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0. Introduction and summary

Fractional factorial designs were first introduced by Finney [18] in an
agricultural setting. The theory has found increasing use in various fields of
experimentations, and further developed in orthogonal fractions in which esti-
mates of the effects of interest are mutually uncorrelated. However, orthogonal
fractions are available only for special values of the number of assemblies (or
treatment combinations) and are generally uneconomic in the sense that they
involve more than the desirable number of assemblies. In this sense, one needs
to consider non-orthogonal (or irregular) fractions as well (cf. [4]). The class
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of balanced designs considered here is the next wider class to be looked into.

As a generalization of orthogonal arrays, the concept of balanced arrays
(B-arrays) was first introduced by Chakravarti [7], who called them ‘‘partially
balanced” arrays. Several authors (cf. [8, 9, 17, 22, 33, 39, 46, 53]) have con-
tributed to the development of such B-arrays, particularly, their constructions of
2, 3 and, in general, s levels. A connection between a B-array of strength 2£
and a balanced fractional 2™ factorial (2"-BFF) design of resolution 24+ 1 was
given by Yamamoto, Shirakura and Kuwada [59]. Furthermore, the same
authors [60] obtained an explicit expression for the characteristic polynomial of
the information matrix of a 2"-BFF design of resolution 24+ 1, by utilizing the
decomposition of triangular multidimensional partially balanced (TMDPB)
association algebra ¥ into its two-sided ideals A, for =0, 1,..., £. This poly-
nomial also yields the results obtained by Srivastava and Chopra [51]. The
concept of MDPB association schemes was first introduced by Bose and Srivastava
[5], as a generalization of association schemes. Optimal 2™-BFF designs of
resolutions V and VII with respect to popular criteria (e.g., the trace, determinant
and maximum root) have been obtained by Shirakura [40-42], Srivastava and/or
Chopra [10-15, 45, 52, 55], and others. Shirakura and/or Kuwada [39-44]
made further investigation into 2"-BFF designs on the basis of the above-men-
tioned results.

Saturated fractions, particularly, saturated main effect plans, which are
special cases of fractional factorials, have been studied by several authors (cf.
[31, 32, 34-38]). This theory is very useful in the sense that the number of
assemblies is equal to the minimum value of estimating the unknown effects of
interest. However, this case has no degree of freedom for error.

As mentioned above, most of the authors have dealt with a design of odd
resolution. On the other hand, designs of even resolution have been studied by
Margolin [27, 28], Shirakura [41, 42], Srivastava and/or Anderson [2, 47],
Webb [57], and others.

Recently, an explicit expression for the trace of the covariance matrix of a
balanced fractional (2, 0)-symmetric design of resolution V for 3™ factorials was
obtained by Srivastava and Chopra [54]. Special cases of their results were
also considered by Hoke [19, 20], who gave the characteristic polynomial of an
information matrix and various properties of a design based on the second-order
model for 3™ factorials. Kuwada [24] has obtained a connection between a
B-array of strength 4, size N, m constraints, 3 levels and index set {4, ,|io+i;
+i,=4} (for brevity, B-array [N, m, 3, 4] with index set {;;,}) and a 3"-BFF
design of resolution V. In general, a connection between a B-array of strength
24 and an s”-BFF design of resolution 24+ 1 has been given by Kuwada and/or
Nishii [26, 30]. Furthermore, the above first author [25] has derived the char-
acteristic polynomial of information matrix M of a 3™-BFF design, T, of resolu-
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tion V, by use of the algebraic structure of a multidimensional (MD) relationship.
The concept of relationship was introduced by James [21] in an experimental
design. The author believes that the theory of an MD relationship and its
algebra for a 3m-BFF design will be extensible to the theory for an s™-BFF design
by an argument similar to that for 3™ factorials.

This paper consists of three parts. In Part I, fractional 3™ factorial (3"-FF)
designs and their algebraic structure are discussed. Section 1 gives the linear
model of a 3"-FF design. Section 2 deals with a connection between indices
Aigiyi, Of a B-array [N, m, 3, 4] and the elements of information matrix My of
a 3m-FF design, T. Section 3 gives the definition of a p-MDPB association
scheme. Particularly, an (£+41)-TMDPB association scheme and its properties
are discussed. As a generalization of an MDPB association scheme, Section 4

deals with an <£;2>-MD relationship defined among the sets of effects up to

f-factor interaction (particularly, the case £=2) and its algebra U (called an
MD relationship algebra). By use of the algebraic structure, U is, for case £=2,
decomposed into the direct sum of four two-sided ideals ¥, for #=0, 1, 2, f. The
explicit expressions for irreducible representations K, of My for B-array [N, m,
3, 4] T with index set {4, ;,} with respect to ideals %, are also given.
~ In Part 11, practical properties of a 3™-BFF design of resolution V are dis-
cussed, and optimal 34-BFF designs of resolution V with respect to the trace and
determinant criteria are presented for 33N <56. Furthermore, under some
restrictions on indices 4;; ;,, optimal 34- and 3%-BFF designs of resolution V with
respect to the above two criteria are presented for 5S7<N<81 and 51S<NZL70,
respectively. Section 5 shows that a necessary and sufficient condition for design
T to be balanced is that T is a B-array [N, m, 3, 4] with index set {4}, pro-
vided M is non-singular. In order to obtain an optimal design with respect to
popular criteria, Section 6 gives an explicit expression for the characteristic
polynomial of My (and hence that of Vy (=M7!) for a 3m-BFF design of resolu-
tion V) and for the trace and determinant of V;. Furthermore, this section
includes, as a by-product, a necessary condition for the existence of a B-array
[N, m, 3, 4] with index set {4;,,,,}, and a connection between a B-array and its
(0, 2)-interchanged B-array. Utilizing the algebraic structure, Section 7 gives
the elements of covariance matrix Vyo2 of a 3"-BFF design, T, of resolution V.
By use of the results obtained in the preceding sections, Sections 8 and 9 present
optimal 34- and 35-BFF designs derived, respectively, from B-arrays [N, 4, 3, 4]
and B-arrays [N, 5, 3, 5] with respect to the trace and determinant criteria,
under some restrictions on A;;,.
In Part 111, balanced third-order designs for 3™ factorials (briefly, 3»-BTO
designs) are discussed. As a generalization of the second-order model for 3=
factorials (cf. [38]), Section 10 suggests the definition of the third-order model,
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and also gives the relationship defined among the six sets of effects, i.e., the general
mean, the linear and the quadratic components of the main effect, the linear by
linear and the linear by quadratic of the two-factor interaction, and the 3-linear
of the three-factor interaction. Section 11 gives a connection between a B-array
of strength at least six and the elements of information matrix M¥% for the third-
order model. The explicit expression for irreducible representations Kf (8=0, 1,
2, 3, f) of M% with respect to ideals A} of algebra A* is also given. Using the
results mentioned above, this section also gives an explicit expression for the
characteristic polynomial of M#% (hence that of V§ (=M¥%¥-1)) and for the trace
and determinant of V¥ for a 3™-BTO design. Under some restrictions on A¥; ..,
Section 12 presents the elements of V% and optimal 36-BTO designs with respect
to the trace and determinant criteria. As a by-product, this section also gives
some existence condition for B-arrays based on the third-order model and for 3m-

BTO designs.

For convenience sake, the notations and symbols shown below are used
throughout this paper. Unless stated otherwise, their meanings are as follows:

I, Identity matrix of order p.

G,oxy A pxg matrix all of whose elements are unity. As special
cases, G, , and G, are denoted by G, and j,, respectively.

O,y A p x g matrix all of whose elements are zero.

A’ : Transpose of matrix A.

tr (A) : Trace of matrix A.

det (A) : Determinant of matrix 4.

|S] . Cardinality of set S.

Var[y] : Covariance matrix of vector y.

J;; : Kronecker’s delta, i.e., §;;=1 or 0 according as i=j or not.

min (4, v) : Minimum value of integers u and v.

(;) : Binomial coefficient. As a special case, (:1>=0 if and only

if m>nor m<0.

w(e15 £35..., &): The number of #’s in the vector (g, &;,..., &)

[Aleb.ed)] . Algebra generated by the linear closure of these matrices
indicated in the bracket [ ].

diag {a,,..., 4y,..., dg..., a;}: A pxp diagonal matrix obtained by juxta-

P Ps
1 posing each g; p;/times (i=1, 2,...,s) for

p=pi+:+Ps
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PartI. 3™-FF designs and their algebraic structure

1. Linear model of 3™-FF designs

Consider a factorial experiment with m factors, Fy, F,,..., F,, each at three
levels. As usual, the assemblies or treatment combinations will be represented
bY (Jis J25+--» Jm)» Wherein factor F, has level j, for r=1, 2,..., m and each j, is
equal to 0, 1 or 2. Consider the observations y(j{, jz,...s jm) corresponding to
assemblies (j;, j;,..., jm) and their expectations 7(jy, jz,.--s j)- In this case, it
is well known (cf. [24]) that various factorial effects can be expressed as a linear
combination of all expectations #(j,, jz;---» Jm)» 1-€.,

(1_1) 9(81, £35nnns am) = Z . 3—woler,22,.m0s em) D" W1(21,825000sEm)GTW2(EL1 8240005 8m)

AT (s Jareees Jim)
for =0,1,2; i=12,...,m,

Jidadm
E1E2°Em

where d are given by

dizdm = 4, (e))d;(e2)+d), (em)»

in which elements d(g) are defined by

" do(0) dy(0) dy(0) 1 1 1
(1.2) D= dyl) d,(1) dy()) |=| -1 0 1
do(2) di(2) dy(2) 1 -2 1

Note that D is the coefficient matrix of an orthogonal polynomial of degree 3.
Let

70, ..., 0, 0) 80, ..., 0, 0)
7(0,..., 0, 1) 60, ..., 0, 1)
p=| 10,.,0,2) | and &= 6(,..,0,2)
12, 2, 2) 6(2,...,2,2)

be, respectively, the 3™ x 1 vectors of all expectations of observations and effects
arranged in the lexicographic order. Then, from (1.1), € can be written in
matrix notation as

(1.3) 0 = 45D myn,

where D,,=D®D®---@D (m-times Kronecker products of D) and 4%, =
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D yDimy is the diagonal matrix with diagonal elements 3wo(e1,62,.2m)2w1(er,22,...08m)
<6w2(en2z08m) corresponding to the (e,3™ 14,3 2+ +g,+1, g,3m 146,372
+--+g,+1) cell.

In particular, the general mean, denoted alternatively by 6(¢), is represented
by 6(0, 0,..., 0), and the linear (the quadratic) component of the main effect of
factor F,, denoted alternatively by 6(t') (6(t?)), is represented by 6(g,, &5,..., &,)
with g=1 (¢,=2) and ¢,=0 for all r#¢. The linear by linear (the quadratic by
quadratic) component of the two-factor interaction of factors F,, and F,,, denoted
alternatively by 6(t1t}) (0(t3t3)), is represented by (e, &,..., &,) With &, =g, =1
(&,=¢,=2) and g,=0 for all r#t,, t,, and the linear by quadratic of the two-
factor interaction of factors F,, and F,,, denoted alternatively by 6(¢4t3), is repre-
sented by 0(s,, &,,..., &,) With g,=1, g,=2 and g,=0 for all r#¢;, t,. In general,
for {t;,..., ;s 1,..., ty,} being a subset of {1, 2,..., m}, the k,-linear by k,-
quadratic component of the k-factor interaction of factors F,,..., F,, and
Fyiseees Fyy,, Where k=k, +k,, denoted alternatively by 0(¢{---£} t}%---t;2), is repre-
sented by 6(z,, &,,..., &) With &, ="+ =¢, =1, &; =-- =a,;‘2=2 and the remaining
&, being all equal to zero.

Solving (1.3) with respect to # yields = Dy,,0, i.e.,

NGy Joees ) = Z Al dm0ey, £,y €.

We shall consider the situation where three-factor and higher-order inter-

actions are assumed to be negligible. In this case, the number of unknown

effects is given by v,=1+m+m+ ('g) + ('g) + 2(’;) =1+2m?2, and the v,x1
vector of these effects @, can be rearranged as follows:
0., = ({6(®)}; {6(t1)}; {6(3)}; {6(:1eD)}; {61313} ; {6(15eDD),
where t; <t, and t;#t,. Since d(0)=1 for all j, we can obtain the following
model for the expectation of the observation corresponding to assembly (j,, ja,...,
Jm):
2 m
(1 4) ﬂ(jl’ jZ’-- i Jm) = G(¢) + sgl tgl d.it(s)o(te)
2
+ 2 T d,(0)d;, (e)0(t515)
e=1 1<ty

11t

+ 3 d,(0d;, 0D,

2. B-arrays and information matrices

Let T be a fraction with N assemblies. Then T can be expressed as a matrix

of size Nxm whose a-th row (j{®, j5,..., j%) denotes the a-th assembly for
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a=1,2,.., N and j{® are 0,10r2 for i=1,2,...,m. Let y¥(T) and #(T) be
the N x1 observation vector and the corresponding expectation vector with
a-th elements y(j{®, j52,...,j%) and n(j{®, j$2,..., j'&?), respectively. Con-
sider the N observations in y(7) as independent random variables with common
variance o2. Then, from (1.4), #(T) and Var [y(T)] can be expressed as follows:

9(T) = E;0,, and Var[y(T)] = o2l

where E; is called the N xv,, design matrix of T. It can be seen from (1.4) that
the element corresponding to 6(#5:¢52)-column in the a-th row of Ey is given by
dji(e1)dji(e;). Here, in the symbol for an effect, when the exponent, ¢,, of
t, is zero, we shall omit this t, from the symbol. In particular, 6(#9t3) means the
general mean, 6(¢).

The normal equation for estimating #, can be written as

2.1) M8, = Ery(T),

where M;=E}E; is the v,xv, information matrix whose row and column
correspond to the elements of &, , respectively.

The term “‘resolution” was introduced by Box and Hunter [6] to classify the
fractions. A fraction, T, is called a fractional 3™ factorial (3™-FF) design of
resolution V, if information matrix M is non-singular. In a 3™-FF design of
resolution V, all effects up to two-factor interaction are estimable if three-factor
and higher-order interactions are negligible. For a 3"-FF design of resolution
V, the best linear unbiased estimate (BLUE) of 8, can be given by

8., = VaEry(T),

where Vp=M7!. Note that 3v"l is the unique solution of (2.1). It can also be
shown that Var [évm] is given by

(2.2) Var[8, ] = Vyo2.

Let g(#5:1°3; 15°t54) be the element of information matrix M; whose row
and column correspond to 6(#5!¢52) and 6(#5*t5*), respectively. Then we have

N
(2.3) e(15us; 132430) = ;1 dj}j”(El)djfz’(az)djfz’(sa)djfj’(54),

which yields that e(#5:452; 15°154) is invariant with respect to any permutation of
{1, 2, 3, 4}. Thus we can write e(5:152; t52¢54) as y5:52¢324 with the property
Vit = yifzgatle forall {iy, iy, 45, i} = {1, 2, 3, 4}.

Let dj=(1, 1, 1), di=(—1, 0, 1) and d3=(1, —2, 1) be the row vectors of
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matrix D as defined by (1.2). Then, since D is non-singular, we get

Lemua 2.1 (Kuwada [24]).
dyxd, =dsdy=d, for r=0,1,2,

di+d, = (2d, + d,)/3,
2.4)

dl*dZ = dz*dl = dl’

dyxd, = 2d, — d,,

where symbol * denotes Schur product (or Hadamard product), i.e., (a,, az, as)
#(by, kbza bs) =(a;by, azb;, ashs).

From (2.3) and (2.4), it is easily shown that e(t51£52; #53t5¢), e(t5e52; 153454,
s(151152; 15315¢), e(151152; 15°15%), e(t51152; 15°154) and e(¢51452; 153154) can be expressed
£,2,0 0 £7£,0 0 £2.0 2 e1e 2.0 8 8,0 e, 3 s;e 0

as linear combinations of Vertatater Vettatater Veitoestas Veieleeas Veitarars and Veitatatas

respectively, for ¢,=0, 1, 2 (r=1, 2).
We shall define a balanced array (B-array) of strength 2.

DEFINITION 2.1. An N x m matrix, T, whose elements are 0, 1 or 2 is called
a balanced array of strength ¢, size N, m constraints, 3 levels and index set {4;,;,;,!
ig+i,+iy=t, iy, iy, i,=20} (for brevity, B-array [N, m, 3, f] with index set
{Aigiip}) if every subarray Tp ..., composed of ky-th, k,-th,..., k-th columns
of T is such that every 1xt vector with w,(ji,» jiys-+es Ji) =1 (r=0, 1, 2) occurs
exactly 2, ;-times as a row of T;,,...,. Clearly N=3{t!/(io!i;!i,)} i,
where summation Y. extends over ig+i,+i,=t and iy, iy, i, =0.

Especially, a B-array [N, m, 3, f] with index set {4,;,;,} is called an orthogo-
nal array of strength t, size N, m constraints, 3 levels and index 4, if 4;;,,,=4
for any iy, i, i, satisfying io+i, +i,=t and iy, i, i, 20.

The following theorem has been established:

TreEOREM 2.2 (Kuwada [24]). A necessary and sufficient condition that,
for any subarray T,,,., of T, the elements y::283¢4 of information matrix
M7 of a 3™-FF design of resolution V depend on set {g,, &,, &3, &4} only through
wJey, &, &3, 8,)=p, (r=0, 1, 2) is that T is a B-array [N, m, 3, 4] with index
set {Aigiyin}

FOI' (81’ 82’ 83a 64) WIth Wr(sl’ 82, 83a 34)=pr (r=Os 13 2), we den°te )’fififg::
bY Ypopp, A connection between fifteen possible distinct values 7y,,,,, of the

elements of My and indices 4,,,;, of a B-array can be expressed as

Vropsr: = 2 {Po!/(i8121EN} {p1 /(3! isD} {p,! /(31113 1)}

1 2
(= DS . — 2Y1 )0, 1.2 0. , ,
(= 1°00ii(— 2™ Ag+il iz 9+l +2 Q+il+i2>
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TABLE A.
y(4007=( 1 11 4 4 4 4 4 4 6 6 6 12 12 127 2(400)
040 1 01 0 -4 0 0—-4 0 0 6 O 0 0 0 040
004 1 16 1 —8 4 —32 —32 4 -8 24 6 24 —24 48 —24 004
310 -1 01 -3 -2 -1 1 2 3 -3 0 3 -3 0 3 310
301 1-21 1 4 -5 -5 4 1 -3 6 -3 3 —6 3 301
130 -1 01-1 2 0 0-2 1 o 0 O 3 0 -3 130 |
031 -1 01 2 2 0 0 -2 -2 0 0 0 —6 O 6 031
103 1-81-5 4 4 4 4 -5 6 6 6 —15 12 —15 103 |
013 -1 01 6 -2 8§ —8 2-6-12 0 12 6 0 —6 013
220 i 01 2 0 0 0o 0 2 1-2 1 -2-2 =2 220
202 1 41-2 4 4 4 4-2 -3 6-3 —6—-6 —6 202
022 1 01 -4 0 0 0 0-4 4-2 4 4 -8 4 022
211 -1 01 0-2 2 -2 2 0 3 0-3 0 0 0 211
121 1 01-1 O 0 0 0 -1 -2 -2-2 1 4 1. 121
L 112 -1 01 3 -2 —4 4 2 -3 0 0 O 3 0 -3 L11,24

where summation Y extends over ip+ij+i5=p, 0<i;<p, (r, ¢=0, 1, 2) and
Po+pi+p,=4. This relation is concretely written as Table A.

3, TMDPB association schemes

As a generalization of association schemes, multidimensional partially'
balanced (MDPB) association schemes were first introduced by Bose and
Srivastava [5]. Several authors (cf. [1, 3, 48, 49, 59, 61]) have contributed to
the development of the theory of such MDPB association schemes.

Let S, S,,..., S, be p mutually disjoint non-null finite sets of objects with
|S;|=n; each. Suppose that a relation of association is defined for each ordered
pair of objects x;,€S; and x;,€S; and that x, is called the a-th associate of x,,
for some o belonging to a set of association indices, IT¢:/), As in the case of
association schemes, every object is called the 0-th associate of itself and O¢&
6.9 js assumed. The following definition is due to Yamamoto, Shirakura
and Kuwada [59]:

DerINITION 3.1, The relation of association defined in a collection of sets
(81, S3,..., Sp) is called a p-MDPB association scheme if the following conditions
are satisfied:

(i) The relation of association is symmetric, i.e., if x is the a-th associate
of x;,, then x,, is the a-th associate of x .

(ii) With respect to any x;, € S;, the objects of S, distinct from x,,, can be
divided into n-# disjoint classes and the number of objects in the a-th associate
class Sjo; x;) is nl? for i, j=1, 2,..., p, the numbers, n¢® and n{J
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being independent of particular objects x;, chosen in S;.

(iii) Let S;, S; and S, be any three sets which are not necessarily distinct.
Further, let x;, (€ S;) be the a-th associate of x;, (¢ S;) and consider sets Si(B; x;,)
and Sy(y; x;). Then the number of objects common to sets S,(8; x;,) and Si(y;
x ;) is a number, p(i, j, a; k, B, ), depending on pair (x, x;;) and S; only through
i, j, a, k, B and 7.

Note that an association scheme is a special case of a p-MDPB association
scheme, when p=1.

Now let Sy, Sy,..., Sy be the £+1 sets such that Sy;={(¢)}, S;={(t)}...,
S.={(tt,---1;)}, where {t,, t,,..., t;} is a subset of {1, 2,..., m} and t; <t,<:--<
t for k=1, 2,..., £, and £ <[m/2], in which [x] is the greatest integer not exceed-
ing x. Then we have ]Sk|=nk=<r;:). Suppose that a relation of association is
defined among those sets such that (¢,¢,---2,)€S, and (#{t3---t;)€ S, are the
a-th associates if

3.1 I{ts, tay...o t} 0 {11, 85,..., £,}] = min (u, v) — a.

In this case, the following theorem was shown by Yamamoto, Shirakura and
Kuwada [59]:

THEOREM 3.1. The relation of association as defined by (3.1) among ¢6+1
sets, {($)}, {(t)}s---» {(t1t5:+-1p)}, is an (£+1)-MDPB association scheme with
parameters

3.2) I = [ {1, 2,0, u} if u=v,

. {0, 1,..., min (u, v)} if u#o,
(3.3) n(u,v) = [ u lf u=mu,
min(w, ) +1  if u#y,

6O = (in oy — ) o i) 4 0):

“‘““i")‘“ (min (u],cv) - oz)(u — min (¥, v) + a

3.5) p(u, v, a;w, B,y) = P min (u, w) — B — k

_v——min(u,v)+oz< m—u— v+ min (u, v) ~
min (v, w) —y — k/\w —min(u, w) + f —min(v,w) + 9y + k/°
The scheme thus defined is called a triangular (4+1)-MDPB (TMDPB)
association scheme which can be regarded as a generalization of triangular series
of association schemes (cf. [58]).
The local association matrices, A% ® =|ati!* " || (x=0, 1,..., min (4, v); ,
v=0, 1,..., £), of size n,x n, are defined as ‘
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tity ety T

it 1 if (t115--t,) is the a-th associate of (¢,¢,---t,),
0 otherwise.

Now consider n,xn, matrices Af;("s") (B=0, 1,..., min (u, v); u, v=0, 1,..., £)
which are linear combinations of the local association matrices, A%-*, as follows
(see [44, 60]):

u
Al = % 204509 for 0<aLuso,
p=0

(3.6) Agor = Sz 4@ for 0SfSusy,
a=0
A§W0) = (A5owy for u >,

where z{) = Z(_l)a—( ﬂ)(u_a)(m u— ﬁ+b)¢ m;u;ﬂ)(ﬁ:g

(5, el (E 1) w0 (DG

Then matrices A§(** satisfy the following properties:

2 A#(u u) — Inu9
=0

459 = (1Y) G

Az(u.w)Ag(w,u) — 5apA£(u,v),

3.7

rank (45?)) = $}.

The theory of TMDPB association schemes is powerful to obtain various proper-
ties of a 2m-BFF design of resolutions 2¢ and 2¢ +1 (cf. [39-44, 59, 607]).

4. MD relationships and their algebra

As seen in the preceding section, the relation of a p-MDPB association scheme
is symmetric. In this section, however, we shall consider the case in which the
relation is not always symmetric. Nair [29] generalized PBIB designs by relaxing
the condition of symmetry in the relation of association.

Consider p mutually disjoint non-null finite sets of objects, Sy, S,,..., Sp,
where the number of objects in set S; is |S;|=n; (i=1, 2,..., p). Suppose that
relationship R(a; i, j) is defined for a set of each ordered pair (x;, x;;) of objects
x,€8; and x;,€S;. We say that x;, is related to xj, by relationship R(x; i, j),
if ordered pair (x;, x;5) of objects belongs to R(a; i, j), where index a belongs to
a set of relationship indices, Q(i, j).
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DerFINITION 4.1. A collection, &, of sets, S;, S,,..., S,, is said to have a
p sets multidimensional (p-MD) relationship if the following conditions are
satisfied :

(i) Given any object x;, € S;, the objects of S; (j=1, 2,..., p), which are not
necessarily distinct from x;,€S;, can be partitioned into n(i, j) disjoint subsets,
where x;, is related to each element of the a-th subset by relationship R(a; i, j).
The number, n(i, j), of such subsets, and the number, n(x; i, j), of objects in the
a-th subset are independent of particular object x;,, so long as x,,€S,.

(i) LetS;, S; and S, be any three sets in &, where i, j and k are not neces-
sarily distinct. Further, let x;, (€S;) be related to xj (€ S;) by R(x; i, /). Then
the number of objects x,.€ S, such that x;, is related to x,. by R(8; i, k) and x,,
is also related to x,, by R(y; k, j), is a constant, q(i, j, «; k, f, y), which depends
on ordered pair (x,, x;;) and S, only through i, j, k, R(a; i, j), R(B; i, k) and
R(y; k, J)-

Let. © be a collection of <€-21~2> sets of effects S, ,,={0(t}---tL t;2--1;2)},
where 0<d;+a,<¢=<[m/2]. Then the number of effects in set S, ,, Is n,,,
—iS,ul=(T) (7).

a; a,

Define relationship R(a; aja,, bib,) in such a way that 6(¢}---t! t;2---172
is related to O(u}---u} ui®---ui2) by R(a; aia,, bib,), if components a;; (i, j=
1, 2) of relationship indices @ satisfy the following formulas:

I{t19"'s tal} n {ul"", ubl}l = min (al’ bl) — %y,

Htgseeos ta} N {ug,...; up,} = min (a1, by) — 045,
@1 .

