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Optical Frequency Conversion Using Nearly
Degenerate Four-Wave Mixing in a
Distributed-Feedback Semiconductor
Laser: Theory and Experiment

Rongqing Hui, Sergio Benedetto, and Ivo Montrosset

Abstract—An analytical description of nearly degenerate
four-wave mixing in a single-mode semiconductor laser operat-
ing above threshold is given by using the rate-equation model.
The theoretical result is confirmed by the experiment measuring
the power amplification of probe and conjugate waves. A
155-Mb / s frequency-shift keying optical-transmission system is
demonstrated using four-wave mixing in a bulk distributed-
feedback laser diode, for wavelength conversion, optical-signal
amplification, and data up-streaming.

I. INTRODUCTION

HE PHENOMENA of four-wave mixing (FWM) and

nearly degenerate four-wave mixing (NDFWM) have
attracted considerable attention in nonlinear optics [1),
[2]. The possibility of wavelength conversion using FWM
is also promising in optical-communication systems with
frequency-domain multiple access (FDMA). Apart from
the prerequisite of using nonlinear material, optical gain
and cavity feedback can also play an important role in
achieving higher conjugate amplification, since the nonlin-
ear susceptibility involved in the FWM process can be
strongly enhanced by the optical gain and the cavity
feedback. Collinear intracavity FWM in a semiconductor
laser has been reported [3], [4], and the conjugate ampli-
fication of up to 30-40 dB has been obtained. The physi-
cal mechanism behind the phenomenon of NDFWM was
explained by the theory of dynamic population pulsation
at the beat frequency of the intracavity propagated waves
[5]. This description is equivalent to a description in terms
of creating gain and refractive-index gratings in the spatial
domain. More recently, FWM in travelling-wave laser
amplifiers (TWA) also has been extensively studied [6], [7].
FWM gives rise to the interference between different
channels when a TWA is implemented in a multichannel
optical-communication system. On the other hand, FWM
in a TWA can also be utilized to achieve frequency
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conversion [7]-[11]. The effective frequency-conversion
bandwidth using FWM in a TWA is limited by the inverse
of the effective carrier lifetime of the laser amplifier,
which is usually less than 5-6 GHz with positive gain [8].
Furthermore, in this scheme an external pump source
with high optical power is required. The frequency-con-
version bandwidth has been effectively extended to 4000
GHz by using simultaneously two external pump waves
injected into a TWA [12], at the expense of an increased
system complexity. In the case of FWM in self-oscillating
laser diodes, however, the pump wave is generated by
itself and the FWM efficiency is enhanced enormously by
the cavity feedback. Highly nondegenerate FWM using an
injection-locked nearly single-mode laser diode has been
demonstrated in an optical-communication system for
wavelength conversion [13], where the probe and the
conjugate waves have been enhanced by the cavity reso-
nance at the side longitudinal modes and the wavelength
conversion range can be as high as terahertz (noncontinu-
ous). On the other hand, NDFWM is suitable in the
application of dense FDMA systems. In a laser diode
operating above threshold, the effective NDFWM band-
width is determined by the laser’s relaxation oscillation
and a frequency conversion of up to 30 GHz can be
achieved; this value is much higher than the NDFWM
bandwidth in a TWA. However, its application in optical
communication systems has received only limited atten-
tion [14].

In this paper, a theoretical investigation of collinear
NDFWM in a single-mode semiconductor laser using a
rate-equation model is presented. The theoretical results
agree qualitatively with the experimental data. Using a
155-Mb /s frequency-shift keying (FSK) optical transmis-
sion system, we demonstrated the use of NDFWM in a
DFB laser diode operating above threshold, for frequency
conversion, optical-signal amplification, and data up-
streaming.

II. THEORETICAL ANALYSIS

The theory of FWM in semiconductor laser devices has
already been developed [5]. Even though the analysis in
that paper is general, most of the attention is devoted to
the discussion of FWM in TWA'’s. In semiconductor lasers
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operating above threshold, the FWM efficiency is modi-
fied by the cavity resonance and a theory more relevant to
this case is required.

In the state-of-art technology, semiconductor lasers
usually work in one fundamental transverse mode and, in
addition, newly developed laser structures like distributed
feedback (DFB) and distributed Bragg reflector (DBR)
can provide a strong longitudinal mode selection. If we
further neglect the spatial inhomogeneities and the car-
rier-diffusion effect, the carrier population N in the ac-
tive cavity will obey the simple rate equation

dN/dt=C — N/7, — g(N,IEDIEM®I?, (D
where C is the carrier injection rate, E is the electric field
normalized as the square root of the photon density inside
the laser’s activity cavity, 7, is the effective carrier recom-
bination lifetime, and g is the material gain.

