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Abstract. This paper deals with optimal control problems for dynamical systems governed by con-
strained functional-differential inclusions of neutral type. Such control systems contain time-delays not only
in state variables but also in velocity variables, which make them essentially more complicated than delay-
differential (or differential-difference) inclusions. Our main goal is to derive necessary optimality conditions
for general optimal control problems governed by neutral functional-differential inclusions with endpoint
constraints. While some results are available for smooth control systems governed by neutral functional-
differential equations, we are not familiar with any results for neutral functional-differential inclusions, even
with smooth cost functionals in the absence of endpoint constraints. Developing the method of discrete
approximations (which is certainly of independent interest) and employing advanced tools of generalized
differentiation, we conduct a variational analysis of neutral functional-differential inclusions and obtain new

necessary optimality conditions of both Euler-Lagrange and Hamiltonian types.
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1 Introduction

This paper concerns the study of optimal control problems for the so-called neutral functional-
differential inclusions. which contain time-delays in both state and velocity variables. Such in-
clusions belong to the broad class of hereditary systems known also as systems with memory or
aftereffect. They have been investigated in the form of controlled functional-differential equations
being important for various practical applications. particularly to problems of automatic control,
economic dynamics, modeling of ecological, biological, and chemical processes, etc.; see examples
and discussions in {1, 4. 12, 10. 14. 15. 19] and their references. Note that some classes of hyperbolic
PDEs can be reduced to neutral functional-differential equations, as shown in the above references.

To our knowledge. control problems for neutral functional-differential inclusions have not been

'Research was partly supported by the National Science Foundation under grant DMS-0072179.



sufficiently studied in the literature. We are only familiar with results concerning existence of
optimal solutions, local controllability, and relaxation procedures mostly collected in [14].

| In this paper we consider the following dynamic optimization (generalized optimal control)
problem (P):

| b
(1.1) . minimize J[z] := ¢(z(a), z(b)) +/ fz(t),z(t — A),t) dt

over feasible arcs z : [a — A, b] — IR™, which are continuous on [a — A, a) and [a, b] (with a possible
jump at t = a) and such that the combination z(-) — Az(- — A) is absolutely continuous on [a, b},

satisfying the neutral functional-differential inclusion

(1.2) \ C%[x(t) — Az(t - A)] € F(z(t),z(t — A),t) ae. t€ [a,b],

(13) .’L‘(t) = C(t)v te [a - Ava)’
with the endpoint constraints
(1.4) (z(a), (b)) € Q C R*™.

We always assume that F': R" x R" x [a,b] = IR™ is a set-valued mapping of closed graph,  is a
closed set, A >0 is a constant delay, and A is a constant n x n matrix.

Note that the neutral-type operator in the left-hand side of (1.2) is given in the Hale form [10]
and that trajectories of the neutral inclusion may be assumed to be discontinuous not only at t = a
but also at the points ¢t = a + jA € [a,b], 7 = 1,2,.... Moreover, the results obtained in this
paper can be easily extended to problems with the cost function ¢ depending on z{a + jA), the
constraints (1.4) given at these intermediate points, and the integrand f in (1.1) depending on the
velocity 2(t) for z(t) := z(t) — Az{t — A), t € [a,b]. We can also consider the cases of multiple
delays ) > Ay > ... > Ay > 0 as well as variable delays A(t) > 0, where A(-) is a Lipschitz

continuous (hence a.e. differentiable) function satisfying the assumption
JA(t)] < a € (0,1) ae. tE€[a,b],

which ensures that the function ¢ — A(t) is invertible on [a,b]. For simplicity we focus in what
follows on problem (P} formulated in (1.1)-(1.4).

Our primary goal is to derive necessary optimality conditions for problem (P) under general
assumptions on the initial data. For nondelayed systems governed by differential inclusions (A =
0, A = 0) necessary optimality conditions have been studied intensively during recent years; see
[5,11, 16, 21, 27, 28, 29, 31] and the references therein. Some results are known for delay-differential
(or differential-difference) inclusions corresponding to A = 0 in (1.2); see [6, 7, 17, 23, 24]. We are

not familiar with any necessary optimality conditions obtained for problem (P) governed by neutral



functional-differential inclusions with A # 0 in (1.2) besides the case of smooth control systems

corresponding to
(15) F(z,y,1) = {v € B" v = g(z,9,u,t), ue U}

with continuously differentiable functions ¢, f, ¢ in (1.1) and (1.2) as well as those describing end-
point constraints; see [3, 9, 13, 19] and their references.