I{t;,..., t;z} n {ul,..., ub‘}l = min (az, bl) - “21s

{t1,e.s to,} N {ul,ee., up,} = min (a,, by) — a,,,

where @=(0;,001,0031%,,). Note, from (4.1), that if 6(¢i---21 t}2---£.2) is related to
O(u}---up,u?---u2) by R(a; a,a,, bib,), then O(u}---ufui®---uj2) is related to 6(t}---
1l t:2---12) by R(&; b,b,, a,a,), where @=(0;,a,,0,%,,). In this case, we have

THEOREM 4.1. Among <g-2|-2> sets of effects S, ,, (0=a,+a,=<¥¢), suppose
that relationship indices a are defined by (4.1). Then the collection of these

sets of effects have a <€;2>-MD relationship with parameters

4.2) Q(aya;, byby) = {(a1%2021%3,) |0 < afy S min(ay, b,),
0 £ af, < min(a; — afy, by),
0 < of; < min(ay, by — afy),

0 £« min(a, — of, by — af3)},



Optimal Balanced Fractional 3™ Factorial Designs 359

(4.3) n(ayay, byby)
min(ay,b1) min{ai—a},,b2) min(az,bi~a},)

= Z )3 2z {min (a; — oy, b, — afy) + 13,

* . * *
al, =0 a;,=0 a3 =0

(4.4) n(a;aja,, b,b,)

( )(al—a’{‘1><a2><a2—a3‘1>< m—a )(m—a—b1+a?‘1>
afy afs af, af, by —a¥ by—a¥, ’
(4.5) q(aas, biby, @5 cic, B, 7)

a -4 a [ 4

1t 12 3 32 Dimki Biamkz @3i=ka1 T33-kaa sk ¥ _ Lk
P20 VD SIS SIS SRS SIS I (13 [ (P
11

k11=0k12=0k21=0k32=0 hy11=0 h12=0 h2;=0 h3z2=0 kll

< af, )(“12 - k12> oz§1>(ot’2"1 — k21><°"2k2><°‘:2k2 — kzz>< a, — of.
k21 h21 k22 hzz .Bfl - k1'

01 +k1 )(az_a;.><a2—a>2k. _ﬂ)zkl'i' k2.>
1 = ka. B3, —hs.

)(bl — a* —_ 'y’lkl + k.1>(b2 - a’.kz )(bz - “?.kz -~ 'yfz + k.z)
- Y31 h.y Y = ko) 13 — Ao,y

( m — (a + b) + oF, ><m—(a+b)+a* —.c1+/3* +v’1“.-—k..>
¢y — (B4 y1) + k. = (B +v3)+h ’

where “?‘j=min (ai, bj)—“ij, ﬁ’ikj=min (a;, Cj)—ﬁij, y;‘}=min (¢ bj)"?ij, af. =_.°‘?1
+ob, ofj=af;+af;, of =afj+af,+af +ofy, BE=pY 6%, vE=vhths
ki'=ki1+ki2’ k.j=k1j+k2j, k..=k11+k12+k21+k22, hi'=hi1+hi25 h'1=h11
+th’ h..=hll+h12+h21+h22, a=a1+a2 and b=b1+b2 for i, ]—'_—1, 2.

Proor. For any O(t}---t t2---t2)eS, ,,, consider the number of disjoint
subsets Sy ;,(a; O(t}---tL t;2---1;2)) into which the objects of S,,, can be parti-
tioned, where 6(t]---1} 112---1;2) is related to O(u}---u} ui®---ui2) (€ Spp,) by R(a;

. a,a, ble)' Let 0(’1"1=|{t1,..., tal} n {ul""a ub,}l’ a’lk2=|{t1,---’ tal} n {ulr'" ubz}l7
a¥i={t1.0, L, N{ug,..., up 3 and  af=|{t1,..., t,,} N {ui,..., up,}l. Then
there exist integers of;, af,, a¥; and of, such that of, =af;=0of;=af,=0,
since 0La,;+a, <4 and 0<b, +b,<¢. Hence 0La},<min(a,—afy, b,) and
0= a¥ <min(a,, by —a¥) for af, =0, 1,..., min(a,, b;). For any af, a¥, and
¥, satisfying the above conditions, it holds that 0 <a«¥, Smin (a, —af;, b, —afs).
Therefore, we get (4.2) and (4.3). The cardinality, n(a; a,a,, b;b;), of set
Spop(@; O]t} t2---1;2)) in (4.4) will be given by counting the number of sets
{uy,..0s up, ul,..., up,} with cardinality b, +b, satisfying of, =|{t,..., t;,} N
{tgses uy Yy 0o ={t,ee i ta N {Uisein up My 03y =Htiseoo, 25,3 N {14,000, U, }] and
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afy={t3,..., tp,} n{ui,..., up,}, where O(u}---u} ui®--u2)eS,,, Since those
numbers are independent of the particular choice of object O(t}---£1,ti2---;2) in
S..ap the condition (i) of the MD relationship is satisfied.

The condition (if) of the MD relationship can be verified by counting the
number of those O(v}---vivi?---v2) in S, such that (t}---£1 #;2---t;2) is related
to O(v}---vlvi%--v2) by R(8; aya,, ¢;c;) and O(v}---v} vi?---v2) is related to
O(u}---up ui? u,,z) by R(y; cyicy, bib,), where 6(t}---tl ti2---t;2) is related to
O(u}---uf,u®--ui2) by R(a; a,a,, bib,). This is equivalent to the counting of
the number of sets {vy,..., v,,, v},..., v;,} such that {t,,..., t,,}, {t1,.s ta,}s {thsee0s
t.,} and {t},..., t;,} have B¥,, pf,, B% and B3, intersections with {v,,..., v},
Vs 5, ), {045, 0, and {v},..., v},}, respectively, and {v,,..., 0.}, {v1,...,
v}, {03,-.., 0} and {v},...,v,,} have v}, v¥,, y3; and 9%, intersections with
{ug,en, up,}, {ug,..., up,}, {uyg,..., up,} and {ug,..., u3,}, respectively. The number,
therefore, is given by (4.5). It can further be seen that the number, g(a,a,,
b,b,, @; c;c,, B, 7), is dependent on O(t}---tL,ti3---t;2), O(ui---u} ui?---u;) and
S..e, only through a,a,, b,b,, cic,, R(a; aja,, b b,), R(B; aja,, cyc;) and
R(y; cica, byby). Thus, the proof is completed.

Note that, for pairs (ay, a,), (by, b;) and (cq, ¢,), if at least one of elements
of each pair is zero, parameters (4.2), (4.3), (4.4) and (4.5) can be reducible to
(3.2), (3.3), (3.4) and (3.5), respectively.

ReMARk. For Sy, Si0, So1, Sz0 and Sy,, relationships R(a; aja,, b b,)
with relationship indices @ defined among those sets by (4.1) are similar to the
relations of TMDPB association schemes defined by (3.1).

COROLLARY 4.2. Among six sets of effects {0(¢)}, {6(tV)}, {0(t?)}, {6(t113)},
{6(8313)} and {0(13t3)}, suppose that relationship indices @ are given by (4.1).
Then the collection of those sets of effects has a 6-MD relationship.

Let w,((e,..., 5 )=a, and wiel,..., &,)=b, for r=1,2. Then the local

relationship matrices, AW192:0162) = [|q(fg---£%1; 50+ £;2), ||, Of size Ny 4, X My,
are defined as

(4.6) a(t*il. 1 ; t151 ;lkz)a
J 1 if O(tg-t2) s related to  O(2)---£;%2)
= by R(a, aa,, b1b2)9
1 0  otherwise.

In Parts I and II, we shall mainly discuss the case where £=2, i.e., Sop=
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{0(0)}, S1o={00t")}, Sor={0(2)}, S;o={0(titD)}, So.={06(t}1})} and S, =
{0(1422)}, with nge=1, n10=n01=(’;’>, "2o="oz=(’;> and "11=2(31>’ respec-
tively. From (4.1) and Corollary 4.2, we have

AESB%’)“’”) = I( " ) for aa, = 00, 10, 01, 20, 02,

ajtaz
(11,11) —
A(o110) = 12@)’
Agblbz,axaz) — (A‘(!alaz,blbz))"
4.7
EAgalaz,bxbz) =G

p Hajay XNRbgby?

Agﬂxﬂz,bxbz)j"bwz = n(a; alazs ble) jn”nzs

Al(ia‘“'““)A(f‘“’b‘bz) = Y q(a,a;, bybs, @; ¢ c;, B, 7)AL192:0182),
a

The relationship matrices, D{s122:51%2) of order v,, are defined such that every
matrix has thirty-six submatrices M(#2:2122) of size n,,, X n,,,,,, whose row and
column blocks correspond, respectively, to sets {6(z552)} and {0(t5°t54)}, and
such that all but M(@1a2.b:b2) = glara2,b152) are zero submatrices, where u,=
w,(&, &) and v,=wJ e, &,) for r=1,2. From (4.7), some properties of relation-
ship matrices D{s122:152) are cited in the following:

(00,00) (10,10) (01,01) (20,20} (02,02) (11,11)
D(ooom + D(0000) + D(0000) + D(ooom + D(0000) + D(0110) = Iv,..’

D(_blblvalﬂz) . (Dgﬂlﬂlvbibl))’,
a

T T S Db =G,

ajaz bib2 a

Dgalaz’“cz)D('ydldz’blbz) = 5C1d1601dz ; q(a1a29 b1b2s a; C1C2, ﬁ’ T)Dga‘az,b”u)'

(4.8)

The symmetric matrices, B{¢122:0162) of order v,, are defined as
Dfa1az,a1a2) if a,a, = bb, = 00, 10, 01, 20, 02,
D(amz,b;bz) + D(_b1bz,ﬂ1a2)
@ 3
if a,a, # b1b2 and a,a, = OO, 10, 01,
20,02; b,b, = 00, 10, 01, 20, 02, 11,
Bialaz,blbz) -
D&ll'll) if aa, = ble =1land = (0110),
(1001), (OL111), (1110), (1111},

Dgi(l')’llll))+D§i}’1il)) if alaz = blbz = 11

and a = (1011) or (1101).
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Then we have the following:

THEOREM 4.3. The algebra, W={Bla32.5:152)} " generated by forty-nine
symmetric matrices B{#42:6102) is g semi-simple, completely reducible matrix
algebra containing I, . U can also be represented by [D{#142:0152)| @ € Q(a, a,,
b.b,); aja,, bib,=00, 10, 01, 20, 02, 11] of all eighty-two relationship matrices
Dialaz,lnbz).

Proor. Since all generators of matrix algebra 9 are symmetric, U is semi-
simple and completely reducible. From definitions of D{s1e2:0182) and Blasaz.b:b2),

B{a1az:bib) Blbibabiba)  for a,a, =00, 10,01,20,02, 11
and b,b, = 00, 10, 01, 20, 02,

Blayaymad) Blaar b2 for g,q, = 00, 10, 01, 20, 02

and 5,6, =00, 10, 01, 20, 02, 11,

(4 9) _D(alaz biby) — Bgll’ll)Bgéii%ﬁ) fOI' a4 = blbz =11
) pa = . .
and @ = (0110), (1001), (0111), (1110), (1111),

Bfiééll‘))BgiiB‘)) for a;a, =bb, =11

and a = (1011),

B0 B for aa, = bb, =11

and a=(1101),

(4.10) Bga;az,blbz)Bgclcz,dldz)

_ D&alaz,blbz)Dgclcz,dldz) + Dgalaz,lubz)D;_dndz,ClCz)

+ nglbz,alaz)D;clcz,hdz) + Df_'blbz,alaz)D;_dxdz,clcz)_

Relations (4.8) through (4.10) show that = [D{#192:5162)7,

Note (cf. [5]) that combining two matrices D{3;i} and D{11gi? as D&Y
=DV + DU, six matrices D{1D (@=(0110), (1001), (0111), (1110),
(1%x1), (1111)), which are not the linear closure, turn out to be symmetric.

From Appendix I, let Dj(a142:5182) (8=0, 1, 2; a,a,, b;b, =00, 10, 01, 20, 02,
11) and D¥wmwzvvad) (i, j=1, 2, 3, 4; uu,, v,0,=10, 01, 20, 02, 11) be, respec-
tively, the matrices obtained by replacing only non-zero submatrices A¢a192,51b2)
of Dfaiaz:b162) by Af(maz.bib) and A%u2.0102),  Then, from (A.4) we have
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Optimal Balanced Fractional 3™ Factorial Designs

nggooo) D#(oo oo)

(00,b1b5) _
DQoueyy? =/ m D§lo0:biba),

(00, b7b%) M\ #(00,b1b})
Dg000) * = x/<2>D0 1%2)

(00 11) _
D {5060y \/2< )Dg(oo,u)’
Dggb%%),)bxbz) — Dg(ﬂlaz,blbz) + D“f(l“'“’hblbz),

DL‘:lﬂlsblbl) =(m— I)Dg(alaz,blbz) _ D%‘;tazsbxbz),

,b’b’ —————— ¥ ,b b & ,b'b'
l)f(‘)‘(l)‘(])zo)l 2) \/2(m - I)D (a‘az 2) + \/m _ 2D (azl 2091 2),

363

D;;ilaz,blbz) =(m— 2)\/ng<,:1%,17le) Jm=2 2D#(“ ey

D({%mz,ll) = \/m_:IDg(alaz,ll) + \/}T/zD}(lgxaz,ll)
(m = 2)[2Dimaz10,
D({l:laz,ll) — ﬁ__ng(a,az,u) - \/H/ED’}(I";“L“)
+ i = D2Dgge,
D(gazlaz,ll) =(m - 2)\/ng(::.::1,11) - \/i(mv—Z)Dﬁ‘;‘“'”),
ngo‘:)zo') by _ Ds(a (a5, biby) + Di;(a'la;,b'xb’z) + Ds}(zaz;a'z,b;b'z)’

BB, faal b b . rrar,
D(alaz 2) Z(m__z)DO(alaz 1P2) ')D (a\ay, biby) (’n__“')Df(:21 5

Dbt <m 2 2>D“(“‘ I L L
Y2 2

S22

(ajay,11) Y $(ajay, 11) $(alal, 11) $(a'a,11)
D(Obozo) \/2 {DO v +D1 2 +sz412 }a

D(a az,

{1/ 2} {20m — 2)Dg"» ') _ g pileient
+ \/m(m—_z)D#f(zasia;,u) + (m— 4)nga}a;,11)}’
DY = (17/2} {2(m — 2)Di@ ) _ ppiteiatD

— \/ml)#(a 182,11) + (m — 4)Daf(2a4;a;,11)}’

,u 951 =2 {(m 2>Ds(a1a2,11) +D515(a;a;,11) _ (m_3)D:f(2aja;,11)

bib3)
2

b))
s

b,
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(11,11) __
D(ouo Dg(u,u) + Dg(u,u) + Dg(u,u) + D;(alsl,ll) + D?(}‘l,u),

(11,11) _ ) s
D(1001 D#(u 1 4 Ds(u 1) Dg(u,u) - D.i;(:’lsl 1m 4 Di}(‘l‘l 11)’

Dg(l)hlll)) (m - 2)03(11,11) _ Df(“'“) _ Dg(u,u)
+ {(m — 2)/2}D}(3‘31 ,11) + {\/m(m _ 2)/2} {Dﬂ(ll ,11)
+ D#(4131,11)} + {(m — 4)/2}D“f(f,l'“),

Dﬁih?ﬁ) =(m - 7)D“(“ 1) _ D{(u,u) — Dzz:(u,u)
+ {(m —_ 2)/2}D}(3‘31 ,11) {\/ﬁ(m——Z)/Z} {D;(;‘l,u)
+ D#f(‘lal,ll)} + {(m — 4)/2} D}(}‘l,u),

D&(l),llll)) =(m - 2)D3(“’“) — D’l'(“’“) + Dz“(“'“’
— {(m — 2)/2}D§(3131 ,11) + {\/m—(;h“_—z)/z} {D}?} ,11)
— D}(‘lsl,ll)} + {(m — 4)/2}1)}(‘141,11),

D:Holll)) — (m — 2)D3(u‘“) — D;(u,u) + D2#(11,11)
_ {(m - 2)/2}0.5}(3131 ,11) {\/m(m_—2)/2} {D}(;‘l,u)
- D}(‘lsl,ll)} + {(m — 4)/2}D}(}‘1'“),

m-—2
Dg}illl)) - 2( 2 >D3(“'11) + 2D‘1‘(“'”) —2(m — 3)D}(}}'“),

where a, =(1000), (0100), (0001) according as (a;a,, b, b,)=(10, 10), (10, 01), (01,
01); B8, =(1000), (0100}, (0010), (0001) according as (a,a,, bib3)=(10, 20), (10, 02),
(01, 20), (01, 02); §,=(0100), (0001), &, =(1000), (0010), &,=(1100), (0011) ac-
cording as a,a,=10, 01; 7,=(r000), (0r00), (000r) (r=1, 2) according as (aija3,
byb3)=(20, 20), (20, 02), (02, 02); £, =(0100), (0001), {,=(1000), (0010), §3=
(1100), (0011) according as aja; =20, 02, respectively.

Note that matrices Dj(@192:b162) and D¥{u1u2,0102) satisfy the following properties:

D:(alaz,cu.‘z)D;(dldz,b;bz) _ 6c1d1501426¢ﬂD2(ala2’blb2)9
Dﬂ(alaz.blbz)D“(utuz.Unvz) = D#(uxuz,vxvz)D“(ﬂmz,blbz) =0

B Jij Sij YmXVm?
D}(;’t‘wz,W1Wz)D§('-;1Sz.vwz) = 5wm(§w2s25”D#(u1u2,vwz)

(4.12)
Dg(O0,00) + DS(IO,IO) + Dg(Ol,Ol) + DS(ZO,ZO) + DS(OZ,OZ) + Dg(ll,ll)

+ D§(20,20) + D{(OZ,OZ) + Df(ll,ll) + Dg(ll,ll) + D}(‘IIO,IO)

4(01,01) #(20,20) #(02,02) #(11,11) $(11,11) —
+Df“ "'sz2 +szz +Df33 +Df44 —Ivm,
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1 if g=o,
rank (D§(a192:002) = ¢ = ( m(m ~ 3)/2 if =1,
(4.13) (’” 5 1) it =2,

rank (D}{uu20w0d)) = ¢ = m — 1.

Note that ¢o=¢%, ¢, =0¢% and ¢,=¢F, where ¢f (=0, 1, 2) are defined
by (3.7).

Let UA,=[Di(a:62:51b2)|q,a,, b, b, =00, 10, 01, 20, 02, 11], A, =[Dilc1c2.d1d2)
leycs, didy=20, 02, 11], W, =[DFA1-10] and A, =[D¥u2.192)y,uy, v,0,=10,
01, 20, 02, 11; i, j=1, 2, 3, 4]. Then, from (4.12), we have 2 A, = AN, =4,,%,
for o, =0, 1, 2, f. From Theorem 4.3 and (4.11) through (4.13), the following
theorem can be established :

THEOREM 4.4 (Kuwada [25]). The MD relationship algebra, U, which
is generated by forty-nine symmetric matrices B{192:0162) gnd is expressed
by the linear closure of all eighty-two relationship matrices D{192:b1b2) js
also represented by the linear closure of all eighty-two matrices D§(a192:b1b2)
and D‘fﬂjl“z’”l”z’. The algebra, N, is decomposed into the direct sum of four
two-sided ideals Wy, W,, W, and ;. The ideals, Wy, N, A, and U, are
isomorphic to the complete 6 x6, 3x3, 1 x1 and 6 x 6 matrix algebras, respec-
tively. The multiplicities of these irreducible representations are given by

¢ﬁ (ﬁ=03 1’ 2’ f)
This theorem implies that for any symmetric matrix M belonging to U as

M = 2 2 Zh‘(,“'“”b‘bz)Da““'lvblbl)

ajaal bib; a

= z* z* zhgalaz,bxbz)Bgnmz,blbz)

ai1a2 bib2 a

Z Z caaulz,bnbz)Dg(Glaz.blbz) + Z z c(lcxcz.dldz)Dil!(cncz.dxdz)

ayaz biba cic2 didz

+ C(zll’ll)Dg(ll’ll)'f' Z Z zc}u&uz,vlvz)D*f(!l}luz,DIVZ)’

Wiz V102 §,J

there exists a matrix, P, of order v,, such that

P'MP = diag [Ao; Al""’ Al; Az,..., Az; Af""’ Af] N
v ~ N

1 $2 [ 2

where cg**** and c{****) are the linear combinations of h{****), and diag
[Ao; Ay,..oy Ay Ay, Ays Af,.s, Ag] denotes a (do+ @1+ 02+ ,) x(Po+ @y
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+¢,+¢,) diagonal matrix whose diagonal positions are matrices Ao, 45, 4,
and A, such that

. cgoo,oo) chO,IO) cgoo,ox) cgoo,zo) c(()oo,oz) cgoo,u)
c((jw,lo) cgw,ox) cgw,zo) 0610,02) cf)”"“)
0501'01) cgox,zo) 0801,02) 0801,11)

cg20,20) 0820,02) c(()20,11) :

Sym.
cgoz,oz) 6'802’“)
i cf,“-“) )
C (20200 (20,02 (20,1 1
A, = (02,02 o210 | 4 = [fta0],

Sym. cill'”)

*cfrll(l),xo) cfflltl),m) C(fllg,zo) c(flg,oz) cffxlg,u) c(fll(:,u)ﬁ
R e S R
c(fzzoi,zo) c(fzzoz,oz) c(fzzoa,u) 0}2204.11)
C(fozzz,oz) c(fozzs,u) c(fozz4,11)

Sym.

(11,11) (11,11)
Cfss Craq

(11,11)
Cras

L -

The matrices, 45 (B=0, 1, 2, f), are called irreducible representations of M with
respect to ideals 2, and the following notation is used here:

We: M —— 4, for f=0,1,2,f.

Part I1. 3™-BFF designs of resolution V and their optimal designs

5. 3m-BFF designs of resolution V

We shall consider a 3™-FF design of resolution V.

DerINITION 5.1. A 3™-FF design, T, of resolution V is said to be balanced
(for brevity, 3m-BFF design), if covariance matrix Var [5vM] given by (2.2) is
invariant under any permutation of m factors, ie., for any two estimates
d(s3115?) and B(t5t5+) in the BLUE 6, ,
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Cov (B(#31152) ; D(e53250)) = Cov (B(z(ty)*17(212)%2) ; B(2(13)51(24)**)),

where Cov (B(t5:152); 8(t5°t54)) denotes an element of V; whose row and column

correspond to estimates 8(t5¢52) and 8(t5215+), respectively, and 7 is any element
. (1 2 . m

of a permutation group, {‘r 1—(1(1)1(2)“_1(’”))} .

Lemma 5.1 (Kuwada [24]). A maximal invariant of the function of two
sets {t},..., 1}, ti%..., t2} and {ul,...,u}, ui,..., u}l} with respect to the per-
mutation group is (ay, Gz, by, by, [{tyseees 8o} N {tgseens wp 3, [{tesonns 20,3 0 {0l
u;u}ls I{tll,'“, t:u} n {ulf--’ ubl}la ‘{til"-w tlaz} n {u,la---, u;u}l)s Where {tls-", tap
tseews by} and {uy,..., uy,, ui,..., uy,} are subsets of {1, 2,..., m}.

This lemma yields

THEOREBM 5.2. For a 3m-FF design, T, of resolution V, a necessary and
sufficient condition for T to be balanced is that Vy=Vr, holds for design T,
obtained from T by To=TQ, where Q is any permutation matrix of order m.

Proor. From Definition 5.1 and Lemma 5.1, it can easily be shown that
for any permutation group 7 of degree m, there exists a matrix, Q, of order m
such that

D), (2),..., t(m)) = ({1, 2,..., m)Q.

Hence, the proof is completed.

THEOREM 5.3 (Kuwada [24]). A necessary and sufficient condition for a
3m-FF design, T, of resolution V to be balanced is that T is a B-array [N, m, 3, 4]
with index set {A,;,;,}, provided information matrix My is non-singular.

6. Characteristic polynomials of information matrices

There are in general a large number of possible 3"-BFF designs of resolution
V with N assemblies. Out of these, one must choose a design which allows esti-
mates of all v, effects and, further, maximizes the information in some sense.
For such purpose, there are many criteria (e.g., the trace, determinant and maxi-
mum root) which are functions of characteristic roots of information matrix M.
Thus, in order to obtain a design which is optimal in a class of balanced designs
with given m and N, the derivation of the characteristic polynomial of M (hence
the characteristic roots of M7) is a basic first step.