Generally, the nonuniform intensity distribution and
thus the spatial-hole-burning effect in the longitudinal
direction of the laser cavity may play an important role.
Here, however, we use the mean-field approximation for
simplicity.

We consider the NDFWM in a laser diode operating
above threshold which, by itself, provides the pump wave
while the probe wave is externally injected from a master
laser. The total intracavity field can be expressed as

E(t) =E(®) exp(—iwt),
where w is the optical frequency of the pump wave and

E(t) =E,+ E exp(iQt) + E,exp(—iQt) (2
with Ey, E;, and E, the field amplitude of pump, probe,
and conjugate waves, respectively. () is the pump-probe
frequency detuning. In the small-signal analytical ap-
proach adopted here, we assume that both |E,| and |E,|
are much smaller than |E,|, which is usually the case when
the pump laser is biased at high level. In this approxima-
tion, however, harmonics of orders higher than 1 are
automatically neglected.

The material gain of the pump laser is assumed to vary
with the carrier population and to be affected by the
nonlinear gain saturation:

g(N,IE") = a(N - N — el E®WP),  (3)
where a is the differential gain, N, is the transparency
carrier density, and € is the nonlinear gain coefficient.
Using the same approximation as used in (2), the carrier
density can be expressed as

N=N,+ ANexp(—iQr) + AN*exp (iQs), (4
where N, is the static carrier population, AN accounts for

the carrier population pulsation [5], and the asterisk (*)
designates the complex conjugation.

2027

Substituting (2)-(4) into (1) and neglecting high-order
quantities, we get the expressions

Cr, + Ny(1 — €lE,*/P,)
N 1+ |E,|*/P,
AN —(N, = N)(1 — 2€lE > )(ESE, + EE$) /P,
1+ |E,*/P, — i,

&)

s

’

)

where P, = 1/(ar,) is the saturation optical power and
|E,|* = |Eg|* + |E,|* + |E,|* is the stationary optical
power.

In the equilibrium state, the optical gain should be

compensated by the loss in the laser cavity. Then
g(N,IE,I) = a(N, = Np)(1 = elE,[*) = 1/7,,

where 7, is the photon lifetime.
The material gain g(N,lEIz) can be expanded, in a
Taylor series, around the stationary-state operating point

as
g(N,IEI") = 1/1, + a(1 — €lEJ*)(N = N,
—ae(N, = N)(IEI® - [E,*).

The electric field inside the cavity of the pump laser can
be described by the usual Van der Pol equation with an
additional term representing the external optical injection
[15]):

dE(t) )
e a[(1 — €lE))(N — N,) = iB(N = N)
E(t) E
(IEP? = E,P)] —— + —exp(=iQn, (D

where B is the well known linewidth enhancement factor
of the pump laser, E; is the amount of the external field
coupled into the active cavity of the pump laser, and 7; is
its cavity averaging factor, which can be approximated by
the cavity roundtrip time 2xnL /c with L the cavity length,
n the effective refractive index, and ¢ the light speed.

Substituting (2)-(6) into (7) and separating terms con-
taining exp (—iQ¢) and exp (iQ¢), we obtain

|E,)*|E,| + E2E}

—iQE = ———— =
! 27,(1 - €lE,I*)P,
1-€lE,)> - iB)(1 - 2€lE,
It iB)1-2¢IEF)
1+|E,*/P, — iQr,
Ei
+—, 8)
T;
|E)’|E,| + EZ*E
_ lQE;‘ _ 0 2 02 1
27,(1 - €lE,I*)P,
1-€lE,|)* +iB)(1 - 2¢lE,”
[ iB)1 =288 1
1+|E[*/P, —iQr,
()]
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Equations (8) and (9) can be written in a simple matrix

form:
e
where the matrix elements are
M= =0 AP
[(1 — €lE? —iB)(1 - 2¢E,1%) |Eyf*
1 +|E)/P, ~ iQ, ‘1R
an
1
Mz = 27,(1 - €lE,)%)
(1 - €elE” - iB)(1 - 2¢lE, %) Eyl*
[ 1 +1E/P, 0, " EPS] P
(12)
1
M, = 27,(1 - €lE,I*)
1 - elE* +iB)(1 - 2€lE,) E}*
'[( 1+ IEalz/g:(— iQr, b GP‘] P’
(13)
. 1
My = =it + 27,(1 = €lE,F)
(1 - €lE,I” +iB)(1 — 2¢|E,P) ||
' 1+ |E,P/P, - iQr, " EP‘] P,
(14)
and C;=E,;/7
The probe wave-field amplification
A, = % - A—1~|E P (15)
and the conjugate wave-field amplification
A, = B Yo e (16)
E, A7, 0
can be obtained easily from (10).
The parameters in (15) and (16) are expressed as
U = -iQ( + P, — iQ7,)
[(1 - elE +iB)(1 - 26lE,1%)
+eP(1 + P, — iQ1)]
’ 27,(1 — €lE,I*) > 47
[(1 = elEP +iB)(1 - 2¢lE,1%)
U, = + eP(1 + P, — iQ1,)) as)