 Observe that neutral-type systems are essentially different from their counterparts with A = 0.
In particular, it is well known that an analog of the Pontryagin maximum principle does not
generally hold for neutral systems, even in the classical smooth framework of (1.5), with no con-
verity assumptions. In a sense, neutral-type systems combine properties of continuous-time and
discrete-time control systems; indeed, they can be treated as discrete-time systems regarding veloc-
ity variables. On the other hand, neutral systems have some similarities with the so-called hybrid
and algebraic-differential equations important in engineering control applications.

In this paper we derive necessary optimality conditions for the neutral-type control problem
(P) under general assumptions on its initial data involving nonsmooth functions and nonconvex
sets. These conditions are obtained in extended Euler-Lagrange and Hamiltonian forms involving
advanced generalized differential constructions of variational analysis; see Section 4. Note that the
results obtained seem to be new even in the case of nondelayed problems with A # 0 corresponding
to implicit differential inclusions.

Our approach is based on the method of discrete approzimations, in the line developed in [19, 21]
for nondelayed differential inclusions and in [23, 24] for delay-differential systems with A = 0. This
method, which is certainly of independent interest from both qualitative and numerical viewpoints,
allows us to construct a well-posed parametric family of optimal control problems for approximating
systems governed by discrete-time analogs of neutral functional-differential inclusions. A crucial
issue is to establish stability of such approximations that ensures an appropriate strong convergence
of optimal solutions. Convergence analysis of this method and its application to necessary opti-
mality conditions for neutral systems are essentially more involved in comparison with the cases of
differential and delay-differential inclusions.

The approximating discrete-time control problems can be reduced to special finite-dimensional
problems of nonsmooth programming with an increasing number of geometric constraints that may
have empty interiors. To handle such problems, we use suitable generalized differential tools of
variational analysis satisfying a comprehensive calculus that allows us to derive general necessary
optimality conditions for finite-difference analogs of neutral functional-differential inclusions. Then
passing to the limit from well-posed discrete approximations with the strong convergence of optimal
solutions and employing generalized differential calculus, we obtain necessary optimality conditions
for the original problem (P).

The rest of the paper is organized as follows. In Section 2 we show that some combination built



upon a given admissible trajectory of the neutral inclusion (1.2) can be strongly approzimated by
the corresponding combination built upon admissible trajectories of discrete-time systems. This

“result important for its own sake plays a crucial role in the construction of well-posed discrete ap-
proximations to the original problem (P) and in the subsequent justification of a strong convergence
of their optimal solutions to the given optimal trajectory for (P).

Such a convergence analysis is conducted in Section 3 for a sequence of well-posed discrete
approximations to (P) involving an appropriate perturbation of the endpoint constraints (1.4)
that is consistent with the step of discretization. The required strong convergence of optimal
solutions is established under an intrinsic property of the original problem (P) called relazation
stability. This property imposing the equality between the optimal values in (P) and its relaxation
(convexification) goes far beyond the convexity assumption on the velocity sets F(z,y,t).

Section 4 contains the basic constructions and required material on generalized differentiation
needed for performing a variational analysis of discrete-time and continuous-time optimal control
problems in the subsequent sections. These constructions and calculus rules are used in Section 5
for deriving general necessary optimality conditions for nonconvex discrete-time inclusions arising
in discrete approximations of the original problem (P). The main results on the extended Euler-
Lagrange and Hamiltonian conditions for neutral functional-differential inclusions are derived in
Section 6 via passing to the limit from discrete approximations.

Our notation is basically standard; cf. [21] and [26]. Recall that, given a set-valued mapping
(multifunction) F': X =3 Y between finite-dimensional spaces, the Painlevé-Kuratowski upper/outer
limit of F(z) as £ — Z is defined by

LimsupF(z) = {y€Y| 3z, = &, Jyr o y with y, € F(z,) forall k€ N},

T

where IN stands for the collection of all natural numbers.

2 Discrete approximations of neutral inclusions

This section concerns the study of discrete approximations of an arbitrary admissible trajectory to
the neutral functional-differential inclusion (1.2) with the initial condition (1.3). We show that,
under fairly general assumptions. any admissible trajectory to (1.2) and (1.3) can be strongly
approzimated in the sense indicated below by the corresponding trajectories to finite-difference
inclusions obtained from (1.2) by the Euler scheme. This result is constructive providing efficient
estimates for the approximation rate, and hence it is certainly of independent interest for numerical
analysis and applications.