Let T be a B-array [N, m, 3, 4] with index set {A,,,}. Then it follows
from Theorem 5.3 that T is a 3m-BFF design of resolution V with N assemblies,
provided M is non-singular.
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When 6(#5115%) is related to 6(t5°t3*) by R(a; aja,, b;b,), we denote the
element of M, corresponding to 0(t5:t52)-row and 6(t5°t5*)-column by p{araz.b162),
respectively, where a,=w/(g;, &,) and b,=w,(es3, &,) (r=1, 2). Then a connection
between p{#1a2:#162) and y, . .. of information matrix M is given as follows:

(00,00) - (00,10) — ,,(10,01) (00,01)
P(ooboy = Va0 = N, P(0obo) = Piooooy = V3100 Poodoy = V3ot

(00,20) — ,,(10,10) — ,(10,11) _ ,(01,20) . ,(20,02) — ,(11,11) _
P 0060y = P(1000) = P(1060) = Poodoy — Pooooy = P(i0b1) = Y220

p(oo,oz) = p(01,01)

= (00,11) — ,(10,01) _ ,(10,02) — ,(01,11)
(0000) (00d1) = V2020 P =Py =D =p

0000) 0100) (0000) 0001) = Y2115

pﬁégbb‘i’ = (2N + 7301)/3, pﬁé?,a%‘;’ = pﬁ%‘&aﬁ‘)’ = (2y310 + 7211)/3,

(10,20) — ,(20,11) — (10,02) — ,(01,11) — ,(02,11) —
Pioboy T P1odoy = Y130s  Po1boy = Peooit)y = Piood1y = V112
(10,11) — (10,11) — ,(01,20) — ,(20,02) — ,(11,11)
P10y = (27301 + 7202)/3, P1160) = Peooioy = Po1doy = Proin)
6.1) (= pﬁ{}éi‘)’ = Y121 Pfg(l)b%%) = 2N — Y301, ngéa%z)) = 27301 — V2025

(01,02) — (01,11) — ,(02,11) — — (20,20)
Pooo1y = Y103 Piooioy = P(0060) = 2Y310 — V2115 Poobo)

= (4N + 47301 + ¥202)/9, pﬁ‘o’z)%‘;’ = (27220 + 7120)/3, ngb%g) = Y040,
ngb%z)) =P8}’111§) = Y0225 ng(l)b%)l)) = (27211 + 7112)/3, ngéﬁl)) = Yo31>
nggb%"i) = 4N — 4y301 + Y2025 ng(z)b‘;z)) = 29202 — Y103 pﬁgéa‘iﬁ’ = Yoo04s

PEg(z)i%ﬁ) = 27211 — Y1125 nggilf)) = Yo13» Pf(l)iif)l)) = (4N — ¥202)/3,

P&l)iilll)) = (27202 + 7103)/3; Pfﬂi})l)) = 2Y320 = Y1215

where pibib2.a102) = pla1a2,b:1b2) and a connection between 7,,,,,, and indices A,;,
of a B-array is always given by Table A. From the definition of relationship
matrices D{#192:b162)_information matrix My of T can be expressed as

M= X Zp&“‘“z’bl"z)Dg"‘“’b‘bz)

araz biba a

=Yy * Zpzaxaz.bxbz)Bgﬂmz.blbz).

aiaz bibz a

Hence, it follows from Theorem 4.3 that M, belongs to MD relationship algebra
A. From (4.11), M} can also be expressed as

2
M = DD I Klﬂ;xaz.bxbng(amz.bxbz)

agaz biba =0

+3 3 ZK;’:j‘z’v‘"zpfr(f;‘“z’"‘“)s

uiuz viva i,j
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00,00 _ (00,00 00,b1b2 — [ 5(00,b1b2) 00,b1b; J m\_ (00,b;b3)
Ko "p(0000))’ KQ00b2 = \[m pl08sbuba), o102 = 2 JP(0000) 5

m
Kot = 2T )P g = gt + (m — Dpipeness,

ki = i = D2 {2p(ese P + (m — 2)pg®= "),

szz,ll = ./m — l{pg‘;‘“’ll) +pglaz,ll) + (m ~ Z)P(‘znaz,ll)}’

aa’, b’ b, (a’a), b’ b)) (ala),b’b’) m — 2\ (a'a’ b
Koxz 12=P(02)020)12 +2(m_2)p1112 172 +( 2 >pnxz 12,

ajay, 11 - ¢ (ayas,11) (aia3,11) (ayal,11)
ko' = /2 {pobasy  + (m =2 (pi T + ptr )

m — 2\ (aja3,11)
F (75 D)y gt = P + Y + (= 2)

L1 (11,11) 4 p(11,11) 4 p(11,11) m =2\ (1,10
‘{Pﬁéim) + piiiiey + Paonyy + Palon} + 2( 2 )P(uu) ’

alal b b, (@8, b b)) (@05, b’ b%) (alal,b'b))

Kllz 12=p(0‘l)020)1z_.2p7l12 172 +p’112 12’

ajay, 11 -~ (ajay,11) (ajay,11) (ayay, 11) (aja,11)
K19 =2 {pbosy  —pu T = bt + pt Y,

K%l,ll = pf“'“) +p(11,11) _p(u,u)

(11,11) (11,11) (11,11)
0110) (1001)

©111) —Paiioy —Paoel1)y — P16y

(11,11) 11,11 — p(11,11) _ (11,11) _ ,(11,11) _ ,,(11,11)
+ 2piiin > K2 = Po1ioy — Piod1) — Proilny — Paiio)

(11,11) (11,11) Whibz — Wb1b2) . pl wb1b3)
+ Piotty T Paidnys KRV = Dobovy Y — Peyt Y,

a,a,,biby (a,a,,b}b’) (a,a,,bib%) 1
Kfllzz 12 /m — 2{17(0(1)010)1 2 —pﬁxl 2291 z}, K“f‘"'l

13

= m{p(&,az,n) _p(‘?az,ll)}, K}ll::z.ll _ (m — 2)/2{1,2%1.:;,11)

alasy, bib) (a;a5, b b)) (aal,bb})
+p(€¢:1a2.11) —_ 217({"1‘“’“)}; Kflzzz 122 =P(06020)1 2 4 (m_4)p“1 209492

— (m — 3P I ol 22 piie 1D plaier iy
st = {12} 2pGbon D + (m = (" + D)
— 2(m — 3)1)81.12,11)}’ K.lrl;';“ = {1/2} {z(p(u,n) __p(u,u))

(0110) (1001)

(11,11) (11,11) __ p(11,11) _ (11,11
+ (m — 2)(1’(0111) + Parioy — Proin) P(uox)))}’
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A = = 2) A P R
= {1/2} {2(pf(‘,}111) + 1’(1001 ) + (m - 4)(P§<1)i111) +P(111u) +P8¢1)’1111))
+ p{i1ei)) — 4(m — 3)p{EiV}

Here a,a,, b;b,, ajaj, biby, @y, By, 71,72, &0 &1, &2, €1, €, and £ are the same
as those given by (4.11). Therefore, Theorem 4.4 yields a 6 x 6 matrix, K,, a
3x3,K;,alx1, K,, and a 6x6, K, such that

QIp:MT—’Kﬂ for ﬁ=0’ 192’f’

where ‘ '
Ko = [giontib], Ky = [ependida], K, = acjt 1,

(6.3)

Kf - ”Kuxuz.vxvz"_

In this case, since I, belongs to U, we have

THEOREM 6.1 (Kuwada [25]). The characteristic polynomial, ¥(x), of
information matrix My of a 3"-BFF design, T, of resolution V is given by

Y (x) = det(My — xI, )
= {det (Ko — xI¢)}*o{det (K; — xI3)}**{det (K, — x)}**
-{det (K, — xI¢g)}#7,
where mﬁltiplicities @5 (B=0, 1,2, f) are given by (4.13).

IJet K61=”K21¢z,b1bz”’ KI1=“K}:1C2,d1d2”’ K51=”K%1,11” and K;1=

x4, vi0,ll. Then from the above theorem and U (containing I, ), we have

COROLLARY 6.2. For T being a design of Theorem 6.1, characteristic poly-
nomial xH(x) of Vyr (=M7?) is given by

xr(x) = det(Vpr — xI, )
= {det (K5' — xI¢)}¢o{det (KT' — xI3)}#1{det (Kz' — x)}*?
- {det (K7 — xI¢)}#s.
THEOREM 6.3 (Kuwada [25]). For T being a design of Theorem 6.1,
tr (V) = tr (M7') = ¢o tr (Kg') + ¢ tr (Ki') + ¢, tr (K3Y) + ¢, tr (K7,

6.4)
det (V) = det(M71) = {det(Kg!)}?o{det (K1)} {det (K7 1)} ¢2{det (K')}¢s.
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THEOREM 6.4 (Kuwada [25]). Let T be a B-array [N, m, 3, 4] with index
set {A;i,i,}- Then a necessary condition for the existence of T is that every ir-
reducible representation K of information matrix My corresponding to T is
positive semidefinite for §=0, 1, 2, f.

THEOREM 6.5 (Kuwada [25]). A necessary and sufficient condition for the
array of Theorem 6.4 to be a 3™BFF design of resolution V is that every ir-
reducible representation K; of My is positive definite for §=0, 1, 2, f.

From (6.3) and Theorem 6.4, we get

COROLLARY 6.6. A necessary condition for the existence of the B-array
of Theorem 6.4 is that the following relations hold:

(6.5)  Azyy + Aizy + A1z 20,

(6.62)  Azz0 + Agzz + A1zq 20,

(6.6b)  dyy0 + Aoz + A211 + 41220,

(6.7a) m(ds00 + Aooa) + 2m + 1)(A310 + Ao13) + 4301 + A103) + A130
+ o3y + (M + 2 (Aazo + Aoz2) — {2(m — 4)(Azos + Arzy)
+(2m — 1) (4215 + 41120} 2 0,

(6.75)  M(hso0 + 4hoa0 + Ao0s) — M = N(Asgo + ogs) + 4m(As0; + A103)
+ (4m + 9) (g0 + Aoa1) — 3(m — 6)(A20 + Aoz2) + 6Mize,
= {3@m = 9 (A2yy + A112) + 6(m — 6)415,} 20,

(6.7c) (’;‘)(/1400 F A00s) + 20m — 1) (1o + Ao13) — 20m — 1)(m — B)(hyo,
F A1o3) + sz + Aozz + (3m2 — 19m + 3DAy0, — 2m — 5)(Ay1,
+ Aigg) + 2445, 20,

(6.7d) (?){'1400 + 164040 + Aoos + HA301 + A103) + 64202}

= 2(m — 1)(2m — 9)(A310 + Z013) — 8(m — 1)(2m — 9) (4,30
+ Zo31) + 3(4m? — 28m + 51)(Az30 + Ao22 + 24421)
= 6(m — 1)2m — 9)(A2q1 + Ay55) =0,
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6.7¢) ('} Nhsoo + Z00) = 20m = DY(m = (a0 + doss) + 2m = V(a0
+ Aas0 + Joss + Aroa) + @m? = 10m + 1) (20 + F022)
— (m — 1) (m = 9)(ha03 + 4hs21) + 4m — 80hass + Ayy2) 20,
(6.82) (M — 2 {Aaso + Aors + 4hizo + Aosy) + 3Chars + Aura)}
— (4m = 1T)(hazo + Aoz + 2h21) Z O,
(6.8b)  m{ls1o + Asor + Ayzo + Aoss + Aros + Jors + 20haze + Aoz + Jo22)}
—2Q2m — 9) a1y + Arag + A112) 20,
(6.80)  (m — 2){8(hs10 + Aor3) + 4301 + Auz0 + Jozs + Aios + 2207 + 81121
— (4m = 1T)(As20 + do22) — (Tm = 32)(Asy + A112) 2 O.

COROLLARY 6.7. A necessary condition for the B-array of Theorem 6.4
to be a 3m-BFF design of resolution V is that relations (6.5) through (6.8) hold
with strict inequalities. ’

It was shown by Srivastava, Raktoe and Pesotan [56] that the characteristic
roots of the information matrix of a design in the general factorials relative to
an admissible vector of effects remain invariant under a permutation of levels.
Their approach was essentially based on the orthonormal matrix, i.e.,

Y3 U3 1S3
-1/y2 0 1JZ |,
16 —2/J8  1/6

for D as defined by (1.2).

Let T be an array obtained from T by interchanging all of symbols 0 and 2.
Then it is easily shown that if Tis a B-array [N, m, 3, 4] with index set {A,;,;,},
then T is also a B-array [N, m, 3, 4] with index set {1, ;;,}, where A, i, =i,
Therefore, T is called a (0, 2)-interchanged balanced array ((0, 2)IB-array) of
B-array T. Let p{*2:5152) and j,,,, be the values of T corresponding to
plaraabidba) and y, ., . of T, respectively. Then we get

LemMA 6.8. For a B-array and its (0, 2)IB-array,

(6'9) 7pop1p; = (_ I)Px'ypoplpz for Po + pl + p2 = 4 and
Po> P1> P2 2 0.

From (6.1) and (6.9), we have
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LeEMMA 6.9.
(6.10)  plesazbibz)

J _pgalaz,blbz) lf (alals b1b2) = (005 10)’ (OO, ll)a (10, 01)1
(10, 20), (10,02), (01, 11), (20, 11), (02, 11),

lpgaxaz,blbl) otherwise.

THEOREM 6.10. For a B-array [N, m, 3, 4], T, with index set {/;
its (0, 2)IB-array, T,

} and

oitiz

(6.11) ¥r(x) = ¥r(x),

where Wp(x) is the characteristic polynomial of information matrix My based
onT.

Proor. From (6.1) and (6.10), there exists a matrix, U, of order v, such
that

My = UM,U,

where U=diag{l, —-1,..., -1, 1,...,1,1,...,1, 1,..., 1, —1,..., —~1}. Hence,
— ———— —— S — Nt
" m ® @
(6.11) can easily be proved.

The above theorem is powerful for finding optimal balanced designs with
respect to popular criteria. For given values of m and N, there exists, in general,
a large number of B-arrays of strength 4 whose indices satisfy N=21,00+ 4040
+ 2004+ HA310+ 2301+ 2130+ Ao3s 2103 A013) + 6(2220 + A0z + Ao22) + 12(451y
+ 2121 +4412)- Out of these, we choose a design which is optimal in a sense.
Theorem 6.10, however, implies that it is enough to select a design such that
(@) 400 <2o004s if 24007 Ao04s (D) A310>Ao13s if 400 =4004 a0 2310 Ao13, (€) 301
> 2103 if A400="2004s A310=4013 and A30; #4103, (d) A130> 40315 If A400="4004>
A310=72013> A301=~103 and A1307 do31, (€) 4220 <022, If A400="004> 2310="72013
A301=4%103> A130=4031 aNd 4350 # 4922 OF (f) A311> 2112, if X400 ="20045 2310 =4013,
A301="%103> A130=4031, A220=4022 aNd 4311 # 4,15

It is easily shown from Theorem 2.2 that if T'is a 3-BFF design of resolution
V, Tis also so and is called a (0, 2)-interchanged 3™-BFF (37-(0, 2)IBFF) design
of T. Theorem 6.10 yields

CoROLLARY 6.11. For a 3m-BFF design, T, of resolution V and its 3™
(0, 2)IBFF design, T,

tr(Vy) = tr(Vp),

det(Vq) =det (Vy).
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7. Covariance matrices of 3™-BFF designs

Using inverse matrices Kz! of K, (=0, 1, 2, f), we shall obtain explicit
expressions for all distinct elements of V. Let V{#42.5t62) be the elements of
Vp corresponding to 8(t5:t5?) and 8(132t5), where w,(eq, &;)=a, and w,(es, £,)=b,
(r=1, 2), and 8(t32152) is related to 0(t5°t5¢) by R(a; aya,, b b,). Then we have

THEOREM 7.1. For a 3™-BFF design of resolution V,

a.n

VI = oo VIR = (N} Kb e

v = (VN S V880 = {1 VA 8o
Vggé)‘:)%),)blbﬂ = {l/ln}{’cglaz,bxbz + (m - I)K{:;z,blbz}’
Viaiaz, bib2) — (1 0 — w1 V(“ 182, b103)
a {1m}{x8,a;, 608, = K3i4s.0102)5 (0000)
m—1
[ (73 D Jewm=2xs o+ on =2 =Dz
V‘“t“z'”i”5’=[1/{mJ(m‘1)}]{\/;;1 20— JAm=Dxle
L4l 2 a,a,,b 1 2 a,a,,b} b; ’
Vigenin) = L1/ {myfm = Dk anrs + /() ettt
+ \/<m 2— )Ktjl-xlaz.ll}9 V(‘"az = [1/{mV m = }]{ ajaz, 11
[(m—1 asaz,
- J( ) amz 11 ( 2 > 511:2 11} V({Zl 2 11)
[ /{m\/z(’" 1)}]{,/ =3k, 1y — /2m = Dl
araz,11 alaz 11
(ajay,biby) m _
V(oa&))l v= [1/{2<2)}:|{2K21“'2 byb, al ’n(m 3)K‘1‘1“2 byb;
(aja,biby) m _
=g 0 = () o

- — ! _ s (ajaz bib3)
m(m 3)Ka;a;,b'1b + (m—1)(m— 4)Kaza22,b bz} Vy,

= [1/{3(?»]{(’" -« g‘az,b b, +mx,, 1ah,blby 2(m — I)K’f,“; b,bz}
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piaei — [1/{2(’;’)\/5}]{2@,“,  tmim =3k,
192> 1727
(ajay11) __ m DY
+ 2(m — I)K;{;z;;,u}’ 2% = [1/{6<3>\/2}]{2(m - 2)1c2,1a,2’11
—m(m — 3);c‘111a,2’11 + (m— 1)(m—4)1€£;z:;’11} + {1/\/2m(m—2)}x‘{;z:;,11,

v = [ e(S Wzt Jeem - et mlm =
+ On = 1m = Oxfze ) — (110 = DYl

111’
vt =1 (3 2} Joim = x|+ ome

—atm = etz 3 v = (D)} Jext

+mOm = ety + A" 5 i+ 20m = DOy, + w{ea0)s
Vii(l)iﬁl)) = [1-/{4<31>H{2'€?1,11 + m(m — 3)“%1,11 - 2<m 2_ 1)“%1,11
— 20m = DGefny =~ efia0) v = 1/{12(5)} |eem - 2t
= m(m — 3)Kiy, 11 — 2(m 5 1)"%1,11 + ,2<m 2 1)K{f,311

+ (m - D(m — 4yicfps,} + [/ 2Jm(m = 2} {34, + <{8210),
ViR = [1/{12(’5’)}]{2(;11 — Ky —m(m—3)kly 1y

- 2<m 2 1)"%1,11 + 2<m 5 1)"{1’,311 + (m = 1)(m = )icfiy,

- [1/{2m}](K{f,‘11 + K{i',su)s Vﬁiéilﬁ) = V%Hblﬁ)

= [1/{12(;1){]{2(’" - 2)"?1,11 —m(m — 3kl 11 + 2<m 2_ 1)"%1,11
=" 5 el + n = D0~ xfin VAP

= [1/{6(’;‘)}]{(’" — )9y, 1y + mrlyg — 2(’” - Drfpy,d,
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where a,a,, b,b,=10, 01 and aa;, b,b,=20, 02, and a,, B4, 71, 72 §0s §1>
&,.£,, L, and £, are the same as those given by (4.11).

8. Optimal 3*-BFF designs of resolution V

We here consider a 34-BFF design of resolution V with given N. Generally,
there are many such designs. Out of these, we choose designs which minimize
tr (Vp) or det(Vy). We assume, throughout Sections 8 and 9, that M is positive
definite. In this case, we have

THEOREM 8.1. For any N, there does not exist any B-array [N, m, 3, 4]
with (i) at least two of Ay50, Azg2 and Ag,, being zero and at least two of 2,4,
Ayz1 and 4y, being zero, and (ii) Ay0=72202=4022 =0 and at least one of A,

Ayz1 and Ay, being zero.
Proor. It follows from (6.3) that
det (Ky) = 6°[2/,35042024022 + (A2204202 + 42024022 + A0224220)
(Aagr + 2121+ A12) + 2{220(A1214112 + Aa114112)
+ Azoa(Aa11hiar + A1214112) + A022(Aa1141a1 + Aa14h12)

+ 42511412141121]5

which, from the assumptions, is zero. This completes the proof.

THEOREM 8.2. For any N, there does not exist any B-array [N, 4, 3, 4]
with (i) A310=2301 =4130=4031 =A103=4013=0 and A3y +2415:+4;;,=1, and
(ii) 14oo=loo4=1301 =/1130 -_-/1031 =/1103='1220=/1022=0~

Proor. For case (i), if at least one of 1,50, 4,02 and 4¢,, is zero, the number
of possible distinct assemblies is less than v, (=33). Hence det(M;)=0. On
the other hand, if 4,50, A202, 402221, it holds that det(K,)=0. For case (ii),
from (6.7e), x}!-11=0. Hence, it follows from Corollary 6.7 that there does
not exist any B-array with the above indices.

Srivastava and Anderson [50] gave a comparison of the determinant, maxi-
mum root and trace optimal criteria. In general, there are many optimal criteria
(e.g., [23]). In this paper, we shall deal with the trace and determinant criteria
for a given value of N. The trace criterion is proportional to the average of vari-
ance of all normalized linear parametric functions. On the other hand, the
determinant criterion is proportional to the volume of the ellipsoid of concentra-
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tion, that is, in a sense, it refers to the volume of the region within which the
true parametric point may lie with a certain probability (see [16, 45]).

Consider 34-BFF designs of resolution V with v, (=33)<N=<56. In Table
1, optimal designs with respect to the trace criterion are given with values of
tr (V) and indices A,;;, of B-arrays for each value of N in the above range.
Furthermore, from (7.1), we can easily obtain forty-nine possible distinct elements
Vaia2.0152) of V. for each of optimal designs. These are also given in Table 1.
Next, we consider optimal designs with respect to the determinant criterion.
These designs are given in Table 2 together with elements V{aa2.b162) of V.
for each of optimal designs.

As seen in Tables 1 and 2, optimal 34-BFF designs of resolution V with
33N £56 are B-arrays [N, 4, 3, 4] with indices 1, ;, such that 1,40, 040 and
4004 are 0, 1 or 2, and the remaining 2, ;, are either 0 or 1. Therefore, we shall
consider a B-array [N, 4, 3, 4] with index set {4;;,;,} for 57<N <81, where 1,4,
Ao40 and Ago4 are O, 1 or 2, and the remaining A, ;, are either 0 or 1. Optimal
34-BFF designs with respect to the trace and determinant criteria are, respectively,
given in Tables 3 and 4, where indices 4, ;, satisfy the above-mentioned restric-
tions. Furthermore, V{a1a2:6:62) of V. for each of optimal designs are given in
Tables 3 and 4.

9. Optimal 35-BFF designs of resolution V derivable from B-arrays of
strength §

Let T be a B-array [N, m, 3, t] with index set {4, ,lioc+i;+i,=t}. Then
for any non-negative integer k (£t), Tis also a B-array [N, m, 3, t— k] with index

THeEOREM 9.1. A connection between indices A, (ig+ij+i,=t) and
Aigii, (41, +i,=t—k) is given by

9.1) Apiin = 2 {kY(kotky1kaD}i, 4 kg iy 41 i3 +k2 s
ko,ki, k2

where ko, k; and k, are non-negative integers satisfying ko+k,+k,=k, and

i,=i,+k, for r=0,1, 2.

In general, there always exists a B-array [N, m, 3, m] with index set {,,;,}
satisfying N =Y {m!/(ioli{!i,)}A;;,;,, For 2™ factorials, such a B-array [N, m,
2, m] with indices 4; (i=0, 1,...,m) is called a ‘‘simple” array (S-array) by
Shirakura [39]. We consider a case in which m=t=5 (hence k=1). Then,
from (9.1), we have
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A400 = As00 + Aato + Aao1s Aoso = A140 T Aoso + Aoar,
Aooa = A1oa + Ao1a + Aooss A3r0 = Aaro + Azz0 + Aa11s
Aso1 = Aaor + A311 + L3025 A130 = A230 + A1ao F Aia1s

©2) Aos1 = A1ar + Aoar + Aoz A103 = A203 + A113 + Aross
Ao13 = A1z + Ao2s + Ao1as Az20 = Az20 + A230 + 42215
A202 = 4302 + Az212 + 4203, 022 = A122 + Aosz + Ao23s
A2y = Asgg + Aaa1 + Aoz Aian = Aaay + Agar + Agaa,
A1z = A2 + Aga2 + A1a.

From (9.2) and Theorem 6.10, we obtain

THEOREM 9.2. For a B-array [N, m,3,5], T, with index set {A;;,l
ig+i,+i,=5} and its (0, 2)IB-array, T,

Pr(x) = ¥r(x).

Let T be a B-array [N, 5, 3, 5] with index set {4, ;,|io+i,+i,=>5}, where
A500> 4050 and Aggs are 0, 1 or 2, and the remaining A,;,;, (ip +i; +i,=>5) are either
0 or 1. Then in Tables 5 and 6, optimal 33-BFF designs of resolution V with
respect to the trace and determinant criteria are, respectively, presented for vs
(=51)SN<70, where indices A, satisfy the above-mentioned restrictions.
For each of optimal designs of Tables 5 and 6, forty-nine possible distinct ele-
ments of Vy are also presented.

Part III. Balanced third-order designs for 3™ factorials and their optimal
designs

10. Third-order model and relationship

The general second-order model (cf. [38]) in m factors is presented by
(10'1) r’(jl’ j25---’jm)

=00)+ 3 £ 40009+ T d;,(0d;, 08

in which the number of unknown effects is v,’{‘,=1+m+m+<’§)=(m;‘ 2),
where d(e) are given by (1.2). As its generalization, the third-order model for
3™ factorials can be given by
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(102) (s Jzvos i)
=00+ 3 @0+ 3 dy (Dd, 000
+ 3 di (O, QB0

+ 2 dy, (Ddy, (Dd;, (1DO(5888)) .
ts<te<tz
Four-factor and higher-order interactions are assumed to be negligible. Further,
suppose that the quadratic by quadratic component, 0(t13), of two-factor inter-
action, and the 2-linear by quadratic, 6(t3t}t2), the linear by 2-quadratic, 6(¢t11312),
and the 3-quadratic, 0(t2t3t3), of three-factor interaction are negligible, where
1<ty ty<ty, tyFts, ta#ts and te<t;<tg.
Let T be a fraction with N assemblies such that Var [y(T)]=02Iy. Then
(10.2) can also be written in matrix notation as
9(T) = Ez6

Hm?
where E% is the design matrix of size Nxpu,, 8, =({6(d)}; {6(t1)}; {6(t1)};
ey BEDY: 06E) and p=t+mem+(F)+2F)+(F)=1+

m(m+1) (m+35)/6 being the number of elements of effect vector 8, .
The normal equation for estimating 8, can be written as

M$6,, = E¥y(T),

where M%=E%'E% is the information matrix of order y,. If M* is non-singular,
T is called a third-order design for 3™ factorials. For a third-order design, the
BLUE 5,,"‘ of 6, and Var [5,,,"] are given by 5um=V§E#'y(T) and Var [5“"‘]
= V%02, respectively, where Vi=M%"1,

Let R(a; a,a,, b,b,) be the relationship defined between the sets of effects
O(t31t52152) and O(sg+rg5tss), where w(ey, &5, &3)=a, and w/(e,, &5, &6)=b, for
r=1,2. Among the six sets of effects {0(¢)}, {6(¢))}, {0(z?)}, {6(t1t})}, {0(t3t2)}
and {0(¢ltitl)}, suppose that relationship indices @ are given by (4.1). Then the
collection of these sets of effects has a 6-MD relationship.

11. Characteristic polynomials of information matrices of balanced
third-order designs

We assume throughout that T is a B-array of strength at least six, and that
M% is positive definite. This guarantees that M#% is invariant under any permu-
tation of m factors, which implies that T'is a balanced design (for brevity, 3»-BTO
design).



380 Masahide KuwADA

ReMARK. A sufficient condition for T to be a 3m-BTO design is that Tis a
B-array [N, m, 3, 6] with index set {1}, lio+i, +i,=6}, provided M%} is non-
singular. However, this is not a necessary condition.

Let T be a B-array [N, m, 3, 6] with index set {A}, ,lio+i,+i,=6} and
Vopip: (Po+ Py +p,=6) be the elements of information matrix M¥ whose row
and column correspond to O(#5152¢5°) and O(t513515¢), respectively, where
w8y, £35..., 86)=p, for r=0,1,2 and {t,, t,,..., ts} is a subset of {1, 2,..., m}.
Then a connection between 7y .., and indices A¥;; of B-array T is given by
Table B.

