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Abstract. In this paper, the optimal boundary control of a time-discrete Cahn—Hilliard—Navier—
Stokes system is studied. A general class of free energy potentials is considered which, in particular,
includes the double-obstacle potential. The latter homogeneous free energy density yields an op-
timal control problem for a family of coupled systems, which result from a time discretization of
a variational inequality of fourth order and the Navier—Stokes equation. The existence of an opti-
mal solution to the time-discrete control problem as well as an approximate version is established.
The latter approximation is obtained by mollifying the Moreau—Yosida approximation of the double-
obstacle potential. First order optimality conditions for the mollified problems are given, and in
addition to the convergence of optimal controls of the mollified problems to an optimal control of
the original problem, first order optimality conditions for the original problem are derived through
a limit process. The newly derived stationarity system is related to a function space version of
C-stationarity.

Key words. Cahn-Hilliard—Navier—Stokes system, double-obstacle potential, mathematical
programming with equilibrium constraints, optimal boundary control, Yosida regularization,
C-stationarity

AMS subject classifications. 35J87, 49J20, 34G25

DOI. 10.1137/120865628

1. Introduction. The coupled Cahn-Hilliard-Navier—Stokes (CH-NS) system is
a quantitative model which describes the hydrodynamics, such as demixing or phase
separation, of multiphase fluids. While the Navier—Stokes part of such a system
captures the fluid dynamics over time (see, e.g., [16]), the Cahn—Hilliard model is
related to an H~!-gradient flow for a Ginzburg-Landau free energy, which covers
the phase separation behavior [15]. Mathematically, a CH-NS system describing the
hydrodynamics of a two-phase fluid flow is given by

1
(1.1) atv—EAv—Fv-Vv—l—Vﬂ'—FKch:O in Qr,
(1.2) diveo =0 in Qr,
1

(1.3) O — EV -(b(c)Vw)+v-Ve=0  inQp,

(1.4) w € 0®(c) — vy*Ac inQr,

(1.5) c(0) = cq, v(0) = v, inQatt =0,
(1.6) Ve-i=0, Vw-i=0 on o x (0,7),
(1.7) v=r on o x (0, 7).

Here, v denotes the velocity of the fluid and 7 the related pressure; ¢, typically with
values in [—1, 1], is the order parameter describing the mass concentrations ¢; and ¢z
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of the fluid phases; and w is the associated chemical potential. The capillary number
K, the Reynolds number Re, the Péclet number Pe, and the diffusivity parameter
~ are given positive constants depending on material properties. The function b(-)
represents the mobility involved in the phase separation process. Further, the space-
time cylinder is given by Qp := Q2 x (0,7, i.e., it is the Cartesian product of a spatial
domain 2 C R™, n € {2,3}, and a time interval (0,7") with 7" > 0 given. By 0Q we
denote the boundary of Q and by 7 the outward unit normal on 9. By r we denote
some prescribed boundary velocity, and ¢, and v, are given initial data.

In the above system, which is related to Model H in [29], the mapping ® corre-
sponds to the homogeneous free energy density contained in the Ginzburg-Landau
energy model. It is usually nonconvex for capturing spinodal decomposition. Popu-
lar physically relevant choices are the logarithmic potential ®(c)(z) = Dy (c)(x) =
Y(c(x))— 3c2(x) for ¢(c) == (14¢)In(1+c)+(1—c) In(1—c), which can be found, e.g.,
in Cahn and Hilliard’s seminal paper [15] but also in the Flory—Huggins theory for
describing phase separation processes in the thermodynamics of polymer solutions,
and the double-obstacle potential [8, 9, 21], i.e., @y for ¢(c) := 0 if |¢] < 1 and oo
otherwise, which, in the context of polymer solutions, appears appropriate to model
situations of rapid wall-hardening [37]. A frequently used but possibly less relevant
choice for ® in material science is given by the double-well potential [18], i.e., ®y, for
Y(c) := c*. While the logarithmic and double-well potentials enjoy differentiability
properties (allowing one to replace 9® by the Fréchet derivative ®'), respectively, the
double-obstacle potential has a possibly genuinely set-valued derivative 0®(c) at c.
The latter clearly complicates the situation, both analytically and numerically, and
gives rise to a variational inequality in (1.4).

For the coupled CH-NS system, results on the existence of solutions were obtained
in [39] in the case Q = R?, in [12] for a periodical channel, and in [3, 2] for the general
case. There are various ways in which Model H can be generalized in order to allow for
fluids with different densities. Some of these models together with related analytical
and numerical results are discussed in [35, 13, 17, 2, 1, 23, 20]. On the numerical
level, for the CH-NS system with the double-well potential we refer to [30, 31, 32]
and we refer to [11] for three-phase flows; see also [12, 13, 10, 4, 34, 33]. In [25], an
adaptive solver based on reliable and efficient residual a posteriori error analysis for
the double-obstacle potential was developed.

In this paper we are interested in the optimal control of the coupled CH-NS
system. In this context, an objective functional 7 is minimized subject the CH-NS
system, i.e., we seek to solve the problem

(1.8) minimize J (¢, v, u) subject to (1.1)—(1.6),v = u on 92 x (0,7,

where the control u is an element of a closed, linear control space U. A particular
instance of U is the closed, linear subspace of the trace space containing controls
operating in the direction normal to a nonempty subset I'. of the boundary 0f2 of the
spatial domain € only. We also refer to Problem 3.2 below for a time-discrete version
of this optimization task (1.8).

With respect to applications the study of the above optimization problem is rel-
evant, for instance, in the formation of polymeric membranes in the context of an
immersion precipitation process. In this context, a polymer solution is immersed in a
coagulation bath which contains a nonsolvent. Due to the concentration difference be-
tween the polymeric solution and the nonsolvent, the polymeric solution decomposes
into two phases, a polymer-rich one and a polymer-poor one. It is well known [43]
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that the performance of the resulting polymer membrane depends significantly on its
morphology (i.e., the porosity structure), which is the result of the phase separation
process.

Optimal control problems for phase separation modeled by either the Cahn—
Hilliard or the Allen-Cahn system were previously studied in [22, 41, 42, 28, 19].
In these papers, however, no coupling with other physically relevant systems occur.
Concerning research on the coupled CH-NS system we mention that while some work
on the analysis and numerics for the coupled CH-NS system is available as discussed
above, to the best of our knowledge the literature on the optimal control of the
CH-NS system is essentially void. Hence, as a first step toward the optimal control
of the CH-NS system with a rather general choice of the free energy, in this paper we
study the optimal control of the time-discrete version of (1.8). We further note that
semidiscretization in time is a common approach toward the numerical solution of
time-dependent optimal control problems. In principle, however, we emphasize that
the analysis and the derivation of stationarity conditions are also of interest in the
time-continuous setting. This would require an analytic framework that extends the
one by Abels [2, 3] for the CH-NS system to the optimal control setting including
the corresponding adjoint system. This goes beyond the scope of the present paper
and remains for future research.

The rest of the paper is organized as follows. In section 2 the time-discrete CH-NS
system is stated and an appropriate solution concept is introduced. Further, energy
estimates are derived which are then used to prove existence of a solution of the time-
discrete CH-NS system for a given control action u. With respect to the choice of
the free energy, smooth as well as nonsmooth homogeneous free energy densities are
possible. This covers in particular the case of the double-obstacle potential giving
rise to a variational inequality. The associated semidiscrete optimal control problem
is studied in section 3, where, besides existence of an optimal solution, a first order
optimality system for a smooth free energy is derived. The latter includes the case
of a mollified version of the Moreau—Yosida approximation of the double-obstacle
potential. Finally, in section 4 a stationarity system for the double-obstacle potential
is derived through a limit process of the associated stationarity system of section 3.
The resulting system is of so-called C-stationarity type and is suitable for numerical
realization.

1.1. Notation. In order to simplify the notation and to ease the exposition,
from now on we set Re = Pe = K = 1, and we consider the constant mobility case
only, i.e., b(:) =1 in (1.1)—(1.6).

Further, N denotes the positive integers, and N* := NU {oo} and R := RU
{—00, 00} are the extended positive natural and real numbers, respectively. The du-
ality pairing between a Banach space X and its dual X* is written as (.,.) y : X*xX —
R. As usual, strong and weak convergence are denoted by — and —, respectively. For
a Hilbert space H its inner product is given by (.|.); : H x H — R, whereas Jy : H —
H* denotes the canonic isomorphism due to the Riesz theorem. Let N € {2,3} and
Q C RY be a bounded domain with smooth boundary. We define Wy := {c € L*(Q2) :
Joc =0}, Wi = H'(Q) N Wy with the norm [|¢||w, := [|Ve| 12q), and W_y := W
and —A : W7 — W_q by (—Aw, d))Wl = fQ Vw-Vw. Furthermore, the spaces W; for
i = 2,3 are given by W; := —A~1(W,_5) with the norms ||. ||w, := || = A(.)||w,_, and
W_; == W;. Then, there is a natural embedding W; — Wy = W — W_;. Since —A
is injective on Wi, these indeed are norms. Moreover, we set V; := {v € H}(Q;RY) :
dive = 0}, Vi := Vi N HFQRY), Vo := Vp := the closure of Vi in L2(Q;RYN),
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Vo =Ve, Vo= Vi, and Y, := W, x Vi, Y, = Wi x V; for i € {—1,0,1}. On
we use the norm |[[v[|; given by the functional [0y = [[V]ly, that is a seminorm
on Vi. The other spaces are equipped with their standard norms. The space W4
denotes the M-times product Wi x - -- x Wi. Other product spaces are denoted anal-
ogously. We define Cp := ||Ing(x71;V1)~ The subspace S; of S := HY?(9Q;RY)
is given by S; := Tr(V;i), where Tr denotes the usual zero order trace operator
Tr: HY(Q;RY) — HY?(99;RN). Moreover, S_; := S}.