Let Z(-) be an admissible trajectory in (P), i.e., it is continuous on [a — A, a) and [a,b] (with
a possible jump at ¢ = a), the combination z(-) — Az(- — A) is absolutely continuous on [a, ],

and relations (1.2) and (1.3) are satisfied. Note that the endpoint constraints (1.4) may not hold



for Z(-); if they do hold, Z(-) is feasible to (P). The following standing assumptions are imposed
throughout the paper: '

(H1) There are an open set U C IR™ and two positive numbers £r and mp such that Z(t) € U for
all t € [a — A, b), the sets F(z,y,t) are closed, and one has
F(z,y,t) C mpB for all (z,y,t) €U x U x [a,b],
F(z1,y1,t) C F(z2,y2,t) + Lr(lz1 — 2| + ly1 — y2!) B

if (z1,91), (z2,¥2) € U X U and t € [a, b], where IB stands for the closed unit ball in IR".
(H2) F(z,y,t) is Hausdorff continuous for a.e. t € [a, b] uniformly in (z,y) € U x U.
(H3) The function () is continuous on [a — A, a}.

Following [8], we consider the so-called averaged modulus of continuity for the multifunction
F(z,y,t) with (z,y) € U x U and t € [a,b] that is defined by

b
T(F;h) = / o(F;t,h)dt,
a
where o(F;t,h) := sup {J(F;z,y,t,h)| (z,y) € U x U} with

h h
ﬁ(F;x,yat7h) = Ssup {haUS(F(z,y,tl)aF(-’L‘,y,t2))‘ (t13t2) € [t_ §’t+ 5] n [aab]}’

and where haus(:,-) stands for the Hausdorff distance between two compact sets. It is proved in
[8] that if F(z,y,t) is Hausdorff continuous for a.e. t € [a,b] uniformly in (z,y) € U x U, then
7(F;h) = 0 as b — 0. This fact is essentially used in the sequel.

Let us construct a sequence of discrete approximations of the given neutral-differential inclusion

replacing the derivative in (1.2) by the Fuler finite difference

%[z(t) ~ Azlt— A)] ~ z(t + h) —Aa:(t+h—hA) - a(t) + As(t - A)

In what follows we assume that A > 0: the case of A = 0 can be treated by the limiting procedure as
A0 see Remark 6.3. For any N € IN := {1,2,...} we consider the step of discretization hy := —1%—
and define the discrete grid/partition t; := a + jhy as j = —N, ...,k and tx4, := b, where k is a
natural number determined from a+khny < b < a+(k+1)hy. Oneclearly hast_y =a—A4A, ty = a,
and hy — 0 as N — oo. Then the corresponding neutral functional-difference inclusions associated

with (1.2) and (1.3) are given by

N(tj+1) — Azn(t;41 — A) € zn(ty) — Azn(t; — A)
(2.1) +hNF($,\'(tj),:E‘\'(t]’ - A),tj) for 1=0,...,k; .
zn(t;) = c(t;) forj=-N,...,-1.



A collection of vectors {zn(t;)| j = —N,...,k + 1} satisfying (2.1) is a discrete trajectory and the

corresponding collection

{wN(tj+1) — Azn(tj41 — A) —zn(ty) + Azn(t; = A) I

- j_—.o,...,k}

is a combined discrete velocity for (2.1). We consider extensions zn(t) of discrete trajectories to
the continuous-time interval [a — A, b] defined piecewise-linearly on [a, b] and piecewise-constantly,
continuously from the right on [a — A, a). We also define piecewise-constant extensions of combined
discrete velocities on [a, b] by

(IIN(tj.H) — Aa:N(th - A) - a:N(tj) + A.’L‘N(tj — A)
hn !

un (t) := tE€[tj,t41), 7=0,...,k.

It is easy to verify that

zn(t) — Azn(t — A) = zn(a) — Azn(a — A) + /tvN(s) ds fort € [a,b] and

d

o —[zn(t) — Azn(t — A)] = vn(t) ae t € [a,b).

Let W'2[a,b] be a standard Sobolev space of absolutely continuous functions z: [a,b] — R"

with the norm
Jellsa i= max fa(0)] + /I:v (ot

The following theorem. which plays an essential role in the subsequent constructions and results of
the paper being also important for its own sake, establishes a strong approzimation of any admis-
sible trajectory for the given neutral functional-differential inclusion by corresponding solutions to

discrete approximations (2.1).