For (g4, €, &3) and (g4, &5, &6) With w,(g,, &,, £5)=a, and w,(g,, &s, &¢)=Db,
for r=1, 2, the element of M¥ whose row and column correspond to 6(t5:15215°)
and O(15415°155), respectively, is denoted by p¥(aiez.bib2) where O(t5115215) is
related to 6(t54155¢:%) by R(a; a,a,, b,;b,). Then information matrix M#¥ includes

TABLE B.

r*(600) = (1 1 1 6 6 6 6 6 6 15 15 15 15 15 15
060 1 0 1 0-—6 0 6 —-6 0 0 15 0 015 0
006 1 64 1 —12 6 —192 —192 6 —12 60 15 240 240 15 60
510 -1 0 1 —5—-4 -1 1 4 5-10 -5 -5 5 5 10
501 1 -2 1 3 6 -9 -9 6 3 0 15-15-1515 0
150 -1 0 1 -1 4 0 6 -4 1t 0 -5 0 0 5 0
051 -1 0 1 2 4 0 0 -4 -2 0 -5 0 0 5 0
105 1-32 1 -9 6 48 48 6 -9 30 15 0 0 15 30
015 -1 0 1 10 -4 32 —32 4 -—10 —-40 -5 —80 80 5 40
420 I 0 1 4 2 0 0 2 4 6 -1 1 1-1 6
402 1 4 1 0 6 12 12 6 0 —6 15 9 9 15—6
240 1 0 1 2-=2 0 0 -2 2 1t -1 o0 0-1 1
042 1 0 1 —4 -2 0 0 2 -4 4 -1 0 0-1
204 1 16 1 —6 6 0 0 6 —6 9 15 -24 —24 15 9
024 1 0 1 -8 2 0 0 2 —8 24 —1 16 16 —1 24
330 -1 0 1 =3 0 0 0o 0 3 -3 3 o0 0-3 3
303 1 -8 1 -3 6 —12 —12 6 -3 -3 15 6 6 15 -3
033 -1 0 1 6 0 0 0 0 -6-12 3 0 0-3 12
411 -1 0 1 -2 —4 2 -2 4 2 2 -5 71 =7 5-=2
141 tr 0 1 -1-=2 0 6 -2 -1 -2 -1 0 0-1-2
114 -1 0 1 7-4 —-16 16 4 -7 —16 —5 16 —16 5 16
321 1 o 1 1 2 0 0 2 1 -3 -1 -2 —-2-1-3
312 -1 0 1 1-4 —4 4 4 -1 5 -5 -8 8 5-5
231 -1 0 1 o0 o 0 0 0 0 0 -3 -3
132 -1 0 1 3 0 ] 0 0 -3 0 0-3 0
213 -1 0 1 4 —4 8 —8 4 —4 —1 -5 4 —4 5 1
123 i 0 1 -5 2 0 0 2 -5 6 —1 —8 —-8-1 6
| 222 | Ll 0 1 -2 2 0 0 2 -2 -3 -1 4 4-—1-3
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at least thirty-two possible distinct elements as follows:

*(00,00) — %k #*(00,10) — ,%(10,01) _. % *(00,01) _ %
Pooosy = Veoo = N, Poody = Pood)y = Y5105 Pioood) = V5015
*(00,20) — ,%(10,10) _— ,%(10,11) . ,%(01,20) — ,L%(11,11) __ %
Pooo6y = P(roody = P(roody = Prooody = P 1061y = Y420
*(00,11) — H*(10,01) — H*(01,11) — 4% *(00,30) — ,,*(10,20) . ,#*(01,30)
Poood) = P0106) = = Poooi) )=y Poood) = P00y = Poood)
— p*(20,11) . ,% *(10,10) — * *(10,20) — ,%(20,11)
- p(1000) - )’330a P(oooo) - (2N + 7’501)/3’ P(oooo) - p(oooo)
= 2y%0 + v510)/3, P?‘é}é’d)‘” = (27%01 + v502)/3, pfl(}&;)‘“ = p?‘o‘&‘afm
— *(11,11) _ ok(11,11) — % %(10,30) — ,%(20,20) _ ,*(11,30)
=Phoid) T Plioly T V3215 Poood) — P1ooé)  — Poood)
(11.1) * * *(10,30) *(20,20) *(11,30) *
= (2v%30 + 7)321)/35 P(1006) = P(2000) = P(io0dy — V240»

TABLE B. (continued)
20 20 20 30 30 30 60 60 60 60 60 60 90 A* ~60()7

0 —20 0 0 0 0 0 0 0 0 0 0 0 060
—160 20 —160 —60 480 —60 240 —120 —480 —480 —120 240 360 006
—10 0 10 —15 0 15 -20 —-10 -10 10 10 20 0 510
~10 20 -10 15 —30 15 0 30 --30 —30 30 0 0 501
0 0 0 5 0 -5 0 —10 0 0 10 0 0 150
0 0 0 —10 0 10 0 20 0 0 =20 0 0 051
—40 20 —40 —45 0 —45 120 —9% -120 —120 —90 120 180 105
80 0 —80 30 0 —30 —80 20 80 —-80 —20 80 0 015
4 —4 4 4 -2 4 6 -8 —4 -4 -8 0 —12 420
—4 20 —4 0 18 0 —24 0 —12 -—-12 0 —24 -36 402
0 4 0 -6 0 -6 —4 4 0 0 4 —4 6 240
4 0 12 0 12 —-16 -8 0 0 —8—16 24 042
8§ 20 8§ —30 —48 -30 36 —60 24 24 —60 36 54 204
—32 —4 -—-32 -8 -32 -8 0 16 32 32 16 0 —48 024
—1 0 1 3 0 -3 6 6 3 -3 -6 —6 0 330
11 20 1 —-15 12 —15 —-12 30 33 33 —30 —12 —18 303
8 0 -8 —6 0 6 24 —12 24 24 12 —24 0 033
8 0 -8 -6 0 6 4 —4 8§ -8 4 —4 0 411
0 4 0 3 0 3 8 -2 0 0 -2 8§ —12 141
8 0 -8 21 0 —21 -32 14 8§ —8 —-14 32 0 114
-5 -4 =5 I 4 1 0 -2 5 5 =2 0 6 321
-1 0 1 3 0 -3 10 2 -1 1 -2 -10 0 312
2 0 -2 0 0 —6 0 —6 6 6 0 231
—4 0 4 -3 0 3 0 -6 12 —12 6 0 0 132
—10 0 10 12 0 —12 -2 8 —10 10 -8 2 0 213
4 —4 4 -5 16 -5 0 10 —4 -4 10 0 —12 123

4 —4 4 -2 -8 -2 0 4 —4 —4 4 0 6 222 |
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Pﬁ)‘&;é?” = 2N - y¥%., P:‘o(géi())l) = Y02 PZ‘JS}@}” = 29%0 — Vi1

Pty = vha Pl0isT” = PETeS Y = is Plodes”
= (4N + yko; + v230)/9, PEISGY = Qi +v32)/3, P&

= (4y%0 + 4v211 + 73512)/9, p}",‘&é’a?‘” = (2y%30 + 7331)/3,

PRSI0 = vt DEGIEY = (AN = 13)/3, PRHEY = Cydo+ 73093,
P?‘1(11116)“) = 250 — V3215 P?:1(11111’)11) = 7522, P?o(ollléi‘(’) = (29321 + v522)/3,
P?l((hld?m = ?fu,. p}"éégaié’ = (8N + 12y%; + 6%z + ¥303)/27,
PESY = (4v%20 + 47321 + 7522)/9 PE3RY = 2va0 + ¥H40)/3,

*(30,30) — %
P006) = Yoso-

The local relationship matrices, A{e1a2:6162) are defined by (4.6), and

the relationship matrices, D{#122:0152) are defined by the same way as shown in
Section 4. Let B{a192:8152) be the symmetric matrices of order g, such that

D@azma)  if gg, = byb, = 00, 10, 01, 20, 30,
Di‘”az’b‘bz) + nglbz’alaz) if ala2¢b1b2 and a,a,

= 00, 10, 01, 20, 30; b;b, = 00, 10, 01, 20, 11, 30,

Beraz.b:b2) — | Diitin) if a@,=bb,=11 and a = (0110),

(1001), (0111), (1110), (1111),
DULID 4 DUty if aa,=bb,=11 and

a = (1011) or (1101).

From Appendix II, we have

LeEMMA 11.1. Matrices Di{araz:b182) gpg D#uwwz,v102) sqtisfy the followin
B Sij g

properties:

Dz(alaz,L‘lcz)D;(dldz,blbz) — 5 5

5apDz(axaz,b1bz)’

cidi¥ecady

D;(au)z,bﬂiz)D}(‘l‘;:u:,0102) = D.i;(‘l;xuz,vlvz)D;(lnaz,lhbz) — 0

Hm>X tm?

— #
D}(‘l:‘xuz,waz)Dj_(Iilsz.vxvz) = 5wlsléw2s25“Df(‘i;1uz,0102).

Let A* be a relationship algebra generated by eighty-three relationship

matrices D{#1#2:b182) which is also generated by fifty symmetric matrices
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B{ma2,b102)  Tet AF, A¥, A, A% and A% be the matrix algebras generated
by 62 matrices Dg(alaz,blbz), 32 Df(clcz,dldz), a Dz“(”'“), a Dg(so,so) and 62
D¥uuz.0102) respectively, for a,a,, bib,=00, 10, 01, 20, 11, 30; ¢,c,, dyd, =20,
11, 30; Uytty, 0,0, =10, 01, 20, 11, 30; 4, j=1,2, 3,4, 5. Then A} =A$A* =

OU: for «, =0, 1,2, 3, f, that is, these matrix algebras are mutually
annihilated.

THEeorEM 11.2. (i) The algebra, *, is represented by the linear closure
of eighty-three matrices D§(@192:0182) gnd D¥(uz.0102) for B=0, 1,2, 3 and i,
j=1,2,3,4,5.

(i) The algebra, N*, is decomposed into the direct sum of five ideals W}
(8=0,1,2,3,/),ie,

W=M@w@w@w@m

(iii) The ideals, A%, * A% and A*, have Dile1e2,b102) Dilercz,dida)
D3(11.11) | p¥(30,30) gpd Dﬂ‘j‘l“z "1"1’ as their bases, respectively, which are
isomorphic to the complete 6x6,3x3,1x1,1x1 and 6x6 matrix algebras
with multiplicities ¢5 (B=0, 1, 2, 3, f), respectively, where ¢o=1, ¢;=
m(m=3)12, ¢,=("5 "), s =m(m—1)(m-5)6 and ¢ =m~1.

Note that ¢o=0¢3, ¢, =03, ¢3=0¢% and ¢,=¢¥, where ¢F (=0, 1, 2, 3)
are defined by (3.7).

From the above theorem, information matrix M¥ can be expressed as

M;E= Z z zp:(agaz.hbz)D‘(zmaz,b‘bz)

ajaz bibz a

_ Z* Z* Zp:(alaz,blbz)Bgaxaz.bxbz)

aiaz biba a

3
Z Z lcz;dleD;(CICZ.dldz)

cycz did2 =0

+ 3> 3 ZK?':}"z,”102D§,(i';1"210192)’

w2 V1v2 i,J

where

K3300,30 — J( >pzk0(880?0), Kga1a2,30 — < )/3{31,*0(8632,30)
+ (m - 3) *(am;,so)} 1%20,30 — \/_(-m__— 2)/3 {3 *(20,30)
m s, » Ko P (0000)

+ 30 = s + (" 5 2 o, g = Jom =276

m-—3
(61 + 30m ~ Do + 2™ + A 5 %) pde),
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%30,30 ._ ,,%(30,30) _ (30,30) m — 3\ «(30,30)
Ko = Plooosy. T 3(m — 3)p{ises3” + 3( ) )p(ZOOO)

m—3 %(30,30) 20,30 — /m1 — 4§ n*(20,30) #(20,30)
+ ( ) Kt = \/m - 4{P(0000) - 2P(1000)

3 (3000) >
(20,30) *11,30 — _ *(11,30) __ ,%(11,30) __ ,,*(11,30)
+ P?zooo) 3wt = \/2(’" 4) {p(OOOO) P0016) P(1006)

(11,30 30,30 __ ,,#(30,30) — *(30,30)

+Pf1010) %, Kt = Pooosy =+ (m — 7)p{i506;
#(30,30) _ #(30,30) £30,30 — ,#(30,30)

— @m — 1Dp&ies” + (m = 5)psdes s ¥3 = P(0000)

_ %(30,30) __ ,%(30,30)y __ ,,*(30-30) * ,30_«/ m-—2 *(a1a2,30)
3(1’(1000) P(2006) ) = P5o00; > KFiie»30 = ( 9 {P(0363§

— PR, I = JTn = I 20387 + O~ 2838

~ (n = DRGNS = (= D= /2 (B
s 230 — — , — s
~ PEAO), R = (= 3/ A + (o — s
11,300y _ _ (11,30) £30,30 _ ,%(30,30)
"‘1’2':1(000)3 ) — 2(m 4)P{1010) P 5 4 _p:‘ooom

—4
+ @m = NP + (m = Hm—9/2pess” — ("7 )i,

and the remaining xj?192-#152 and x}#1#2.91°2 are the same as those obtained by
replacing p{e1e2:b152) (in (6.2)) by p*(etez:b1b2), Here 8, =(1000), (0010) accord-
ing as a;a,=10, 01, and connections between 5 ,,, and Af,. and between

*
yP opip2

and p#¥(e1a2,b1b2) are given by Table B and (11.1), respectively. Note

that rjaiezbib2=ybibz,a102 gnd grrva,v1vz=gfo1v2.uiz, From Theorem 11.2,
J
we can obtain 6 x 6 matrix K§, 3x3 K¥, 1x1 K}, 1 x1 K¥ and 6x6 K% such

that

where

Ay Mf— K3 for $=0,1,2,3,7,

r KgOO,OO KgOO,IO KgOO,Ol K:OO,ZO KatOO,ll K300,30 W
KglO,lO K3=10,01 KglO,ZO K(’)klo,ll KglO,SO
K3‘°1'°1 K3=01,20 x301,11 KgOI,SO

KgZO,ZO K:ZO,II K320,30

Sym Kgll.ll Katll,30

Kg30,30 ]
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™ ,.%20,20  5.%20,11 %20,30 * . [ye¥11,11
K Ky Ki=™ K3 = [x3'111],
K* = KFILIL 11,30

L Sym. K#30,30

. K3 = [xpo),

*10,01 %*10,01 %10,20 %*10,11 *10,11 *10,30

(Kfu L Kfi2 Kfis' Kfia Kfis' _1
%*01,01 %*01,20 *01,11 %*01,11 %*01,30

Kfn Kyia Kfis Kria Kris

*20,20 *20,11 *20,11 *20,30
Kr32 K Kras Kras

K? - J23
*11,11 *11,11 *11,30
Kfis Kras Kfss
' %11,11 . %11,30
Sym' Kfas Kras
*30,30
L Krss .

Since I, belongs to A*, we have

THeoREM 11.3. The characteristic polynomial, ¥¥(x), of information
matrix M¥ of a 3"-BTO design, T, is given by

Yi(x) =det (M} — xI,)
= {det (K} — xIg)}¢o{det (K} ~ xI;)}¢:{det (K¥ — x)}*2
-{det (K3 —x)}#:{det (K} — xI)}¢s,
where ¢, (=0, 1, 2, 3, f) are given in Theorem 11.2.

Let T be a B-array of strength at least four. Then, for the second-order
mode! defined by (10.1), the characteristic polynomial of information matrix
M3%* of T (cf. [20]) can also be obtained by use of the algebraic structure as
follows:

PE*(x) = det (M3* — xI,,)
= {det (K§* — xI,)}¢o{det (K}* — x)}¢:{det (K}* — xI;)}¢s,

where P¥*(x) is a characteristic polynomial of M#$* for the second-order model,
and

K-(ﬁ;*OO,OO KS*OO,IO Kat*OO,Ol Kg*OO,ZO
Kg*lo,lo Kg*lO,OI x3*10,20
xg*OI,Ol Kg*OI,ZO

Sym.
(11.3) K3*20,20
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K}* = [1}%20,20],
K}ﬁlo.lo K?ﬁlO,Ol K?:kzlo,lo
K¥* = KE¥O1,01  jc%%01,20
Sym. K %%20,20
: S22
in which xjf*ae2.bibz (=0, 1) and x}}v2.912 (i, j=1, 2) are the same as
those obtained by replacing xi®2:b1b2 and k1429192 (in (6.2)) by xj*e1az.bib2
and x¥} w2012, respectively, and ¢, (8=0, 1, f) are given by (4.13).
Lct K& 1=k, 010, KY¥ ' = ¥, a0l KE 1 =5t 1all, K3 =[%33,30ll

and K¥ =]kl , ,.|. Then characteristic polynomial, x§(x), of covariance
matrix V}o2 of BLUE @um can be obtained by getting that of V¥ as follows:

COROLLARY 11.4. When T'is a design of Theorem 11.3, y¥(x) is given by

¥ (x) =det (VE — xI,)
= {det (K3~ — xIg)} % {det (K11 — xI;)}#:

{det (K31 — x)}%2{det (K3~ — x)}#3{det (K¥! — xI5)} .
Theorem 11.2 yields
THEOREM 11.5. For T being a design of Theorem 11.3,
tr (V1) = ¢otr (K§™) + ¢y tr (K71 + ¢, tr (KI7)
+ @str (K371) + ¢, tr (KF7Y),
det (V') = {det (KF™)}#o{det (KT™1)}# {det (KI™1)}#2
-{det (K371} #3{det (KF71)}*7.

CoRrOLLARY 11.6. For T being a B-array of strength at least four, when
information matrix M}¥* for the second-order model is non-singular,

tr (V%) = ¢otr (K3*™1) + ¢y tr (KT*71) + ¢, tr (KF*7H),
det (V'$*) = {det (K§*")¢o{det (K{*~1)}#*{det (KF*~1)} %1,
where K}* (B=0, 1, f) are given by (11.3).

If Tis a 3»-BTO design, a (0, 2)IB-array, T, say, of T'is called a 3m-(0, 2)IBTO
design.

TueoreM 11.7. For a B-array, T, and its (0, 2)IB-array, T,
YHx) = PHx).
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Proor. Let Ef be the design matrix of T. Then EX=E}W, where Ef is
the design matrix of Tand W is the diagonal matrix of order py,, such that

W=diag{l, - 1,..., — 1, 1,...,1,1,..,1, — L,...,, = 1, — L,..., — 1}.
" ™ %) 2(%) (%)

Hence M= WMZFW which yields that
Yi(x) = det(M% — xI,, )
= det (W(M¥ — xI, )W)
= det(M$ — xI, )
= ¥Y¥(x).

COROLLARY 11.8. For a 3™-BTO design, T, and its 37-(0, 2)IBTO design,
T,

tr(VH =tr (VH),

det (V1) = det (V¥

12. Covariance matrices and optimal balanced third-order designs for 36
factorials

Let Tbe a B-array [N, m, 3, 6] with index set {A¥; lio+i, +i,=6}. Then
we obviously obtain the following:

THEOREM 12.1. A necessary and sufficient condition for T to be a 3"-BTO
design is that every irreducible representation K} (=0, 1,2, 3, f) of M¥ is
positive definite.

Since M#% is positive semidefinite, K} (=0, 1, 2, 3, f) are also so. There-
fore, Table B, (11.1) and (11.2) imply

COROLLARY 12.2. A necessary condition for the existence of a B-array
[N, m, 3, 6] with index set {A},,;,} based on the third-order model is that the
following relations hold:

(12.1)  Ayq + Afay + AT1e + A%y + A3 + Afy + AT + 4315 + A3 + 455, 20,
(12.2)  Af30+ Ados + Adss + A% + A3p + Af3 + Al + A3 + Ahhs + 455, 20,
(12.3a)  Adyo + Afao + Adaz + Af2a + A330 + Afss + Adiy

+ A+ A M A AL+ S F AL+ AR 2
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(12.3b) (m — 4){Adyo +16 (Afos + A304) + Adsa} + Ao + a3
— 32(m — 6)A%y; + 8(m — 4)(A%;, + Afa) + 12005, + AYys)
— 8(m — 10)(A%12 + Af13) + 3(A%s, + A¥sp) — 2(m — 16)4%,, = 0,
(12.4a) (m — 2){A¥p + 4(A%yy + Afos) + Adis) + Cm — 3)(Adho + A854)
+ 16(A%02 + A304) + A%ao + Adsz + m(Ada0 + Ad33) — 8(m — 6)A35;
+ Om — 10)(A%yy + Af14) + 244y + 4(m + 3)(A%yy + Alys
—2(5m — 38)(A%y2 + A%13) — (m — 16)(A%5, + Afsa)
—6(2m — 13)A3, 2
(12.4b) (5m — 6)(A¥ o + Af1s) + 4Q2m — 3)(Ady; + A¥os) + 2m(Adso + Ads)
— 3(m — 8)(Ah0 + A2s) + (5m + 6)(Afos + 2304)
+ 2(m + 6)(A%4 + Ad42) — 3(m — 10)(}.330 Afa3) + 241%,;
+ 3(m + 10)(A%; + Af1a) + 12(m + DAYy
— 2(5m — 54)(A%y, + Ahhs) — 8(2m — 15)(A%2 + Afa)
+ (5m + 18)(A%y; + Afsy) — 18(m — 10)A%,, = 0,
(12.5a) m(A¥oo + Ados) + (4m + 1)(A¥0 + Ad1s) + 2(m + 2)(A¥oy + Afos
+ Also + Adsy + 203m + 2)(Akao + Ad2s) — (m — 16)(A%e2 + Ados)
+ (m + 4)(Afso + Ad42) + 2(2m + 3)(Adso + Ads3) — 4(m — 6)A%0s
+ (Am + 21)(A%; + Af1e) — 2(m — 6)A%,, + 40055 + Aty
— 2(4m — 29)(A%, + A%3) — Cm — 1)1, + 152)
— 12(m — 6)A3,, = 0,
(12.5b) m(Adoo + 4A&s0 + Ad0s) + (A% o + Adys) + 6m(AYse + Adsy)
+ 3(4m + 3)(Afso + A3s) — 6(m — 6)(A¥y0 + Ad2s
+ 15m(Afps + Afos) + 9(m + 4)(A340 + A42)
— 2(m — 27)(Atye + Akys) + 20mAtys + 45(A%y, + Atia)
+ 18(m + 4)AYy — 24(m — 6)(A%; + Alya) + 90(A%(, + AF3)
= 6(2m = 27)(A%s; + Af5;) — 36(m — 6)A%z; 2
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CoOROLLARY 12.3. A necessary condition for the existence of a 3™-BTO
design is that relations (12.1) through (12.5) hold with strict inequalities.

Let ¥#*(ataz2.6182) be the elements of V¥ corresponding to (t5152¢5%) and
Q(t‘i‘thtgﬁ), where w,(gq, &5, £81)=a, and wJ(e,, &5, g)=Db, for r=1,2, and
B(15115215°) is related to 6(t54t55t¢°) by R(@; a,a,, byb,). Then we obtain

THEOREM 12.4. For a 3™-BTO design, T, there are the following fifty pos-
sible distinct elements, V*(a1a2,b1b2)  of V%

SN o I 1 W Cryy
'{\/3_":‘?”,30 + \/(m — D(m = 3)x}i3 50},
paesao = [ 1 fmy/ ("3 D} Jym=Tx2050
— J30m = D}, vids® = [1/{ < )}]{2\/3(’" — 2)k18,30
+ m(m — 3)Jm — 4 k3 30 + 2(m — 1)\/2(_”1T3— k3450
vegss” =[ 1/J6(5 =3} [fv/e(™ 5 2 ettao
= 2my (™ 5 3t a0 + VEOm — D — 63z}, VEREY
[N U Dot = 5ot
~(m=D)J2m=D) K33}, VIS = [1 fi2(5)}]

{2J6(m — 2)x 19 30 + m(m — 3)J2(m — 4) ktf 50
+4(m — DJm =3t %), Vs

=[N =3 V(™ 5 Pettso = 2m (7 5 Dt

+ (m = 1) Jmlm = D3+ (m - Dm - OkH ], Vi

=[N =3 35 Z)ettiso —2mi(™ 5 P)rttae

~ (m = DJmlm =DK% +0m = Do — Oxi{ss ), VR

= [/ (EW S RPN D ttan + mym=3ntiz
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~ (m = DJZm =D ki) v =[1{d(5)} it
+ 3m(m — 3)x38 30 + m(m — 1)(m — 5)K33 30 + 6(m — Dx3{3%},
vagss® = [ 1T [ 160m - Dxsso + mlm = 3)m = et

— m(m — 1)(m = 5)c$3.30 + 2(m — D2m — NxI{38},  VESS”

[ et~ 1m0

+ m(m — 1)(m — S)K23 30 + (m — 1)(m — 4)(m — 9)K§‘({,%},

vesss® = [ 1/{20(E)} [{2(™ 5 2 )et8iso + 3mtm = 3380
= 2" )etz0 = 30m — D0m — x5},

and the remaining V*(cic2.d142) gre the same as those obtained by replacing
K8 oy d,a, and k1Y @n (7.1)) by «*F and k*fu respectively.

uiu2,0103 c1c2,d1d2 u1u2 V103>

Let T be a B-array [N, 6, 3, 6] with index set {i¥;,lio+i; +i,=6}. Then,
in Table 7, optimal 36-BTO designs with respect to the trace criterion are presented
for ug (=78)< N £100, where indices A%y, Ads0 and Afye are 0, 1 or 2, and the
remaining A, ,, are either O or 1.

In Table 8, optimal 36-BTO designs with respect to the determinant criterion
are presented for 78 <N <100, where A¥,;,;, has the same restrictions as the trace
criterion. Furthermore, in Tables 7 and 8, possible distinct elements of V¥ for
each of optimal designs are presented.