We fix a time step size 7 > 0 and define for an arbitrary vector space X and
M € N the operators DT, S, ,S_ : XM+l — XM by

DT (zg,...,207) i= %(a:l — XOy . TN — TM—1)s
Si(zoy ..y xn) = (21, ., x0),
S,(xo,...,ﬁM) = (xo,...,fol).

For ease of notation, we use the following convention: Whenever we add z € X to
y € XMz for My > My, this is understood in the sense (¢ + Yo, - .., Tar, —1 + Yar, —1),
i.e., we project y onto its first M7 components.

Remark 1.1. For the proof of existence of a solution to the semidiscrete
CH-NS system below, we reduce the inhomogeneous, discretized version of the Navier—
Stokes equation (2.3) below to an equation satisfying homogeneous Dirichlet boundary
conditions. This will be done with the help of the operator F' € £(S7; V1) satisfying
TroF = Idg,, where Idg, denotes the identity operator on S;. Observe that such an
operator F' always exists. Indeed, by a result due to Heron [24], the subspace S; is
given by {u € S: |, a0 U7 = 0}. In particular, S; is a Hilbert space and the trace op-
erator regarded from V; into S7 is a linear, bounded, and surjective mapping between
Hilbert spaces. Consequently, there exists a right inverse operator F' € £(S1; V1) to
Tr, ie., TroF =1Idg, (cf. Aubin [5]). Moreover, we henceforth use the notation F for
a right inverse as defined above.

2. The semidiscrete CH-NS system. In our analysis we rely on the follow-
ing discretization schemes and the pertinent notion of solution. For the corresponding
mathematical description, below we use Y =Y | x .- x Y_; (M-times) and anal-
ogously for the other relevant spaces. Further, the actions of operators like A and V
are understood in the componentwise sense whenever applied to elements of W™ and
VM | respectively, and analogously for the multivalued operator A defined below.

DEFINITION 2.1 (solution of the semidiscrete CH-NS system). Let M € N, initial
data (cq,va) € Y1, a right-hand side (f¢, f°) € Y™, a boundary value r € SMHL and a
multivalued operator A C W1 xW_1 be given. A pair (c,v) € YlMJrl is called a solution
to the semidiscrete CH-NS system with data L := (M, T, (Ca,va), (f¢, f¥), 1, A), if there
erists w € VV1M+1 such that Trv =1 € S{VIH, co = Cq, wo =0, vg = v,, and

(2.1) Dfe—AS w+VS_c-Siv=f W,
—Siw—A(Syc) —I(S—c)+ ASie30 € WM,
(2.3) Dto—A(Sv) 4 (S_v-V)Sv— S, wVS_c=f eVM,

In the definition above and depending on the context we consider the negative
Laplace operator —A incorporating respective boundary conditions either as a map-
ping from W; into its dual W_; or from V; into V_;. Similarly, I represents the
canonical injection either of Wy into W_; or V; into ‘N/,l, again depending on the
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context. The operators —A Wy — W_; and ~I : W1 — W_, are self-adjoint, whereas
the adjoints of —A:V; = V_; and I : V; — V_; read as follows:

A V= Vo, (=AM, v)y, = (—Av, ), ,
I*: ‘71 — V_l, <I*5,’U>V1 = <U,f17>‘71 .

The evaluation of viscosity part (u-V)v in ¢ for u,v,q € Vi leads to the trilinear form
b(u, v, q), which, depending on the context, will be written in the following ways:

((u- Vv, q)y, = <bl(v,q),u>v1 = (bg(u,q),v> b(u,v,q) Z /ula vig;.

i,j=1

It is well known that ((u-V)v,v),, = 0 for all w € V; and v € Vi; see, e.g., [40,
Chapter 2, Lemma 1.3].

Remark 2.1. Let us consider b(c(x)) := 1 and ®(c)(z) := ¢(c )( ) — 3¢%(x) in the
system (1.1)—(1.7). If we replace d;c(t, z) by the forward difference < (S .c(z)—S_c(z))
and relate all other occurrences of ¢(t,x) either to S_c(x) or to S+c(a:) and do the
same for v and w, then we obtain the weak formulation (2.1)—(2.3) with A := 0.
Here, we assume the mean value of ¢ to remain constant and use the fact that by
formulating the discrete version of (1.1) in the space VM, the pressure term drops
out. Note that discretizing the original system in this way the quadratic terms cVw,
v-Vu, and v-Ve become linear in an iterative forward solver. Moreover, the nonconvex
part —3c? of ®(c) leading to the term —I(S_c) in (2.2) only contributes to the values
at the “old time slice” S_c and not to those at S, c.

Remark 2.2. Assume that (¢, ) is a solution to the semidiscrete CH-NS system
with data (M, 1, (cq,va), (f¢, f¥),7, A). Then it holds that

(2.4) Siw = (—A)*l(fC —Dte—VS_c-Syv),

where (—A)~! denotes the associated solution operator. Thus, the vector w is unique.
Moreover, note that the assumption Trv = r implies rg = Trov,. This condition
invokes compatibility of the boundary value r at initial time and the initial value v,
of the fluid velocity.

Remark 2.3. Let (c,w,v) € W x Wi x Vi with cg € Wy and f¢ € W_;.

1. If (¢, w,v) solves DYc — ASyw + VS_c - Syv = f¢ and if f¢ € Wy, so
is VS_c¢ - Siv and therefore —AS,w = f¢— DTc— VS_c- Siv as well.
Consequently, w; € Ws.

2. If —Syw—AS; c—IS_c¢+a=0 with a,S;w,S_c € W; for i € {0, 1}, then
—Ac; € W; and therefore ¢; € W 5.

The next reformulation of the problem proves to be useful for the following exis-
tence result.
LEMMA 2.2. The system (2.1)—(2.3) is equivalent to the system

(=A)'Dfe+ (~A 4+ A)Sic—I(S_c)

(2.5) +(=A)HVS_c-Syv) — (=A)Tfes0 ewM

(2.6) —Siw+ (—A) = (DTe+VS_c-Syv)| =0 e WM,

(2.7) DYoo — A(Stv) + (S_v-V)Siv — SywVS_c— U = cVvM.
Proof. This result is easily seen by applying (—A)~! to (2.1). d
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DEFINITION 2.3. We define the solution sets S(Z) C YMT and S*(T) c (W, x
Wy x Vi)M+L | respectively, as
S(Z) := {(¢,v) : (¢,v) is a solution to the semidiscrete CH-NS system for
given data T = (M, T, (cq,vq), (f¢, f),7, A)},
SY(I) :==A{(c,w,v) : (c,v) € S(T), wy =0, Syw satisfies (2.4)}.

2.1. Energy estimates I. Before establishing the existence of solutions to the
semidiscrete CH-NS system we study energy estimates. Such estimates are useful in
the existence proof in order to show that solutions to suitable auxilary problems yield
solutions to the original problem. _

DEFINITION 2.4 (energy functionals). For a given potential ¢ : W1 — R and

for (c,v) € Y1 we define the free energy, the kinectic energy, and the (total) energy,
respectively, according to

1 1
Erree(c) 1= 5 [llelliv, — lelliv] +¢(0),  Buan(v) := S0l
E(¢,v) := Efree(¢) + Ekin(v).

Here and below for a convex functional ¢ ¢ denotes the subdifferential of convex
analysis and D(A) denotes the domain of a given operator A. N

LEMMA 2.5. Assume that T > 0, (¢,0) € Y, w1 € Wi, (fe,fY)YeY 1, o: W) —
R convez, p(co) < oo, A=0p C Wy x W_q, B € L(V1;V_1) with (Bo,0)y, =0 for
all v € Vi and
(2.8)
Dte—Aw; = f¢, wy € —A(Syec)—I(S_c)+ASic, Do —AS v+ BS, 0= f".

