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1 Introduction

Discontinuous Galerkin (DG) finite-element methods for second- and fourth-order ellip-
tic problems were introduced about three decades ago. These methods stem from the
hybrid methods developed by Pian and his coworker [25]. At the time of their introduc-
tion, DG methods were generally called interior penalty methods, and were considered
by Baker [4], Douglas Jr. [14], and Douglas Jr. and Dupont [15] for fourth-order prob-
lems, where C' continuity was imposed on C° elements. For second-order equations,
Nitsche [21] appears to have introduced the ideas of imposing Dirichlet boundary con-
ditions weakly and of adding stabilization terms to obtain optimal convergence rates.
The same idea of penalizing jumps along interelement faces led to the interior penalty
methods of Percell and Wheeler [24] and Wheeler [30]. Methods for a second-order, non-
linear, parabolic equation appeared in [1].

According to [3], interest in DG methods for solving elliptic problems waned be-
cause they were never proven to be more advantageous than traditional conforming el-
ements. The difficulty in identifying optimal penalty parameters and efficient solvers
may also have contributed to the lack of interest [3]. Recently, however, interest has been
rekindled by developments in DG methods for convection-diffusion problems; see, for ex-
ample, Cockburn and Shu [12, 13], Oden, Babuska, and Baumann [22], Castillo, Cockburn,
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Perugia, and Schoétzau [9], and Houston, Schwab, and Siili [18], where the scalar Poisson
equation is analyzed. Bassi and Rebay [5] applied a similar technique for the solution of
the Navier-Stokes equations. Brezzi, Manzini, Marini, Pietra, and Russo [7, 8] analyzed
the method of Bassi and Rebay for stability and accuracy, as it applies to the scalar Pois-
son equation. Arnold, Brezzi, Cockburn, and Marini [2, 3] provided a common framework
for all of these methods and showed the interconnections by casting them into the form
of the local discontinuous Galerkin (LDG) method of Cockburn and Shu.

We are interested in a DG method for studying the mechanical behavior of solids.
In this paper, we analyze the linear elasticity problem, with an eye toward a formula-
tion for nonlinear elastic-plastic problems and cohesive elements [23]. There are several
benefits of such an approach, including the potential for efficient hp-adaptivity, for ex-
ample, using adaptive mesh refinement on meshes with hanging nodes, and the prospect
of rigorously handling problems with discontinuous displacements as arise in the study
of fracture. Riviere and Wheeler [26] formulate and analyze a method for linear elasticity
based on a generalization of the nonsymmetric interior penalty Galerkin (NIPG) method
presented in [22] for the diffusion equation. The resulting bilinear form is nonsymmetric.
As an alternative, we follow the analysis of Brezzi, Manzini, Marini, Pietra, and Russo
[7, 8] quite closely in our generalization from the scalar Poisson equation to the linear
elasticity problem. In this case, the bilinear form is symmetric.

Error estimates for DG methods are usually obtained in terms of mesh-dependent
norms. It is, a priori, not clear how to compare norms corresponding to meshes of differ-
ent size. In this paper, we show that the traditional error estimates expressed in mesh-
dependent norms can be used to derive error estimates in the mesh-independent BD and
BV norms, eliminating the ambiguity.

Section 2 begins with a statement of the problem and its formulation using the
DG approach. A new derivation of the equations is based on a discrete variational prin-
ciple for elasticity which naturally extends to finite deformations. The variational ap-
proach leads to a formulation analogous to the one utilized in [5]. Stabilization terms
of the form considered in [7, 8] are added to obtain a well-posed discrete problem. In
Section 3, we show optimal convergence rates in a mesh-dependent norm similar to the
one used by Brezzi et al. This mesh-dependent estimate is immediately strengthened to
a mesh-independent BD estimate in Section 3.2.

The classical analysis of the equations of linear elasticity needs a global version
of Korn's first inequality to insure coerciveness of the bilinear form. In contrast to the
standard approach, in Section 3.3, we prove a generalization of Korn’s second inequal-
ity on the element level, which allows us to obtain an improved mesh-dependent esti-

mate. Finally, in Section 3.5, we show uniform convergence in the BV norm, an optimal
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mesh-independent estimate. Since the discrete solutions are allowed to have jumps in
displacement but the classical solution is smooth, gradients can at most converge in

measure, and indeed they do.

2 Formulation

The linear elasticity problem is described by the following set of equations for a body
B C R4, whered = 2, 3:

—V-(C-Vsu)=f inB,
on dp B, (2.1)

The body B is assumed to be a bounded, polyhedral domain. The function u : B — R4
is the displacement, and C is the fourth-order elasticity tensor with major and minor
symmetries. In order to avoid technical difficulties that do not provide any additional
insight, we take C to be constant. We also assume that C is uniformly positive definite,
that is,

Je>0:v-C-y>cy vy (2.2)

for all v in the space of d x d symmetric tensors, which implies that C is invertible on
this space. The notation Vi u denotes the symmetric gradient of the displacement, Vs u =
(1/2)(Vu+(Vu)T). The boundary of the domain, 9B, is decomposed into two disjoint sets,
0pB and 0N B. The body is acted upon by body forces, f : B — R¢, and surface tractions,
T:0nB — RY. The displacement, i : 9pB — R, is prescribed on the part of the boundary
indicated by 9p B.

2.1 Stress-displacement formulation

The two-field, stress-displacement formulation of the linear elasticity problem is

0—C-Vgu=0 inB,
—V-o0=f inB,
u=1u onodpB,

o-n=T ondyB.
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The first equation is the constitutive equation that relates the stress tensor o to the
strain ¢(Vu) = V,u. The second equation expresses force equilibrium, and the final
two equations give the prescribed boundary conditions. The problem described by equa-
tion (2.3) has solutions (1, o) with components in H™*'(B) and H™(B), respectively, for
m > 1, depending on the smoothness of the data and the domain. Nominally, f € (L*(B))4.

The equations (2.3) are the Euler-Lagrange equations that result from taking free

variations of the Hellinger-Reissner energy, I : (H™+1(B))4 x (H™(B))4*¢ — R, where

I[u, o] :J 2

1
<—0~(C] -G—G~Vsu+f-u)
B

(2.4)

—&-J n~6~(u—ﬁ)—|—J T -u
aD B aN B
The discrete equations in the next section are derived using a discretization of this vari-

ational principle.