Appendix I. Connection between A(%192:01%2) and Aj(c1¢2.4142) gnd
A;‘(u;uz,mvz)
ij

Since, for a,a,, b,b,, ¢,c,, d;d, =00, 10, 01, 20, 02; u,u,, v,v,=10, 01, 20,
02, MD relationships are similar to TMDPB association schemes, it follows from
(3.6) that n,,., Xn,, matrices Aj(c1¢2.41d42)(=0, 1) and n,,,xn,,, matrices
Af{uu2.0192) gre, respectively, linear combinations of local relationship matrices
Alara2:b1b2) a5 follows (cf. [60]):

(00,00) — 4€00,byb3)
A3(00,00) A0 = 1, AR(00,b:b2) = {1/\/m} AQ3ah0,

" m (00,5 b%) ( ,bib2)
Ag(oo'blbz) = {1/,\/( 2>}A(0000) 2 . Aﬂ(amz,bxbz) = {l/m} {A((‘;(!)S%) 1b2
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+ A‘(:laz,lnbz)}’ A;(l::mz,bxbz) = {l/m} {(m _ 1)A§8(l)‘(,)%)’)blb1)

¥ b b ‘b,
— dgenbin, AL < 2] (myfm = 1} ] (At

gy | HARTEY AR = [ On =21 {0 - DA

( ,biby) #(ajay biby) 5. b1b) 145, b1 b5
—_ 2Aﬁ:l“z 1 z}’ A ajay,bib; {1/( )} {A(“ 182:b1b3) + A‘y‘::“z 102)

(0000)

+ APy g5 D [ m(m — 2)}1{20m — 2) ALk

(a’al, b ( "ol bh
+ (m — 4)A1‘:1“z biby) 4A a‘az 1 2)} A:(alaz blbz)

- [1/ {2<m 2 1)}]{2('"2— Z)AESL‘)%%,”""'Z’ (= 34D

(ajay biby)
+ 24D,

where a,a,, b;b,=10,01 and aja, b1b3=20,02. Here a,=(1000), (0100),
(0001) according as (a,a,, b1by)=(10, 10), (10, 01), (01, 01); B, =(1000), (0100),
(0010), (0001) according as (a,a,, bib3)=(10, 20), (10, 02), (01, 20), (01, 02);
7,=(r000), (0r00), (000r) according as (ajaj, b;b3)=(20, 20), (20, 02), (02, 02)
for r=1, 2, respectively. | :

Kuwada [25] has obtained matrices A§(#192:11 and A% “1#2:10) by multiplying
A3L1D gnd A¥ILID by g{ae21D (B, y=0, 1,2; i, j, k; =1, 2, 3, 4), respectively.
In this appendlx however, we shall obtain A§(@192:10 and A%(1»2-11) by a method
different from the approach of [25] as follows

A300,11) — {1/J2<?>}As(oo oo)A(OO 11) { /«/2< )} gggby)),
A‘g(a,az,u) = {1/\/m}Ag(alaz.alaz)A(‘?az,l1)

= [/ {m{m = [T{dggex1V + AotV + digen1Vy,

A}(l?az,u) = {1/\/2—”1}A§(1.:,az,alaz){A(élal,u) — A({(:;az,ll)}

= {1/\/2,—,1} {A(c':zl“'“) - A(C':l“'u)}’ A}({:‘“'u)

= {1/\/—z—zm—_—T)'}A}(:;az.a;az){A&%laz,ll) + A({Taz,ll)}

= [ll{m\/m}]{(m - Z)A(‘;“”’”) + A(alaz,ll) - 2A({azla;,11)}’

A#(alaz.ll) {1/\/ 3 }A“(“ 1924 “Z)A(a‘aru) [ /{2< >}_J

,{Aggbﬂzyll)_‘_ A(a;a; 11) + A(alaz,ll) + A(alnz 11)} A:(a;a'z,ll)




392

(A.2)

Masahide KuwADA

- (T } 4@ aia) A(aou(x),o.) _ [1/<2<m2— 1)\/—2—}]
(75 %)t = Om = OIS i) 424
A = (1) I = DAL (Y

A0} = {112l = D) (A - A,

A = [ {(m = 3) 2 14T A G,
+ AT 4 Gy = [ {m(m ~ 2 231(20m ~ ) AGes "V
+(m =~ (A 4 ATy g gDy gata

= {12} AQsopoy 45 1 4 (G = [1/ {2<’51)} :I
H{AGY + AGset) + A3 + AGHE + 408 + 4G5

,aya,)  #(aial, 1
+ANLDY,  ARLAD o (172} 4Gaseed ] i) 4Gum 1)

- l:l/{4<m2 )}]{2(”12 >(A23}i{)l)) + AU — (m — 3)(4LLEY
+ AtHie) + 4ds) + 4disl)) + 2401 )}, ABILID

= [1/{2m(m — 2)}]{A§:1'ﬂ1¢;) _ Agm;a;)}

A gD 0D} = [1/2m) ] 204348

(11 11) (11,11) (11,11) (11,11) (11 11) s
Agobyy ) + Apiiny + Aaiioy T+ Aoy + Aaion ) Aﬁl} 1

Ty (11,a}a}) (11,8,a5)y (#(a} a,a )

= [/ {20m - 3)¢m(m—2)}]{Azl D gy el
aa, (a! ‘al
-{Aéoa‘as)“’u I DY = [ 2ymim = 2)}]
{41 — Al + 408 — 401} = {4y,
k (11,a}a3) L (11,a5a3) (11,a;a})

AL = [1/20m = DY {(AG5D + AT 4 LD
‘Ai}(a az,a az){A(gog%a)ll) + A(a az,ll) +A(a1a1,11)}

22

= [1/{2m(m — 2)}1{2(m — 2)(A£a:i%,‘)’ ALY + (m—4) (4311

(11,11) (11, 1) L (11,11 11)
+ AGLE + A5 + 401 — 441Dy, g3anap
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=Iz('5') - Ag(u,u) —_ Ai{(ll,ll) — A#f(alal,ll) - A}(‘l‘l,ll) = [1/{2,"}]

(11,11) (11 11) (11,11) (11,11) (11,11)
{(m - 2)(A(0110) (1001) ) (0111) - A(1110) + A(1011)

+ G
where §,=(0100), (0001), &, =(1000), (0010), &,=(1100), (0011) according as
aia,=10, 01, and {,=(0100), (0001), £,=(1000), (0010), {5=(1100), (0011)

according as aja; =20, 02, respectively.

: 185,11 s ‘a,
For matrices Aiggbhl)), A‘(,:z‘azll), Ag‘:‘“z’“), ASSB‘(‘)ZO) ) A(‘H“z and Agmz 11)’
the following relations hold:

(00,11) 4(11,00) _ ~f "\ (4(00,00) (00,11) 4(11,b5b2)
A(ooboy Aood0) = <2>A0 s Aoso) 45, """

= (m -~ 1 'm Ag(OO,b;bz), A(goobl){A(u ybiby) A(_lll,b,bz)}

= Oyxm gggoll)){A(u Jbib2) 4 A(n blbz)} =2m—1) m Aa(oo b,bz)
(00,11) 4(11, bb3) \/ £(00,b'b) (11,b8}) (11,b}b%)
A00b0y Aoooo) > =2 ( >A 172h Agggoll){A YAy }

(00,11) ¢ 4(11,b7b3) (11,b3b3) (11,b}b%)
= 01x(®)s A(ooboy {4000y > + AE, R Agz 7

m $(00,b; b)) ;
=2(2m — 3)‘/< 5 )Ao 172 Af;‘{,"‘"“)A‘Ef,"""’”
(m — 1){A#(maz.blbz) + A#(azaz;bnbz)}’ A&%laz’ll){A(Etl'ble)

- A(u b;bz)} = mA#(a;az,blbz) A(gzzlaz,ll){A(ztl,blbz) + A(él,b.bz)}
= 2(m — 1) A(a1a2:0152) 4 (s — 2) A% @ra2.01b2) Agmz,u)Azééb'(’)})”'z)
= J2m = 1) AP 4 = gy,
A(C%'az'll){Agl'b;I;) _ Aé_il"’ib'z)} mym = 2 As}(laz 125
A‘(::‘az’”){AE(l)(l)’()%;)b;) + Aélll’b;blz)-{-Aéil,bib;)}

= 2('3>\/Wl—)/j Ag(“l"z"’i"p, [Afgia2 10 — glaraz, 1D}

,{A(Ezl,blbz) — Agl,blb;)} = 2mAi}(lu:1az,b1bz)’ {A(‘l;xaz,ll)

- A({.:,a,,u)} {A(Elkl,blbz) + A%ll,blbz)} =2{2(m — I)Ag(amz,bxbz)
0 1
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(11, blbz)

+ (m — 2)A}(ll:1a1,b1b2)}’ {Agzlaz,ll) A(ﬂlaz,ll)}A(o 000

- (ara2,11) (araz, 100 [ g1LB1BY) _ ((11,b1b))
= Oy, LAfgen1D — Agresi) (4E1PID _ g1100%)

(11,b]b%)

/'——*** ,bib s
= 2m A#(a 18, z), {A?:)la;,ll) _ A(‘?la,,u)} {A(ooool)

(A.3) | + Agl,bib;) + Agl.b}bi)} = Opx(2), {Ag:;la;,ll) + Ag::lnz,ll)}
.{Aé_tl,blbz) + Aglb‘,bz)} = 2{2(m — I)Ag(nxaz,bxbz)

' 11,b}b}
+(m - 2)A#f(1:;1az,b,bz)}, {A({%mz,u) + Aglaz,u)} Aéoéool) 2)

= 2\/2-(,7i"17Ag(a1a2,b1b2)’ {A?;;az,ll) + Ag::,az,u)}
.{Aé_lu,b;b;) _ Agx,b;b’z)} — Omx(';), {Ag.;laz.u)

+ A‘c’f"’"“)} {Afééa’f,;)bé) + Aé_lll'b;b’z) + Agl-bibé)}

=2{2m - 3)\/2(7_—1) A;‘““’l"’;"é’ _ \/ — A#(a La5,b) b,)}’
#(ayay,biby)

(a)a,,11) ,(11,b;b’) #(a,a,, 2
Aobot) A(oooo')z = 2{4, """ 4 4

+ A#(a;az,blbz)}, AES(;)%;()’)“){AE:I’I,;E’;) - 421,1:;1;;)}
Ot A 5 A 1 4

— 2(2m _ 3) 43EEOD | GG | (g _ 3) giliebiby
{A(a,az, A(alaz,ll)} {Agl,b;b;) (11 b, bz)}

= 2m(m — 2) A} 1D, {A§f1“5’“’ ALy (4GS

(aja3,11)

(11,b.b)) (11,b.b%)
Ay T A Ay Y = O(x(p), {Acobod)

(alal,11) (alal11)y ¢ ((11,Bb2) (11,5:57) (11,b°b%)
+ Ay, T+ A HAwooo) + 4T+ 4, ke

= 2{(2m — 3) A7 NPY 4 g{@10 D L (g  3) 45000 000Dy

where aya,, b b, =10, 01 and a}aj, b1b; =20, 02.

From (3.6), (3.7) and (A.3), matrices Aj(:192:2152) and A¥uw2.0102) satisfy
the followmg properties (cf. [25]):
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Aa#(axaz,clzz)Az(cxcz,bxbz)=5apAg(a1az,b1bz),
A";(il}mz,wlwz)Ag(waz.0102) =Az(uluz,wlwz)A-S;_(i‘;uwz,vwz) =0nul“2x"v102,
A}(",“‘"z’Wl“’Z)A}(“j"l“’h”l"Z)=5“A}(i';1“2’”‘"1),

Solving (A.1) and (A.2) with respect to A{#192:0162) we get

Azggooo) Aa(oo oo) A(oo blbz)..\/m An(oo blbz)

Eggo%)bz) ‘/( ) #(OO,b;b;), 2880%)1)) \/2< )Ag(oo,u)’
Agg&z)%,)b;bz) = A#(()alaz,blb;) + A}(Sla;,hbz)’ Aglaz,blbz)
= (m — 1)Aglara2.b:62) _ giaias,bibd), A%B;zd)b;b;)
= I T DAL 4 =T AL, s
= (m — 2)\/(m = 1)]2 43" — fm — 2 A} 002,
Ag%mz,u) = \/m Ag(alaz,ll) + \/—’n_/zA}(llglaz,ll)
+\/(’71T)/2A}(;‘:‘“’11)’ A%ﬂ:laz,ll)=\/m Ag(alaz,ll)
_\/’"}TzA}(lgmz,ll)_*_ \/(m———Z—)/_ZA}(l’:l‘”'“), A(‘azxaz,ll)
= (m — 2)Jm — 1 Ag@a210 — [2(m — 2) AHaaz1D), A(a 142, b1b3)

0000)
__ 4%(aja3, biby) #(ajay, byb}) #(aja3,b1b)) (ajay, bib})
= Ay + 4 + A4y, . Ay,

=2(m — Z)A#(a {al,b}bY) 2At(a;a;.b’,b’2) + (m—4) A:sf(za2 1al, b, bz)
A;"z’.a;,b;b;) — <m2—2> A;(a;a;,b;b'z) " A’l'("""IZ'b'l”;)

—(m- 3)A$(a 182, b] bz)’ Azgé)l:)’zo')“) _ \/~2—{Ag(a;a;,11)

+ A’;(";“;'“) + A;(zaja;,n)}’ A(“ lah,11) \/2-[(m _ 2)A§‘“1“3*“>
(A.4) _A;F(a’la;.u) + {\/mz} A#f(:a;a;,u) + {(m - 4)/2}/1;2‘:;”;,“)],
A(a a3, 11) _ \/2 [(m 2) A#(a 185, 11) A‘;(“i"'z-ll)

— {Jmm = D)2 AL + ((m — 92470 Y, Y

= \/?{(m2—2>Ag(a'la;,ll) + AT g 3)A}(2“}"3’“’},
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(11,11) __
A(ouo) _Ag(n,n) + A‘{(“’“)+A2"(“’“) + A}(3131'11)+A}(‘“1'“),

(11,11) _
A(1001 _Ag(11,11)+A#(111,11)_ Azﬂ(n,u)_ A}2131'11)+A_‘}(41}'“),

(11,11)
Aty = (m —~ 2)A3(11,11) — A1 Aszs(u,u)

+ {(m - 2)/2}14}(3131 1) 4 {\/m(m——2/2}(A‘*(“ D 4 Aaglax,ll))

+ {(m - 4)/2}A_’}2‘41"‘), AEHI =(m- 2)A“(“ L1 A{(ll.ll)

— Aza(n,u) + {(m — 2)/2}A"(f1313“) _ {\/m(m - 2)/2}(Aa(u ,11)

+ A#(l 1, 11)) + {(m — 4)/2}A“(“ 1), Afiéild) =(m— 2)A3(“'“)
— Aslg(u.n) + Ag(u,u) —- {(m - 2)/2}A"(131-11)

+ {\/m(m 2)/2}(.4“(“ ,11) #(11 11)) + {(m 4)/2}A"(11 11)
Aﬁiié‘:‘)) = (m— 2)A8(“’“) - Aals(n,u)_}_ Ag(n,u)

— {(m — 2)/2}A_*}(3131 ,11) {\/m/Z}(A”‘“ ,11) _ A}(‘lal,ll))

+ {(m - 4)/2}A}(‘141'11), A8{1‘1§) = 2<m 2)A"(” A1) 4 2A“(“ 11)
- 2(m — 3)A}(4141’11).

ReMARK. Let B=[A{11D|g e Q(11, 11)]=[45011D, A}(_.}l'“)lﬁ=0, 1,2;
i, j=3,4). Then algebra B is a special case of the relationship algebra of a

BIB design with parameters v=m, b= ('g), r=m—1, k=2 and A=1 as shown by
James [21].

Appendix II. MD relationship algebra for balanced third-order designs

Let D{e192-b1b2) be the relationship matrices defined among the sets of effects
{0(¢)}, {00}, {6}, {0(sird)}, {6(r3r)}, {6(s4e4ed)}.  Then, from Section 4,
[D{e1a2:0102)|@ € Q(aya,, byb,y); (a1a,, biby), (byb,, aia,)=(00, 10), (00, 01), (00,
20), (00, 11), (10, O1), (10, 20), (10, 11), (01, 20), (01, 11), (20, 11); a,a,=bb,
=00, 10, 01, 20, 117 is the algebra generated by fifty-five relationship matrices
and is also generated by thirty-four symmetric matrices B{4:92:b152), A connec-
tion between D{?142:0182), and Dj(c1¢2.4142) and D¥uz.v102) js referred to Section
4 for (a,a,, byib,), (¢c,c,, didy)=(00, 00), (00, 10), (00, 01), (00, 20), (00, 11), (10,
10), (10, 01), (10, 20), (10, 11), (01, 01), (01, 20), (01, 11), (20, 20), (20, 11), (11,
11); (uqu,, v,0,)=(10, 10), (10, 01), (10, 20), (10, 11), (01, 01), (01, 20), (01, 11),
(20, 20), (20, 11), (11, 11). The relation between 6(#5#52t52) and 6(theitd) is
similar to that of the TMDPB association scheme (see [59]), where (w,(e;, &, €3)
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wa(€;, &,, €3))=(00), (10), (01), (20), (30). In this appendix, therefore, we mainly
discuss the properties of relationship matrices D{11-3®, where a=(0000), (0010),
(1000), (1010). From (4.5), we then obtain the following:

D‘(,”'”)D(,”’“) — Zq(ll, 11, a; 30’ ‘3, 7‘)D§,“'“),
a

D(30 11)D(11 30) 24(30 30 a; 11 .8 T)D(so 30)

Especially, we have

(A.5)

D555 Digoooy = 6(m—2)D§ 1110 + 2(m — 4)DFuL1V

+ 4(m — 3)DIALID,

We shall define matrices D§(11:39 (=0, 1) and D¥{!1:39 (i=3, 4) as follows:

(A.6)

D10 = (1] /60m = 2} DEHODEEY = (6 125 ) ym = 23]
{'Z D£11’3°)}, D{(u,so) — {I/JZ(T—‘*)}D‘{(“'“)D%&%})

=3 v =a} (™5 *)otss — on - Hogs

+ DR + 3D}, DI = [1/(2ym = 3)1DIL VDY
= {1/J2m(™ 5 DD - DEEY, DI =1 2ym=3}]
-DYIOD{ggs = [1/{m(m = 2)/m =3} {2(m — 3)D{js5%)

(11,30) 11,30 (11,30)
+ (m — 6)(Dor0y + 21000))) 6D(1570) ) -

Note that D§(30,10 = {D3(11,30}’ for B=0, 1, and D¥30-11 = {D*UL.30}" for =3, 4.
From (A.3) and (A.5), matrices D§(11:39) (8=0, 1) and D¥(1:39) (i=3, 4) satisfy
the following:

D2(11,30)Dz(a101,b1b1) — 53a150a25a1’Dz(11,b1b2),

D:(a;az,blbz)Dz(l 1,30) — 5b116b215aﬂD§(a102’30)’

D2(11,30)D#f(jl‘c‘1uz,vwz) = D}S‘:“"""‘vz)Dz(“’SO)
— ,30 B . N s =
— Ds}('lsl )D:(alaz bibz) — D:(alaz bxbz)Dj_(ilsl 30) Oumwm’

Df\130D ez 0102) = 53, 80,05, DI 10102,

D;_(Jl:‘luz,uwz)D#f(‘lsl,BO) = 5“160215“D#f(;;1u2,30).
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Solving (A.6) with respect to D{!1:3 we have

5(1)(1)0%1;) — \/6(m — 2)D“(“ 300 4 WD#(II ,30)
+ 2y/m = 3D31130, DL — ((m — 3),/6(m — 2)/2} D§(11.30)

— 2(m = 4)D§011.30) 4 {«/Zm<m2— 2) 2}D}(3151.3o)
+ {(m — 6)\Jm =3/2} D122, D363 = {(m — 3) \/6(m — 2)/2}

.D§(11,30) _ \/ZTn_—T)Di'(“’”) — {\/2m<m2_ 2)/2}[);(3151,30)

+ m = Om=IBDYE, DG = {5 3) Ve =213}

,Dg(n,so) + /2'(m _ 4)D¢if(11,30) —(m— 4)\/,7__§ Di}(dlsl,so).
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TaABLE 2. Determinant-optimal 3¢-BFF designs of resolution V

N v det (V1) Visonn, Viason Vo
332 001101000011010 0.82576E-50 0.03288 0.00071 0.00354
*33b  001101000011100 0.03288 0.00567 —0.00142
33c  010010010101100 0.03288 0.00496 —0.00213
*34a  101101000011100 0.18561E-50 0.03262 0.00446 —0.00127
34b  011010010101001 0.03262 —0.00414 —0.00159
35a  111101000011100 0.69404E-51 0.03230 0.00462 —0.00074
35b  111010010101100 0.03230 0.00342 ~—0.00194
36a  000101010011010 0.26215E-51 0.02932 —0.00116 0.00193
36b  000101001011100 0.02932 0.00231 —0.00154
37a  001101100011100 0.57023E-52 0.03189 0.00663 —0.00059
37b  001111000011010 0.03189 0.00243 0.00361
38a  101101100011100 0.16528E-52 0.03065 0.00421 0.00027
38b  011110010101001 0.03065 —0.00170 —0.00224
39  001010100111001 0.66896E-53 0.02806 —0.00337 —0.00112
40a  000101110011100 0.19486E-53 0.02930 0.00532 —0.00119
40b  000110110101001 0.02930 —0.00445 ~0.00206
41a  001111100011001 0.40478E-54 0.03002 —0.00351 —0.00117
41b  010110011101010 0.03002 0.00000 0.00234
*42a  101001000011101 0.11309E-54 0.02728 -0.00322 —0.00182
42b  011100000011011 0.02728 —0.00434 —0.00070
43 111001000011101 0.41553E-55 0.02663 —0.00381 —0.00106
44a  011011010001101 0.20723E-55 0.02923 —0.00829 —0.00157
44b  101101001010110 0.02923 0.00650 —0.00336
45a  111000000111101 0.62218E-56 0.02417 0.00000 —0.00196
45b  111000000111110 0.02417 0.00294 0.00098
46  011110000011011 0.19513E-56 0.02604 —0.00304 ~—0.00188
47a  111010010101101 0.86870E-57 0.02337 0.00000 —0.00262
47b  111101000011110 0.02337 0.00393 0.00131
48a  011010000111011 0.29374E-57 0.02315 —0.00270 0.00039
48b  011100000111011 0.02315 —0.00193 0.00116
49a  111001000111101 0.11557E-57 0.02125 0.00046 —0.00015
495  111100000111011 0.02125 0.00000 0.00030
50a 011111000011011 0.43914E-58 0.02097 —0.00076 0.00040
50b  011110010101011 0.02097 —0.00098 0.00018
5la 001111110001101 0.19350E-58 0.02021 ~0.00079 —0.00089
51b  010111011001110 0.02021 0.00094 0.00084
5lc 001111101010011 0.02021 —0.00174 0.00005
52 011110000111011 0.59747E-59 0.01984 0.00099 —0.00033
53 001110101110011 0.31083E-59 0.01940 0.00000 —0.00088
54a  011110101110011 0.12088E-59 0.01852 0.00000 0.00000
54b  101011110101101 0.01852 0.00000 0.00000
55a  111011110101101 0.65934E-60 0.01833 0.00000 0.00019
55b  111110101110011 0.01833 0.00028 —0.00009
56a  112011110101101 0.40968E-60 0.01811 —0.00033 0.00008
56b  112110101110011 0.01811 —0.00004 —0.00021

*This design is also optimal with respect to the trace criterion.
2’=(1400’ 2040’ 2004) 18!0) x801) 2180) 20811‘ 110‘3) 2018;12203 2803) 2022’ 2211! 21213 x118)'
noE —ny=ny10-71,
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TaBLE 2. (continued-1)

Vi VY R v i v vE
—0.00113 —0.00161 0.00118 0.05315 0.00106 0.00184 0.00068
—0.00213 —0.00128 0.00151 0.06803 —0.00142 —0.00312 0.00151
—0.00567 —0.00009 0.00033 0.06250 —0.00347 —0.00496 0.00083
—0.00096 —-0.00057 0.00068 0.06240 —0.00704 —0.00245 0.00218
—0.00255 —0.00004 —0.00015 0.05992  —0.00605 0.00328  —0.00251
—0.00089 —0.00114 0.00094 0.06232 —0.00712 —-0.00273 0.00190
—0.00419 —0.00004 —0.00016 0.05827 —0.00771  —0.00408 0.00171

0.00116 —0.00116 —0,00000 0.05221 0.00459 0.00227 —0.00037
—0.00231 0.00000 0.00116 0.06597 —0.00347 —0.00231 0.00231
—0.00302 —0.00257 0.00291 0.06114  —0.00037 —0.00492 0.00104
—0.00218 —0.00285 0.00263 0.04679  —0.00083 —0.00013 0.00119
—0.00066 —0.00161 0.00169 0.05642 —0.00509 —0.00325 0.00270
—0.00632 0.00028 0.00020 0.05653  —0.00894 0.00321  —0.00142

0.00084 —0.00028 0.00084 0.05322  —0.00091 0.00065 —0.00078

0.00016 —0.00273 0.00251 0.04594 0.00487 —0.00285 0.00001
—0.00987 0.00061 0.00083 0.05353 —0.00113 0.00032 0.00199
—0.00234 —0.00208 0.00195 0.04261  —0.00041 —0.00050 0.00178
—0.00819 —0.00013 0.00000 0.04411  —0.00574 0.00000 0.00000

0.00384 0.00001 0.00058 0.03839 0.00556 —0.00151 0.00017

0.00186 0.00068 0.00124 0.04362 0.00195 —0.00326 0.00137

0.00450  —0.00082 0.00098 0.03786 0.00503  —0.00083 0.00086

0.01137 —0.00159 0.00063 0.04077 0.00836 —0.00105 0.00050

0.00022 0.00213  —0.00435 0.04234 0.00067 0.00157 —0.00306

0.00129 0.00069 0.00000 0.03307 0.00220 0.00000 0.00000

0.00188 0.00050 0.00020 0.04380 0.00136 0.00358  —0.00028

0.00130 0.00024 0.00260 0.03461 0.00313 —0.00132 0.00238
—0.00060 0.00060 0.00000 0.03063  —0.00024 0.00000 0.00000

0.00119 0.00000 0.00060 0.04097  —0.00008 0.00345 0.00005

0.00502 0.00013  —0.00026 0.03488 0.00505 —0.00190 0.00016

0.00193 0.00116  —0.00129 0.03797 0.00196 —0.00087 —0.00087

0.00182 0.00020 —0.00061 0.03223 0.00239 0.00126  —0.00080

0.00000 0.00081 0.00000 0.03601 0.00000 0.00000 0.00000

0.00168 —0.00031 0.00083 0.03186 0.00268 —0.00063 0.00078
—0.00152 0.00076  —0.00024 0.03242 —0.00098 —0.00044 —0.00044
—0.00015 —0.00018 0.00069 0.02918 —0.00000 —0.00061 0.00080
—0.00147 0.00026 0.00025 0.03242  —0.00098 0.00047 0.00047