Then for ¢ = (co,c1) and © = (Vo,01) it holds that
Efroo(cl) - Efrcc(c()) < T[ <fcvw1>W1 - ||w1||12/V1]7
Eiin (01) = Exin(00) < 7[(f*, S10)p, — H5+5||%71]~
Proof. The inclusion for w; implies ¢; € D(A) and therefore p(c;) < co. We
set v* = wy — (—A(Syc) — I(S_¢)), hence v* € Acy = Op(c1). Using the latter
equation, (2.8), (Tw,x—y) > $[(Tw,x) — (Ty,y)] for any symmetric and positive

operator T € L£(X; X*), and the definition of the free energy and the given equation,
we find that

Efroc (Cl) - Efrcc (CO)

1 1
3 (e, = llcollfy, ] — 5 [llex v, — lleollfy, ] + [e(e1) — @(co)]

< (—Aci,e1 = o)y, + (—Lco, 1 — co)yy, + (V71— co)yy,

:T<’LU1,D+C> = T<D+va1>wl = T<fC+A’w1,’lU1>W1

w
= 7[{fwi)w, — il ]-
Analogously, it follows that
Exin(v1) — Exin(?0)
1, 1 SO ~ o ~
5P, = 5lI%lY, < @18 —To)y, = 7(DTT,543)y,

= T(fU AT - BST, 840y = T[4 S4D)y, — 18475,

which completes the proof. 0
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Next we provide an estimate for the total energy related to a modified version of
our original problem (2.1)—(2.3) which allows a specific nonlinear coupling.

LEMMA 2.6. LetT >0, ¢ : Wi — R be conver, A = dyp, (c,w,v) € WExWZxVZ,
(fe,f°) € Y1, r € 82, and p(co) < co. Moreover, assume we are given operators
Be L(Vi;V_1), Q= (Q1,Q2) : Y1 — Y_1 such that for all b € Vi, 0 € Wy

(Bo, i)y, =0, (Q(id,d), (i,8))5, = 0.

Forv:=v—Fre ‘712 (with an implicit requirement for v) assume that

(29) D+C—Aw1 +Q1(U}17S+5)+VCO _FS+,',. — fC’
(2.10) wy € —A(S;c) — I(S_¢)+ AS;e,
(211) D+’U_A(S+'U)+BS+:J+ QQ(U}17S+5) = fv'

Then for a constant C depending only on 7, and || Fr||y.z2, with 21 := f¢—Veo-FSyr
and zo := f¥ — [FDVr + FSyr + BFS,r|, it holds that

T ~ ~
E(e1,v1) = E(co, v0) + 5 [lwillfy, + 1500 ] < Cllalliv, +llz2ll3 | + 1Tl +1).

Proof. Since v € V1 satisfies
D0 — AS 0+ BS,10 = 29 — Qa(w1, S40),
it follows from Lemma 2.5 that

Efree(c1) = Bgree(co) < T[<2’1,w1>wl —(Q1(w1, S40), w1 )y, — w13, ]
Eiin(81) — Exin(%0) = 7[ (22, 51:0)7, — (Qa2(w1, $40), S40)y, — [|1S4+71% |-
In order to pass from Eyi, (7;) to Egin(v;) we use
2[Exin(v1) — Exin(vo)]
= 2[Exin(V1 + Fr1) = Buin (G0 + Fro)] = |01 + Fra|[3, — (|50 + Froll%,
= (U1 + o + F(ro +71)[v1 — 0o + F(r1 —10))y,
< |[all¥, = 120l + 20101 llve + [Tollve) (IFrollve + [1F71llvs)
+(IFrollve + 1 Fr1llv,)?
< 2[Exin (01) — Exin(00)] + C([[01]lvs + [|P0]lvs + 1)
< 2[Ewin (1) — Eiin(00)] + %Hm”%l + C(|[voll3, + 1)

for constants C' depending only on €2, 7 and [[F'r[|yz. From this relation we obtain
the estimate

E(Cl,’Ul) —E(C(),’UQ)
< Btree(€1) — Biree(co) + Exin (01) — Exin(00) + 01113, + C([00ll3, + 1)
< (e, wi)wy, + (22, 840)g, — lwilly, — F1S+01% ] + CUIBllF, +1)
< =5 [lhoallfy, + 10012, ] + Clllzalify_, + l22ll2 | + [0l + 1)

This yields the assertion. 0
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COROLLARY 2.7. Let the assumptions of Lemma 2.6 be satisfied. If the functional
@ Wi — R satisfies

(H1) o(f) = 5llflv, = C

for a constant C, € R and every f € Wi, then there exists a constant m > 0
depending on T,€, co,vo, p(co), Cyp, and Fr such that every solution (c, w,v) to (2.9)-
(2.11) satisfies

lwillfy, +Iouly, < m®.

Proof. This is a direct consequence of Lemma 2.6 and E(c1,v1) > C,. d

2.2. Existence of solutions to the semidiscrete CH-NS system. The ex-
istence of a solution to the semidiscrete CH-NS system for one time step is studied
next. For an arbitrary finite number of steps M, this result will be applied iteratively
in the proof of Theorem 2.11 below.

In the existence proof we utilize results on several classes of operators. For the
reader’s convenience we briefly recall the definitions of these classes. A multivalued
operator A C X x X* mapping a Banach space X into its dual is called (strongly)
monotone if there exists a constant o« > 0 (« > 0) such that

(x} — 23,11 — m2) y > allzy — alk

for all (z1,27), (x2,23) € A, and it is maximal monotone if it is maximal among all
monotone operators. A single-valued operator A : X — X* is pseudomonotone if and
only if for every sequence (z,,) in X with z,, — = the implication

lim (Az,, 2, —2) <0 — (Az,z —v)  <lim (Az,, 2, —v)

is satisfied for every v € X. Here and below, lim and lim denote the limit inferior and
the limit superior, respectively. Finally, A : X — X™* is said to be totally continuous
if z, =2 in X implies Az, — Ax in X*. Thus, every totally continuous operator is
pseudomonotone. N

PROPOSITION 2.8. Let (cq,vq) € Y1, (§%,9°) € Y_1, and r € S? with Trv, = ry.
Assume that A C Wy x W_1 is mazimal monotone and R = (Ry, Rg) : Y, > Y., is

pseudomonotone and bounded such that for some constant Cy and all (¢,0) € 171 it
holds that

(2.12) (R(¢,0),(&,0))g, = =Cr(L +[|ellw, + [12]l5,)-

Moreover, suppose that the operators Ay, B : Y1 — Y_1 are defined for all (¢,0) € Y3
by

Ay (6,0) == ((

Q=

(—A)" = A, (L - A)d),  BY(¢,9) := (0, (vq - V)D).

T

Then there exists a pair (c,v) € Y such that

(2.13) Trv=r, ¢og = Ca, Vo = Vg,
(2.14) (=A) 'Dte+ (~A+ A)Syc—IS c+ Ri(Sic,Syv—FS.r) > g",
(2.15) DYoo — A(Sv) + (S—v-V)Siv + Re(Sic, Sqv— FSir) = g".
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Proof. Using D¢ = 1(S,c— S_c) and an analogue relation for v, the pair (c,v)
solves (2.14)—(2.15) if and only if

(L(=A)"' = A+ A)Sic+ Ri(See, Syv—FSyr) 3 §°+ (2(-A) +1)S_c,
(L —A)Siv+ (S_v-V)Sjv+ Ro(Sye,Syv — FSyr) =§° + 25 0.

If we set (¢,0) := (Syc,Siv — FSyr) € ¥y and (¢%¢%) = (§°+ (2(~A)~! +
DS_c, g*+2S_v—[(2 —A)FSir+(S_v-V)FS;r]) € Y_; and define the operator

T

Ax C Yy X Y1 by As(e,9) := (A¢,0), then (c,v) € Y} is a solution of (2.13)—(2.15) if

and only if (¢,0) € Y] satisfies © € V; and
(A1 +As + B™ + R)(¢,0) 3 (9% "),

which we regard as an equation in Y_1. The operator A; is strongly monotone,
As is maximal monotone, and the operators B+ and R are pseudomonotone and
bounded. These properties remain valid if we restrict these operators and regard
them as mappings from Y7 into Y_;. Moreover, A; + B% + R is coercive on Y7.
Therefore, Browder’s theorem [14] implies that A; + Ay + B + R C Y, x Y., is
surjective. This finishes the proof. ]

In the following lemma we study properties of the terms coupling the Cahn—
Hilliard and Navier—Stokes systems.

LEMMA 2.9. Let ¢, € Wy be given. Then the operator P = (P, Py) : Y1 — Y4
defined by

Py(w,0) :=Vep -0, Pao(w,d) :=—wVe

is bilinear, bounded, and totally continuous and satisfies (P(1,v), (1, ?))y, = 0 for
(w,0) € V7.