Theorem 2.1 Let Z(-) be an admissible trajectory for (1.2) and (1.3) under hypotheses (H1)-(H3).
Then there is a sequence {zx(t;) | j = —N,...,k+ 1}, N € IN, of solutions to discrete inclusions
(2.1) such that zn(to) = Z(a) for all N € IN, the eztended discrete trajectories zn(t), a—A < t < b,
converge uniformly to Z(-) on [a—A.b]. and their extended combinations zx(t)—Azn (t—A) converge
to &(t) — AZ(t — A) in the W2-norm on [a.b] as N — oco. In particular, some subsequence of

{%[ZN(t) — Azn(t — A)]} converges pointwisely to H[_( ) — AZ(t - A)] for a.e. t € [a,b].

Proof. Using the density of step-functions in L![a. b}, we first select a sequence {wn(-)}, N € IV,
such that each wy(¢) is constant on the interval [t;.¢;41) for 7 =0,... .k and that wx(-) converge

to %[i(.) — Az(- — A)] as N — = in the norm topology of L'[a, b]. It follows from (H1) that

o (®)] < Jon (0 = 2170 = 42 - Q)|+ | S 120 - Azt - 2))] < 14 mp



for all t € [a,b] and N € IN. In the estimates below we use the sequence

€N==/ab

Denote wy; := wy(t;) and define discrete functions {un(t;)|j = —N,...,k + 1} recurrently by

%[E(t) - AZ(t — A)] —wn(t)|dt -0 as N — oo,

un(t;) = Z(t;) for j=-N,...,0,
un(tjs1) := Aun(tj+1 — A) +un(t;) — Aun(t; — A) + hnwy; for j=0,...,k.

Then the extended (in the above way) discrete functions satisfy
un(t) = Z(t;) fort € [tj,tj41), 5=—N,...,-1,
t
un(t) — Auny(t — A) = Z(a) — AZ(a — A) +/ wn(s)ds for't € [a,b).
a

Next we denote rn (t) := un(t) — Z(t), yn(t) := |rn(t) — Arn(t — A)| and prove that |ry ()] — 0

uniformly in [a,b] as N — co. Indeed, for any t € [a,b] one has

yn (t) := |un(t) — Aun(t — &) = [E(t) — AZ(t — A)]]
t
< [ fonto) - Zlat) - dats - )] ds < e,
(O] < uv(e) + 141 (e = ) S uw(®) + [ Aluw(e — A) + 4P - 28) < ...
<o (D) + Aln (= B) 4.+ Ay~ mA) + 1A et — (m + 1A

which implies the estimates

Observe that c(-) is uniformly continuous on [a— A, a] due to assumption (H3). Picking an arbitrary

sequence By 4 0 as N — oo, we therefore have
le(t') — c(t")] < Br whenever t',¢" € [t;,tj41], j=-N,...,~L

Choose an integer number m such that ¢ ~ A <b—(m+1)A <a. Thent—{m+1)A € [t;,t;1)
for some j € {—N,....~1}. which implies that

[rn(t = (m+ 1)A)] < le(t;) — et — (m +1)A)] < Bw.
Since m € IN does not depend on N. this gives
(2.2) Irn(t)] < En(L+ Al + ...+ JA™) + |[A" 1By =0 as N — oo.

Now consider a sequence {{x} defined by

k
(v = hy Zdist(wN,;F(UN(tj),UN(tj - A),t5))
3=0



and show that {(y | 0 as N — oco. By construction of (5 and the averaged modulus of continuity

7(F; h) we get the following estimates:

LIy )
(v = Z/ dist(wn;; F(un(t)), un (t; — A),t5)) dt
j=0 tj
k tit1
=30 [ distlon,; Flunts),un(t; - &), ) at

& ti+1 ’ )
+ Z [ [diSt(wNj s Flun (tj)»uN(tj - A), tJ)) dt - diSt(wNj;F(uN(tj)a uN(tj - 4), t))] dt
J=0"%

ko ortin ) ko ptiv
< Zo/t dist(wn;; Fun (), un(t; — A),t)) dt + Z/t ~o(F;t,hy)dt
=0 vt