0.00060 —0.00043 0.00044 0.03060 0.00141  —0.00108 0.00033

0.00099 0.00055 0.00033 0.02922 0.00144 0.00045 0.00045

0.00000 0.00088 0.00044 0.02778 0.00000 0.00000 0.00000

0.00000 0.00000 0.00000 0.02778 0.00000 0.00000 0.00000

0.00000 0.00000 0.00000 0.02778 0.00000 0.00000 0.00000

0.00028 —0.00028 0.00000 0.02778 0.00000 0.00000 0.00000
—0.00056 —0.00000 0.00028 0.02736  —0.00042 0.00014 0.00014
—0.00037 —0.00029 —0.00011 0.02730 —0.00048 —0.00015 —0.00015
—0.00091 —0.00011 0.00007 0.02691 —0.00087 —0.00002 —0.00002
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TABLE 2. (continued-2)
Voo Ve Vit Viiton Viiion Vo Vit
—0.00170 —0.00170 —0.00125 —0.00241 0.00524 0.00177 0.00177
0.01616 —0.02551 —0.00605 —0.00142 —0.00269 —0.00269 0.01120
0.00298 —0.01786 0.00017 —0.00099 —0.01042 —0.00694 0.01042
0.02160 —0.02007 —0.00278 0.00185 —0.00656 —0.00656 0.00733
—0.01281 0.00803  —0.00033 0.00083 —0.01099 —0.00752 0.00984
0.02157 —0.02010 —0.00249 0.00214 —0.00669 —0.00669 0.00719
0.00904 —0.01179 0.00034 —0.00082 —0.01170 —0.00823 0.00913
—0.00459 0.01327 —0.00070 —0.00335 0.00496 0.00298 0.00298
0.01736 —0.02431  —0.00463 0.00000 —0.00174 —0.00174 0.01215
0.01554 —0.02315 —0.00198 —0.00297 0.00091 —0.00107 0.00587
0.00905 —0.00880 —0.00032 0.00100 0.00160 —0.00038 —0.00038
0.02015 —0.01854 —0.00010 —0.00110 —0.00147 —0.00346 0.00349
—0.00814 0.01270  —0.00130 0.00101 -—-0.01056 —0.00659 0.00829
—0.01331 0.00699 0.00444 —0.00233 —0.01046 —0.00761 0.01198
0.00389 —0.00275 --0.00219 --0.00303 —0.00083 0.00183 0.00552
0.00469 0.01843 0.00162 —0.00158 —0.00498 —0.00439 0.00610
—0.00402 0.00795 0.00114 0.00086 —0.00506 —0.00221 0.00349
0.00000 0.00000 0.00000 0.00000 0.00294 —0.00276 0.00080
—0.00563 0.00005 0.00111 0.00216 —0.00339 0.00166  —0.00087
—0.00977 0.01107 0.00109 —0.00123 0.00043 0.00043 0.00043
—0.00504 0.00064 0.00036 0.00141  —0.00303 0.00202.  —0.00050
—0.01325 —0.01094 0.00126 0.00203  —0.00343 0.00119 —0.00112
0.01008 —0.01075 —0.00030 0.00202 —0.00302 —0.00302 —0.00302
0.00000 0.00000 0.00000 0.00000 —0.00243 0.00066 0.00220
0.01090 —0.01225 0.00161 —0.00224 0.00292 0.00138  —0.00055
—0.00015 0.00263 0.00131 —0.00054 —0.00262 0.00109 —0.00123
0.00000 0.00000 0.00000 0.00000 —0.00344 —0.00036 0.00119
0.01038  —0.00860 0.00091 —0.00109 0.00269 0.00115  —0.00147
—0.00383 —0.00228 —0.00038 0.00168 0.00101 0.00306 0.00024
—0.00711 0.00833  —-0.00035 —0.00035 0.00371 —0.00041 0.00216
—0.00124 0.00108  —0.00082 0.00098  —0.00130 0.00076 0.00178
—0.00514 0.01029 0.00000 0.00000 0.00240 —0.00171 0.00086
0.00054 0.00159 0.00037 0.00089 —0.00051 0.00090  —0.00059
—0.00072 0.00456 —0.00018 —0.00018 0.00156 —0.00125 —0.00037
0.00021 0.00009 0.00028 —0.00051 —0.00122 0.00019 0.00002
0.00069 —0.00452 0.00012 0.00021 0.00158 —0.00123  —0.00041
—0.00081 0.00018 0.00026 0.00076  —0.00095 0.00045  —0.00107
0.00144 0.00144 0.00018 0.00018 0.00048 0.00048 0.00048
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00084 0.00084 0.00000 0.00000 —0.00042 —0.00042 —0.00042
—0.00094 —0.00094 —0.00001 —0.00001 —0.00016 —0.00016 —0.00016
0.00035 0.00035 —0.00015 —0.00015 —0.00072 —0.00072 —0.00072
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TaABLE 2. (continued-3)
iRy VR v VB vE s v
0.02310 —0.00120 —0.00850 0.00539 0.00300 —0.00742 0.00307
0.01814 —0.00038 —0.00404 0.00638 0.00035  —0.00080 0.00125
0.01998 0.00031 0.00468 0.01162  —0.00073 0.00043 0.00314
0.01806 —0.00046 —0.00468 0.00573  —0.00003 —0.00119 0.00171
0.01889 —0.00079 —0.00172 0.00522  —0.00084 0.00032  —0.00351
0.01715 —0.00137 —0.00479 0.00563 0.00093  —0.00023 0.00127
0.01850 —0.00117 —0.00354 0.00341  —0.00084 0.00032 0.00317
0.02200 —0.00181 —0.00426 0.00368 0.00293  —0.00699 0.00298
0.01742 0.00088 —0.00364 0.00827  —0.00066 0.00066 0.00083
0.01728 —0.00102 —0.00354 0.00738 0.00191  —0.00018 0.00091
0.02206 —0.00086 —0.00347 0.00049 0.00239  —0.00665 0.00235
0.01669 —0.00161 —0.00516 0.00575 0.00125  —0.00084 0.00175
0.01665 —0.00032 —0.00296 0.00399  —0.00209 0.00177  —0.00137
0.01731 0.00022 —0.00016 0.00732 0.00005 —0.00244 —0.00301
0.01679 —0.00104 —0.00018 0.00588 0.00188  —0.00024 0.00112
0.01426 0.00096 0.00158 0.00439  —0.00099 —0.00035 0.00097
0.01454 —0.00132 —0.00125 0.00345 0.00035 0.00002 0.00018
0.01404 0.00045  —0.00468 0.00088 0.00169 —0.00263 0.00000
0.01613 0.00014 0.00231 0.00042 —0.00196 0.00078  —0.00089
0.01438 0.00134 0.00311 —0.00131  —0.00083 0.00107  —0.00024
0.01524  —0.00075 0.00155 —0.00034 —0.00099 0.00174  —0.00136
0.01498  —0.00096 0.00016 —0.00061 —0.00104 0.00179  —0.00169
0.01446 0.00160 0.00192 —0.00348 —0.00173 —0.00044 0.00066
0.01579 0.00036  —0.00209 0.00486  —0.00280 0.00260 0.00000
0.01222 0.00064 0.00275 —0.00188 0.00083 —0.00148 0.00024
0.01320 0.00024 0.00176 —0.00102 —0.00122 0.00063 0.00120
0.01481 —0.00001 —0.00118 0.00160 —0.00252 0.00211 0.00000
0.01136 —0.00006 0.00156  —0.00168 0.00094 —0.00076 0.00050
0.01173 0.00042 0.00209 0.00055 0.00057 —0.00149 0.00015
0.01071 0.00145 0.00087 0.00087 —0.00010 —0.00010 —0.00058
0.01158 0.00027 —0.00010 0.00221  —0.00070 0.00110 —0.00168
0.01032 0.00106 0.00000 0.00000 —0.00025 —0.00025 0.00000
0.01045 —0.00021 0.00073  —0.00033 0.00022  —0.00031 0.00069
0.01026 0.00101 —0.00068 —0.00068 —0.00028 —0.00028 —0.00011
0.01076 0.00010  —0.00006 0.00006 —0.00010 0.00068 0.00053
0.00968 0.00042 —0.00074 —0.00074 0.00013 0.00013 0.00013
0.01029 —0.00038 0.00020 —0.00079 0.00017  —0.00033 0.00051
0.01004 0.00078 0.00045 0.00045  —0.00037 —0.00037 0.00015
0.01014 0.00088 —0.00000 —0.00000 —0.00088 —0.00088 —0.00044
0.00926 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00926 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00907 —0.00019 —0.00028 —0.00028 0.00028 0.00028 0.00000
0.00921 —0.00005 —0.00028 —0.00028 —0.00000 —0.00000 0.00014
0.00903 —0.00023 —0.00058 —0.00058 0.00028 0.00028  —0.00005
0.00916 —0.00010 —0.00046 —0.00046 —0.00005 —0.00005 0.00004
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TABLE 2. (continued—4)
vy v vewy  viEe Ve vERY  vahe
0.00423  —0.00040 0.15689 0.00064 —0.09311 —0.00865 0.00177
0.00357 —0.00222 0.11894 0.00175 —0.05293 —0.00641 0.00661
0.00430 —0.00380 0.17219 0.015%4 0.10969 —0.00581 0.00461
0.00402 —0.00176 0.11368 —0.00351 —0.05820 —0.00957 0.00345
—0.00467 0.00343 0.13475 —0.02150 0.07225 —0.00643 0.00398
0.00359  —0.00220 0.11366 —0.00352 —0.05821 —0.00946 0.00356
0.00433  —0.00377 0.12618  —0.03007 0.06368 —0.00642 0.00400
0.00364  —0.00099 0.09090 0.00608 —0.01625 —0.00360 0.00087
0.00215 0.00083 0.11954 0.00347 —0.05010 —0.00794 0.00654
0.00289  —0.00405 0.11702 0.00094  —-0.05263 —0.00548 0.00543
0.00434  —0.00029 0.08435 —0.00047 —0.02279 —0.00004 0.00045
0.00373  —0.00321 0.11251 —0.00356 —0.05713 —0.00731 0.00361
—0.00137 0.00094 0.12752  —0.02873 0.06502 —0.00583 0.00459
—0.00586 0.00233 0.08757 0.00808 —0.02141 —0.00697 0.00008
0.00240  —0.00405 0.07254 0.00671 0.00339 —0.00574 0.00541
—0.00100 —0.00125 0.13939 —0.01221 0.08620 —0.00877 0.00526
—0.00267 0.00090 0.07901 —0.00048 —0.01747 0.00378  —0.00028
0.00000 0.00000 0.12193  —0.02807 0.07193  —0.00468 0.00088
—0.00258 0.00289 0.06601 0.00493  —-0.02490 0.00117  —0.00088
—0.00361 —0.00151 0.09482 —0.00177 —0.03586 0.00047  —0.00080
—0.00305 0.00242 0.06536 0.00428  —0.02555 0.00200 —0.00005
—0.00324 0.00217 0.06615 0.01638 0.02911 —0.00319 —0.00126
0.00375 0.00220 0.08639 —0.00504 —0.03398 —0.00294 —0.00101
'0.00000 0.00000 0.06555 0.00305  —0.02820 0.00731 0.00037
0.00178  —0.00092 0.09124 0.00096 —0.04765 0.00443  —0.00020
—0.00250 —0.00019 0.06257 —0.00202 —0.00410 0.00109  —0.00099
0.00000 0.00000 0.04973  —0.00027 0.01223 0.00027 0.00027
0.00205 —0.00089 0.07724 —0.00054 —0.03665 —0.00110 —0.00018
—0.00191 0.00092 0.05957 0.00633 —0.00524 0.00121 —0.00033
—0.00058 —0.00058 0.08272 0.00170  —0.03765 0.00035 0.00035
0.00038 0.00141 0.06024 0.00295  —0.02309 0.00335 0.00046
0.00000 0.00000 0.08076 —0.00026 —0.03961 0.00000 0.00000
—0.00072 0.00078 0.06124 —0.00205 —0.00284 0.00292  —0.00095
—0.00011 —0.00011 0.07278 —0.01029 0.03164 —0.00028 —0.00028
—0.00088 —0.00071 0.04759  —-0.00022 0.01448 —0.00218 0.00061
0.00013 0.00013 0.07189 —0.01014 0.03283 —0.00135  —0.00005
—0.00090 0.00063 0.05601 —0.00351 —0.00054 0.00100 —0.00098
0.00015 0.00015 0.05352 0.00144  —0.00898 0.00018 0.00018
—0.00044  —0.00044 0.04861 0.00000 —0.00694 —0.00231 0.00000
0.00000 0.00000 0.04861 0.00000 —0.00694 —0.00231 0.00000
0.00000 0.00000 0.04861 0.00000 0.01389 —0.00231 0.00000
0.00000 0.00000 0.04819 —0.00042 0.01347 —0.00189 0.00042
0.00014 0.00014 0.04693 —0.00168 —0.00863 —0.00231 —0.00000
—0.00005  —0.00005 0.04633  —0.00228 0.01161  —0.00192 0.00039
0.00004 0.00004 0.04639 —0.00222 —0.00917 —0.00248 —0.00017
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TaBLE 2. (continued-5)
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(20,02) (20-11) (20,11)

Visson Vo0 Viion Viton Vit Vidoooy VGaory
0.01913  —-0.00978 0.00064 0.00064 —0.00978 0.01688 0.00299
—0.00120 —0.00680 —0.00420 —0.00941 0.01403 0.01961  —0.00036
—0.01276 0.00298  —0.00744 —0.00744 0.02381 0.01329  —0.00060
—0.00436 —0.00306 —0.00045 —0.00566 0.01778 0.01771  —0.00225
—0.01338  —0.00516 0.00526 0.00526  —0.02599 0.01328  —0.00061
—0.00425 —0.00311 —0.00050 —0.00571 0.01772 0.01670  —0.00327
—0.01336 0.00354 —0.00688 —0.00688 0.02437 0.01328  —0.00061
0.01228  —0.00992 0.00050 0.00645  —0.00397 0.01638 0.00299
0.00099 —0.00818 —0.00223 —0.00818 0.01860 0.01609  —0.00077
—0.00449 —0.00256 —0.00256 —0.00851 0.01232 0.01392  —0.00206
0.00789  —0.00527 0.00515 —0.00080 —0.01122 0.01393 0.00142
—0.00631 —0.00023 —0.00023 —0.00619 0.01465 0.01318  —0.00280
—0.01277  —0.00449 0.00593 0.00593  —0.02532 0.01053  —0.00066
0.00158 0.01862 —0.00018 —0.00125 —0.02839 0.01014 0.00069
—0.00427 0.00049 —0.00461 —0.00328 0.01245 0.01392  —0.00206
—0.00848 —0.00708 0.00622 0.00843  —0.01994 0.00851 0.00014
0.00261 0.00554 0.00340 0.00233  —-0.02064 0.01008  —0.00184
0.00643 0.00000 0.00000 0.00000 0.00000 0.01095 0.00045
—0.00640 0.00130 0.00414 —0.00154 0.00130 0.01110  —0.00060
0.00489  —0.00244 0.00040 0.00419  —0.01380 0.00837 0.00009
—0.00557 0.00090 0.00374 —0.00194 0.00090 0.01004  -—0.00166
—0.00628 0.00050 0.00166  —0.00065 0.00050 0.01014  —0.00156
0.00787 0.00325  —0.00254 —0.00485 0.01019 0.00772 0.00065
—0.01005 0.00000 0.00000 0.00000 0.00000 0.00981  —0.00022
—0.00483  —0.00004 0.00111 ~ —0.00352 0.00458 0.00888 0.00039
0.00387 —0.00265 0.00430 0.00152  —0.01237 0.00819  —0.00006
—0.00668 0.00000 0.00000 0.00000 0.00000 0.00899  —0.00027
0.00075 0.00253 0.00160 —0.00303 0.00299 0.00685 0.00006
—0.00188 0.00015 0.00054 —0.00101  —0.00757 0.00859 0.00036
0.00035 0.00272  —0.00384 0.00388  —0.00962 0.00659 0.00042
—0.00591 0.00242 0.00127 —0.00105 —0.00221 0.00657  —0.00031
0.00000 0.00403  —0.00253 0.00519  —0.00832 0.00653 0.00035
0.00213  —0.00276 0.00357 0.00251  —0.01199 0.00567  —0.00012
—0.00028 —0.00563 0.00136 0.00399  —0.00985 0.00652 0.00034
—0.00354 0.00088  —0.00036 —0.00023 —0.00147 0.00860  —0.00150
0.00125 0.00617 —0.00164 —0.00424 0.00878 0.00535 0.00004
0.00398  —0.00529 0.00314 0.00215  —0.01025 0.00555  —0.00008
0.00018 0.00222 0.00048 0.00048  —0.00820 0.00648 0.00031
0.00231 0.00000 0.00000 0.00000  —0.00694 0.00628 0.00088
0.00231 0.00000 0.00000 0.00000 —0.00694 0.00540 0.00000
—0.00463 0.00000 0.00000 0.00000 0.00000 0.00540 0.00000
—0.00421 0.00000 0.00000 0.00000 0.00000 0.00498  —0.00042
0.00231 0.00084 0.00084 0.00084 —0.00610 0.00540 0.00000
—0.00424 —0.00031 —0.00031 —0.00031 —0.00031 0.00498  —0.00042
0.00215 0.00052 0.00052 0.00052  —0.00643 0.00535  —0.00005
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TABLE 2. (continued-6)
Vs Ve vEmy B VB VR v
—0.00395 —0.00286 —0.00170 —0.00054 —0.01096 0.03883 0.01453
0.00514 —0.00038 —0.00067 —0.00009 —0.01658 0.04106 0.01676
—0.00523 0.00248 0.00017 0.00132  —0.00562 0.04167 0.01736
0.00325 0.00187 0.00158 0.00216 —0.01433 0.03840 0.01410
—0.00524 —0.00252 —0.00020 —0.00136 0.00559 0.04154 0.01723
0.00223 0.00233 0.00204 0.00262 —0.01387 0.03819 0.01389
—0.00524 0.00252 0.00020 0.00136 -—0.00558 0.04123 0.01693
—0.00346 —0.00265 —0.00149 —0.00083 —0.01124 0.03869 0.01488
0.00783 —0.00496 0.00033 —0.00033 —0.01124 0.03435 0.01054
0.00742  —0.00417 0.00046 0.00245  —0.00913 0.03091 0.00710
—0.00415 —0.00145  —0.00029 0.00169 —0.00872 0.03634 0.01253
0.00668 —0.00322 0.00141 0.00339  —0.00818 0.02970 0.00589
—0.00259 0.00264  —0.00084 —0.00084 0.00032 0.03118 0.00737
—0.00197 —0.00682 0.00037 0.00073 0.00884 0.04246 0.02038
0.00742  —0.00421 0.00040 0.00242  —0.00918 0.03040 0.00765
0.00103  —0.00001  —0.00124 0.00048 0.00388 0.02737 0.00462
0.00553  —0.00379 0.00155 0.00190  —0.00433 0.02893 0.00685
—0.00695 0.00000 0.00000 0.00000 0.00000 0.02047 —0.00161
0.00352  —0.00014 0.00038 —0.00067 —0.00477 0.02423 0.00529
—0.00279 —0.00186 —0.00060 0.00108  —0.00228 0.02352 0.00458
0.00246 0.00037 0.00089 —0.00016 —0.00426 0.02398 0.00504
0.00294 0.00032 0.00070 —0.00007 —0.00431 0.02348 0.00497
0.00052 0.00077 —0.00116 —0.00194 —0.00155 0.02374 0.00522
—0.00370 0.00000 0.00000 0.00000 0.00000 0.02149 0.00452
—0.00501 0.00191  —0.00079 0.00075 —0.00195 0.01861 0.00163
—0.00292 —0.00136 —0.00021 0.00164  —0.00183 0.02133 0.00373
—0.00258 0.00000 0.00000 0.00000 0.00000 0.02107 0.00410
—0.00210 0.00176 —0.00071 0.00083  --0.00395 0.01970 0.00272
—0.00478 —0.00166 0.00116 —0.00089 0.0019%4 0.01820 0.00226
—0.00267 --0.00024 —0.00024 —0.00024 —0.00024 0.01735 0.00140
—0.00063 0.00170 0.00080 —0.00100 —0.00190 0.01983 0.00388
—0.00273 0.00000 0.00000 0.00000 0.00000 0.01648 0.00053
—0.00051 —0.00122 0.00079 0.00026 —0.00236 0.01951 0.00421
—0.00274 —0.00004 —0.00004 —0.00004 —0.00004 0.01631 0.00102
0.00459 —0.00127 0.00013 0.00092 —0.00231 0.01648 0.00119
—0.00064 —0.00006 0.00006 0.00010  —0.00209 0.01731 0.00201
0.00125 —0.00121 0.00069 0.00019 —0.00022 0.01966 0.00437
--0.00278 0.00006 0.00006 0.00006 0.00006 0.01550 0.00161
0.00011 0.00044 0.00044 0.00044 0.00276 0.01642 0.00254
—0.00077 --0.00000 0.00000 0.00000 0.00231 0.01620 0.00231
0.00154 0.00000 0.00000 0.00000 0.00000 0.01620 0.00231
0.00112 0.00000 0.00000 0.00000 0.00000 0.01620 0.00231
—0.00077 —0.00000 —0.00000 —0.00000 0.00231 0.01578 0.00189
0.00112 —0.00000 --0.00000 —0.00000 -0.00000 0.01615 0.00226
—0.00082 --0.00010 —0.00010 —0.00010 0.00221 0.01559 0.00170
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TaBLE 2. (continued-7)

L Vit
—0.00631 —0.00283  —0.00283 0.01453
0.00027 0.00027 0.00200 —0.00581
0.00000 —0.00347 0.00000 —0.01736
—0.00240 —0.00240  --0.00066 —0.00847
—0.00013 —0.00360 —0.00013 —0.01749
—0.00261 —0.00261 —0.00087 —0.00868
—0.00043 —0.00391  —0.00043 —0.01780
-0.00645 —0.00248 —0.00248 0.01488
0.00360  —0.00037 0.00360 0.00360
—0.00382 0.00015 0.00015 0.00015
—0.00880 —0.00483  —0.00483 0.01253
—0.00502 —0.00105  —0.00105 —0.00105
0.00192 —0.00602  -0.00007 —0.00751
—0.00142  —0.00070 0.00179 —0.02236
—0.00380 —0.00026 0.00048 0.00026
—0.00011  —0.00425 0.00033 —0.00395
—0.00383 —0.00312  —0.00063 —0.00116
—0.00161  —0.00303 0.00053 0.00267
0.00213 0.00213  —0.00039 —0.00608
0.00158 0.00284  —0.00031 0.00521
0.00188 0.00188  —0.00064 —0.00633
0.00149 0.00149  —0.00082 —0.00661
0.00175 0.00175  —0.00057 0.00753
0.00452 —0.00165  —0.00011 —0.00705
—0.00068 0.00241  —0.00068 —0.00184
—0.00009 0.00084  —0.00148 0.00373
0.004i0  —0.00208  —0.00053 —0.00748
--0.00098 0.00211  —0.00098 ~0.00005
—0.00102 0.00258  —0.00025 —0.00160
0.00121 0.00172 0.00044 0.00063
0.00311  —0.00101 0.00002 —0.00615
0.00034 0.00085  —0.00044 —0.00024
~0.00161  —0.00003  --0.00152 0.00316
0.00012 —0.00041  —0.00085 0.00075
0.00094 —0.00013  —0.00030 —0.00179
0.00003 —0.00055 —0.00096 0.00301
~—0.00202 -0.00037 —0.00189 0.00573
0.00016 0.00016 0.00016 —0.00013
0.00022 0.00022 0.00022 0.00254
0.00000 0.00000 0.00000 0.00231
0.00000 0.00000 0.00000 —-0.00463
0.00000 0.00000 0.00000 —0.00463
—0.00042 —0.00042 —0.00042 0.00189
—0.00005 —0.00005 —0.00005 —0.00468
—0.00062 —0.00062 —0.00062 0.00170
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Optimal Balanced Fractional 3™ Factorial Designs

TasLE 4. Determinant-optimal 34-BFF designs of resolution V

417

N u det (V) Vit Ve Vo
57  010111011011110 0.19202E-60 0.01787 0.00031 —0.00033
58  011110111110011 0.10700E~60 0.01777 —0.00056 —0.00037
59 111111011011110 0.60360E~61 0.01741 0.00024 —0.00055
60a  101101101111101 0.31857E-61 0.01721 0.00000 0.00005
60b  011111010111011 0.01721 0.00008 —0.00003
6la  111111001111011 0.18235E-61 0.01665 ~-0.00000 0.00033
61b  111101101111101 0.01665 0.00000 0.00033
6lc  111110110111011 0.01665 —0.00049 —0.00016
62a 101111111101101 0.10835E-61 0.01725 0.00000 —0.00016
62b  011111111110011 0.01725 —0.00024 0.00008
63  010111011111110 0.57380E-62 0.01637 0.00142 —0.00012
64  011110111111011 0.31979E-62 0.01626 —0.00169 —0.00017
65 111111011111110 0.18654E-62 0.01612 0.00141 ~0.00030
66a  011111010011111 0.10465E~62 0.01640 0.00005 ~—0.00065
66b  101101101011111 0.01640 —0.00095 0.00035
67a  111111010011111 0.59918E~63 0.01581 0.00047 —0.00080
67b  111111010101111 0.01581 0.00144 0.00017
67c  111101101011111 0.01581 —0.00097 0.00063
*68a  101111111111101 0.34807E~63 0.01535 0.00000 —0.00094
68b  011111111111011 0.01535 —0.00141 0.00047
69a  010111011011111 0.20120E~63 0.01544 —0.00090 —0.00059
69b  001111110101111 0.01544 0.00044 0.00075
70a  011111011011111 0.11327E-63 0.01505 -0.00122 —0.00079
70b  101101111011111 0.01505 —0.00179 —-0.00022
*71a 111111011011111 0.66048E-64 0.01467 —0.00079 —0.00090
71b  111101111011111 0.01467 —0.00174 0.00005
72a  000111111101111 0.38764E-64 0.01517 0.00000 0.00080
72b  000111111011111 0.01517 —0.00120 --0.00040
73a 010111111101111 0.22205E~-64 0.01454 0.00000 0.00110
73b  001111111011111 0.01454 —0.00165 —0.00055
742 011111111101111 0.13107E-64 0.01425 —0.00039 0.00095
74b  011111111011111 0.01425 —0.00162 —0.00028
75a  111111111101111 0.77673E-65 0.01399 0.00000 0.00082
75b  111111111011111 0.01399 —0.00123 —0.00041
76a  101111101111111 0.46213E-65 0.01378 0.00083 0.00023
76b  101111110111111 0.01352 0.00110 —0.00007
77a  111111101111111 0.26958E-65 0.01337 0.00077 0.00051
77 111111110111111 0.01337 0.00116 0.00013
78  000111111111111 0.16172E-65 0.01323 0.00000 0.00000
79  00111111111111] 0.95038E-66 0.01289 —0.00041 —0.00014
*80a  101111111111111 0.56099E-66 0.01260 0.00000 —0.00026
80b  011111111111111 0.01260 —0.00039 0.00013
*81 111111111111111 0.33244E-66 0.01235 0.00000 0.00000

*This design is also optimal with respect to the trace criterion.