Proof. By Sobolev’s embedding theorem and since N < 3, the mappings (¢, ) +—
Vé-o: Wy x Vi — W_y and (¢, @) — wVeé: Wy x Wi — V_; are bilinear, bounded,
and compact in both components. Thus, P is totally continuous and bounded and
satisfies (P(w, 0), (w,?))y, = 0. o

PROPOSITION 2.10. Suppose we are given 0 < 7, (¢q,vq), (b, vp) € Y1, (f€, f¥) €
37,1, r € S with Trv, = 1o, a proper, convex, and lower-semicontinuous functional
¢ : Wi — R satisfying (Hi) for a constant C, € R and ¢(c,) < oco. Let A :=
dp C W1 x W_1. Then there exists a triple (c,w,v) € (Wy x Wy x V1)? such that
Co = Cq, Wy =0, vg =0y, Trv=r, and

Dte— Aw, + Ve, - Syv = f€,
wy € (A4 A)S;e—1S_c,
Dty —AS v+ (v - V)Syv —wi Vep = fo.

In particular, if (ca,vs) = (b, vp), then (c,w,v) € S¥(1, 7, (ca,va), (¢ f),r, A).

Proof. The proof is decomposed into several steps. First we show the bound-
edness of solutions independently of the involved operators followed by the precise
construction of the associated operators. In step 3 the total continuity of one of these
operators is proved. The last two steps show applicability of Proposition 2.8 and the
fact that we obtain a solution of the original problem by our proof technique.

1. Assume that we are given an operator Q = (Q1,Q2) : Y1 — Y_; satisfying
(Q(w,9), (,0))y, = 0 for all (w,?) € V1. By Corollary 2.7 there exists a constant
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m > 0 depending on 7, F'r,cq, Vg, f¢, and f” such that every solution (c,w,v) €
(Wl x Wy x Vl)z, vi=v—Fr¢ Vl, to
Trv =1, cog = Cq, Vo = Vq,
DTc— Awy + Q1 (w1, S40) +Vep - FSyr = f¢, w; € —A(Syc) —I(S_c)+ AS,c
D+’U - A(S+U) + (Ub . V)S+U + QQ(’LUl, S+f17) = fv,

satisfies the estimate

lwi iy, + 154+00%, < m*.

In particular, m does not depend on Q. Moreover, with P;(w,?) := Ve, - © and
Py(w,0) := —Vep according to Lemma 2.9, for (w,0) € Y7 we have that

[ Pr(@, 0)[[w_, = (Ve 0llw_, < Bill0llg,

[P2(0,9)|lg_, = [l —@Vel|ly , < Befld|w,

for constants (1,82 > 0 depending on  and ¢,. The operator —A : W7 — W_; is
strongly monotone with constant 1.

2. We define a function d : R — R and a norm |||.]|| on Y_; by
1 ift <1,
dit):==<2—-t ifl<t<2,
0 if 2 <t,

ey e e e AL

Furthermore, we define the operators @ = (Q1,Q2) : Y: — Y_; and QY My : Wy —
W_q for v € Vj as
Qi 9) = d(|[[P(, d)|l) P(eb, 0),
IlA)w = Ql(ﬁ),'{)),
Mih := — A + Q%
The operator @ inherits the property (Q(w, 9), (1, 9))y, = 0 from P. For w1, € Wi

and 0 € ‘71 we have
QY — QVallw_, = IId(IIIP(w )|||)P1( ) d(IIIP(wz,ﬁ)III)Pl(wz,@)Ilw_l

since Py (i, ) = Py (2, ) (0 17) If || ( 17)|| , = 4pim, then [[|P(d;, 0)[| >
[[|P(0,9)||| > 2 and therefore d(| ||P(;,9)]]]) = 0. onbequemtly7 we continue the
above estimation by

(216)  [Q¥in — Qi w,
< WIPG1, )1 = P2, )] ]I| 481m
1

—4ﬁ1m‘2 mln(ﬁ " 15: 5

—— V[P, ), — [ Pali, ) ]

—_

5”11)1 - w2||W1v
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where we use the Lipschitz continuity of d with modulus 1 for the first inequality and
the reverse triangle inequality for (2.16). From this we infer that Q% : Wy — W_;
is Lipschitz continuous with constant % Thus My : Wy — W_; is also Lipschitz
continuous and strongly monotone with constant % Therefore, the mapping S; :
571 — W1 given by

S1(é,0) == M;'[fe— L(¢—ca) — Vep - FSyr]

v

is well defined.

3. Now we show that S is totally continuous. For this purpose assume that
(EnyUn) —(¢,0) in 571 as n—oo. Then f, := f¢— %(én —¢q) — Ve - FSor converges
strongly to f := f¢— %(é —¢q)—Vep- FSirin W_; due to the compact embedding of
W1 into W_q. With w,, := S1(¢,, 0,) = Mﬁ_nlfn7 which implies —Aw, —I—Qf"uﬁn = fu,
and

QY @nllw_, = Ild(/[1P(@ns ) [[]) Pr(@ns 00)lwy < 1+ (1P (s 00) s
< Bullonlly,

we obtain that (Q%"b,) and (—Aw,) are bounded in W_; and (i) is bounded in
W1. For any weakly converging subsequence (i) of (w,) with weak limit 0 € W7 it
holds that Q™ ,, — Q%10 since P is totally continuous by Lemma 2.9. Consequently,

[ — @y, < (~A(bm —B), D — D)y,

= (i = ot = )y, = (Qi 0 — Q0 —b)
1
—0 asm—o0.
Since w0 is the unique solution to —Aw + Q¥ = f, S; must be totally continuous.
4. Consider the operator R = (Ry, R2) : Y1 — Y_; given by
Ri(&,9) := (—A)7'Q1(S1(¢,0), ),
Rg(é, ’lA}) = Qg(Sl (é, ’lA}), ’lA})
We show now that R satisfies the assumptions of Proposition 2.8. We start by estab-

lishing the boundedness of R and (2.12). We use d(|||P(w,d)|||) = 0 if ||| P(w, 0)||| > 2

and [[|[P(w,9)[|| > y[|P(d,9)||y_ | for v:= o min(ﬁ,min(ﬁ—z, m)) to estimate

1Q(w, 0)llg_, = |d([[[P(w, )| 1P(@, )], <

2

Consequently, R is bounded and satisfies (2.12). In order to realize that R is pseu-
domonotone it suffices to note that with S; and P also ) and R are totally continuous,
which implies that R is indeed pseudomonotone.

5. Note that A is maximal monotone by assumption. Therefore, by Proposi-
tion 2.8 there exists a pair (c,v) € Y{? satisfying for v := v — F'r

Tro=r, cg=cq, Vo = Vg,
(=A)'DY e+ (~A+ A)S,c—IS_c+ Ri(Syc,S:0) 2 (—A) 1 f° — Ve - FSyr),
Dv— A(S1v) + (v - V)S4v + Ro(Syc, S40) = f*.
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Let us define w := S1(S1¢, S4+v). Thus we obtain
~ 1
Dte—Aw+Qq(w,S40) + Ve, - FSyr = ;(SJFC — o) + Mg, zw+Vey-FSir = f€,

which furthermore shows that
w=(—A)"H~Aw) = (=A)"H(f* = Ve FSyr) — (=A) "D c— Ry (T, S47)
€ (-A+A)Syc—1S_c.
Therefore, by (2.9), (2.11), and Corollary 2.7 we infer

lwllify, + 1533, < m?.

This implies

_ 1 /1 o 1 - —
PG, 5D < 5 (31015 + - allwll, ) < o BTl + 15471, < 1.

Hence, from the definition of @ we conclude d(|||P(w,S+?)||]) = 1 and thus
Q(w, S+v) = P(w, S4v). This proves the assertion. O

THEOREM 2.11 (existence of solutions of the semidiscrete CH-NS system). For
every (M, 7, (casva), (¢, f¥),7) € NxRxY; xYM x SMFY with Trvg = ro and 0 < T,
and for every proper, conver, and lower-semicontinuous functional o : Wi — R satis-
fying (Hy) for a constant C, € R and p(cq) < 00, the set S(M, T, (¢a, va), (f, f¥),r, 0¢p)
15 nonempty.

Proof. We prove this theorem by induction over M. For M = 0, the assertion is
immediate. Hence, we consider (M 4 1,7, (¢q,va), (f¢, f¥),7) € Nx R x Y} x Y M+
SMH with Trv, = ro and 0 < 7.

Assuming that we have (c',v!) € S(M,7, (ca,va), (S_f¢,S_f¥),S_r, dp), by
Proposition 2.10, there exists (¢?, v?) € S(1,7, (¢, Vi), (Fira1s for1)s (P, Tais1), 00).
Therefore (c,v) :== ((c},...,ch;c3), (v, ..., v}, v})) is an element of the solution set
S(M + 1,7, (ca,va), ([, f¥),r,0p). O

2.3. Energy estimates II. In order to pass to the limit in the semidiscrete
CH-NS system with approximating sequences, we need some a priori estimates for
the energy. These are proved next.

PROPOSITION 2.12. Consider M € N, 7 > 0, the initial data (cq,v,) € Y1,
as well as bounds C,,Cy,,C., € R. Then there exists a constant C depending only
on Q, 7, M, (Ca,va),Cr,Cyp, and C,, such that for all r € S} with ||F7“||V1M+1 <

C,, and all convex functionals ¢ : Wi — R satisfying (Hy) with constant Cy,, and
w(cq) < C.,, every solution (¢, w,v) € S¥(M, T, (cq,va),0,7,0p) is bounded such that
Il (e, w, v) | (W, xwy xvyym+r < C and max{E(c;,v;) :i=0,...,M} <C.

