)A(I + B") + BDB'=T



so that
Tr|(I + B)A(I + B")+ BDB'] < nP.

Just as in the foregoing arguments
T+ BD + DB'+ D| =|A+ D|.
By (4) this consideration shows
RHS of (1) < C.rp.2(P).
This completes the proof. O

In this paper, we first show that the Gaussian feedback capacity C,, pp z(P) is a
concave function of P. And we also show that C,, pp z(P) is a convexlike function of
Z by using the operator convexity of log(1+¢~!). At last we have an open problem
about convexity of Cy, pp.(P).

2 CONCAVITY OF C, rpz(+)

Before proving the concavity of C,, pp z(P) as the function of P, we need two lem-
mas.

Lemma 1 For D >0, and By, By and o, > 0 witha + =1

Proof. This is known and easy to prove. In fact,
{aB\DB] + 3B; DBy} — (aBy + BB2)D(aB; + 3B3)
= af(By; — By)D(B] — B;) > 0.
O

Lemma 2 The function logt is operator concave on (0,00), that is, for Ty, Ty > 0
and o, 3 >0 witha+ 3 =1

log(aT) + BT3) > alog(Ty) + G log(T3).



Proof. This is a well known fact. By Lemma 1 we have first

(aTy + BT3) > (o} + BT, )",
which implies by Lowner theorem

(T, + BT > T} + BT,
Repeating this argument we can conclude

(aTy + BTV > ar/@) 4 g7/ @) (k=1,2..).
Now the operator concavity of the function logt can be derived as
log(aTy + 1) = ggg%aﬂa+ﬂgymﬂ—[}

> o lim 25(TY®) — 1)+ 8 lim 28T — 1)

k—oo k—oo

= alog(Th) + Blog(Tz).

Now we can prove the convacity of C,, rp z(+).

Theorem 1 Fiz Z. Then C, pp z(P) is a concave function of P, that is, for any
Py, P, >0 and for any o, > 0 with a+ =1

Chrpz(aPy + BP) > aCy pp z(P1) + BC, rp.z(P2).

Proof. By Proposition 3 there are 77,75 > 0 and strictly lower triangular By, B
such that

1 'T; + B;D + DB! + D|
— log

Cnrpz(F;) = on D]

(Z = 172)7

and
T, — B;DB! >0, and Tr(T;) <nP; (i=1,2).

Let
T =aol)+pT,, and B = aB;+ 3B,.

Then clearly Tr(T) < n(aP, + $P,) and B is strictly lower triangular.
Since by Lemma 1

BDB' = (aB; + 3B)D(aB! + 3B) < aB, DB} + 3B, DB},

we have
T — BDB' > o(Ty — ByDB) + 3(T, — B,DB%) > 0.
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Then again by Proposition 2 we have

|T+ BD + DB' + D)|
og |D| .

1
Chrpz(aP, + (P) > 2—1
n

Since
T+ BD+ DB'+ D =a(Ty + BiD + DB + D) + 3(Ty + BoD + DB, + D),
we have by Lemma 2
log(T+BD+DB'+D) > alog(Th+B1D+DBj+ D)+ flog(Ta+ BoD+ DB+ D),
which implies
Trllog(T+BD+DB'+D)] > aTr[log(Ty+B,D+DBi+4D)|+BTrlog(Ty+By D+DBL+D)).
The inequality
Chrpz(aPy + BP) > aCy, pp z(P1) + BCh e 2(P)
follows from the relation
log |A| = T'r[log(A)] (A >0).

This completes the proof. O

3 CONVEXITY OF C,.(P),C, rp.(P)

Before proving the convexity of C), z(P) and the convexlikeness of C), pp z(P) as the
function of Z, we need the following lemma.

Lemma 3 The function
f(t) =log(1+t1) =log(l +1t) —logt

is operator conver on (0,00), that is, for any o, > 0 with « + = 1 and for
T, Ty >0

log(I + (aTy + BT5)™") < alog(I +T7") + Blog(I + Ty 1), (5)

Proof. It is well known that for any A > 0 the function



1
=57

is operator convex on (0, 00), that is, for o, 3 > 0 with a+ 8 = 1 and for T},T5 > 0
(M + (aTy + BTo)} ' < a(M +T) ™+ BN+ Ty) (6)

Then, since

£(t) = log(1 + 1) — logt = /01 dh= /01 Sy,
(5) follows from (6). O
Now we can prove the convexity of C,, .(P).
Theorem 2 Given Zy,Zy and o, 3 > 0 with a + 3 =1, define Z by
RY) = aRy) + BRY).

Then
Cn,Z(P) S &Cn,Zl (P) + /GCTL,ZQ(P>'

Proof. Let

D;=RY) (i=1,2), and D=R}’.

Then by definition
D = OéDl + ﬁDQ

and
1 A+ D;
Cn,z,(P) = max{Z—log A D, 0,Tr(A) <nP} (i=1,2)
and X D
Cn Z(P) - max{% log %;A > O,TT(A) < nP}.
Remark that
A+ D
log A+ DI = log|AD™ +1|

— log|AY2D71AY2 4 |
= log|l + (A"Y2DA1/2)71),



Since by Lemma 3

log |A|71L>|D| Trlog{I + (a(A™"?D;A™'?) 4+ B(A™/2 D, A712)) 1Y
< aTrllog{I + (A™Y2D;A~Y2)" Y] 4+ BTrllog{l + (A"Y2D,A"Y/%)71
|A + Dy |A+ Ds|
< alogt—— 4 flog m——2
5o T,
This completes the proof. O

Theorem 3 Given Zy,Zy and o, > 0 with oo+ 3 =1, define Z by
Ry = aRy) + BRY).
Then there exist Py, P, > 0 with aP, + P, = P such that
Cnrp,z(P) < aCyppz (Pr) + BChrp,2,(P).

Proof. Let us use the notations in the proof of Theorem 3. Take A > 0 and
strictly triangular B such that

Tr[(I + B)A(I + B") + BDB'] =nP

and

on % |D|

1 A+ D
1 | | = Cnrp,2(P).

Since

Tr[(I + B)A(I + B") + BDB'|
= aoTr|[(I + B)A(I + B") + BD,B"] + BTr|(I + B)A(I + B") + BD,B"],

we have aP, + P, = P, where
1
P,==Tr[(I + B)A(I + B")+ BD;B"] (i =1,2).
n
Since, as in the proof of Theorem 2,
|A + Dy |A+ Dy

|A+ D|
<alog Z 2 Blog 2T 21
D] 8 by s D,

log
we can conclude

a |A+Dy| S |A + Dy
C, P —log——— + —log————
7FB7Z( ) 2’/’L Og |D1| + 27’L Og |D2|

< aCprpz(P1)+ BChrp .2 ().
This completes the proof. O

IN

Finally we have the following open problem.
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Open Problem. For any Z;, Z5, for any P > 0 and for any a, 5 > 0 (o« + 5 = 1),

Cnrpz(P) < aCy,pp 2z (P)+ BCh rp.2,(P).
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