1’=(1400; 1040: 2000 ]810, zauu 2130: 1081’ 2108, 2013: 1220) 1202’ Z022; 2211; 2121: '2112)'
noE—n‘=n010"‘l.
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TaBLE 4. (continued-1)
V (oney Ve V oi0 V (iovy V (a0 Visaoe Viitoo)
0.00070  —0.00021 0.00043 0.02677 0.00067 0.00015 0.00015
0.00028 —0.00028 —0.00056 0.02609 0.00000 —0.00028 —0.00028
—0.00047 —0.00032 0.00024 0.02580 —0.00029 0.00012 0.00012
—0.00090 0.00061 0.00000 0.02602 —0.00105 0.00000 0.00000
0.00114 -0.00007 —0.00068 0.02628 0.00066 —0.00009 —0.00057
—0.00098 0.00009 0.00007 0.02602 - —0.00105 0.00000 0.00000
—0.00091 0.00016 0.00000 0.02602 —0.00105 0.00000 0.00000
—0.00014 —0.00019 0.00035 0.02598 0.00037  —0.00001 0.00047
—0.00237 0.00047 0.00000 0.02493 —0.00214 0.00000 0.00000
0.00047 —0.00047 —0.00095 0.02528 0.00000 —0.00012 —0.00071
—0.00015 0.00002 —0.00036 0.02546 0.00000 0.00058  —0.00019
—0.00059  —0.00005 0.00022 0.02477 —0.00069 —0.00071 0.00006
—0.00103 —0.00009 —0.00039 0.02426 —0.00121 0.00047 —0.00031
0.00277 0.00003  —0.00014 0.02319 0.00231  —0.00004 —0.00000
0.00054 0.00077 0.00060 0.02428 0.00052  —0.00040 0.00060
0.00177 —0.00009 0.00021 0.02289 0.00201 0.00007 0.00011
—0.00007 0.00052  —0.00041 0.02408 0.00020 0.00046  —0.00050
0.00055 0.00032 0.00061 0.02428 0.00052 —0.00040 0.00060
—0.00103  —0.00009 0.00000 0.02249  —0.00132 0.00000 0.00000
—0.00045 —0.00028 —0.00019 0.02395 —0.00052 —0.00049 —0.00027
0.00208 0.00017 0.00029 0.02164 0.00158 —0.00036 0.00015
0.00046 0.00071  —0.00025 0.02422 0.00045 0.00049 —0.00023
0.00126 0.00013  —0.00004 0.02138 0.00132 —0.00052 —0.00001
0.00055 0.00036 0.00020 0.02261 0.00039  —0.00093 0.00030
0.00055 0.00003 0.00024 0.02089 0.00083  —0.00040 0.00012
0.00055 0.00003 0.00024 0.02260 0.00038 —0.00097 0.00027
0.00000 0.00101 0.00000 0.02288 0.00000 0.00000 0.00000
0.00227 0.00025 0.00076 0.02116 0.00156 —0.00057 0.00052
0.00000 0.00055 0.00000 0.02288 0.00000 0.00000 0.00000
0.00123 0.00014 0.00041 0.02084 0.00123  —0.00068 0.00041
—0.00066 0.00048  —0.00019 0.02237 —0.00051 —0.00019 —0.00019
0.00120 —0.00014 0.00042 0.02084 0.00123  —0.00070 0.00039
—0.00123 0.00041 0.00000 0.02179  —0.00109 0.00000 0.00000
0.00062 —0.00021 0.00062 0.02026 0.00065 —0.00051 0.00058
0.00000 0.00060 0.00042 0.02084 0.00001 0.00034 0.00034
0.00110 0.00007 0.00000 0.02028 0.00118 0.00065 0.00008
0.00000 0.00026 0.00039 0.02083 0.00000 0.00039 0.00039
0.00116 —0.00013 0.00000 0.02025 0.00116 0.00058 0.00000
0.00132 0.00044 0.00000 0.01961 0.00109 0.00000 0.00000
0.00062 0.00034  —0.00021 0.01910 0.00058 —0.00017 —0.00017
0.00000 0.00026 0.00000 0.01852 0.00000 0.00000 0.00000
0.00058 0.00006  --0.00019 0.01910 0.00058 —0.00019 —0.00019
0.00000 0.00000 0.00000 0.01852 0.00000 0.00000 0.00000
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TABLE 4. (continued-2)

419

AT U - U 4 4 it 4t U 4
0.00057 —0.00322 —0.00018 0.00025  —0.00091 —0.00007 0.00035
—0.00168 0.00210  —0.00000 —0.00042 —0.00126 —0.00042 0.00000
0.00100 —0.00278  —0.00003 0.00039  —0.00155 —0.00071  —0.00029
0.00000 0.00000 0.00000 0.00000 0.00019  —0.00052 0.00126
—0.00082 0.00323  —0.00042 0.00054  —0.00057 —0.00021 0.00046
—0.00013 0.00094  —0.00013 0.00094 0.00031  —0.00040 0.00031
0.00000 0.00000 0.00000 0.00000 0.00019  —0.00052 0.00126
—0.00009 0.00396 0.00034 —0.00063 —0.00081 —0.00045 0.00022
0.00000 0.00000 0.00000 0.00000 —0.00036 —0.00107 0.00071
—0.00160 0.00178  —0.00030 0.00012  —0.00053 —0.00018 0.00000
0.00162 —0.00301  —0.00052 0.00025 —0.00006 —0.00006 0.00109
-—0.00276 0.00187 0.00035 —0.00042 —0.00041 —0.00041 0.00074
0.00193  —0.00270  —0.00042 0.00035  —0.00072 —0.00072 0.00043
0.00020 0.00005 0.00019 0.00000 —0.00130 0.00106  —0.00089
—0.00109 0.00026 0.00031 0.00006 0.00129 0.00017  —0.00058
0.00091 0.00076 0.00027 0.00008  —0.00154 0.00082 —0.00113
0.00208 0.00103  —0.00005 —0.00014 0.00128 0.00004 —0.00101
—0.00109 0.00026 0.00030 0.00005 0.00129 0.00017  —0.00058
0.00000 0.00000 0.00000 '0.00000 —0.00198 —0.00066 0.00132
—0.00263 0.00167  —0.00002 0.00009 0.00029  —0.00037 0.00062
—0.00102  —0.00025 0.00010 0.00036  —0.00091 0.00063  —0.00014
0.00130 0.00022 —0.00022 —0.00058 0.00194 0.00040  —0.00068
—0.00169  —0.00091 0.00006 0.00032  —0.00118 0.00037  —0.00040
—0.00273 0.00190 0.00009 —0.00022 0.00029 0.00029  —0.00064
—0.00089 —0.00012 0.00018 0.00044  —0.00148 0.00006  —0.00071
—0.00273 0.00190 0.00013 —0.00017 0.00028 0.00028  —0.00064
0.00000 0.00000 0.00000 0.00000 0.00218 0.00000 0.00000
—0.00100 —0.00018 0.00025 —0.00002  —0.00033 0.00076  —0.00006
0.00000 0.00000 0.00000 0.00000 0.00218 0.00000 0.00000
—0.00174  —0.00093 0.00017 —0.00010  —0.00058 0.00051  —0.00031
—0.00087 —0.00087 ~—0.00010 —0.00010 0.00192 —0.00026 —0.00026
—0.00174  —0.00092 0.00019 —0.00008 —0.00058 0.00051  —0.00031
0.00000 0.00000 0.00000 0.00000 0.00163 —0.00054  —0.00054
—0.00087  —0.00005 0.00029 0.00002  —0.00087 0.00022  —0.00060
0.00174 —0.00174 0.00024 0.00024 0.00116 0.00000 0.00000
0.00176 0.00089  —0.00008 —0.00037 0.00000 0.00058  —0.00029
0.00174 —0.00174 0.00019 0.00019 0.00116  —0.00000 0.00000
0.00174 0.00087  —0.00000 —0.00029 0.00000 0.00058  —0.00029
0.00000 0.00000 0.00000 0.00000 0.00054 0.00054 0.00054
—0.00087 -0.00087 —0.00012 —0.00012 0.00029 0.00029 0.00029
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
—0.00087 —0.00087 —0.00010 —0.00010 0.00029 0.00029 0.00029
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000




420 Masahide KuwADA
TABLE 4. (continued-3)
VGion Vo V(oo V3510 V iaoo0y V Ghe V(oo
0.00910 —0.00016 0.00035 0.00035 —0.00011 —0.00011 0.00021
0.00907 —0.00019 0.00014 0.00014 —0.00014 —0.00014 —0.00028
0.00898 —0.00028 —0.00024 —0.00024 —0.00016 —0.00016 0.00012
0.00879 0.00041 —0.00116 0.00181  —0.00008 0.00048 0.00000
0.00870 —0.00016 0.00010 0.00018 0.00020 —0.00060 —0.00010
0.00866 0.00028 —0.00117 0.00082 0.00013  —0.00031 0.00001
0.00866 0.00028 —0.00115 0.00182 0.00014 0.00069 0.00000
0.00867 —0.00019 0.00014 0.00006 0.00017 —0.00063 0.00002
0.00847 0.00024  —0.00107 0.00047  —0.00020 0.00032 0.00000
0.00835 —0.00047 —0.00018 0.00012 0.00034 —0.00028 —0.00030
0.00836 0.00004  —0.00005 0.00098 0.00008 —0.00035 0.00000
0.00834 0.00002 —0.00026 0.00077 0.00004 —0.00039 —0.00006
0.00823 —0.00009 —0.00064 0.00039 0.00001 —0.00042 —0.00008
0.00824  —0.00003 0.00095 —0.00046 —0.00044 0.00025  —0.00004
0.00788 0.00057 0.00057 —0.00096 —0.00000 0.00028 0.00026
0.00820 —0.00006 0.00070 —0.0007t  —0.00047 0.00022 0.00005
0.00781 0.00054 —0.00023 —0.00104 —0.00009 0.00019  —0.00022
0.00774 0.00043 0.00056  —0.00097 0.00022 0.00050 0.00025
0.00814 —0.00009 —0.00051 0.00103  —0.00043 0.00009 0.00000
0.00766 —0.00035 —0.00045 0.00077 0.00045 —0.00047 —0.00010
0.00812 0.00012 0.00094 0.00006 —0.00054 0.00041 0.00015
0.00726 0.00050 0.00032 —0.00056 0.00013 —0.00016 —0.00004
0.00802 0.00003 0.00053 —0.00034 —0.00056 0.00039  —0.00001
0.00761 0.00034 0.00032 —0.00071 —0.00017 0.00011  —0.00003
0.00799  —0.00000 0.00033 —0.00055 —0.00059 0.00036 0.00007
0.00742 0.00015 0.00032 —0.00071 0.00007 0.00035 —0.00006
0.00686 0.00069 0.00000 0.00000 0.00005 0.00005 0.00000
0.00744 0.00017 0.00076 —0.00006 —0.00028 —0.00001 0.00025
0.00672 0.00055 0.00000 0.00000 0.00027 0.00027 0.00000
0.00740 0.00014 0.00051 —0.00031 —0.00031 —0.00003 0.00017
0.00665 0.00048 —0.00033 —0.00033 0.00024 0.00024  —0.00010
0.00716 —0.00011 0.00054 —0.00027 —0.00005 0.00022 0.00016
0.00658 0.00041  —0.00062 —0.00062 0.00021 0.00021 0.00000
0.00709 —0.00017 0.00025 —0.00056 —0.00008 0.00019 0.00025
0.00663 0.00046 0.00000 0.00000 —0.00011 —0.00011 0.00017
0.00690 0.00015 0.00065 —0.00021 —0.00015 —0.00044 0.00000
0.00643 0.00026 0.00000 0.00000 0.00013 0.00013 0.00019
0.00662 —0.00013 0.00058 —0.00029 0.00013  —0.00016 0.00000
0.00654 0.00036 0.00054 0.00054 —0.00018 —0.00018 0.00000
0.00648 0.00031 0.00025 0.00025 —0.00022 —0.00022 —0.00008
0.00643 0.00026 0.00000 0.00000 —0.00026 —0.00026 0.00000
0.00624 0.00006 0.00029 0.00029 0.00003 0.00003  —0.00010
0.00617 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
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TABLE 4. (continued-4)

421

{01,11)

(01,11)

{20,20)

(20,20)

Voo V0o V (a000) Vitoon) V&t Voo Vah
0.00021 0.00021 0.04182 0.00173 0.00331 —0.00097 0.00040
—0.00028 —0.00028 0.03998 —0.00011 0.00147 —0.00126 0.00011
0.00012 0.00012 0.03840 —0.00169 —0.00011 —0.00134 0.00003
0.00000 0.00000 0.04446 —0.00018 —0.01358 —0.00024 0.00076
0.00025 0.00027 0.04256 0.00135 0.00181 0.00040 0.00025
0.00001 0.00100 0.04409 —0.00192 —0.00627 —0.00047 0.00014
0.00000 0.00000 0.04446 —0.00018 —0.01358 —0.00025 0.00075
—0.00033 —0.00035 0.04077 —0.00044 0.00002 —0.00019 —0.00004
0.00000 0.00000 0.04184 —0.00445 0.01175 —0.00220 0.00089
0.00006 0.00024 0.03971 —0.00018 0.00160 —0.00077 0.00018
0.00103 0.00013 0.04022 0.00125 0.00395 —0.00037 0.00053
—0.00109 —0.00019 0.03836 —0.00061 0.00209 —0.00066 0.00024
0.00095 0.00005 0.03704 —0.00193 0.00077 —0.00077 0.00013
—0.00008 0.00011 0.03314 0.00301 0.00204 0.00068 —0.00026
—0.00094 —0.00009 0.04165 0.00001 —0.01248 —0.00003 —0.00034
0.00001 0.00020 0.03143 0.00130 0.00034 0.00049  —0.00045
0.00094 0.00013 0.03915 —0.00106 0.00874  —0.00001 —0.00052
—0.00095 —0.00010 0.04165 0.00001 —0.01248 —0.00002 —0.00033
0.00000 0.00000 0.03048 —0.00019 0.00039 —0.00064 0.00071
--0.00076 0.00023 0.03823 —0.00063 0.00218 —0.00033 0.00027
—0.00037 0.00051 0.03212 0.00303 0.00310 0.00038 —0.00006
0.00047 —0.00040 0.04096 0.00076 0.01056 —0.00015 -—0.00059
-0.00053 0.00035 0.03040 0.00131 0.00138 0.00029 —0.00014
—0.00106 —0.00024 0.03465 0.00001 —0.00547 0.00010 —0.00034
—0.00045 0.00043 0.02910 0.00001 0.00008 0.00011 —0.00033
-0.00108 —0.00026 0.03465 0.00001 —0.00547 0.00011 —0.00033
0.00000 0.00000 0.03889 0.00000 0.01111 0.00000 0.00000
—0.00084 —0.00002 0.03212 0.00304 0.00312 0.00056 0.00007
0.00000 0.00000 0.03889 0.00000 0.01111 0.00000 0.00000
—0.00092 —0.00010 0.03039 0.00131 0.00139 0.00036 —0.00013
—0.00010 —0.00010 0.03741 —0.00148 0.00964 —0.00016 —0.00016
—0.00093 —0.00011 0.03039 0.00130 0.00138 0.00833 —0.00016
0.00000 0.00000 0.03611  —0.00278 0.00833 —0.00031 —0.00031
—0.00084 —0.00002 0.02908 0.00000 0.00008 0.00018 —0.00031
0.00017 0.00017 0.03299 0.00000 —0.00521 0.00000 0.00000
0.00058 —0.00029 0.03040 0.00132 0.00002 0.00021 —0.00022
0.00019 0.00019 0.03299 0.00000 —0.00521 0.00000 0.00000
0.00058 —0.00029 0.03038 0.00130 0.00000 0.00029 —0.00014
0.00000 0.00000 0.03058 0.00280 0.00280 0.00039 0.00039
—0.00008 —0.00008 0.02908 0.00131 0.00131 0.00018 0.00018
0.00000 0.00000 0.02778 0.00000 0.00000 0.00000 0.00000
—-0.00010 —0.00010 0.02908 0.00130 0.00130 0.00014 0.00014
0.00000 0.00000 0.02778 0.00000 0.00000 0.00000 0.00000
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TaABLE 4. (continued-5)
Visen V ooy V(o Vi Vi Vi3oen Vi
0.00176 0.00110 0.00016 —0.00174 0.00426 0.00524  —0.00006
0.00147 —0.00168 —0.00074 0.00116  —0.00484 0.00519  —0.00011
0.00140 0.00100 0.00006 —0.00184 0.00416 0.00519  —0.00011
—0.00172 0.00000 0.00000 0.00000 0.00000 0.00494  —0.00002
0.00009 —0.00063 —0.00056 0.00158  —0.00529 0.00473 0.00015
0.00075 0.00010 0.00166 0.00060 —0.00478 0.00452 0.00017
—0.00173 0.00000 0.00000 0.00000 0.00000 0.00459  —0.00037
0.00011  —0.00005 0.00003 0.00217  --0.00470 0.00471 0.00013
—0.00297 0.00000 0.00000 0.00000 0.00000 0.00497 —0.00018
0.00113 —0.00178 —0.00071 0.00142  —0.00445 0.00425  —0.00018
0.00143 0.00108 —0.00085 —0.00162 0.00340 0.00449 0.00016
0.00114 —0.00165 0.00028 0.00105  —0.00397 0.00445 0.00012
0.00103 0.00116 —0.00077 —0.00154 0.00347 0.00444 0.00011
0.00019 —0.00018 ~0.00020 —0.00005 —0.00145 0.00462  —0.00009
0.00074 —0.00053 0.00131  —0.00031 0.00014 0.00415 0.00030
—0.00001 0.00041 0.00039 0.00054  —0.00087 0.00460 —0.00011
—0.00103 0.00094 —0.00038 0.00031 —0.00101 0.00407 0.00019
0.00075 --0.00054 0.00131  —0.00031 0.00014 0.00380  —0.00005
—0.00141 0.00000 0.00000 0.00000 0.00000 0.00467 —0.00028
0.00088 —0.00176 0.00023 0.00122 --0.00374 0.00360 0.00006
0.00090 —0.00025 0.00106 0.00029 0.00021 0.00437  —0.00009
—0.00103 0.00043 —0.00089 —0.00011 —0.00143 0.00374 0.00051
0.00081 —0.00093 0.00038 —0.00039 —0.00047 0.00437 —0.00010
0.00062 —0.00135 0.00011 0.00088 0.00096 0.00402 0.00017
0.00062 —0.00043 0.00088 0.00011 0.00004 0.00434  —0.00013
0.00062 —0.00135 0.00011 0.00088 0.00096 0.00372 —0.00013
0.00000 0.00000 0.00000 0.00000 0.00000 0.00357 0.00048
0.00096 —0.00029 0.00101 0.00020 0.00011 0.00395 0.00010
0.00000 0.00000 0.00000 0.00000 0.00000 0.00322 0.00014
0.00077 —0.00087 0.00044 —0.00038 —0.00046 0.00393 0.00008
—0.00016 —0.00043 —0.00043 —0.00043 —0.00043 0.00321 0.00012
0.00073  —0.00087 0.00044 —0.00038 —0.00046 0.00366 —0.00019
~—0.00031 0.00000 0.00000 0.00000 0.00000 0.00319 0.00010
0.00059 —0.00044 0.00087 0.00005  —0.00003 0.00364  —0.00021
0.00000 0.00087 0.00087 —0.00087 —0.00087 0.00345 0.00036
—0.00065 0.00087  —0.00043 0.00043  —0.00087 0.00353 0.00029
0.00000 0.00087 0.00087 —0.00087 —0.00087 0.00315 0.00006
—0.00058 0.00087  —0.00043 0.00043  —0.00087 0.00325 0.00002
0.00039 0.00000 0.00000 0.00000 0.00000 0.00340 0.00031
0.00018 —0.00044 —0.00044 —0.00044 —0.00044 0.00337 0.00028
0.00000 0.00000 0.00000 0.00000 0.00000 0.00334 0.00026
0.00014 —0.00043 —0.00043 —0.00043 —0.00043 0.00310 0.00002
0.00000 0.00000 0.00000 0.00000 0.00000 0.00309 0.00000
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TABLE 4. (continued-6)

423

(0%,02)

(02,11)

(03.11)

Vo 45 Vs Ve vy Vi Vs
—0.00073 —0.00009 0.00001 0.00022 —0.00199 0.01533 0.00187
—0.00077 —0.00000 —0.00011 —0.00032 0.00189 0.01515 0.00168
—0.00078  —0.00003 0.00007 0.00028 —0.00193 0.01486 0.00139

0.00158 0.00000 0.00000 0.00000 0.00000 0.01327 0.00009
—0.00134 0.00021 0.00019 —0.00053 ~0.00055 0.01390 0.00073
—0.00110 —0.00005 0.00052 —0.00054 0.00003 0.01344 0.00026

0.00123 0.00000 0.00000 0.00000 0.00000 0.01327 0.00009
—0.00137 —0.00028 —0.00025 0.00046 0.00048 0.01371 0.00053

0.00162 0.00000 0.00000 0.00000 0.00000 0.01300 —0.00018

0.00002 0.00036 0.00000 —0.00071 0.00125 0.01442 0.00125
—0.00108 0.00063 —0.00002 ~—-0.00027 —0.00092 0.01305 0.00070
-0.00113 —0.00072 —0.00007 0.00018 0.00083 0.01287 0.00052
—0.00114 0.00068 0.00003 —0.00023 —0.00087 0.01268 0.00034
-0.00033 0.00007 —0.00014 0.00005 —0.00154 0.01251 0.00089

0.00092 —0.00052 —0.00004 0.00026 —0.00064 0.01180 0.00018
—0.00035 0.00014 —0.00007 0.00012 —0.00147 0.01231 0.00069
—0.00060 0.00065 0.00014  —0.00033 —0.00084 0.01180 0.00019

0.00057 —0.00051 —0.00003 0.00027 —0.00064 0.01180 0.00018

0.00133 0.00000 0.00000 0.00000 0.00000 0.01190 0.00000
—0.00040 —0.00038 0.00012 —0.00021 0.00028 0.01221 0.00031
—0.00009 —0.00032 0.00011 —0.00014 —0.00109 0.01164 0.00083

0.00037 0.00026 -0.00018 0.00008 —0.00036 0.01110 0.00030
—0.00009 —0.00036 0.00008 —0.00018 —0.00113 0.01137 0.00056

0.00080 —0.00063 —0.00014 0.00012 —0.00078 0.01117 0.00037
—0.00012 —0.00028 0.00015 —0.00010 —0.00106 0.01117 0.00037

0.00050 —0.00059 —0.00010 0.00015 —0.00075 0.01117 0.00037

0.00048 0.00000 0.00000 0.00000 0.00000 0.01035 0.00000

0.00072 —0.00047 0.00002 0.00029 —0.00060 0.01090 0.00056

0.00014 0.00000 0.00000 0.00000 0.00000 0.01035 0.00000

0.00070 -—0.00053 —0.00004 0.00023 —0.00067 0.01071 0.00036

0.00012 —0.00005 —0.00005 —0.00005 —0.00005 0.01022 —0.00013

0.00044 —0.00052 —0.00003 0.00024 —0.00066 0.01071 0.00036

0.00010 0.00000 0.00000 0.00000 0.00000 0.01008 —0.00027

0.00042 —0.00047 0.00002 0.00029 —0.00061 0.01057 0.00022

0.00036 0.00012 0.00012 0.00012 0.00012 0.00984 0.00000

0.00015 0.00029 —0.00014 0.00014 —0.00029 0.01013 0.00029

0.00006 0.00010 0.00010 0.00010 0.00010 0.00984 -0.00000
—0.00013 0.00029 —0.00014 0.00014 -—-0.00029 0.01013 0.00029

0.00031 0.00000 0.00000 0.00000 0.00000 0.00953 0.00027

0.00028 —0.00006 —0.00006 —0.00006 --0.00006 0.00940 0.00015

0.00026 0.00000 0.00000 0.00000 0.00000 0.00926 0.00000

0.00002 —0.00005 —0.00005 —0.00005 —0.00005 0.00940 0.00014

0.00000 0.00000 0.00000 0.00000 0.00000 0.00926 0.00000
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TaBLE 4. (continued-7)
VRS VR v =vE Vi
—0.00076 0.00008  —0.00013 0.00250
—0.00095 —0.00011 —0.00032 0.00231
—0.00124  —0.00040 —0.00061 0.00202
0.00152 —0.00133 0.00045 —0.00151
—0.00113 0.00030 —0.00006 0.00031
—0.00007 —0.00078  --0.00007 0.00076
0.00152 —0.00133 0.00045 —0.00151
—0.00132 0.00010  —0.00025 0.00012
0.00125  —0.00160 0.00018 —0.00178
—0.00160 —0.00018 —0.00053 0.00231
—0.00046 —0.00046 0.00031 0.00109
—0.00063 —0.00063 0.00014 0.00091
—0.00082 —-0.00082 —0.00005 0.00072
0.00024 0.00178 —0.00017 0.00015
0.00121 0.00065  —0.00025 0.00070
0.00003 0.00157  —0.00038 -—0.00005
0.00123 0.00025  —0.00044 —0.00107
0.00121 0.00065  —0.00025 0.00070
0.00017 —0.00116 0.00050 —0.00132
—0.00126  —0.00060 0.00006 0.00097
0.00107 0.00107 0.00029 0.00114
0.00053 0.00053  —0.00024 —0.00078
0.00080 0.00080 0.00002 0.00087
0.00060 0.00060 —0.00017 0.00068
0.00060 0.00060 —0.00017 0.00068
0.00060 0.00060 —0.00017 0.00068
0.00109 0.00000 0.00000 —0.00000
0.00034 0.00088 0.00007 0.00096
0.00109 0.00000 0.00000 —0.00000
0.00015 0.00069 —0.00013 0.00077
0.00096 —0.00013 —0.00013 —0.00013
0.00014 0.00069  —0.00013 0.00077
0.00082 —0.00027 —0.00027 —0.00027
—0.00000 0.00054  —0.00027 0.00063
0.00058 0.00000 0.00000 0.00000
—0.00043 0.00072  —0.00014 —0.00058
0.00058 0.00000 0.00000 0.00000
—0.00043 0.00072  --0.00014 —0.00058
0.00027 0.00027 0.00027 0.00027
0.00015 0.00015 0.00015 0.00015
0.00000 0.00000 0.00000 0.00000
0.00014 0.00014 0.00014 0.00014
0.00000 0.00000 0.00000 0.00000
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TaBLE 6. Determinant-optimal 3°-BFF designs of resolution V

(00:00) (00,10) (00,01)
N Vi det (V1) V (ooc0) V {0000y V (s000)

*51 100001001000110100000  0.19350E-86  0.03406 0.00021 —0.00245
*52 200001001000110100000  0.96752E-87  0.03085 --0.00091 —0.00183
53a  210001001000110100000 0.53825E-87  0.02977 —0.00087  —0.00201