27p(1 — eIEalz) ’
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and
A = —iQ{-iQ1 + Py) + (Qf — Q)

+eQ37[P(1 + Py —iQr) — 3PP}, (19)
where P, = |E, [*/P, is the normalized optical power and

=|E,I’g(N,,|E,|*)/(7,P,) is the square of the relax-
atlon OSCIHatlon angular frequency of the pump laser [16].

The power ampllﬁcatlon for the probe wave (|4, I*) and
the conjugate wave (/A |*) has been calculated for dif-
ferent bias levels of the pump laser; the results are shown
in Fig. 1. In Fig. 1(a), the pump laser is biased at a higher
level with P, = 3.5, whereas in Fig. 1(b), the pump laser is
biased at a lower level with P, = 1.1. Other parameters
used in the calculation are B=5, a =7 x 10° s},

(N,IE/)=9%x10"s"!, a-e=62x 10% 7, = 0.8 ns,
and 1, = 8 ps.

Comparing Fig. 1(b) with Fig. 1(a), it is evident that the
effective FWM bandwidth increases with the increase of
the optical power of the pump laser, and at the same time
the resonant peaks corresponding to the frequency of the
relaxation oscillation are more damped because of the
nonlinear gain saturation. In both cases, the conjugate
amplification, defined by the conjugate power output di-
vided by the probe power input, is similar to the probe
amplification. Both the probe and the conjugate amplifi-
cation are almost symmetric with respect to the zero
detuning. These results are very different from those
related to the FWM in TWA’s [5].

It must be pointed out that, here, the effect of pump
depletion is not included, because our analysis is limited
to the small signal case. Pump depletion usually happens
when the injected optical power is high enough, or the
frequency detuning between the probe and the pump is
too small, especially when the pump laser is biased at low
levels.

II1. EXPERIMENTS

In this part we present our experimental measurements
on the probe and conjugate power amplification and
demonstrate a FSK transmission system using the multi-
function of FWM. The experimental setup is shown in
Fig. 2. Two identical commercial DFB-BH laser diodes
with an emission wavelength of 1546 nm are used. One of
them (LD1) is used as the probe with its output injected
through a variable optical attenuator into the other laser
(LD2). This laser works well above threshold because the
FWM element provides the pump wave. The injected
probe light is amplified inside the active cavity of the
FWM element and the wavelength-converted conjugate
wave is created. These optical signals are sent to the
receiver through another optical attenuator (VAT2). At
the receiver side, a tunable external cavity semiconductor
laser (LD3) is used as the local oscillator in the hetero-
dyne system, down-shifting the optical frequency to IF
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Fig. 1. Small-signal probe and conjugate wave amplifications with the

pump laser biased at two different levels: (a) 7 = 40 mA in the experi-
ment and P, = 3.5 in the calculation; (b) I = 25 mA in the experiment
and P, = 1.1 in the calculation. The pump laser has the threshold
current of 18 mA. Probe and conjugate amplifications are represented by
open circles (solid lines) and crosses (dashed lines), respectively, for the
experimental (theoretical) results.

range. The signal is then measured in a 22-GHz wideband
spectrum analyzer with the lightwave section performing
photodetection.

A. Measurement of the FWM Bandwidth

The probe and the conjugate wave amplification are
evaluated from the measured optical spectrum on the
spectrum analyzer. The optical power that is actually
injected into the FWM element is estimated through the
measured injection-locking bandwidth B by the formula
P, = Q#@B1)*P/(1 + B*) [17), where P is the optical
power of the pump laser while the linewidth enhancement
factor B has been measured to be 5 using the method
presented in [18]. Instead of measuring only the peak
amplitude, we measured the output power of the probe
and the conjugate waves by integrating over a certain
frequency range around each peak on the spectrum. The
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Fig. 2. Experimental setup LD, laser diodes; PC, polarization control;
FDC, fiber directional coupler; VAT, variable attenuators; BS, beam
splitter.

advantage of this integration is that the result is not
affected by the linewidth. In fact, the linewidth of the
conjugate wave is usually much wider than the probe wave
[19]. If only the peak amplitudes are measured, the conju-
gate amplification will be underestimated as the result
previously reported in [4].