2.2 The discrete scheme

A subdivision, T}, of B, is a finite number of sets E, such that B = Ugcg, E. A subdivision,
Th, is called admissible in the sense of [10, page 38] if each E is closed and has nonempty
interior, the interiors of the sets E of 7}, are pairwise disjoint, and the boundary, oE, of
each E is Lipschitz continuous. We assume the family of admissible subdivisions (74,),

with h | 0, is quasi-uniform [6, page 106] so that

max {diamE: E € T} =h; (2.5)
Jp > 0: min {diamBg : E € T} > ph, Vh >0, (2.6)

where B is the largest ball contained in E. Therefore, it follows that there exist positive

constants c and C such that
ch? < [E| < Ch¢ (2.7)

for every element E € T}, and every h > 0, where |E|is the measure of E. In addition, we re-
quire all finite elements within the family of subdivisions to be affine equivalent [6, page
80] to a finite number of polyhedral reference finite elements, each with a finite num-
ber of faces. Hence the reference elements possess Lipschitz boundaries, the measure of
each face of an arbitrary element in (T, ) is finite, and there exists an upper bound on the

Lipschitz constant of the boundary for all elements in the family (7} ), independent of h.



Discontinuous Galerkin Method 77

Moreover, with (2.5), we infer that there exists a constant C > 0 such that
le[h < CIE], (2.8)

for all h > 0, and for any face e of any element E € (7}). Even though DG methods can
potentially be used on meshes with hanging nodes, we consider, for simplicity, only con-
forming meshes, so that a face e of an element is either also a face of another element or
part of 0B. We note, however, that most of the theoretical development does not rely on
this assumption.

Consider a given subdivision T} of B. Each element E € T} has an orientable

boundary, oE, with unit, outward normal denoted by ng. Define the set of internal faces
&, ={eCOE\B:E € Ty}, (2.9)
the set of Dirichlet faces
&R ={e COENIPB:E e Th}, (2.10)

and the set of Neumann faces
EN ={eCOENINB:E €T} (2.11)

The set of all faces is denoted by €, = €], U EP U EN. Corresponding to this set of faces,

define the combined internal and external boundary to be
P = Uece,e. (2.12)

Let V = Mecq, (H'(E))? be the space of functions on B whose restriction to each
element E belongs to the Sobolev space (H'(E))4. Therefore, the traces of functions in V
belong to T(T") = Meeq, (L?(9E))¢. Functions in T(T") are multivalued on T \ 9B and single-
valued on dB. The space (L?(T"))¢ can be identified with the subspace of T(T') consisting of
functions for which the possible multiple values agree on all internal faces. Similarly, let
W = Teeq, (H'(E))9%4 be the space of functions on B whose restriction to each element
E belongs to the Sobolev space (H'(E))4*4. A tensor T € W has d? components. The d?
traces, the components of t|3¢, are defined, and each belongs to L?(3E). In particular, the
linear combination of traces T - ng is in T(T").!

IThe space of stresses W could be taken to be larger; however, this is unnecessary since we consider exact
solutions (u, o) in (H?(B))d x (H'(B))4x4,
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Next, we introduce two finite-element spaces of scalar functions over an element
E, VE and WE, with VE C WE. These elemental spaces contain the polynomials and have
minimal smoothness over the element, P« (E) C VE,WE c H'(E), k > 1, where Py (E) de-
notes the space of polynomials of degree at most k on E. The finite-element spaces for the
displacements, Vi, and displacement gradients, Wy, are constructed so that each com-
ponent is in VE or WE on the element E, V}, = Meeg, (V)Y and Wy, = Meeq, (WE)4X4,
Consequently, we have V;, C V. We also assume that gradients of the displacement are in
the space of displacement gradients, V[(VE)4] C (WE)4*4, Furthermore, we require the
elemental finite-element spaces to coincide over common faces. More precisely, let e € &},
be the face common to two elements, E™ and E—, then {}pl. : ¢ € V}?} ={dple : p € VE )}
and {}ple : ¢ € WF} = {¢le : ¢ € WE ). This requirement insures that the trace of a
function in V£ (WL ") is also the trace of a function in Vf (WE ), on e. Lastly, we denote
with W} the space of symmetric tensors in Wh,.

We assume that the discrete spaces, Vi, and Wy, are finite dimensional. Observe
that the functions in both discrete spaces can be discontinuous across element bound-
aries. The conditions specified here are satisfied by many standard finite-element spaces,
such as those constructed from Lagrange simplices of various degrees and those con-

structed with bilinear quadrilaterals or trilinear bricks.

Remark 2.1. Most of the proofs in this article immediately generalize to the case of
isoparametric elements, though some adjustment of the assumptions on the finite-
element spaces might be required. In particular, the special treatment of Korn's inequal-

ity also applies to isoparametric elements.

We wish to formulate a discretized version of (2.4) subordinate to the subdivi-
sion. To this end, we define the average operator, {-} : T(I') — (L?("))¢, and the jump op-
erator, [] : T(T') — (L?(I"))4. Each face, e € &1, is shared by two elements, E* and E~; let

vE = vl forv € V. Define the average, for e € £}, by

o= 5 (e +vle) (2.13)
and the jump by

] = v le —vFle. (2.14)

Fore € €7, put

W=v.  pl=v (2.15)
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and for e € €)Y, assign

vl =v, [v] = 0. (2.16)

In the sequel, we choose an orientation, n, for each face e € €1, as the unit normal
pointing toward E*. For e C 9B, n is the unit outward normal to dB. For ¢ € W, let & =

olg+.One € E{L, the average of the vector o - n means

(0 le+0le) M, (2.17)

N —

{o-n)=

with n given uniquely on the face. The definition of {o-n} on boundary faces, e € ED UEN,
is clear.

Now, specialize (2.4) to each individual element as follows:

1 1
IE:J (—0-@‘1-0—0-Vsu+f~u>+J' SME -0 (u—u™)
E \2 JE\OB

(2.18)

—|—J n-c-(u—ﬂ)—I—J T u,
oENOp B OENONB

where u®® is the trace of u on the elements adjacent to 0E\0B. The 1/2 factor in the second
term accounts for the fact that for a given face, two adjacent elements contribute to the
potential energy. A global discrete functional, Iy : Vi, x W;, — R, is defined simply by

summing over all elemental contributions:

In= ) Ik (2.19)

EcTh

The corresponding Euler-Lagrange equations that result from taking free variations of

I}, are

(66-@’1-G—éa-vsu)+J{n-50}~ﬂuﬂ—J n-dc-u=0,

r dpB

) (2.20)
Z L(—6~V56u—|—f~6u)+Jr{n~G}~[[6u]]+LNBT~6u—O.