53b  210000011001100100000 0.02977 0.00258 0.00144
53¢ 201001100000011100000 0.02977 --0.00087  —0.00201
54a  220000011001100100000 0.30709E-87  0.02975 0.00259 0.00146
54b  211001001000110100000 0.02975 —0.00090  —0.00203
54c  202001100000011100000 0.02975 —0.00090  —0.00203
55a  000100110001001100000 0.95051E-88  0.03492 0.00325 0.00049
*55b  000100110011000001000 0.03492 —0.00089  —0.00187
56a  100000111010000000100 0.46404E-90  0.02349 0.01029 0.00146
56b  100011010000001000100 0.03105 0.01016 0.00200
57a  110010000100000011000 0.90107E-91  0.02362 —0.00695 0.00390
57b  110000100001000101000 0.02362 0.00238  —0.00543
58a  111100000010000011000 0.22389E-91  0.02188 —0.00722 0.00027
58b  111010000100000011000 0.02188 —0.00402 0.00348
58¢  111001000000100101000 0.02188 —0.00321  —0.00375
*59a  121001000000100101000 0.11849E-91  0.02160 —0.00285  —0.00318
59b  211010000100000011000 0.02160 —0.00335 0.00302
60a  000101110000001000010  0.18214E-92  0.02322 —0.00203  —0.00459
60b  000110110001000000001 0.02322  —0.00588 0.00331
6la  100001010010001000100 0.16994E-93  0.01685 0.00106  —0.00035
61b  100000110010001000100 0.01685 —0.00106 —0.00035
6lc  100001010110000000001 0.01685 0.00106  —0.00035
61d  100000110110000000001 0.01685 —0.00106  —0.00035
6le  010100010011000000001 0.01685 0.00106  —0.00035
62a  110000000001100101000 0.32998E-94  0.01901 —0.00084 0.00027
62b  101000000110000011000 0.01901 0.00083 0.00028

63 111000000001100101000  0.88735E-95  0.01844 0.00000 0.00067
64 121000000001100101000  0.44367E-95  0.01776 0.00000 0.00053
65a  000100110010001000100 0.10224E-S5  0.01604 0.00078  —0.00026
65b  000100110011000000001 0.01604 0.00000 0.00052
66 100011001000110000100  0.51687E-96  0.01593 0.00042 0.00048
67a  101001000000010100001  0.22224E-96  0.01656 0.00035  —0.00086
676 110000010001000100001 0.01656 0.00146 0.00025
67c 110000001100000010010 0.01656 0.00111 0.00060
68 111010000000100001100  0.89610E-97  0.01649 —0.00112 0.00033
*69 211000100010000001100  0.46112E-97  0.01551 0.00048  —0.00083
70 000110101001010000001  0.62939E-98  0.01552 —0.00121 0.00040

* This design is also optimal with respect to the trace criterion.
2’=(15M, 1050, '2005: zuo, 1401, 2140’ lnu’ 2104) 20141 Xazn, 2302’ 12805 Xuaz; ina: lnza; laus 21!1,
A11sy Azaas As1gs Auze)e ME—ny=ng10-m1.
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TaBLE 6. (continued-1)

VGooa Visoon Vioe) Vone Vi V iioon V (iion
—0.00319 —0.00301 0.00195 0.04994 —0.00660 —0.00693 0.00220
—0.00152 —0.00233 0.00140 0.04955 —0.00699 —0.00672 0.00242
—0.00151 —0.00186 0.00126 0.04955 —0.00699 —0.00671 0.00242
—0.00644 —0.00021 —0.00039 0.05273  —0.00900 —0.00565 0.00176
—0.00151 —-0.00186 0.00126 0.04955 —0.00699 —0.00671 0.00242
—0.00640 —0.00028 —0.00038 0.05273  —0.00900 —0.00566 0.00175
—0.00166 —0.00186 0.00120 0.04950  —0.00704 —0.00674 0.00240
—0.00166 —0.00186 0.00120 0.04950 —0.00704 —0.00674 0.00240
—0.00958 —0.00129 0.00002 0.04824 —0.00775 —0.00530 0.00127
—0.00532 —0.00271 —0.00144 0.04795  —0.00564 0.00540 —0.00197
—0.00347 —0.00204 —0.00344 0.04500 0.01968 0.00514 0.00360
—0.01659 0.00234  —0.00379 0.03858 0.00463 0.00064 0.00064
—0.01043 0.00008 0.00057 0.04346 0.00974 —0.00565 —0.00588
—0.00158 —0.00287 —0.00238 0.02947 0.00038 —0.00099 —0.00276
—0.00218 —0.00100 0.00254 0.04387 0.01548 —0.00315 —0.00160
—0.00660 0.00048 0.00106 0.03851 0.00479 —0.00493 —0.00516

0.00101  —0.00206 0.00148 0.02908  —0.00001 0.00179 0.00356

0.00035 —0.00164 0.00129 0.02864  —0.00045 0.00109 0.00286
—0.00554 0.00032 0.00067 0.03695 0.00323  —0.00386  —0.00409

0.00010 —0.00251 0.00240 0.02803 —0.00118 —0.00108 0.00036
—0.00923 0.00060 0.00071 0.03812 0.00460 —0.00229 —0.00229
—0.00087 —0.00003 —0.00048 0.03009 0.00231 —0.00106 —0.00106

0.00087 —0.00003 0.00048 0.03009 0.00231 0.00106 0.00106

0.00087 —0.00003 —0.00048 0.03009 0.00231 —0.00106 —0.00106
—0.00087 —0.00003 0.00048 0.03009 0.00231 0.00106 0.00106

0.00087 —0.00003 —0.00048 0.03009 0.00231 —0.00106 —0.00106
—0.00609 0.00052  —0.00032 0.02691  —0.00087 0.00059 0.00059

0.00013 —0.00155 —0.00175 0.02653 0.00084 —0.00046 —0.00115
—0.00405 0.00063 0.00000 0.02568  —0.00210 0.00000 0.00000
—0.00343 0.00015 0.00000 0.02568  —0.00210 0.00000 0.00000
—0.00090 —0.00010 0.00030 0.02621  —0.00099 0.00022 0.00080

0.00000 —0.00040 0.00000 0.02687 0.00141 0.00000 0.00000
—0.00043  —0.00042 0.00002 0.02524  —0.00023 0.00016 0.00016

0.00220 —0.00030 0.00043 0.02681 0.00528 —0.00049 —0.00025
—0.00078 0.00069  —0.00056 0.02656 0.00156 —0.00057 —0.00149

0.00052 0.00026  —0.00099 0.02510 0.00080 —0.00008 —0.00124
—0.00144 0.00076 0.00059 0.02494  —0.00006 0.00021 0.00114

0.00113 —0.00038  —0.00030 0.02539 0.00386 0.00002 —0.00021
—0.00137 —0.00039 0.00010 0.02425 —0.00114 0.00006 —0.00016
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TaBLE 6. (continued-2)
O VO ViR Ve VR viRy v
0.01037 —0.00898 —0.00084 0.00052 —0.00772 —0.00654 0.00423
0.01095 —0.00840 —0.00061 0.00076 —0.00791 —0.00674 0.00404
0.01095 —0.00840 —0.00063 0.00074 —0.00790 —0.00673 0.00404
0.00955 —0.00804 —0.00037 0.00015 —0.00641 —0.00764 0.00440
0.01095 —0.00840 —0.00063 0.00074 —0.00790 —0.00673 0.00404
0.00954 —0.00805 —0.00034 0.00017 —0.00641 —0.00764 0.00439
0.01076 —0.00860 —0.00063 0.00074 —0.00798 —0.00680 0.00397
0.01076 —0.00860 —0.00063 0.00074 —0.00798 —0.00680 0.00397
0.00690 —0.00582 —0.00090 —0.00012 —0.00413 —0.00493 0.00330
—0.00634 0.00786 0.00060 —0.00040 —0.00646 —0.00560 0.00331
—0.00521 —0.01215 —0.00273 —0.00402 —0.00834 —0.00680 —0.00603
—0.00926 —0.01389 0.00129 0.00231 —0.00154 —0.00463 —0.00309
0.01311 0.01705 —0.00107 —0.00081 —0.00053 —0.00385 —0.00277
0.00478 0.00408 —0.00134 —0.00113 —0.00239 —0.00108 0.00008
0.00203 0.00689 0.00035 0.00032 —0.00875 —0.00674 —0.00759
0.00666 0.01060 —0.00174 —0.00149 —0.00136 —0.00468 —0.00360
—0.00354 —0.00285 0.00173 0.00152 —0.00282 —0.00151 —0.00035
—0.00272 —0.00202 0.00120 0.00100 —0.00259 —0.00128 —0.00012
0.00418 0.00811 —0.00138 —0.00113 —0.00045 —0.00377 —0.00269
—0.00298 0.00205 0.00008 —0.00000 —0.00230 —0.00038 0.00081
0.00787 0.01218 —0.00082 —0.00082 0.00135 —0.00248 —0.00104
—0.00000 —0.00694 —0.00096 0.00135 —0.00231 —0.00231 —0.00000
—0.00000 —0.00694 0.00096 —0.00135 —0.00231 —0.00231 —0.00000
0.00000 0.00694  —0.00096 0.00135 —0.00231 —0.00231 —0.00000
0.00000 0.00694 0.00096 —0.00135 —0.00231 —0.00231 —0.00000
0.00000 0.00694  —0.00096 0.00135 —0.00231 —0.00231 —0.00000
0.00301 0.00301 0.00017 0.00017 —0.00087 —0.00087 0.00145
—0.00010 0.00372 0.00002 0.00013 —0.00147 —0.00147 —0.00089
0.00000 0.00000 0.00000 0.00000 —0.00134 —0.00134 0.00097
0.00000 0.00000 0.00000 0.00000 —0.00134 —0.00134 0.00097
0.00197  —0.00295 0.00064 —0.00100 —0.00143 —0.00085 0.00021
—0.00042 0.00536 0.00000 0.00000 —0.00054 —0.00169 0.00024
0.00209 —0.00370 0.00006 0.00006 —0.00061 —0.00177 0.00016
0.00125 0.00079 0.00164 0.00095 —0.00330 —0.00029 —0.00314
0.00570 0.00431  —0.00000 —0.00078 0.00208 0.00023  —0.00147
0.00182 —0.00049 —0.00077 —0.00039 0.00077 —0.00039 —0.00116
—0.00251 —0.00112  —0.00033 0.00044 0.00195 0.00010 —0.00160
—0.00075 —0.00029 —0.00105 —0.00035 —0.00267 0.00034  —0.00252
—0.00209 0.00301 0.00026 0.00015 —0.00029 —0.00116 0.00032
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TaABLE 6. (continued-3)
Vi VS Vi g Vi Vi Vi
0.01361 —0.00146 —0.00409 0.00303 0.00065 0.00015 0.00181
0.01349 —0.00158 —0.00442 0.00271 0.00052 0.00002 0.00192
0.01346 —0.00161 —0.00441 0.00271 0.00060 0.00010 0.00189
0.01240 —0.00094 —0.00502 0.00165 0.00060 —0.00002 0.00205
0.01346 —0.00161 —0.,00441 0.00271 0.00060 0.00010 0.00189
0.01237 —0.00096 —0.00506 0.00161 0.00066 0.00004 0.00205
0.01344 —0.00162 —0.00451 0.00261 0.00060 0.00009 0.00186
0.01344 —0.00162 —0.00451 0.00261 0.00060 0.00009 0.00186
0.01241 —0.00080 —0.00388 0.00208 0.00076 0.00010 0.00170
0.01251 —0.00150 —0.00223 0.00183 0.00031 0.00002 —0.00122
0.01102 0.00021 —0.00174 —0.00174 —0.00050 —0.00102 —0.00172
0.00970 0.00044 —0.00193 —0.00193 0.00101 —0.00054 —0.00006
0.01204 0.00301 —0.00732 —0.00662 0.00151 0.00074 0.00150
0.01670 0.00613 ~0.00320 —0.00251 0.00318 0.00401 0.00168
0.01015 —0.00066 —0.00084 —0.00084 0.00030 —0.00021 0.00118
0.01193 0.00290 —0.00638 —0.00569 0.00160 0.00083 0.00162
0.01508 0.00451 —0.00570  —0.00501 0.00240 0.00322  —0.00081
0.01396 0.00339 —0.00439 —0.00370 0.00157 0.00239 —0.00044
0.01119 0.00217 —0.00468 --0.00398 0.00136 0.00059 0.00100
0.01311 0.00241 —0.00147 0.00045 0.00139 0.00224  —0.00102
0.00975 0.00049 —0.00359 -0.00359 0.00120 —0.00034 0.00028
0.00932 0.00006 0.00087 0.00087 0.00061  —0.00093 0.00048
0.00932 - 0.00006 —0.00087 -—-0.00087 0.00061 —0.00093 —0.00048
0.00932 0.00006 —0.00087 —0.00087 0.00061 —0.00093 0.00048
0.00932 0.00006 0.00087 0.00087 0.00061 —0.00093 —0.00048
0.00932 0.00006 —0.00087 --0.00087 0.00061 —0.00093 0.00048
0.00919 0.00086 —0.00046 0.00093 0.00053 0.00099 0.00023
0.00932 0.00029 —0.00159 —0.00055 —0.00025 —0.00106 —0.00022
0.00891 0.00058 —0.00189 —0.00050 0.00045 0.00092 0.00000
0.00889 0.00055 —0.00177 —0.00038 0.00036 0.00082 0.00000
0.00888 0.00020 —0.00170 0.00032 0.00023 —0.00064 —0.00021
0.00866 —0.00060 0.00000 0.00000 0.00082 —0.00073 0.00000
0.00865 —0.00061 —0.00017 —0.00017 0.00081 —0.00073 0.00001
0.00850 —0.00006 0.00062 —0.00076 —0.00079 0.00022 0.00009
0.00858 0.00118 —0.00257 —0.00326 0.00011 0.00050 —0.00033
0.00907 0.00143 0.00149 —0.00175 0.00082 0.00121 0.00046
0.00851 0.00110 —-0.00187 —0.00256 0.00004 0.00043 0.00030
0.00824 —0.00032 0.00045 —0.00094 —0.00047 0.00053 0.00033
0.00812 —0.00048 —0.00146 0.00061 0.00063 —0.00058 —0.00004
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TABLE 6. (continued-4)
vER VBN VB v vay v ovaw
0.00138 —0.00162 0.06292 —0.0018t —0.00403 —0.01175 0.00355
0.00149 —0.00151 0.06205 —0.00267 ~—0.00490 —0.01211 0.00320
0.00146 —0.00153 0.06205 —0.00267 —0.00490 —0.01211 0.00320
0.00242 —0.00165 0.15002 —0.03387 0.03224 —0.01460 0.00423
0.00146 —0.00153 0.06205 —0.00267 —0.00490 —0.01211 0.00320
0.00242 —0.00166 0.14997 —0.03392 0.03219 —0.01450 0.00432
0.00142 ~0.00157 0.06124 —0.00348 —0.00570 —0.01214 0.00317
0.00142 —0.00157 0.06124 —0.00348 —0.00570 —0.01214 0.00317
0.00201 —0.00151 0.14676  —0.03299 0.03725 —0.01408 0.00497
—0.00098 0.00091 0.05410 —0.00162 0.00515 —0.01079 0.00388
—0.00018 —0.00172 0.06250 —0.00000 —0.00000 0.00608 0.00029
—0.00006 —0.00006 0.10069 0.00347 0.03125 —0.00386 —0.00309
0.00173 0.00220 0.09710 0.00196 0.03182 —0.00276 —0.00122
0.00345 0.00230 0.05497 0.00497 0.01747 —0.00468 —0.00029
—0.00036 0.00118 0.05421 —0.00360 0.00109 0.00150 —0.00134
0.00185 0.00232 0.08869 —0.00645 0.02341 —0.00364 —0.00210
—0.00258 —0.00143 0.05111 0.00111 001361 —0.00589 —0.00149
—0.00222 —0.00106 0.04956 —0.00044 0.01206 —0.00491 —0.00051
0.00123 0.00169 0.08476  —0.01038 0.01948 —0.00307 —0.00153
—0.00294 —0.00182 0.04091 0.00117 —0.00731 —0.00142 0.00045
0.00028 0.00028 0.09433  —0.00265 0.02536 —0.00128 —0.00128
0.00048 0.00048 0.05208 0.00347 —0.00347 —0.00174 —0.00058
—0.00048 —0.00048 0.05208 0.00347 —0.00347 0.00174 0.00058
0.00048 0.00048 0.05208 0.00347  —0.00347 0.00174 0.00058
—0.00048 —0.00048 0.05208 0.00347 —0.00347 —0.00174 —0.00058
0.00048 0.00048 0.05208 0.00347  —0.00347 0.00174 0.00058
0.00023 0.00023 0.05497 0.00497 0.01747  —0.00350 0.00066
—0.00022 0.00036 0.04451 0.00059 —0.00167 —0.00224 —0.00010
0.00000 0.00000 0.04762  —-0.00238 0.01012  —0.00391 0.00025
0.00000 0.00000 0.04707 —0.00293 0.00957 —0.00348 0.00069
0.00037 —0.00088 0.04063 —0.00089 —0.00075 —0.00116 0.00004
0.00000 0.00000 0.05047 0.00244  —0.00392 0.00000 0.00000
0.00001 0.00001 0.04878 0.00075 —0.00562 —0.00006 —0.00006
—0.00014 0.00055 0.03222 0.00167 0.00028 0.00100 —0.00039
0.00106 0.00021 0.04959 0.00740 0.01522 —0.00062 —0.00149
0.00208 0.00100 0.05753 0.00406 —0.02024 —0.00093 —0.00069
—0.00109 —0.00024 0.04328 0.00110 0.00891 0.00004 —0.00083
0.00057 —0.00013 0.03097 0.00041  —0.00098 0.00116  —0.00023
—0.00091 0.00043 0.03982 —0.00168 —0.00152 —0.00111 —0.00008
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TaBLE 6. (continued-5)
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VR VR VR Ve vmR e vey
—0.00197 0.00199  —0.00375 —0.00551 0.00958 0.01502  —0.00325
—0.00232 0.00228  —0.00346 —0.00522 0.00987 0.01488  —0.00339
-0.00233 0.00228  —0.00346 —0.00522 0.00987 0.01467  —0.00360
—0.00472 0.01321  —0.00790  —0.00809 0.01247 0.00656  —0.00082
—0.00233 0.00228  —0.00346 —0.00522 0.00987 0.01467  —0.00360
—0.00463 0.01320 —0.00791 —0.00809 0.01246 0.00639  —0.00098
—0.00235 0.00197  —0.00377 —0.00553 0.00956 0.01467  —0.00360
—0.00235 0.00197 —0.00377 —0.00553 0.00956 0.01467  —0.00360
—0.00376 0.01669  —0.00765 —0.00746 0.00987 0.00670  —0.00066
—0.00228 —0.00619 0.00280 0.00510  —0.00674 0.01480  —0.00342

0.00145 0.00651  —0.00043 —0.00391 0.00998 0.00748 0.00062
—0.00231 0.01100 0.00174  —0.00058 0.01100 0.00742 0.00107

0.00033  —0.01052 0.00013 0.00314  —0.00705 0.00525 0.00045
—0.00283  —0.00061  —0.00061 0.00008 0.00008 0.01121  —0.00051

0.00277  —0.00964 0.00095 0.00338  —0.00687 0.00556  —0.00046
—-0.00055 —0.01160 —0.00095 0.00206  —0.00813 0.00516 0.00036
—0.00404 0.00196 0.00196 0.00126 0.00126 0.01084  —0.00088
-0.00306 0.00153 0.00153 0.00083 0.00083 0.01021  —0.00151

0.00002 -0.01016 0.00049 0.00350  —0.00668 0.00508 0.00027
—0.00115 —0.00146  —0.00087 0.00110 0.00169 -0.01017 - —0.00130
—0.00128  —0.00765 0.00168 0.00456  —0.00694 0.00414 0.00028

0.00058 —0.00174 0.00058  —0.00289 0.00637 0.00682 0.00064
—0.00058 —0.00174 0.00058  —0.00289 0.00637 0.00682 0.00064 -
—0.00058 0.00174  —0.00058 0.00289  —0.00637 0.00682 -0.00064

0.00058 0.00174  —0.00058 0.00289  —0.00637 0.00682 0.00064
—0.00058 0.00174  —0.00058 0.00289  —0.00637 0.00682 0.00064
—0.00212 0.00116 0.00116 0.00116 0.00116 0.00542  —0.00013

0.00204 —0.00131  —0.00102 0.00245  —0.00421 0.00574 0.00086
—0.00252 0.00000 0.00000 0.00000 0.00000 0.00540  —0.00016
—0.00209 0.00000 0.00000 0.00000 0.00000 0.00506  —0.00049

0.00125 0.00172 —0.00035 —0.00180 0.00307 0.00587 0.00049

0.00000 0.00167  —0.00046 0.00359  —0.00547 0.00400 0.00014
—0.00006 —0.00159 0.00053  —0.00352 0.00555 0.00400 0.00014
~0.00039 0.00087 0.00041 0.00087  —0.00098 0.00596 0.00048
—0.00236 0.00134  —0.00023 0.00012  —0.00144 0.00510 0.00057

0.00093 0.00047  —0.00254 0.00116  —0.00046 0.00442 0.00041
—0.00169  -0.00108 0.00048 0.00013 0.00169 0.00503 0.00050
—0.00023  —0.00040 0.00007  —0.00040 0.00145 0.00557 0.00009

0.00095  —0.00123 0.00089 0.00219  —0.00264 0.00382 0.00012
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TABLE 6. (continued-6)
V(oo Vo V (Reor) AT Vi Vi Vi
0.00395 —0.00717 0.00229 0.00283  —0.00391 0.02860 0.00724
0.00380 —0.00705 0.00241 0.00295  —0.00380 0.02850 0.00714
0.00360 —0.00699 0.00247 0.00301 —0.00373 0.02848 0.00712
0.00107 —0.00168 0.00079 0.00089  —0.00127 0.02599 0.00463
0.00360 —0.00699 0.00247 0.00301 —0.00373 0.02848 0.00712
0.00090 —0.00167 0.00080 0.00090 —0.00126 0.02599 0.00463
0.00360 —0.00699 0.00246 0.00301 —0.00374 0.02836 0.00700
0.00360 —0.00699 0.00246 0.00301 —0.00374 0.02836 0.00700
0.00124 —0.00158 0.00072 0.00084  —0.00149 0.02343 0.00210
0.00382 0.00727 —0.00241 —0.00300 0.00352 0.02672 0.00540
—0.00084 0.00172 0.00005 0.00018 0.00313 0.02353 0.00810
—0.00219 0.00064 0.00039 —0.00141 —0.00167 0.01861 0.00318
0.00028 0.00117 0.00091 —0.00011 0.00194 0.01890 0.00370
0.00398 0.00319 0.00049 0.00029 0.00221 0.01697 0.00177
0.00045 —0.00171 0.00071- —0.00007 0.00004 0.02389 0.00869
0.00018 0.00106 0.00080 —0.00023 0.00183 0.01876 0.00356
0.00360 —0.00277 —0.00007 0.00014  —0.00179 0.01650 0.00130
0.00298 —0.00250 0.00020 0.00041 —0.00152 0.01638 0.00118
0.00010 0.00085 0.00059 —0.00044 0.00162 0.01822 0.00302
0.00305 —0.00304 —0.00032 —0.00003 —0.00194 0.01607 0.00194
—0.00049 0.00010 0.00010 0.00010 0.00010 0.01620 0.00208
—0.00244 0.00096 0.00058 —0.00058 —0.00096 0.01591 0.00203
—0.00244 —0.00096 —0.00058 0.00058 0.00096 0.01591 0.00203
—0.00244 0.00096 0.00058 —0.00058 —0.00096 0.01591 0.00203
—0.00244 —0.00096 —0.00058 0.00058 0.00096 0.01591 0.00203
—0.00244 0.00096 0.00058 —0.00058  —0.00096 0.01591 0.00203
0.00125 0.00006 0.00006 0.00006 0.00006 0.01534 0.00145
0.00061 0.00073 0.00063 —0.00053 0.00169 0.01660 0.00271
0.00123 0.00000 0.00000 0.00000 0.00000 0.01515 0.00126
0.00090 0.00000 0.00000 0.00000 0.00000 0.01515 0.00126
—0.00181 0.00035 —0.00072 0.00111 0.00003 0.01370 0.00039
—0.00063 0.00000 0.00000 0.00000 0.00000 0.01486 0.00155
—0.00063 0.00000 0.00000 0.00000 0.00000 0.01486 0.00155
—0.00053 0.00049  —0.00067 0.00003  —0.00252 0.01515 0.00288
—0.00088 0.00173 0.00067 —0.00030 —0.00136 0.01353 0.00126
0.00087 0.00123 0.00069 0.00031 0.00116 0.01323 0.00096
—0.00095 —0.00175 —0.00069 0.00027 0.00133 0.01352 0.00125
—0.00091 —0.00100 0.00016 —0.00053 0.00201 0.01443 0.00216
—0.00049 —0.00050 0.00017  —0.00027 0.00040 0.01272 0.00057
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TABLE 6. (continued-7)

Vi vany o v =y gt
—0.00360 —0.00279 0.00002 —0.00026
—0.00369 —0.00289 —0.00008 —0.00036
—0.00371 —0.00291  —0.00010 —0.00038
—0.00123  —0.00333 0.00093 —0.00277
—0.00371 —0.00291 —0.00010 —0.00038
—0.00123  —0.00333 0.00093 —0.00277
—0.00383 —0.00303  —0.00022 —0.00050
—0.00383 —0.00303  —0.00022 —0.00050
—0.00128 —0.00392 0.00063 —0.00085
—0.00430 —0.00307 —0.00046 0.00064
—0.00116 0.00270  —0.00000 0.00231

0.00087  0.00087 0.00010 0.00048
—0.00024  0.00092 —0.00032 0.00261

0.00308 —0.00054 0.00061 —0.00054
—0.00028  0.00219 0.00030 0.00580
—0.00038  0.00078 —0.00046 0.00248

0.00261 —0.00101 0.00015 —0.00101

0.00250 —0.00113 0.00003 —0.00113
—0.00091 0.00025  —0.00099 0.00194
©0.00219  —0.00008 0.00094 —0.00007
—0.00152  0.00016 —0.00080 —0.00020
—0.00106  0.00125 0.00010 —0.00068
—0.00106  0.00125 0.00010 —0.00068
—0.00106  0.00125 0.00010 —0.00068
—0.00106  0.00125 0.00010 —0.00068
—0.00106  0.00125 0.00010 —0.00068

0.00299 —0.00164 0.00068 —0.00241
—0.00124  0.00107 —0.00009 0.00175

0.00281 —0.00182 0.00049 —0.00259

0.00281 —0.00182 0.00049 —0.00259
—0.00056 —0.00018  —0.00008 0.00061
—0.00205  0.00123  —0.00012 —0.00064
—0.00205  0.00123  —0.00012 —0.00064

0.00103  0.00373 0.00087 0.00026

0.00236  0.00020 —0.00022 —0.00171

0.00235  0.00181 0.00057 0.00158

0.00235 0.00019 —0.00023 —0.00172

0.00031 0.00301 0.00016 —0.00046

—0.00144 —0.00057 —0.00013 0.00032
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