Proof. We prove the proposition by induction over M. For M = 0, the assertion
is obvious. Now, suppose it is valid for some M € N. Let a solution (¢,w,v) €
SY(M 41,7, (cqa,v4),0,7,0¢) be given with » € SM+2 and [Fr]lyar+2 < Cp and with
¢ : W1 — R convex such that o(f) — 3|/ [}, > Cy and ¢(c,) < Ce,. By our induc-
tion hypothesis there exists a constant Cy depending only on Q, 7, M, (¢q, va), Cr, C,
and C., such that ||(c,w,v)]|xm+1 < Cy and max{E(c¢;,v;) : i =10,..., M} < Ch.
Here, we use the definition X := W x Wi x V4 and the notation ||(c,w,v)||xm+1 =
H((Co, RN CM), (’wo, ce ,’LUM), (’Uo, ce ,’UM))”XM.
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By Lemma 2.6 and with ¥ := v— Fr, Bv := (vp-V)v, and Q := P given in Lemma 2.9
(with ¢, := cpr) there exists a constant Cy depending only on Q, 7 and C, with

Blear1,var1) + F(lwarsa llfy, + [0arl3,)

< E(ear, omr) + Co(|[(ear, vom) 3, + 1)
< Cy 4+ C3Cy + Oy =: O3,

where we use that |BFray+1lly | = [[(va - V)Frays|y . < Cllumllv, and an ana-
log estimate for Vey - Fraqr. In particular, E(cp1,vm41) < Cs. Because of
E(ca41,va41) = Etree(crr41) > $llenrsally, + Cp > Cp, we have

learlliy, < 2(C5 —Cy)
as well as
lwarsillfy, + 102l < 2(Cs = E(ears1, var41)) < 2(Cs = Cy).
Finally, we note that

loss ¥y = 10ars1 + Frallt, < 2(10u41l3, + 1Fraall3,)
< 20p o+l + 20 Frarsali,-

This completes the proof. O

3. Optimal control of the semidiscrete CH-NS system. Now we are ready
to state the optimization problem under investigation, prove existence of a solution,
and establish a suitable stationary characterization. For the application of the theory
developed in section 2 we invoke the following assumption.

Assumption 3.1. The space U; is a closed, linear subspace of S; with induced
inner product and with its dual denoted by U_; := U{. We fix M € N, M > 2, initial
values (c,,vq) € Y1 with ¢, € H2(Q2) and Trv, € Uy, right-hand sides (f¢, f¥) € Y_1,
v > 0, and a desired concentration ¢, € Wy. Moreover, let 0 < 79 < 2 be given.

PROBLEM 3.2. Given a proper, convexr, and lower-semicontinuous functional
¢ : Wi — R we consider the problem (P.)

(Py) inf{J(c,u)| (c,v,u) € WMt x VML 5 UM+ (c,v) € S,ul,

where the functional J : VV1M+1 X U1M+1 — R and the set S,u for u € U1M+1 are
given by

1
J(ew) =5 (Vllenr = celffy, + ullZ s ),
St = S(M, T, (cava), (f, ), u, 0).

Moreover, we write Sju := S (M, T, (ca,va), (£, f?),u, 0p).

Before we address the existence of minimizers of problem (P,) we need a closed-
ness result for the solution sets along a sequence (u(™) and for a sequence (p(™))
approximating p(°) = .

PROPOSITION 3.1. Assume we are given a bounded sequence (u("))neN m
and a sequence (go(”))neN* of proper, convex, and lower-semicontinuous functionals
from Wy into R satisfying (Hy) of Corollary 2.7 for a common constant C' = Cpm for
all n € N. In addition, suppose that sequence (A™) with A := 9™ C Wy x W_,
for n € N* fulfills one of the following conditions:

U1]\4+1
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(Hy) Whenever AU™ 5 (e0m) q(m)) ~(&(00) q(%)) jn Wy x W_, for a subsequence
m € M C N with

lim <&<m> a(%) am) _ A<oo>> <0,
M>m — oo Wi
then (¢0>),a(>)) € A and (o™ —a(>),&lm) — &)y 0.

(Hs) It holds that A™ (W) C Wy and (—Aé N, =0 for alln € N and
all (& aMy) € AT with —A&™ € Wy. Moreover, whenever A™) >
(c(m),a(m))é(é(o‘)),&(o")) in W1 x Wy for a subsequence m € M C N,
then (¢(>),a(>)) € Al

Then there exists a subsequence (u(™) of (u(™) converging weakly to u
and a sequence of solutions (c™ w(™ v(M) € S;f’(n)u(”) for n € N* such that (c\™)

) in U1M+1

converges strongly in W1M+1 to ) and (w™,v™) converges weakly in (Wi x
VIMHL to (w(™) v(>)). Moreover, if (H3) holds true, then the sequences (c™) and
(S, a™) are bounded in H*(Q)M+1, respectively, W, for a™ € AM™ ™) given by

(—a)~'fe

S'Jra(" =
—[(=A)IDT ™ 4 (—A 4 A)S ™ — TS ¢ 4 (—=A)THVS_¢™ .5, 0]

Proof. By Theorem 2.11 we can find a solution (c(™,w™) v(™) e Soim u(™ for
every n € N satisfying

Tro™ = (™, cén) = Cq, w(()n) =0, v(()n) = Uq,
(=A)IDTe™ —AS ™ 4 8 0™ — 1S ™ 4 (—A)TH(VS_e™ . 5 ™)
= (-8

Siw™ = (=A)! [fe— (DFe™ 4 VS ™. S+v("))},

D™ — AS o™ 4 (S_v™ . V)8, 0™ — 5, wMVS M = fv
for a™ € AM (™) Proposition 2.12 shows that the sequence (c(™,w™) v(™) is
bounded in the space (W7 x Wy x V3)M*1 Hence, we can pass to a subsequence
(ctm) (™) (™) (M) that converges weakly to some (¢(%°),w(%) (%) ()} in (W} x
W1 x Vi x Uy)M+1, Exploiting the weak continuity of linear, bounded operators and

the total continuity of (¢, 0) — Vé-0, (¢,0) — wVeé and (91, 0) — (01-V)D we conclude
that S, a(™ converges weakly to some S, a(*) in W™ and

Tro(>) = u(oo) céoo) = Cq, (Oo) =0, v(goo) = Uq,

(=A) "D — AS, () 4 S+a( ) 18 ¢ 4 (=A)TH(VS_l>®) . 5, ()
=(-A)" 1fc

Spw®) = (=A)THfe = (D) 4 VS_e>) . S )],

D) — AS () 4 (§_0(®) . )5, 0(®) — § (T Ss_e(2) = fv.

In order to finish the proof, it remains to show the boundedness of (¢(™) and (a(™)
in H?(Q), respectively, Wy, in the case of (Hz), and moreover, the strong convergence

),al(-oo)) € A for 4 = 1,...,M. This will be done by
induction over 7 together with —Acgm) € Wy for the case of (Hs). We obviously

properties and that (c(OO

(2
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have cé") = ¢, € Vi N H%(Q) for all n € N*. This concludes the basis step of the
induction. Let us suppose that c( ™, cl(-oo) in Wi for some i = 0,..., M — 1 as well

(m) (%) (m)

as w; w; in Wy and v; 7 — vgoo) in V1. Using the equations above we obtain

_A(Cgfl) - Cgiol)) + al('Tl) - agiol)

= —[(~2) D™ — D) — I( ™ — )

K2

H=A) T V™ o) = Vel o)
and therefore by the compactness of I (—A)~'I,1 : W; — W_q, and (91,0)
(@1 V)’lA} : Vi x Vi3 — V_q that

i [ (-l D), () e ), ] = 0
1 1

m —» 00

Hence, we find

— [/ (m)_ (e0) (m) _ (00)
(3.1) lim <ai+1 Qiy15Cit1 Cz+1>W1
=~ tim (=A@ ) )
m — 00 1

= lim ||CiT1 - H—l ||W1 <0
m — o0

If (Hy) is satisfied, it follows directly that (c E +1), Z(frol)) € A as well as the conver-
gence <a£T1) - agiol),cgfl) - c£f1)>wl — 0 and therefore C§T1) — cl(-j_ol) in Wi. In the case
of (Hs), notice that from

(32) =AY +alt = (-A)TH(fE = Ve ol = D) 4 1el

n)

= wl(il + Icl(» = g(")

and g™ € Wy as well as A" (W) € Wy it follows that —Acgi)l € Wy. Moreover,
since (g(™) is bounded in Wy, the assumption (Hs) yields
(n) )
+1)

z+l Wo —

< ||g(n)HW0||a‘ij—1HWo'

ol v, = (o + $Ac) o

Consequently, (agi)l) is bounded in Wy and therefore (cgi)l) in H%(Q) by (3.2). Hence,

we can assume without loss of generality that (az(fl)) converges weakly in Wy and

strongly in W_; to agiol). By (Hs) it follows that ( gfl),aHl) A and by (3.1)

that CZ(T1) —>c§i°1) in W;. This completes the proof. u]
Remark 3.3. Tt is well known that for a maximal monotone operator A C W; x
W_, its Yosida approximations A(") := Ay, with parameter A, := % as well as the

sequence A(™ := A itself satisfy the condition (Hy). This condition is used in order
to show the existence of minimizers for a fixed potential ¢, whereas (Hs) will be the
appropriate condition for the approximation procedure which we apply below.