80 Adrian Lew et al.

Thus, we obtain the general problem which is to find uy € V}, and o, € W; such that

(vh-C ' on—vn - Veun) + L {n-yn}- [un]

EeTw (2.21)
:J n-ynp-u Yyn € Wi
opB
Z J Gh-sth—J {n-on}- [vi]
E r
EETn (2.22)

:J f-vh—l—J T-vh Vvh € Vh.
B onB

Equations (2.21) and (2.22) constitute the flux form of the discrete problem. Next,
we define the lifting operator Ry : (L*(T"))4 — W; by

J Ra(v)-y:—J{n-y}-erJ n-y-u VyeWwg. (2.23)
B r dpB
This operator will now be used to derive the primal form [3] of the discretization, where
a single equation is obtained by eliminating oy between (2.21) and (2.22). In terms of
(2.23), equation (2.21) is the same as

> J (vn-C " on—vn - Veun —Ra([un]) -vn) =0 Vyn e W;. (2.24)
E€Th E

Since we require the elemental finite-element spaces to satisfy V[(V)4] € (Wf)4xd this

equation allows us to identify
on = on(un) =C-Voup +C-Rg([un]) inW;g. (2.25)

This constitutive equation for the discrete stress can be viewed as a stress-strain rela-
tion where the strain involves the usual dependence on the displacement gradient, plus
a linear contribution that arises from jumps in displacement.

Next, take yn, = C- V vy, in equation (2.21) to get

>

(Vevh - 0 — Vv - C - Vug) + J {n-C-Vovn} - [un]
E€Th £ r

(2.26)
:J n-(C-Vsvp) - .
30 B
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Finally, substitute equation (2.22) to obtain

>

E€Th E

:J f'VthJ T~vh—J n- (C-Vsvp) - .
B OnB apB

Vv C- Vot — L ({n-C-Vovn} - [un] + {n-on} - [vu])
(2.27)

If (un, on) € Vi x W5 solves (2.21) and (2.22), then uy, solves (2.27), with o, = on(un)
given by (2.25). Equation (2.27) is called the primal formulation.

Recall the definition of Ry in (2.23) and introduce the notation R = Ry. Using
(2.23) and (2.25), the primal form (2.27) can also be written as

> | (vt R(BAD)) € (Vetun +R([un]))

EecTn E (228)
:J f.vh+J T'Vh_J n- (€ (Vv +R([vn]))) - .
B onB 9B

We remark that our physically based derivation of this equation, obtained by discretiz-
ing the variational principle, produces an analogous discretization to that used by Bassi
and Rebay in [5, 8]. Brezzi, Manzini, Marini, Pietra, and Russo [7, 8] propose a stabilizing
term for the scalar case which naturally extends to linear elasticity. The stabilization is

given in terms of r. g : (L?(T))4 — W;. Definer.  fore € &,

[ rea v ==[ vy wews, (2.29)

while fore € €2,

JBre,ﬁ(V)'YZ—Je{n'Y}'V+J“'Y'ﬁ Hy € Wi, (2:30)

e

and for e € N, 1.y = 0. As before, set . = T, 0. Note that 1. (v) vanishes outside the

union of elements containing e, and that for any element E € Ty,
Ra(W) = ) Te(v) (2.31)

on E. The stabilizing termis $ ). -5 [ Te,a([un])-C-ve([vn]), with § > 0 the stabilization

parameter. The resulting primal form with the stabilizing term is

> | (oot R(])- € (et R([un]))+B T | re(fun])- € re(fon])

EcT, E ecen

:JBf'Vh-l-J T'Vh_J n- (C (Vevn +R([vn]) + Bre([vn]))) -
(2.32)
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The form (2.32), which derives directly from the variational principle, is stable
for any § > 0. In Section 3, we analyze in detail a modification proposed by Brezzi,
Manzini, Marini, Pietra, and Russo [7, 8] that omits the quadratic term in R, making the
method stable for § > N., where N, is the maximum number of faces in an element of
the subdivision. The advantage of dropping this quadratic term is that the sparsity of
the stiffness matrix is increased.

The analysis of the proposed method relies on elliptic regularity, so we restrict
it to Dirichlet boundary conditions on the entire boundary, 0B. Thus, o0nNB = &, EE =g,
and, without loss of generality, @ = 0 on 0B. Accordingly, the complete discrete problem

statement, with these modifications, is to find u;, € Vi, such that

ah(uh,vh) :J f-vpn WY, € Vh, (2.33)
B

where the bilinear form a;, is given by

an (Un,vn) = Z L (Vsvn - C- Viun + Vivi - C-R([un]) + R([vn]) - C- Viun)

6 3 | re([un]) - Core(fon)).

ecén

(2.34)

Remark 2.2. The bilinear form (2.34) can be written alternatively using (2.23) as

an (Un,vn) = Z J (Vsvn - C- Viup)

EcTh E

_L (In-C - Vevn} - [un] + {n-C- Veun} - [vn]) (2.35)

6 Y | re(lw]) - €ore(fuul).

eeln

These two forms are equivalent for uy,, vi, € Vy,.

2.3 Notation

In Section 3, a convergence proof will be given for d = 2 and 3, simultaneously. In the
proofs, the letter C indicates a generic constant whose value can change in each occur-

rence. We also employ the standard notation || - ||,,,0 to denote the usual norm on HP(Q),
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and | - |, o to denote the H?(Q) seminorm, whereas || - || denotes the Euclidean norm for
vectors or tensors. When other standard norms are used, they will be indicated explicitly

with a subscript; for example, || - |1 1(o) indicates the L' (Q)-norm.

2.4 Summary of the theoretical results

The convergence proof utilizes two relevant mesh-dependent norms on V = (H)(B))4+Vy

given by
2 2 o~
V2= > [[Volls e+ X re(@D e veEV (2.36)
E€ETh e€én
Z o~
M= 3 193 e+ Y re(®Dlg veV. (237
E€Th ecén
Proposition 3.4 establishes that ||| - [||s is a norm on V. Also note that
V2 < VI, veV, (2.38)
which shows that ||| - ||| is also a norm on V. Although one might expect the second term

in the definitions of norms (2.36) and (2.37) to act as an [2-like contribution, we can
only assert that these are seminorms on V. In the case of the scalar Poisson equation
[2,3,7,8,9, 18, 22], there is no need to distinguish between the norms (2.36) and (2.37).
Following the ideas in [7, 8], it is straightforward to obtain boundedness and coercivity
of the bilinear form ay with respect to the mesh-dependent norm, ||| -|||s (Proposition 3.5),
which leads to convergence of the discrete solutions in the ||| - [[|s-norm and in L?(B)
(Theorems 3.14 and 3.15). The convergence in the ||| - ||[s-norm is sufficient for a mesh-
independent BD estimate (Theorem 3.19); however, the ||| - |||s norm does not provide con-
trol over the antisymmetric part of the displacement gradient. If the displacements are
in Hé(B), the equivalence of the two norms, |||-|||s and |||-|||, relies on Korn's first inequality;
for nonconforming elements, Korn's inequality may not be valid [17].

order to obtain convergence in the norm, |||/, Theorem 3.23, we prove a
generalized version of Korn's second inequality for the subdivision, Corollary 3.22.
The proof of this inequality relies on observations about how Korn’s inequality for
an element behaves under distortion (Theorem 3.20) and scaling (Theorem 3.21).
Finally, Theorem 3.26 shows that the mesh-dependent norm, ||| |||, estimates the BV
norm, and as a consequence, Corollary 3.27, we obtain convergence in BV, an optimal

mesh-independent result.
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3 Theoretical results
3.1 Convergence in the mesh-dependent symmetric norm

In this section, we obtain the convergence of the discretized solutions in the mesh-
dependent norm ||| - [||. Our analysis follows the outline in [7, 8] for the two-dimensional
Poisson equation, but the details of most proofs differ. The first three lemmas
characterize properties of the jumps. In the subsequent proposition, our analysis starts

by establishing that ||| - [, is in fact a norm on V.