We measured the probe and the conjugate amplifica-
tion when the pump laser was biased at two different
levels: I = 40 mA [Fig. 1(a)] and I = 25 mA [Fig. 1(b)].
The threshold current of this laser is about I, = 18 mA.
The measured results are plotted in the same figure with
the theoretically calculated results. Suppose that the opti-
cal power is linearly proportional to the normalized cur-
rent (I — I;)/I,; then the bias conditions of the pump
laser in the experiment are proportional to those used in
the calculations. A qualitative agreement between the
theory and the experiment is obvious. In the case when
the pump laser is biased at high level [Fig. 1(a)], the
effective FWM bandwidth (with positive conjugate gain)
easily can be extended to more than + 15 GHz. This value
is much larger than the NDFWM bandwidth in traveling-
wave laser amplifiers, where this bandwidth is mainly
determined by the inverse of the carrier lifetime and is
usually no more than +6 GHz [5], [8]. From this result, it
appears that the NDFWM in a laser diode operating
above threshold is suitable to perform the wavelength
conversion function in an optical frequency division multi-
plexing (OFDM) system.

B. Optical FSK Transmission System Experiment

In this part we report our FSK optical transmission
system experiment using NDFWM in a commercial DFB
laser diode. Multifunctional applications of FWM in a
laser diode makes it a possible candidate as a node in a
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transmission system performing optical amplification, fre-
quency conversion, and signal data up-streaming.

The possible applications are demonstrated as follows.
In the first operating mode, the signal is applied to the
probe laser (LD1), which works as the transmitter. The
FWM element (LD2) works in the continuous-wave (CW)
condition; it amplifies the incoming FSK-modulated opti-
cal signal from the transmitter and generates the fre-
quency-converted conjugate wave. A typical heterodyne
spectrum in this operating mode is shown in Fig. 3(2); in
this case, the signal is converted from the probe to the
conjugate wave, and a consequent wavelength conversion
of 18 GHz. In the optical-transmission experiment, the
pump laser is biased at the level 7 = 40 mA, correspond-
ing to the FWM characteristic shown in Fig. 1(a), so that
both the probe and the conjugate amplification are ap-
proximately 22 dB with the used frequency detuning. This
configuration seems promising in network applications
also because it is possible to broadcast simultaneously the
same signal, after the amplification, to two different nodes
addressed by different wavelengths.

In another operating mode, LD1 is not modulated and
a direct FSK modulation is applied to the FWM element
(pump laser). Since the carrier density is modulated, this
up-streamed signal can also be converted from the pump
to the conjugate wave as illustrated by the spectrum of
Fig. 3(b). In both cases, the spectra of the conjugate waves
are the same. This permits use of a unique receiver
structure as in Fig. 2.

It is interesting to notice that the frequency-modulation
index is the same for the probe and the conjugate waves
in the first operating mode, while in the second operating
mode, the modulation index of the conjugate wave is twice
the modulation index of the pump (see Fig. 3). This simple
relationship can be understood quickly through (16). If
the probe light is frequency-modulated, obviously, the
conjugate wave is frequency-modulated with the same
modulation index. However, the FM modulation to the
pump will double the FM modulation index in the conju-
gate wave through the square-law relationship in (16). It is
worth noting that the relationship between the modula-
tion index of the probe, pump, and conjugate waves is
different from their linewidth relationship {19]:

Av, =4A, + Ay, (20)
where Av,, Ay,, and Av, are the linewidths of the
conjugate, pump, and probe waves, respectively. Because
of the factor 4 in (20), it can be deduced that the use of a
pump laser with narrow linewidth is very important.