The existence result is stated next.
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THEOREM 3.2. For every proper, convex, and lower-semicontinuous functional
¢ : W1 — R fulfilling (Hy) and p(c,) < oo, problem (P,) admits a minimizer.

Proof. Let (¢ u™) ¢ UM x WMt be an infimizing sequence for prob-
lem (P,) and (w™,v™) ¢ WM x VMF! such that (c(™,w™ o) € S];u(”).
The coercivity of .J in the second component and the boundedness imply that (u(™))
is bounded in UlM’Ll. We choose p(™ := ¢ in Proposition 3.1 and Remark 3.3
to conclude the existence of a weakly convergent subsequence (c(”),w("),v(")) in
(W1 x Wy x V1)M+1 with limit within S2u(>®) and (u(™) in UM+ with limit u(>).
The weak lower semicontinuity of J implies that this limit is indeed a minimizer
of (P,). This finishes the proof. O

For the proof of the subsequent theorem we need the following auxiliary result.

LEMMA 3.3. Let ¢ : Wi — R be a proper, convex, and lower-semicontinuous
functional with a single-valued subdifferential A := Op, which is defined on all of
W1. Moreover, suppose that A : Wy — W_1 is continuously Fréchet differentiable in
wy € Wy with derivative Q := DA(wo) € L(W1;W_1). Then ¢o(w) := 3 (Qu, w)y,
is a proper, conver, and lower-semicontinuous functional on W1 and its subdifferential
Ap = 0py is single-valued, defined on all W1, and continuously Fréchet differentiable
with DAy(w) = Q for all w e W;.

Proof. Since Aw is a singelton and continuous for every w € Wy, ¢ is Gateaux
differentiable (cf. Showalter [38]). Consequently, @ € L(W7;W_1) is symmetric and
positive. Hence, the assertion follows. a

Next we study the adjoint system pertinent to (P,). This system is relevant
for deriving first order optimality conditions of approximate versions of (P,) with a
smooth potential .

THEOREM 3.4. Assume that (c°,u®) is a minimizer of (P,), (¢, w®,v°) € S,u’,
and that A = 0p C Wy x W_1 is single-valued, defined on W1, and maps W3 continu-
ously Fréchet differentiable into Wy. Moreover, for c € W3, DA(c) can be continuously
extended to an operator DA(c) € L(Wy; W1). Then there exists (p,q) € YM such that

0=-D"p+ (—A+ DA(S,S_c°))*(-~AS_p—VS_S_c°-S_q)
—I*(—ASer — VSJrSfCO . S'Jrq) — diV(SerSJrSJrUO)
+ diV(S+S+wOS+q),

1
Jwi (e = ce) = —py—1 + (=B + DA(cy)" (= Apar—1 = Ve - arr-1),

(Ju, Py, Tr)*Siu® = —I*"DTq — A*S_q + by (S S v°, S q) +ba(S_S_v°,S_q)
+S_pVS_S_¢°,

1
(Jo Py T)*uly = (1" = A" )qar—t +bo(vhs 1, avr—1) + Par—1 V1,

where the last two equations are understood in the sense of (Z*)M~1 and Z* for
Z={vel: Pyy Tro = 0} with Py, and Py denoting the orthogonal projections
of S1 onto Uy and its orthogonal complement Ui~ and w is given according to (2.4).
Proof. We split the proof into three steps. Our goal is to apply the theory
developed by Zowe and Kurcyusz [44]. For this purpose, in the first step of the proof
we define relevant quantities. Then we apply [44] in the second step. And finally, in
the third step, we rearrange terms in order to derive the asserted adjoint system.
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1. In the proof we utilize the sets and spaces
X o= W M gME
Xy = WM x VM UM,
Cleyv) = 1(c;v,u) € Xy (co,v0) = (b, vp), Truvp = up, PyaTrv = 0}
and the mappings @ : X; — X5 and g : X; — R defined by

Qc,v,u) := <D+c —A((-A+A)Sic—IS ¢c)+VS_c-Syv— f¢,
Dtv—AS v+ (S_v-V)Siv— ((mA+ A)Sic—I1S_¢c)VS_c— f",
St Ju, (Py, Tro — u)),

g(c,v,u) = J(c,u),

where Jy7, denotes the duality mapping from Uy to U—_;. With DA being the Fréchet

derivative of A : W3 — Wy, their derivatives at (c,v,u) € X in direction (¢’,v°,u%) €
X read as follows:

DQ(c,v,u;cé,vé,ué)
- (D+c5 — A((=A + DA(S4¢))Ssc® — IS_®) + VS_c® - Syv+VS_c- Syv’,
DTv? — AS v° + (S_v° - V)S v+ (S_v-V)S 0°
—((~A+A)S c—1S ¢)VS_® — ((~A+ DA(S;¢)S ¢ —1S_°)VS_c,
S, i (Py, Tro® — uﬁ)),

Dg(c,v,u;c‘s,v‘s,ué) =~ (CM - Ce‘c(;\/f)wo + (u‘u‘s)UIM+1 .

2. The triple (¢°,v°,u°) is a minimizer of g on the set Z := C(c, »,) N Q™ *(0);
cf. Remark 2.3. For the application of the existence result of Lagrange multipliers by
Zowe and Kurcyusz [44], it has to be shown that (¢°,v°,u°) is regular in the sense
of [44]. For this purpose we fix an arbitrary (f¢, fv, f*) € X5 and show the existence
of a (¢, 0%, ud) € Cl0,0) such that DQ(c?,v°,u® e, v, u’) = (fc,f”,f“). This is
equivalent to

(3.3) =0, 05=0, wud=0, SyJu, (P, (Trov® —u’)) = f"
Dte® — A((=A + DA(S. c))Sic® —I1S_¢®) +VS_c®- S0
+ + +
(3.4) = g°(c’, v, uf),
DTv? — AS v° + (S_v° - V)S10° — ((~A 4 DA(S,¢)Sc® — IS_®)VS_c°
(3.5) = g"(’, v, u),

where the right-hand-sides ¢g¢ and ¢¥ correspond to
gc(c‘;, v‘s,u‘s) = fe—VS_- S,
g (P00 ud) = fU— (S_0? - V)S10° + (A + A)Sy c— IS_¢)VS_ .

As in Theorem 2.11, the existence of a triple (¢?,v?, u%) satisfying the above equations
will be proved by induction over M’. Moreover, we show that it is possible to satisfy
the additional condition Trv® = 0. In case of M’ = 0, the conclusion is evident. Now,
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we assume that the system is satisfied for some M’ with 0 < M’ < M. We apply the
assumption on A, the previous lemma, Proposition 2.10, and Remark 2.3 in order to
conclude the existence of (c?,v?) € (W7 x V4)? such that

ug =0, = —Jg ' (fip firi),
DTe? = A((=A + DA(S4c°)Ssc? —IS_?) +VS_c®- S v* = g°(c, 0%, ud),
DY ? — AS v? 4 (S_v° - V)S 0% — ((—A + DA(S;¢°))S c* —IS_*)VS_c°

= gv(c(;? /U67 ué)'

C(2J=CM/, U%Z’UM/

Consequently, ((co,...,car,c2), (vo, ..., v, v2), (o, ..., upr,ul)) solves the system
(3.3)—(3.5) for M’ + 1. N

3. The result of Zowe—Kurcyusz now implies that for some (p, ¢,7) € WM x VM
UM = X;

Dg(CO, voauo; 06’ v[sa u6) = <DQ(CO, voauo; 06’ v[sa u6)7 (pa (J7T)>X*
2

for all (¢?,v°,u’) € C(g,9) holds true.
First notice that for ci,co € W1, v,v1,v9 € Vi we have
((=A)" (Ve 'U),CQ>W1 = (c2, (—A) ' (Ver -v)>W1 = (Ve v, (—A)7102>W1
= <—div((—A)_lcgv),cl>W1 = <(—A)_1CQV61,U>V1

as well as

<(—A)—1(V02 -’Ug)vcl,’U1>V1
= <v01 - U1, (—A)il(VCQ -’U2)>W1 = <V02 - V2, (—A)’l(Vcl -’U1)>W1