Lemma 3.1 (extension of traces). Let e be a face of an element E € (T}, ). For any ¢ in the
trace space, T(e) = {¢p € (L?(e))¥* 4 : ¢ = Vle, v € (WE)94X4}, there exists P, (¢p) € (WE)dxd
such that P.(¢)le = ¢. Moreover, for all ¢ € T(e),

3C > 0: [[Pe(d) ][y ¢ < Ch?[dllo,e (3.1)

forallh > 0 and forall E € T3,. O

Proof. First examine a reference element. Let ¢ C OF be a face of one of the reference
elements, E, and let ¢ € T(e). There exists C > 0 such that

. 2
sup _inf [vnlly s <C. (3.2)
GeT(@), [[dllo,e=1 yneWE)2Xd, yhle=d ’

Sinceyn € (WE)dX dis a linear combination of basis functions on E, ['vnllo ¢ is a quadratic
form in a finite-dimensional space. Therefore, there is a minimizer, Pz(¢), of ”Yh”é,ﬁ sub-
ject to the linear constraint vy, = ¢ € T(€), which depends continuously on ¢. Thus,
Pz(¢) is bounded on the compact set ||$|oc =1, and (3.2) follows.

Next, note that Ps(Adp) = AP3(¢) for A € R, which implies

IPe(@)ll5 2 < Cllol3 e (33)

forall ¢ € T(€). Since the number of reference elements is finite, as is the number of faces
per element, we can choose C in (3.3) independent of the reference element and the face.
Now, let E be any element in the family of subdivisions (7}), and let e be any one

of its faces. Let F be the affine transformation such that E = F(E) for one of the reference

elements E, and let @ be the corresponding face in the reference element, e = F(€). Given
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¢ € T(e), the definition of affine equivalence implies ¢ = ¢p o F € T(e). Define P.(¢) =
Ps($) o F' € (WE)4xd and note Pe ()| = ¢. Then, use (3.3) and ||F|| < h/p (see, e.g., [10,
page 120]), where p is the diameter of the largest ball contained in E, to obtain

j IPeUbNZ:ZIdetHJ;|Pa($)f
E E

< C\detF|Jl|$|2

< C\detFIJ |bI*| det F[|[F| (3.4)
scww[wf
h
< C:J 2.
pJe
The lemma follows. |

Lemma 3.2 (trace inequality for r.). There exists a constant C > 0, independent of the
face e € &, and of h, such that

Hre(")Ho,e = Ch’1/2||re(v)||o£ (3.5)
forallv € (L%(e))d. O

Proof. The inequality (3.5) is actually a statement about tensors y € (Wf)4*4 wherey =
Te(v). The proof follows a scaling argument. Let € C OF be a face of one of the reference

elements, E. Then, there exists a constant C > 0 such that

o2 < Cl¥llo e (3.6)

forally e (WE)dX 4, Inequality (3.6) is a direct consequence of the continuity of the trace
in WE C H'(E) (see, e.g., [6, page 37]) and the fact that in a finite-dimensional space, all
norms are equivalent. Since there are a finite number of reference elements, each with a
finite number of faces, the constant C can be chosen independent of the reference element
and of its face.

Now, consider y € (WE)4*4 where E is an element affine equivalent to E. Then,
there exists an affine mapping F such that E = F(E),andy € (WE)4*d such thaty = yoF .
Note that

ide = | v-y =1detF | 77 = IdetFi[F]3 .

e = | vy = IF "5 detr | 55 < [P det 7]
e e
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where 1 is the unit outward normal to €. Therefore, (3.6) and (3.7) combine to yield

/2 Ch'/2
¥llo.e < CIFH " “lvlloe < 5172 2 lyloe. (3.8)

The last part of the bound uses the fact that ||[F~|| < ﬁ/(diam Be) < ﬂ/(ph) (see,e.g., [10,
page 120)). [ |

Lemma 3.3 (jump bound). There exist two positive constants C; and C,, independent of
the face e € &, and of h, such that

ITondllo,e = CrR"Zflre(IvnD)llo 5 vn € Vi (3.9)
Ire(DonDllo 5 = C2h 2 Ton] e ¥n € Vo (3.10)
O

Proof. Let e C E be a face of element E. Given [v,] € (L%(e))4, let y¢ € (L%(e))4*¢ be such
that y§ - n = [vin]. Note that it is possible to choose v{ so that ||y | < C|[vn]|. For the
tensor y§ defined only on e, construct an extension to the element, ynle = Pe(vf), as in
Lemma 3.1. Take vy, € W to be ynlg = Pe(Yf) on E, v = 0 elsewhere, and v = [vi] in
equation (2.29) to get

%H[Vh]]”é,e = ;L [ve] - [va]
< [ Ire(Bn]) - P02 -

< re (oD llo s l1Pe Vi) o,
< ChV2 re (Do) llo s 1 Tvn] llo,e-

In the nontrivial case in which ||[vi]|o,e # 0, inequality (3.9) follows from (3.11) by di-
viding through by ||[vh]|lo.e-
To prove (3.10), take y = r.([vn]) and v = [vi] in equation (2.29) to get

Jre( Dl = || (0 re(DnD)} - o]

< [l e H{re (Ton]) Hio e (3.12)
< Coh 2| onllo ellre (TonD) o -

We have used the linearity of r. and (3.5) in the last step. The result, (3.10), follows. N
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Proposition 3.4 (symmetric norm). Let v, € V= (H)(B))Y + Vi, Then ||| - [l|s : V - Ras
defined in (2.36) is a norm on V. O

Proof. Itis immediate that [[[Av]||s = [A][[[V]||s for all A € R, and that the triangle inequality
holds since r. is linear. We show that [|[v|[|s = 0 implies v = 0 in V. Notice that [Vills = 0
if and only if ||Vsv]oe = O forall E € Ty and ||re([v])|[og = O foralle € En. Letv =
Vi +v2 € V, withv; € (H}(B))? and v, € V4. By Lemma 3.3, we have that ||[v2][|o. <
Ch'/2||re([v2])llo,8- Therefore, ||[v2]|lo.e = 0. Since also |[[vi]]lo.e = 0, we have |[[v]|/o,c = O.
Sov € (H}(B))? by [27, Theorem 1.3]. Korn's first inequality for homogeneous boundary
data applied tov € (H}(B))¢ then shows thatv = 0. [ |

Next, we show that the bilinear form (2.34) is continuous and coercive with re-

spect to the norm, ||| - [ll. The proofs follow [7, 8] almost exactly.