k tig1
< Z/J dist(wn;; Fun(t), un (t; — A),t)) dt + 7(F; hy).
3=0 tj

Further, assumption (H1) implies that for any ¢ € [¢;,¢;41) with j = 0,...,k one has
dist(wn;; Flun (t;), un (t; — A), 1)) — dist(wn;; Flun(t), un (t — A),t))
< diSt(F(uN(tj)7uN(tj - A)’t)’ F(UN(t)qu(t - A)vt))
< Lr(lun(ty) —un ()] + lun(t; — A) —un(t - A))).
Taking into account that
|UN(tj) - A’uN(t]’ - A) - ['U.N(t) - AuN(t — A)H
t
= ‘/ wN(s)ds‘ <A +mpe)tjp1—t;) =1 +mp)hy:=an |0,
t
we arrive at
lun (t) — un(t)] < an +1A[ - Jun(t = A) —un(tj — A)
San(l+ A+ +|A™) + A" Hun (t — (m + 1)A) —un(t; - (m +1)A)|
<an(1+ Al +...+A™) +|A]™ By :=by L0 as N = 0
and hence ensure that
diSt(wNj;F(uN(tj), un(t; — A),t)) — dist(wNJ;F(uN(t), un(t — A),t)) < 20rby.
It follows from (H1) and (2.2) that for any t € [tj,t;4)) and j = 0,...,k one has
dist{wn,: Fun (t).un (t — A),t)) ~ dist{wn (t); F(Z(t), 2(t — A). 1))
< dist(Fun(t).un(t — A),¢), F(2(t),2(t - A),1))
SLe(lun(t) = (] + lun(t ~ A) = z(t = A4))|)
S 22pEN(1 4 |A] +... +|A™) + 20 |A™ 1 By.



Combining the above estimates and denoting
uw = 26y + 2N (1 + |4+ ...+ [A™) + 24 B,
we arrive at

dist(wn;; Fun(t;), un (t; — A),1)) < 28pby + dist(wy;; Fun(t), un(t — A),t))
< 20pby + 20pEn (1 + |Al + ... + |A[™) + 2Lp| A By + dist(wn;; F(E(2), 2( — A), 1))

< trpn + fow, — [a(0) — A3t~ A

and finally conclude that

(2.3) SR Z/

=§N+€p,uN(b—~a)+T(F;hN) =yv 40 as N = oo.

tJ+1

(low, = S1(2) ~ A(t = A)]| + Lryaw) i + 7(Fs )

Note that the discrete functions {un(t;) | = —N, ...,k + 1} may not be trajectories for (2.1),
since one does not generally have wy, € F(un(t;),un(t; — A),t;) for j = 0,..., k. Let us construct
the desired trajectories {zn(¢;) | j = —N,...,k + 1} by the following prozimal algorithm:

(

zn(tj) = c(tj) for j=~=N,...,~1, 2zn(to) = Z(a),

zn(tjr1) — Azn(tj — A) = an(t;) — Azn(t; — A) + hyoy, for j=0,...,k,
on; € Fan(tj),zn(t; — A),t;) with

lon; = w;| = dist(wn;; Fzn(ty), zn (8 — A),t5)) for 7=0,...,k.

\

It follows from the construction (2.4) that zy(t;) is a feasible trajectory to the discrete inclusion
(2.1) for each N € IN. Note that

|zn (t) — Z(t)] = |2n(t5) — Z(2)] = |e(ty) —c(t)| < By forte [tjstj+1), 5= —N,...,~1,

which implies that the extensions of zy(-) converge to Z(t) uniformly on [a — A, a). Let us analyze
the situation on [a, b]. v

First we claim that zy(t;) € U for j = 0,...,k + 1, where U C IR" is a neighborhood of Z(:)
given in (H1). Arguing by induction, we obv1ously have zn(to) € U and assume that zy(t;) € U
.for all j =1,...,m with some fixed m € {1,...,k}. Then

2 (bms1) = s (s 1)] = [Azn (st = A) + 25 (tm) = Azn (b = A) + Aoy,
= (Aun(tm+1 — A) +un(tm) — Aun (tm = A) + hywn,, )|

S Al len(tmir = B) = un(tma1 — D)+ [A] - |zn(tm = A) — un (tm ~ A)]

+ 2N (tm) — un(tm)| + hndist(wn,,; F(zn (tm), 28 (tm — D), tm)).



Taking into account that

lzn(tm) — un(tm)l < Jan(tm-1) — un(tm-1)] + |A] - |28 m-1-N) — uN (Em-1-N)]
+ |A| . |ZN(tm—N) - UN(tm—N)l + hNdiSt(wNm_l;F(ZN(tm_l),zN(tm_l - A))tm_l))
~ and that |zn(t;) — un(tj)| =0 for § <0, one has

m

(2.5) 2N (tm+1) = un (tmt1)] < Mhy Y dist(wn;; Fun(t;),un(t; — A), 1)) < My
§=0

with some constant M > 0. Now invoking (2.2) and increasing M if necessary, we arrive at
|28 (tms1) = E(tme1)| < En + Myy -0 as N — oo.