= <(—A)*1(VC1 'Ul)vc%v2>v1 ‘

Choosing (¢?,0,0) € C(0,0), Passing to adjoint operators, and collecting terms involv-
ing ¢ we obtain

v (c3s — CG‘C[JsW)WO
=(D"¢® = A((~A+ DA(S+¢))S+c® —I1S_¢°) + VS_¢ - S+0%. D)y
—{((=A+A)S c—1S_cVS_ + ((=A+ DA(S4¢)S+® —IS_)VS_¢,q) i
Vl

M—-1

(Z(is = p) + (=5 + DA (~A)pics + " Api — div(pidy)
i=1
+ le((—A + A)Cprl — Iciqi) — (—A + DA(CZ‘))*(VCZ‘,1 . qifl)

+I*(Vei - qi) cf >W
1

1
+ <;pM1 + (=A+ DA(cm)) [-Aprv—1 — Ven—1 - qu—1), ctjs\/[>
Wi

Hence, we can choose cf arbitrarily for ¢ > 0, which implies the assertion on p.
Next, we use (0,0,u’) € C(0,0) and find (UO|U6)U1W+1 = (—S+u5‘r)UM and hence
’ 1 1

r+ S, u® = 0. Finally, choosing (0,v°,0) € Cl(0,0) and proceeding as before yields

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/29/14 to 37.143.177.147. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

OPTIMAL CONTROL OF CAHN-HILLIARD-NAVIER-STOKES 765

0= (D"® — AS ° + (S_v° - V)S10° + (S_v° - V)S40’, q)
+(VS_c°- S+v6,p>W1M + (S+Pu, Trvﬂr)

VM
Vi

UM
M-1
= Z < ;I* (i1 — i) — A%qi—1 + b1 (vi 1, qi) + b2 (vi_1,qi-1)
i=1
+pi1Ve] =T P, vd >V
1

1. . .
+< ;I ari—1 — A qar—1 + ba (V1 qnv—1) + pa—1 Ve — TrPh ul, , vl >

1

This concludes the proof. a B
LEMMA 3.5. Let (¢,v) € Y1, (fP, f%) € Y_1, and ¥ be the set of all solutions
(p.q, A) to

(36) L+ (<A +A)(~Ap—Veq) = 7

(37) (31— A% )g 4+ bo(o,q) + pVe = 1

with (p,q) € Y1 and A € L(Wy;W_1) monotone and such that A(Wy) C Wi,
(=Ar, Ar)y, >0 for all v € W3. Then {(p,q) : (p,q, A) € ¥} is bounded in Y;.

Proof. Let (p,q, A) € V. Then, there is an r € W; with (—A+A)r = p. Moreover,
—Ar = p— Ar € W implies that r belongs to W3. Testing r with this equation, it
follows that

:rhw, = (A + Ay, = Irliy,-

Testing (3.6) with r we obtain

V

1 T
;IITH%VI + §Hf”|\%v,1 = Ll Ml {lws
1

T

(p, 7’>W1 +(=Ap—Ve-q,(-A+ A)T>W1

Y

1
~lIrlly, + lIpll, — g(ep,q)-

Testing (3.7) with ¢ it follows that

1

1 1
Shal, +S0F2 = 7l ally, = —llali, + lal, +0+ g(e,,a),

and summing both inequalities

Sl + ol + Sllal3, + Tlal, < TIIR, + 5050
gives the result. d
THEOREM 3.6. Let (cp(”))neN* be a sequence of proper, conver, and lower-semi-
continuous functionals from Wy into R satisfying (Hy) for a common constant C =
Comy for alln > 1 as well as (Ha) or (Hz) and let A = 9™ fulfill the assumptions
of Theorem 3.4. Suppose that (™, u(™) € WlMle X V1M+1 ><U1Mle are minimizers for
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(Pymy) for alln € N, (c("),w(”),v(”))~€ SS(,(n)u(") with (J(c™,u(™)) being bounded.
Then there exist (p™,q™) € WM x VM satisfying
(3.8) 0=—D"p™ + (=A + DAM (S, S_c™))*(— AS_p™

—VS_ S . S,q(")) _ I*(—A5’+p(")

— VS8 ™8 ™) — div(Sp™ S, S v™)

+ div(S4 Syw™ S q™),

n 1 n

(3.9) T (e —ee) = —pii

+ (A + DA (PN (—ap(y, — Ve (i),

(3.10)  (Jy, Py, T*S u® = —I*D*¢™ — A*S_¢™ +b,(S; S 0™, S, ¢™)
+by(S_S 0™ S ¢™) 48 pMvs s )

% 0 1 * * n n n n n
(3.11) (Ju, Po, Tr)*ufyy = (;I —A )qgw)fl +b2(v§\411,q§\4l1) +p§\/1)71VC§\4)717

where the last two equations are understood in the sense of (Z*)M~1 and Z* for
Z={veVi: Py Trv=0}. For a subsequence (denoted by index m) it holds that

M (0 in WM+
(), ) (m)) s (1) (50) 4 (090) gy ML o MLy ML
(p'"™, ™) = (p'>, ¢!>) in WM x VM,

DA™ (S, ™) (= Ap™) — v 8™ . g(m)y s N0y M
Moreover, (¢!, u(>)) is a minimizer of (Py)) and we have that

(3.12) 0=—DTp>®) — A*(=AS_p(>®) —VS_S§_¢(=) .5 _g(>)
+ A [ (—AS p™) — VS, S ). 5, ()
— div(S;p™ 8, S v%)) + div(S, Sy w™) S, ¢,

(e’ 1 (e’ % e’} (e’ e’} (e’
(3.13) Jw, (ng ) - ce) = ;pgw—)l —-A (_Apg\/[—)l - VC§W—)1 ’ q1(\4—)1) + )‘5\4—)1a

(3.14)  (Ju, Py, T)*Sou® = —I*Dtq™) — A*S_¢(>) 4 b)(5, 5,0, 5, ¢
+by(S_S v 8§ ¢(>)) 4§ p>Ivs 5 ()

% 0 1 % % e’} (e’ e’} %) (e’
(3.15) (Ju, Pu, Tr)*ufy, = (;I - A )q§\421 + b2(”§\/[—)1’q§\421) +p§\421VC§\4217

Proof. We split the proof into three steps. We first prove the strong convergence
of a subsequence (") and the weak convergence of a subsequence (w(™), v(™) (™))
and then we establish the weak convergence of the adjoint state. Finally, we pass to
the limit in the first order system.

1. Using Theorem 3.4 we find sequences (p(™),>1 in WM and (¢™),>; in V;}M
satisfying the desired system. Moreover, the coercivity of J in u and the boundedness
of (J(c™ u(™)) imply that (u(™) is bounded in UM, Taking advantage of Propo-
sition 3.1 it follows that we can pass to subsequences (c¢(™) and (v(™,u(™)) that
converge strongly to ¢(>) in WlMle and weakly to (v(>) 4(>)) in V1M+1 X U1M+1,
respectively, with (c(°), (%) 4(>)) being a minimizer of (P o))
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2. Now we show that (p(™) and (¢(™) are bounded in WM, respectively, V;*.

This is done by induction. First observe that forn € N, i € {0,...,M—1}, (pz(.")7 qgn))
satisfies

1 n n * n n n n
;p§ ' (A DA (AP = e gy = g™,

1 n n n n n n
(27— a0 )l a4 79 = 107

for

iy + I (= Ap = Vel - qlD)

g =0 +divpl o) - div(w{heD) i< M1,
ACHEES =AM
Lo [0 Po Tl 2 bl i< M -1,
© T o Py Tyl ifi= M-t

(n) (n))

Since (cy; ,uyy (m)

is bounded in Wy x Uy, so is (g,,” 1, h(Mnll) inY_,. Therefore, let
(n)

us assume that (gfn), h;"’) is bounded in }7,1 for some i = 0,...,M — 1 as well as

(pg-"), q§")) in Y; for all j > i. Lemma 3.5 now implies that also (p(-”), ql(”)) is bounded

in V3 and thus (g{"),h{™)) in Y_; if i > 0.

3. By (3.8), A" := DA™ (S, S M) (—AS_p(™ —VS_S_c(™.5_¢(") remains
bounded in W_Mgfl. Therefore, we pass to subsequences (denote by index m again) to
obtain the desired convergence result for (p™)), (¢(™)), and (\(™)). Using the strong

and weak convergences and the properties of the operators involved and passing to
the limit in (3.8)—(3.11) as m — oo we finally end up with (3.13)—(3.15). O

4. Application to the double-obstacle potential. In this section we con-
sider the case where ¢ is given by the indicator function of a special convex subset
of Wy. This corresponds to the Cahn—Hilliard system with double-obstacle potential.
Moreover, the ¢(™ are defined as mollified versions of the Moreau—Yosida approxima-
tions in Wy of ¢ := ¢(°). In this setting, the optimization problem (P,) becomes a
mathematical program with complementarity constraints since (2.2) indeed becomes
a variational inequality. In this context our approach yields a function space version
of C-stationarity; see [26] for the latter.

In this section, we use the notation of the previous sections and suppose Assump-
tion 3.1 to hold.