Proposition 3.5 (continuity and coercivity of the bilinear form). Let N. be a bound on
the number of faces in an element. Then, there exists a constant M > 0, independent of
h, such that

(i) an(un,vh) < Mllunllsllvills for all uy, vy € V.
Moreover, for f > N, there exists a constant p > 0, independent of h, such that

(ii) an(un,un) > plllun|? for all uy, € V. O

Proof. We first prove the following inequality, a consequence of equation (2.31):

IR(D G < Ne 3 fre (oD lo.c- (3.13)

eCOE

We have

R = [ (e )( 2 rebnd)

<| X3 reDlire (D)
e/’COE eCoOE (3‘14)
<) X e (DR + e (D) 12

<Ne S [re([vn])[f? ¢

eCOE
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Next, the continuity of the bilinear form (2.34) follows from estimating each term.

J Vsun - C-Vevp
E

< ||C||HvSuhHo,EHvSVhHo,E’

[ %t R(ED)| = 1Tt RO

, 1/2 (3.15)
< CI||Vsunllo ¢ |Ne ZaEHre<[[vh]])HO£ »
ZJ re([un]) - C-re([vn])| < llCl] ZaE||re<[[uh]})||O,E!|re<[[vh]]>||o,E-

Adding each term over all elements and using the Cauchy-Schwartz inequality yields (i).
The constant M depends on ||C||, N, and {3, but is independent of h.

Now we show coercivity, (ii). To simplify the notation, define

IVI3.e.c =J y-C-y VyeW;. (3.16)
E

Due to (3.13), we get

Gh (uh»uh>

- 5 (9l + ] 20 r(Dd) 8 T el

E€Th E eCOE
1

> 5 (00l ee - REsD e t8 T (bl )

E€Th eCOE
N,

> 3 (0 o1wamlieet (5-5) T Il ),

EeTh eCOE

(3.17)

where we used the standard inequality, 2ab < ea? + b?/e, for all ¢ > 0. Any p > N,
guarantees that (f — N./¢) > 0 whenever N./B < ¢ < 1. Since each term is positive, we
can invoke (2.2) to deduce (ii) with p = c¢( — N¢/¢) > 0. [ |

Remark 3.6. As suggested in [7, 8], following the same steps as in the previous proof es-
tablishes the continuity and coercivity of the bilinear form given by the left-hand side of
equation (2.32), but for any 3 > 0.



Discontinuous Galerkin Method 89

The following lemma is a preliminary to proving convergence of the discrete dis-

placement, firstin ||| - [, and subsequently in L%(B).
Lemma 3.7. Letu € (H'(B))? with V- (C - Vu) € (L?(B))¢, and let vi, € V4, then

ZJ nE~((C~Vu)-vh:ZJ{n~(C~Vu}-[[vh]]. (3.18)

EeTh o e, ¢ O

Proof. The assumed regularity of uimplies that n - C - Vu is continuous across interele-
ment boundaries (e.g., [27, Theorem 1.3]); thatis,0 =n - (C-Vu~ — C-Vu') on any face

in &} . Therefore
Z J ne - (C-Vu) vy
oE

oy

ecel 7€

> |-

ectl ¢

(—m-(C-Vu') - vi+n-(C-Vu ) -vy)+ Z J n-(C-Vu)- vy

eceb 7€

(n-(C-Vu")+n-(C-Vu))-vi

N —

—I—%(n~((C~Vu+)—|—n~((C~Vu*))~vg—|— Z J n-(C-vu)-vp

ecep ¢

= Z J{n-C-Vu}~ [vn].
ecen V¢
(3.19)
||

The next component of the convergence proof is a bound on the approximation
error |[u — uql||, when u; is a suitable interpolant of the exact solution u. Arnold, Brezzi,
Cockburn, and Marini [3] note that discontinuous interpolants can be employed if they

satisfy a local approximation property summarized in the next theorem.

Theorem 3.8 (local interpolation-error estimate). For v € (H**1(E))4, let v; be the Py -
interpolant of von E € (7},). There exists C > 0, independent of E € (7},) and therefore of
h, such that

‘V—VI|qu < CR* 190y, k+1>4q20, (3.20)

provided Py (E) C VE C HI(E). O

Proof. The proof is given by Ciarlet [10, Theorem 3.1.5]. [ |
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Theorem 3.9 (interpolation-error estimate). Let u € (H™(B))9 for some m such that 2 <
m < k+ 1, and let u; € Vi be the Py-interpolant of u over each element in Ty. Then the

following interpolation inequality holds:

H’u—ulms < Chm*]Iu\m,B, (3.21)
where C > 0 is a constant depending only on d, m, and the upper bound on the Lipschitz
constant of the boundary for every element E € Ty, but not on h or the function u. 0
Proof. From the previous theorem, we have

Z ]u—ullz‘E < Z Chzm*quu\fn,E, m > q. (3.22)
EeTh E€Th

In addition, the trace inequality [16, page 133] together with a scaling argument gives

[ul§e < C(h Th§ e +hlulfe) VueH'(E), (3.23)
where the constant C depends only on the Lipschitz constant of the boundary of the el-
ement, and can be chosen to be the same for all elements in the family of subdivisions
(Th) under consideration.

Following [3], the interpolation inequality (3.21) is established using the
inequality (3.23), the bound (3.22), and the inverse inequality (3.10). Starting from the

definition of [[| - ||, the theorem is obtained as follows:
2 2 2
lre—willy = 2 [IVsu—un) e+ 3 [re(fu—w])[gs
EeTh ecln
2 2
<D Ve—w)loe+ D lre(fu—w])ls
E€Th ecép
<Y fuewl ot Yo e ud]l, (3.2
EeTh ecln
<C Z hzm_2|u‘12n,E
E€Th

< Ch*™ 2[uff 5.

Again, the constant C is positive and depends only on d, m, and the upper bound on the
Lipschitz constant of the boundary for every element E € T3, but not on h or the func-

tion u. [ |
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The last ingredient for the convergence proof is an analysis of the consistency

error in the bilinear form (2.34) for functions in V.

Remark 3.10. The bilinear form (2.35), which coincides with (2.34) on Vy, is consistent
but continuity does not hold with respect to the norm ||| - |||s for functions in \7h. However,
it can be shown that (2.34) is continuous with respect to a different norm on a different

function space in which some additional regularity is requested [3].