It remains to prove that the extended combinations zy(t) — Azn(t — A) converge to Z(t) —
Az(t — A) in the W2-norm on [a, b], which means that

tren[g‘)lf]PN — Azn(t — A) - [E(t) — AZ(t — ]l
+ [ |Gl ® - Aswit - 8)] - 25 - As(t - A ]| dt -0 as N — oo,
a
To furnish this, we use (2.5) and get the estimate
k+1 k+1 -1
> lan(t) —un(t)] < D MY hndist(wn,,; F(un (tm), un (tm — A), tm))
j=0 7=0 m=0
k
< M(b-a) Y dist(wn,; Flun(t;),un(t; - A),4)),
=0

which implies by (H1) that

t]+1
[zN —Azn(t— A ]-—wN dt Z/
L

kooptiv k :
Z/ o, —wn, | dt =3 hndist(wn,; F(zn(t), 2n(t; — A), 1))
2, 2

k

[ZN — Azn(t — A)] —wn(t)|dt

ZhNdlst w;; Flun (t). un (t; — A),t5))

?"ll

+ZhN[d1st wr; Fzn(ty).zn (t — 8),15)) = dist(wn,; Fun (), un(t; = A), t5))]
j=0

< ko hndist(wy,: Flun (t;). un(t; = A), 1))
k

+Y_trhn(Jan(ty) — un ()] + [2n (8 — A) = un(t; — A)]]
=0

<N+ ZthN lzn(t5) —un(t)] + lan (tj — A) —un(t; — A)|]
Jj=0
k

SN +2M(b—a)lr Y hndist(wn,; Flun(t;), un(t; — A),t5)) < v + 2MEp(b - a)yn.
3=0

10



The latter ensures the estimate

b d d,_ _ i
Zlen(t) - Azn(t = )] - Z[5(2) - Aa(t - A))|at
b

<

b
%[ZN(t) ~ Azn(t - A)] - wN(t)l dt + / ) —%[:z(t) — AF(t— A)]l dt

<an(1+2M(b—a)lp) +&n.

Since zy(t) € U, it follows from (H1) by (1.2) and (2.4) that IEdZ[ZN(t) — Azy(t — A)]| < mp,
| &[z(t) — AZ(t — A)]| < mp, and hence

b d d _ = 2
/a 'a[ZN(t) — Ay (t = A)] - —[5(t) - A(t - Aﬂ‘ dt

,, |
Slen () - dan(t — A)) - Sl2(0) ~ z(e - A)]

X ,%[z,v( ~ Azy(t - A ]+—[z A:?:(t—A)]'dt
< 2mp[ynv (1 +2M (b - a)lfp) +€N].L0 as N — 0.
Observing that

max |z (t) — Azy (t = A) = [2(t) - AZ(t - A)]|

t€fa,b]
< | A A 41z AZ(t— A 2d
< [ |Glentt) = Azwe— ) - iz - Az - 8)] d,
we arrive at (2.6) and complete the proof of the theorem. A

3 Strong convergence of discrete optimal solutions

Our next goal is to construct a sequence of well-posed discrete approximations of the whole dynamic
optimization problem (P) given in (1.1)-(1.4) such that optimal solutions to discrete approximation
problems strongly converge, in the sense described below, to a given optimal solution Z(:) to the
original optimization problem governed by neutral functional-differential inclusions. The following
construction explicitly involves the optimal solution Z(-) to the problem (P) under consideration
for which we aim to derive necessary optimality conditions in the subsequent sections.

Given Z(t), a — A < t < b, take its approximation zy(t) from Theorem 2.1 and denote ny :=
{zn (tk41) — Z(b)]. For any natural number N we consider the following discrete-time dynamic

optimization problem (Ppy):

minimize Inlzy] = plzx(to). :rx»(fm +|xN(to)~gz( )2
L+l
(3.1) +hNZfz\ rxlty = A), +Z/ — Az(t - A)]
13
_$N(f +1) = - 11\( g+l ~A)—Jtr\(t])+A:vN( ‘ it

hn
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subject to the dynamic constraints governed by neutral functional-difference inclusions (2.1), the

endpoint constraints

(3.2) (zn(to), T (1)) € QN == Q + v 1B,

which are ny-perturbations of the original endpoint constraints (1.4), and the auxiliary constraints
3.3) . len(t;) —Z(t)| <€, j=1,...,k+1,

with some € > 0. The latter é.uxiliary constraints are needed to guarantee the existence of optimal
solutions in (Py) and can be ignored in the derivation of necessary optimality conditions; see below.