With a fixed amount of optical power [ —34 dB (1 mW)]
injected into the FWM element, the bit error rate (BER)
is measured by varying the second optical attenuator
(VAT2) in Fig. 2 and the results are plotted in Fig. 4. The
solid triangles refer to the BER when the system is in the
first operating mode where the probe signal is FSK-mod-
ulated and the frequency-converted conjugate wave is
detected. The sensitivity to obtain a BER of 107 is —42
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Fig. 3. Measured spectrum of NDFWM (a) with the probe light FSK-
modulated at 155 Mb/s and the pump laser dc biased and (b) with the
pump laser FSK-modulated at 155 Mb /s and the probe laser dc biased.
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Fig. 4. Measured bit-error rate for 155-Mb /s FSK optical transmission
(NRZ 27-1 PRBS). The abscissa is the optical power received by the
photodiode of the receiver. Solid triangles: the probe light is modulated,
the pump laser is dc biased, and the conjugate wave is detected [the
spectrum is shown in Fig. 3(a)]. The insert is an eye-diagram in this case
with the BER at 10~?. Open circles: the pump laser is modulated, the
probe laser is dc biased, and the conjugate wave is detected [the
spectrum is shown in Fig. 3(b)l. Open triangles: the probe light is
modulated, the pump laser is dc biased, and the amplified probe wave is
detected. Solid circles: the conventional FSK heterodyne system without
FWM.

dB (1 mW). There is a 2-dB power penalty compared to
that of the conventional heterodyne configuration using
the same devices (solid circles). We also measured the
BER when the amplified probe wave is detected directly,
and this is indicated by the open triangles in Fig. 4. In our
experiment, the linewidth of the probe is 40 MHz and that
of the pump is 25 MHz; the conjugate wave has, there-
fore, a linewidth of about 140 MHz according to (20),
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which is almost equal to the signal bit rate. The measured
sensitivity difference between the open triangles and the
black triangles and the black triangles is believed to be
mainly caused by this linewidth broadening. For the sec-
ond operating mode of our system, where the pump laser
is FSK modulated and the frequency-converted conjugate
wave is selected in the receiver, the BER is plotted as
open circles in Fig. 4. In our experiment, to obtain the
abscissa of Fig. 4, we evaluated this optical power only in
the IF frequency part (less than 6 GHz); thus the pump
optical power is excluded. In fact the power of the pump
wave is approximately 15 dB higher than the amplified
probe or conjugate waves in our case.

The probe optical power injected into the FWM ele-
ment is also found to be an important parameter affecting
the system performance. This parameter is important be-
cause it sets the power budget in the transmission span
between the transmitter and the FWM element. With the
second optical attenuator (VAT2) set to zero attenuation
and varying the optical power injected into the FWM
element by adjusting the first optical attenuator (VAT1),
another BER plot is obtained as shown in Fig. 5. In this
plot, the abscissa is the probe optical power actually
coupled into the FWM element. The solid circles in this
figure represent the BER when the pump laser is modu-
lated. Since the signal is detected at the frequency-con-
verted conjugate wave, the BER depends, of course, on
the probe optical power input (the pump power is fixed all
through the transmission experiment). The open circles
represent the BER when the probe is modulated and the
amplified probe wave itself is detected without the wave-
length conversion. The triangles are the BER result when
the probe is modulated and the frequency-converted con-
jugate wave is received. It is noticed in this case that in
the high input power regime, the BER is reincreased. By a
careful examination of the optical spectrum, we found
that this BER degradation in high power regime is caused
by pump depletion. In this case, the amplified probe wave
is too strong and the amplitude of the population pulsa-
tion is too high so that the pump laser is effectively
modulated in intensity as well as in frequency. In this way,
the linewidth of the pump wave is broadened by the
modulated probe wave, and thus the linewidth of the
conjugate wave is broadened in a much stronger way
according to (20). There exists an optimum optical power
of injected signal to get the best system performance: it is
approximately —34 dB (1 mW) in our case. Usually this
value is dependent on the pump laser’s characteristics.

IV. ConcCLUSIONS

A theoretical description of collinear NDFWM in a
single-mode semiconductor laser using the rate-equation
model is presented and the results are given in analytical
form. The theoretical results agree qualitatively with the
experimental measurement. A much wider frequency-
conversion bandwidth is obtained by NDFW in a semicon-
ductor laser operating above threshold than in the travel-
ling-wave laser amplifiers. A 155-Mb /s FSK optical-trans-
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Fig. 5. Measured bit-error rate for 155-Mb /s FSK optical transmission
(NRZ 27-1 PRBS). The abscissa is the optical power received by the
FWM element. Solid triangles: the probe light is modulated, the pump
laser is dc biased, and the conjugate wave is detected. Solid circles: the
pump laser is modulated, the probe laser is dc biased, and the conjugate
wave is detected. Open circles: the probe light is modulated, the pump
laser is dc biased, and the amplified probe wave is detected.

mission experiment is demonstrated using NDFWM in a
DFB laser diode operating above threshold, for frequency
conversion, optical-signal amplification, and data up-
streaming. The power penalty caused by the FWM pro-
cess is less than 2 dB in the experiment and it may be
reduced by optimizing the receiver structure.
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