Double-obstacle potential. Let kq, ks € R with k1 < 0 < ky. We define

K = [k, ko], Yi=1x: R =R, 0 :=0p CR xR,
Ko:={ceWy:c(z) € K forae. z€Q}, K;:=KynW.

Then ¢ :=1x, : W1 — R defines a so-called double-obstacle potential.

Moreover, let p € C(R) denote a fixed mollifier with suppp C [-1,1], [pp=1,
and 0 < p < 1 ae. on R, and let € : RT — Rt be a function with (o) > 0 and
29 50 as a—0. We consider the Yosida approximation 6, (with parameter a > 0)

[e3

of 0 (for the general definition we refer to [6]) and define

1 /s ~ s ~
PE(S) = _p( )7 ﬁa = 90( * Pe(a)s ea(s) = / eou QDQ(C) = / 901 o ¢,
€ 0 Q

9
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where * denotes the usual convolution operator. Let 7 > 0 be fixed such that the
sequence of functionals (np(”))neN* given by
o) = o, ap i=T1in" L, o) = Pa,,

satifies conditions (Hz) and (H;) for some common constant C. Finally, A =
().

In what follows we collect a few useful properties of ¢ and its approximations
©(™ . For proofs and further details we refer to [28].

Remark 4.1.

1. The mapping S5, : R — R is a regularization of the Yosida approximation 6,
of # and ¢, : W1 — R a regularization of the Moreau—Yosida approximation
of ¢ in L?(Q).

2. The existence of 71 > 0 such that (¢(™), ey~ satisfies conditions (Hs) and (H;)
for some common constant C' was shown in Proposition 4.3 of [28].

3. The subdifferentials A" = 9p(") meet the assumption on the operator A
given in Theorem 3.6. For a proof we again refer to the arguments provided
in [28].

4. For sufficiently small «, B, vanishes identically in a neighborhood of 0. Note
further that we could choose different mollifiers p* and p? instead of p in
the definition of 3, (s) for either positive s or negative s, respectively. Thus,
conditions (Hy) and (Hs) remain true also in this case.

THEOREM 4.1. Consider the setting of this section and suppose that h : R — R is
a Lipschitz function with h(ky) = h(k2) = 0. Then, the optimization problem (P ,wx))
admits a minimizer (¢, u™). Moreover, we can find (™, w(™ v(™) € S:,f’u(") and
(p™,¢™) according to Theorem 3.6 such that for the sequences (a™) and (A™)
given by aén) =0 and

Syal™ = (=A)~'fe
—[(=A)tDFe™ — AS ™ — 1S ™ 4 (—A)TH(VS_e™ - S ™M),
AM = DA™ (5, M) pm)
£ .= DAM (S, MY (—Ap™ — TS_c™ . ¢M),

there exist subsequences (denoted by index m) with
M () in WMHL,
(w(m),a(m),v(m)) N (w(OO)ﬂ(OO),U(OO)) in W1M+1 % Wj/flJrl % V1M+17

(™ pm) qm) glm)y s (y(00) p(00) (20) e(o0)y iy UMAL 5 WM 5 M 5 W,
such that (c®) u(>)) is a minimizer of (P,) and

fe=DTc™) — AS w(>®) 4 VS _ (). §, ()
S w™) = —AS, () — 1§ (%) 4 g(o0),
U =D — AS v 4 (8,0 . V)S ()
_ S+w(°°)VS,c(°°),
0=—Dtp) — A*(_Ag_p(oo) — VS S ). S_q(oo)) + 5(00)
_ I*(—AS+p(°°) _ VS+S_C(°°) . S+q(oo))
— div(S4p S, S, v%)) + div(S, Sy w8, ¢(>)),
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o 1 o % %) o %) o
Jw, (05\4 )~ Ce) = ;Pg\421 —A (_APS\JL - ch\421 : qg\421) + 51(\4217

(Ju, P, Tr)*Syut™) = —1"D¥gl>) — A*S (%) 4 by(9, 5,00, S, ¢1>))
+ba(S_S_ v 8 ¢ 4§ p>®Iys § ()

(o Po, Tl = (21 = A% )52, + ba(oliy 052 + PS5, Vel
Furthermore, if (\™) remains bounded in (H(Q)*)M with \(™) — X(*)  then we have
for a subsequence (A\®)) of (\™)) and all i =0,...,M — 1 that

(5+a>) [ R(S1el>))) , =0, (A |n(Sc>))),, =0,
lim (S+a(m) |p(m) )L2 =0, h_m(/\(m) |p(m) )L2 >0,

)\gk) —0 a.e. on{xr€N: ki <ciy1(x) < ka}.

Proof. 0. Since the double-obstacle potential ¢ satisfies the conditions (Hgs)
and (H;) for a common constant and since all AT = 9p(™) satisfy the assumptions
of Theorem 3.6, it remains to show that (J(c™,u(™)) is bounded for a sequence of
minimizers (¢(™,u(") as given in Theorem 3.6. But this is easily seen by our energy

)
estimates, the fact that J(c,u) < C + Ef_ . (cm) + %HUH%}MH for a constant C' and
1

free
sufficiently large n and by choosing u = 0.

1. We start by showing the complementarity condition ( S,al%) | h(S,c>) )L2 =
0. Since (S’Jrc(oo), S’+a(°°)) € A by Proposition 3.1 and since A is the superposition
operator of § = Ovxr C R x R, we conclude that (cl(-oo), al(-oo)) € f for almost all z €
and ¢ > 0 and therefore al(-oo)(x)h(cgoo)(x)) = 0 since one of the factors equals 0.
Integration yields the complementarity condition.

2. Next, we prove lim (A(™ [ (S, c(™)) , = 0. Denoting the metric projection
of Ronto K = [k, ka] by px and the metric projection of Wy onto {f € L?(Q) : f(x) €
K a.e. on Q} by P (which is the superposition operator of pr), respectively, and
taking advantage of the continuity of the superposition operator of h on Wy (cf. [36]),
it follows that P(W;) € HY(Q) and lim Pc™ = Pc(>) = () lim h(Pc™) =
R(Pc™)) = h(c(*)) = lim h(c™) in (H*(Q))M*+!. Moreover, it holds that |3, (s)| <
L for all s and B,(s) = 0 for ki + e(a) < s < ko — e(a); see [28] for details. If
Ly, is the Lipschitz constant of h, then |h(s)| < Lj min(|s — k1], |s — k2|) for r € R.
Consequently, it follows that

[(AT [R(PSe™) ) L = [(p™) | DA (S, )h(PS4c™)) [P
M
<P I3 [ 18, P
i=1

2
elam
< (M99 1 2, 2220) s g

m

as m — oo. Moreover, since (A(™)) is supposed to be bounded in (H'(Q)*)™ we have
that

lim (AT | A(Syc™))
— lim (AT | A(PS4c™)) ., + lim <A<m>, h(S e — h(PS+c<m>)>
=0

H(Q)M
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3. We set g (8) := Ba,, (s) — B, (s)r(s) with s — px(s) = k(s). Then we obtain

Qm

(Sal™ [p™)) , = (p'"™) | Ba,, (S4c™))
= (P g (S4c™)) o + (A™ [ S4c™ — PSLM) .

By Lemma 4.2 in [28], for m sufficiently large it holds that |gm(s)| = |Ba,, (s) —
B, (s)k(s)| < C % Hence, the first term on the right-hand side converges to 0.

This is also true for the second since (A(™)) is bounded in (H*()*)™ and (¢(™) and
(Pc™)) both converge to ¢(*) in H'(Q)M.

4. The fact that lim ( A | plm) )L2 > 0 is a consequence of the monotonicity of
DA(”)(c) : Wy — W_y for every ¢ € Wi. Indeed, given ¢ € W we have

1
(n) ——> — 1 _<<n> 2y A —_> >
<DA (c)e,c " ltlgn0 2 A" (c+te) — Ae, (c+tE) —c w, 2 0
by the monotonicity of A,
5. Let us fix i € {0,..., M — 1} and representatives of the equivalence classes

() (ct™)). Further, define Z := {z € Q : k; < c(fl) (x) < ko}. Since c(ml) converges

i i+
to cgfl) in W7, a subsequence converges almost everywhere on 2. Without loss of
generality, we assume that (cz(fl)) itself has this convergence property. Moreover, we
know that e(cv,) —0. Hence, for almost all x € Z there exists mo(x) such that

k1 +e(am) < cz(fl) () < ko — e(aum,) for all m > mg(z).

(m) (x) = 0 for almost all x € Z and

(3
m > mp(x). Consequently, /\Em) converges to 0 almost everywhere on Z. d
We remark that compared to weaker forms of stationarity, for instance, those con-
tained in [7] for certain classes of optimal control problems for variational inequalities,
C-stationarity represents a sharper stationarity notion avoiding spurious stationarity
points. A numerical realization based on an extension of the algorithms in [27] to the
CH-NS setting will be the subject of future work.

From the properties of 3, it follows that A
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