In what follows we select € > 0 in (3.3) such that Z(t) + e B C U for all ¢t € [a — A, b] and take’
sufficiently large N ensuring that ny < €. Note that problems (Py) have feasible solutions, since
the trajectories zy from Theorem 2.1 satisfy all the constraints (2.1), (3.2), and (3.3). Therefore,
by the classical Weierstrass theorem in finite dimensions, each (Py) admits an optimal solution
Zn(-) under the following assumption imposed in addition to (H1)-(H3), where U stands for a
neighborhood of the optimal trajectory Z(-) to (P):

(H4) ¢ is continuous on U x U, f(z,y, ) is continuous for a.e. ¢ € [a, b] uniformly in (z,y) € U x U,

f(-,-,t) is continuous on U x U uniformly in ¢t € [a,b], and © is locally closed around

(Z(a), Z(b)).

We are going to justify the strong convergence of Zy(-) — Z(:) in the sense of Theorem 2.1.
To proceed, we need to involve an important intrinsic property of the original problem (P) called
relazation stability. Following the line originated by Jack Warga in optimal control theory (see the
book [30] and its references), we consider the relazed problem (R) of minimizing the cost functional

(1.1) on admissible trajectories of the convezified functional-differential inclusion of the neutral type

d
(3.4) E[z(t) — Az(t — A)] € coF(z(t), z(t — A),t) ae.t € [a,b]
with the initial “tail” condition (1.3) and the endpoint constraints (1.4). Any admissible trajectory
for (3.4) satisfying (1.3) is called a relazed trajectory for (1.2).
One clearly has inf(R) < inf(P) for the optimal values of the cost functionals in the relaxed

and original problems. We say that the original problem (P) is stable with respect to relazation if
inf(P) = inf(R).

This property, which obviously holds under the convexity assumption on the sets F(z,y.t), goes
far beyond the convexity. General sufficient conditions for the relaxation stability of the neutral-
type problem (P) follows from [14]. We also refer the reader to [2, 21, 23, 30] for more detailed
discussions on the validity of the relaxation stability property for various classes of differential,

functional-differential, and functional-integral control systems.
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Now we are ready to establish the following strong convergence theorem for optimal solutions
to discrete approximations, which makes a bridge between optimal control problems governed by

neutral functional-differential and functional-difference inclusions.

Theorem 3.1 Let Z(:) be an optimal solution to problem (P), which is assumed to be stable with
respect to relazation. Suppose also that hypotheses (H1)-(H4) hold. Then any sequence {Tn(-)},
N € IN, of optimal solutions to (Py) extended to to the continuous interval [a — A,b] converges
uniformly to Z(-) on [a— A, b], and the sequence of their combinations Ty (-) — AZn(-— A) converges
to Z(-) — AZ(- — A) in the WbH2-norm on [a,b] as N — co. ‘

Proof. We know from the above discussion that (Py) has an optimal solution Zn(-) for all N
sufficiently large; suppose that it happens for all N € IN without loss of generality. Given Z(),
we consider the sequence {zn(-)} strongly approximating Z(-) by Theorem 2.1. Since each zy is

feasible to (Py), one has
JN[:EN] < JN'[ZN] forall N € IN.

For convenience we represent Jy[zn] as the sum of three terms:

k

In[zn] = o(zn(to), 2n (tk41)) + h,Q Zj‘(éN(tj)azN(tj ~ A)t5)
pr )
k i1 . — Azn(tis —A _ (ts A _A d
+]Zo/tj IZN(t]+1) Nt hl)v Zn(t;) + Azn(t; ) - 2(t) - AZ(t - A) 2dt