Theorem 3.11 (bound on consistency error). Let ube the exact solutionto (2.1), withu €
(H™(B))¢ for some m such that 2 < m < k + 1. Then

an(u,vn) = [ F-va] < CR™ uln o], (3.25)

B

forall vy, € \7h. In addition, if vy, is continuous, then

ah(w,vh) = | f-vn. (3.26)
(ww) = | )

Proof. Recall that [u] = 0, and use the definition of the bilinear form an(+,-), (2.34), inte-

gration by parts, and application of Lemma 3.7 to obtain

N

anp(u,vp) — | f-vp
JB
-y vsu.c-vsvh+J vsu.c.R([[vh]])>_J .
=y ( Vu-(C-Vvh—i—J Vsu-(C-R([[vh]])—J f-vh)
fer, \JE E E
= (—J (V~(C~Vu)+f)~vh+J nE~(C~Vu~vh—|—J Vsu~(C~R([[vh]]))
FeT, E dOE E

[ {n-C-vau}+ Y J Veu-C-R([vn])

EGEhJe E€eTh E

: ] fnC Vefumw)y+ Y J Ve(u—ur) -C-R([vn])-
’ ’ (3.27)

The last line comes from the definition, (2.23), of R(v) with y;, = —C - Vu; and v = [vy].
We have also used the symmetry of C to interchange gradients and symmetric gradients.

Note that if vy, is continuous, then [vy] = 0, and the bilinear form is consistent.
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To complete the proof, we bound the consistency error as follows. Using the trace

inequality, (3.23), for u —u; € H%(E), and (3.9), we have

Z [[wJ]{n-(C-V(u—uﬂ}‘

ecen V€

<c) > RV re (TonD) llo g IV (0 =) g 5

E€Tyn eCOE

_ 1/2 3.28
<c Y Y 2 fre(nD o (W el bRy ) 828

E€T, eCOE
<C Y Y re(InDllos (o —wily ¢ +hpu—1wl, )
EcTn eCOE

< Ch.mi] |u‘m,B |th|Hs

Moreover,

Z J Vs(u—1ug)-C-R(vn)

) <C Z Hvs(u_ul)”o‘EHR("h)Ho,E

E€Ty E€Ty
=C Z !u_ul‘l,E Z Hre("h)Ho,E
E€Th eCOE

< Ch™ g |[[n]] .-

(3.29)

Corollary 3.12. Let u be the exact solution to (2.1), with u € (H™(B))¢ for some m such

that 2 < m < k+ 1, and let u,, be the solution of (2.33). Then
|an (= un,vi) | < Ch™ i g v
for all vi, € V4. In addition, if vy, is continuous, then

an (u—up,vin) =0.

Proof. Note that

a(u—1un,vn) = an (W, vi) — an(un, vn)

= an(u,vh) f‘[ f-vn
B

for all vy, € V},. The conclusion follows from the previous theorem.

(3.30)

(3.31)

(3.32)
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Remark 3.13. Equation (3.31) expresses a Galerkin orthogonality which follows from

consistency.

At this point we have gathered all the necessary ingredients to prove convergence

of the discrete solutions in || - [|[; and || - |0, which is the content of the next two theo-
rems.
Theorem 3.14 (convergence in the mesh-dependent norm [[| - [[[,). Letube the exact solu-

tion to (2.1), withu € (H™(B))¢ for some m such that 2 < m < k + 1, and let uy be the
solution of (2.33), then the following estimate holds:

[w=un], < Ch™ "ulm B, (3.33)

where C is a positive constant independent of h. O

Proof. From Proposition 3.5, we have

ffur —wn |} < an(wr —wn,wr— up)
= ah(ul —u,uy — uh) + ah(u— Up, Uy — uh) (334)
< M = s~ ], + fan i 1 )

The last term in the above equation is due to the general lack of Galerkin orthogonality,

but it is appropriately bounded using Corollary 3.12. Therefore,
pflfr = w12 < M= =l + CR™ s = wn - (3.35)

The conclusion (3.33) follows using (3.21) above. [ |

Theorem 3.15 (convergence in [?(B)). Let u be the exact solution of (2.1), with u €
(H™(B))¢ for some m such that 2 < m < k + 1, and let uy, be the solution of (2.33), then

the following estimate holds:

Hu—uhHO‘B < Ch™ufm 5. (3.36)
O

Proof. The proof follows a standard duality argument. Consider the adjoint problem.
Find w € (H?(B))¢ such that

—V-(C-Vsw) =u—uy inB,
(3.37)
w=0 onoB.
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Since u — uy, € (L2(B))4, the following standard elliptic regularity estimate holds (see,
e.g., [19]):

wlze < Cllu—unll, (3.38)

for some constant C > 0. Forw € H?(B), let w; € V}, be the continuous, piecewise linear

interpolant of w over each element. Apply (3.25) to w, with v, =u—up and m = 2,

an(w,u—up) —J (u—uh)2’ < Ch|W\2,B‘Hu—uhH|S (3.39)

B

or
o= w02 5 < e o= 00) |+ Chwl e (3.40)

Since wj is continuous, Corollary 3.12 shows an(wr,uw — uy) = 0. This fact and

continuity of the bilinear form, Proposition 3.5, allow us to conclude that

ot~ 1012 < e (w1, 1)+ Ciwla o — ]
< M i e~ ], + Chiwla [l i, (3.41)

< Chiwlz s [[[u—un|],,
where we have used Theorem 3.9 for the interpolation error estimate ||[w — wil||. The con-
clusion of the proof follows from (3.38) and Theorem 3.14. [ |

Corollary 3.16 (convergence of the stress in L?(B)). Let o be the exact solution with com-
ponents in H™~'(B) for some m such that 2 < m < k + 1, and let o}, be given by (2.25),

then the following estimate holds:

o= onllyp < CR™ Tl 5. (3.42)
O

Proof. For the exact solution, the displacement is continuous, [u] = 0, which implies
R([u]) = 0. So we can write 0 = C - (V,u + R([u])). Therefore,

0—0nh=C-Vi(u—un) +C-R(Ju—un]). (3.43)
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It follows that

lo=onllos= 3 llo—onllse

E€TH
Y e Ta(uw) € R(fu - w2,
E€Th (3.44)
<y C(HVs(uuh)Hé,ﬁNe 5y ||re<[[uuhﬂ>||§,E)
EeTh eCOE
< Clfu— || < CREm 2, .
[ |

Note that this corollary gives [?(B) convergence of the stress, even though no
such result holds for the strain. This discrepancy is possible because the discrete stress

is given by (2.25), and is not, in general, proportional to the strain.

Remark 3.17. Again, as suggested in [7, 8], it can also be proved that the same error es-
timates hold for the problem directly derived from the variational principle, equation
(2.32).

3.2 Thenatural (suboptimal but mesh-independent) BD-estimate

Possible discontinuities in the displacement across element boundaries naturally lead
to seeking error estimates in BD(B), the space of bounded deformations. This space is
defined as the set of functions u € L'(B) whose symmetric part of the distributional
derivative Du, &(Du) = (1/2)(Du+ Du'), is a matrix-valued bounded Radon measure.
For a function u € BD(B), let ||£(Du)||(B) denote the total symmetric variation
measure of Du. A general Poincaré-type estimate for BD-functions holds in the following

form.

Theorem 3.18 (Poincaré inequality for BD). Let B C R¢ be a bounded domain with Lips-
chitz boundary. Then there exists C > 0 such that for all u € BD(B), u,, =0,

[l e) < CllE(D)|[(B), (3.45)

where u,,, denotes the generalized trace. O

Proof. The proof is given by Temam [29, Remark I1.2.5, page 189]. [ |
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Theorem 3.19 (natural BD estimate). There exists C > 0 such that forallu € V,

[ullzps) < Cllhulllg, (3.46)

with C independent of h. O

Proof. Recall the definition of the BD norm

[wllencs) = Ilullor sy + [|E(DW|(B), (3.47)

where
|&(Dw)||(B) = sup{JBu- (V- (YT +V¥)): ¥ e CHB,RY), Y] < 1}. (3.48)

The proof continues mutatis mutandis as in Theorem 3.26. |

Using the estimate (3.46) for the difference u — uy together with Theorem 3.9
shows that convergence of the method is immediately strengthened from the ||| - ||/ ,-norm
to a mesh-independent estimate in the space BD(B). It is clear that any “optimal” esti-
mate in the symmetric norm, derived under less smoothness assumptions on the under-
lying continuous problem [26], translates into a corresponding “optimal” mesh-indepen-
dent BD estimate. It is worth remarking that the derivation of the BD estimate does not
make use of Theorem 3.15 that additionally establishes convergence of the discrete solu-
tions in L?(B).

The occurrence of the space BD is, strictly speaking, an artifact of the linearized
treatment, where only the symmetrized infinitesimal strains ¢(Vu) appear. Since this BD
estimate does not control the antisymmetric part of the displacement gradient, we are
interested in obtaining convergence in the space BV(B). However, since BV(B) is strictly
smaller than BD(B), there is no obvious way to proceed directly from the BD estimate to
a BV estimate. Instead, we will first strengthen Theorem 3.14 to the ||| - [||-norm. Note that
for a given mesh size h > 0, given the finite dimensionality of V}, and the fact that both

Il- [Iland [ - || are norms in Vy, we have, for up € Vy,

lenlgp < l[unllgy < Cllfunll] < e()lun|

(3.49)

S)
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where the estimate |[un|lgv < Clllunl/| is obtained in Theorem 3.26. However, c(h) may
not be bounded from below away from zero for all h > 0. The failure to obtain a mesh-
independent estimate between [[[uy ||, and [|[u[l| is a manifestation of the possible lack of
a discrete Korn's first inequality for nonconforming meshes [17]. In order to obtain con-
vergence in the ||| - [[[-norm, followed by a BV-estimate, and then convergence in BV, we

first establish a generalized version of Korn's second inequality at the element level.

3.3 Korn's second inequality for the subdivision

In this section, we investigate an analog to Korn’s second inequality at the element level,
independent of the element shape and size. The derivation of this inequality relies heav-
ily on how Korn's second inequality scales under uniform contractions. We set SL(d,R) =
X e RYxd | detX = 1}.

Theorem 3.20 (Korn's second inequality under distortion). Assume that Q < RY is a
bounded (reference) domain with Lipschitz boundary 0Q and let M = {X € SL(d,R) :
[IX]] < K}, for some K > 0. For F € M define Q¢ = F(Q). Then there exists C > 0 such that
forall F € M,u e H'(Qg),

2
IVeu™ + Veull} o +Iul3a, = Cliuli q,.- (3.50)
O

Proof. We first translate the statement to the fixed reference domain (). The affine trans-
formation & = F(x) together with the definition w(¢) = w(F(x)) = i(x) and detF = 1 leads

to
J [VeuT + Veul|” + [l :J [FTva’ + var'||* + a2, (3.51)
Q; Q

We proceed by contradiction. Assume, without loss of generality, that there exists a se-

quence {ii,} € H'(Q) with ||[it,||1,0 = 1 and a sequence F,, € M such that

_ 1
[} o = (3.52)

T~ - 12 o2 1
[FaToad + Vi 2 g+ ief2 < 1 !

Since F, is bounded, we may extract a subsequence which converges strongly to FeM

by Bolzano-Weierstrass. It is readily seen by continuity and the boundedness of 1, that

[FTval + VaF 2 + i3 o — 0 (3.53)
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Thus 1, is aminimizing sequence. For fixed F, the quadratic expression is uniformly pos-

itive (generalized Korn's second inequality, see [20]) such that
[P+ VanF o + il 0 = COfn; o (3:54)

for some C > 0, contradicting |[tin|[1,0 = 1. [ |

Theorem 3.21 (Korn's second inequality under scaling). Let Q C RY be a bounded do-
main with Lipschitz boundary 0Q and, without loss of generality, |QQ] = 1. Consider the
scaled domain Q;, = {hx : x € Q}, h > 0. Then there exists C(Q) > 0 such that for all
ue H'(Qyp),

1
—7zlul.0, > C(Q) (nwné,ah +
Qx|

1

2
—2/d||u|o,Qh>»

HVuT—i—VuHZ +
= ]

(3.55)

where the constant C(Q) is independent of h > 0 and coincides with the constant in

Korn's second inequality for Q. O

Proof. Let it € H'(Q). From Korn's second inequality (see, e.g., [20]), we get
. 112 . . .
VT + Va2 o + 3.0 > CQ) IVl o + 513 0)- (3.56)

Expressing every term with respect to the down-scaled Q, where ti(x) = u(hx), and

noticing that |Qy,| = h4, we get

1
VUl + Vg o, + 5l o,

1 1
> () e IVuli o, + fellBa, ).

h

from which we deduce the required result. Note that C(Q) is just the constant in Korn's

second inequality. [ |

Corollary 3.22 (uniformity in (73 )). Let E be the reference element for an element E €
(Th) as defined in Section 2. Without loss of generality, take [E| = 1. Then there exists
C > O such that forall E € (Ty),u € H'(E),

2 1 1
907+ Yl e+ rraule = C(IVule + rglivle ). (3.58)
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Proof. Let F be an affine transformation such that E = F(E). Decompose F = Fy - F into
its isochoric and volumetric part, where Fy, = (detF)'/41, I is the second-order identity
tensor, and F = F/(det F)'/9. Note that [E| = detF. Using [11, Theorem 3.1.3, page 120] and

the quasi-uniformity of the subdivision, we have that

= IFll
IFll - ol

: (3.59)

where p is the diameter of the largest ball contained in E and C is independent of E.

Therefore, by Theorem 3.20, we can state Korn's second inequality for each domain

F(E) in the subdivision with the same constant C > 0. The corollary then follows from
Theorem 3.21. u

3.4 Convergence in ||| - |||

We can now obtain convergence of the sequence of discrete solutions in the mesh-

dependent norm ||| - ||| using our generalized Korn's second inequality for the subdivision.

Theorem 3.23 (convergence in the mesh-dependent norm ||| - [||). Let (vip) C V be a se-
quence such that [lvu/l[, < Ch™ " and |[vn|lo,s < Ch™ forh | 0. Then

llonlf < chm! (3.60)

for some C > 0 independent of h. O

Proof. Use Corollary 3.22 and sum over the elements to obtain the estimate

1 1
S (I9E+ 9l e+ mralonlie ) = € X (19l e + aralvelce)
E€Th

E€Th
(3.61)

which, in light of equation (2.7), can be weakened to

2 1 2 2 1 2
> (I e Tonllae + palvnlae) 2 € X (I9wnliie + palinliie ) (362
E€eTh EeTh
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where C is independent of h > 0. Without loss of generality, assume 0 < C < 1. Adding

the specific jump contribution over the faces of each element shows that

2 1 2 2
Z | Vvr + VVhHO)E + ﬁHVhHO,E + Z Hre([["h]])HoB

EeTh ecéy
] (3.63)
2 2 2
>e 3 (Il el t T 1Bl
EeTh ecly
or
1 1
ol + o 3 w2 > c(mvhmzw > thué,E), (3.60
EE{Ih Ee‘Th
where, again, C > 0 is independent of h > 0. Thus
2 1 2 2 1 2 2
Ionll2 + sz ol 2 € (ol + sz onlz ) 2l 365)
Using the convergence of (v ) and equation (3.65), we obtain
[vw]II* < C(hz'“2 + }thZm) = Ch?™ 2 (3.66)
which completes the theorem. [ |

Remark 3.24. As is evident from the statement of Theorem 3.23, the convergence in ||| - |||
can only be shown for sequences converging in both ||| - [/[; and ||- || 2(g) with specific rates
in h, which we have established for vi; = u—u;, under appropriate hypotheses. In general,
for solutions of the continuous problem with less regularity, one might not have such
knowledge.

3.5 Convergence in BV

We prove that the mesh-dependent norm ||| - ||| estimates the BV norm on V= Vh+(H(‘) (B))¢

and as a result, we obtain convergence in BV. Recall that BV(B) is the space of functions
u € L'(B) such that the distributional derivative Du is a matrix-valued bounded Radon
measure.

For a function u € BV(B), ||Dul|(B) denotes the total variation measure of Du. A

general Poincaré-type estimate for BV-functions holds in the following form.
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Theorem 3.25 (Poincaré inequality for BV). There exists C > 0 such that for all u €
BV(RY),

[wllcasangay < ClIDuf(RY). (3.67)
U
Proof. Evans and Gariepy [16, Theorem 1, page 189]. [ |

Theorem 3.26 (natural BV estimate). There exists C > 0 such thatforall u € Vv,

[wllsy < Cliull, (3.68)

with C independent of h. O

Proof. Recall the definition of the BV norm
Iwlleye) = [l sy + IDu|(B), (3.69)
where
|Dul|(B) = sup {J u-(V-¥):¥e CHB,RYY) Y| < 1}. (3.70)
B

First observe that

J u- (VW)= | u-(V-¥)
B E€Th E
=y V~(‘P-u)—ZJ‘P-Vu
EeTy, *F EeTy U E (3.71)
:Z nE-‘%ufZJ‘P-Vu
EeTy, 9 EeT, ' E
f‘
:Z n-‘lﬁ[[u]]fZJ‘l’-Vu.
e€€y ”® EeT, ' E
Each term in the two sums may be estimated individually by
[u]
sup_ | [ v pl] < | < Il
1iloo <1 Le e [[Tudll (3.72)

Vu
sup —J W'Vu]SJ'—-Vug Vully e,
|th<1[ E i [Vuller e
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which yields the preliminary estimate

IDull(B) < Y ([l + X IVl (3.73)

e€ln E€eTh

Applying Holder's inequality to each term in the sum gives

DuB) < > el ?[[[udlly . + > [EV2[Vufoe. (3.74)
ecén E€Th

Taking the square of both sides and using Young's inequality leads to

2

2
+2] > E‘/2||Vu||O,E] . (3.75)

E€Th

IDul|*( <2[Zle”2|| Mo,

ec€ln

Now we use the Cauchy-Schwartz inequality for the sums in the brackets to show

1/2 1/272
IDu|?(B) < 2 [( > (lel'?) ) < > H[[u]]H(z),e) ]
ecéy ecén

+2 [( > (IEI’/2)2>W< > Vué‘E)”T (3.76)

< 2( Za el>< Zg H[M]Hi,e> +2< > E) ( > ||Vu||é,E>

which, by Lemma 3.3, implies

IDul*(B) < ( > e|> <Ch > re(lu HOB> +2Bl ) [Vulde

ecén ecén EE€ETh

<2c[< 5 em) S o)l

ecén ecln

(3.77)
+2Bl ) [IVu e,

E€Th
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with C independent of h. From (2.8),

IDuf*(B) < 2C

> Y ()2,

ecén ectn

< cm[ S re(m)]Z,+ Y ||Vu||é,E] 3.78)

ecén EeTh

+2Bl ) [[Vulge

EecTn

< CIBI |
By hypothesis, u € Vy, + (H}(B))¢; this implies u € BV(B) since u € L?(B) and

|[Dul|(B) is bounded by [[[u/||. We may extend u to a function it on all of R¢ by setting u to

zero outside of B. From [16, Theorem 1, page 183], we have the equivalence

ID%(RY) = [ Dul|(B). (3.79)
Thus, by applying the Poincaré inequality for BV, Theorem 3.25, we obtain

[ullpar@—ne) = [[tlLas@—n@a) < CIDU|(RY) = C[[Du|(B) < ClIull (3.80)

with C > 0 independent of h. This estimate is necessary since the mesh-dependent norm

Il - [l does not contain a contribution of the form [[u//2g). [ |

Corollary 3.27 (optimal mesh-independent estimate). Let (vi,) C V be a sequence such
that [[[vnll, < Ch™ ! and |[vn|jo,g < Ch™ for h | 0. Then

—1
[[vi|gy < ChR™ (3.81)

U

Proof. Apply Theorem 3.23 together with Theorem 3.26. [ |

4 Final remarks

Optimal convergence of a stabilized DG method for linear elasticity with Dirichlet
boundary conditions has been established in the mesh-independent BV norm. Unlike
interior penalty methods, the stabilization term contains a constant factor 3 > N, that
is easy to determine for a given discretization. The finite-element spaces composed of
piecewise polynomial functions over the elements are also easy to implement. In future
work, we will explore the numerical properties of the method and its extensions to finite

elasticity, elastoplasticity, and fracture.
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