= Iy + Ioy + Isn.
It follows from Theorem 2.1 and the assumption on ¢ in (H4) that
Iin = o(Z(a),Z(b)) as N — o0

and that, using the sign “x=" for expressions that are equivalent as N — oo,

k koortin |
B =y Y fCe(t)an(t = )t = 3 [ flawtt)an ey - 8).0) d
| ),

=0
k ] t+1
+Z/t [f(zn(ty) 2n(t; = D) t5) = flan(t;), 2n (8 — A),t)] dt
—~J,
]k -
=5 [T ety antty - A) 0yt + (i)
j=0"b
k t;+1 | k 41
~ Z/ Flan(t)) zn(t, — A), ) dt = Z/ FE(),2(t; — A), t) dt
j=07b 3=0’4H _

b
—-)/ fz(),z(t — A),t)dt as N — oo,
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d 2
un(t) — —=[Z(t) — AZ(t - A)}| dt

b
on(t) t[z(t) - 4zt -A)]]2dt - / -

Iy = Z/tJ+l

j=0
b

a[ZN( — Azw(t—A)] - t[:i(t)-—Aa’:(t-—A)]rdt—-)O as N - oo,

where vy (t) stand for the extensions of combined discrete velocities for zy(-); ¢f. Section 2. This
implies that Jy[zn] = J([Z] as N — 0o, and therefore
(3.5) ' limsup Jn[Zn] < J[Z].

N—oo

It is easy to observe that the strong convergence claimed in the theorem follows from

b1d d 2
= |zn(a) - 5(a)[* +/ [ San(t) ~ Azn(t — A)) ~ l2(t) ~ AT(t ~ A)]| dt -0 a5 N = co.
a
On the contrary, suppose that the latter does not hold. Then there are a constant & > 0 and a
subsequence {N,,} C IN for which pn,, = @ as m — co. Employing the standard compactness
arguments based on (2.1) and the boundedness assumption in (H1), we find an absolutely continuous
function z: [a,b] — IR™ and a function Z: [a — A, b] continuous on [a — A, a) and [a, b] such that
d 2
E[jN(t) — Azn(t — A)] = Z(t) weakly in L?[a,b)],
that Zy(t) — Z(t) uniformly on [a — A,b] as N — oo (without loss of generality), and that

Z(t) = z(t) — Ai(t - A) for t € [a, b]. By the classical Mazur theorem there is a sequence of convez

combinations of & ZZn(t) = ATy (t— A)] that converges to %[E(t) —AZ(t— A.)] in the norm topology
of L?[a,b] and hence pomthsely for a.e. t € [a,b] along some subsequence. Therefore
:iit[ (t) — A:z:t— )] € co F(Z(t),Z(t — A),t) ae. tE€a,b).

Since Z(-) obviously satisfies the tail condition (1.3) and the endpoint constraints (1.4), it is a

feasible solution to the relaxed problem (R). Note that

k ko ortin b
hn Y F@EN(E),EN(E - A)t) =Y / F(EN(t;), BN (5 = A), t5)dt - / FE®),E(t - A), t)dt
Jj=0 j=0"4 a

as N — oo due to the assumptions made. Observe also that the integral functional

Io] = /ab d

v(t) — =[Z(t) - AZ(t — A ]‘ dt
is lower semicontinuous in the weak topology of L?[a,b] by the convezity of the integrand in v.

Since one has

> [
j=0 "1

En(tjp1) — ATy (o1 — A) ~ [En(t;) — AZn(t; — Q)] d




the latter implies that
b
I
ti+1
S |

Using the above relationships and passing to the limit in the expression (3.1) for Jy[ZN], we get

d 2
—-[E( ) — Aa: t—A)] - [E(t) - AZ(t - A)]| dt <

In(tis1) — AZN(tjp1 — A}3N~ [Zn(t;) — AZN(t; — Q)] _ %[E(t) _ A.’E(t ~ A)] 2dt.

< i Zn|.
JZ]+a< A}gnoo IN[EN]
By (3.5) one therefore has

JZ) < JE] -a< J[z] if a>0.

This clearly contradicts the optimality of Z(-) in the relaxed problem (R) due to the assumption

on relaxation stability. Thus o = 0, which completes the proof of the theorem. JAY

4 'Tools of variational analysis

The convegence/stability results of the previous section allow us to make a bridge between the
original infinite-dimensional optimization problem (P) for neutral functional-differential inclusions
and the sequence of finite-dimensional dynamic optimization problems (Py) for neutral functional-
difference inclusions. Our strategy is first to obtain necessary optimality conditions for the latter
finite-dimensional problems and then derive necessary optimality conditions for the original problem
(P) by passing to the limit from the ones for (Py) as N — oo.

Observe that problems (Py) are essentially nonsmooth, even in the case of smooth functions ¢
and f in the cost functional and the absence of endpoint constraints. The main source of nons-
moothness comes from the (increasing number of) geometric constraints in (2.1), which reflect the
discrete dynamics and may have empty interiors. To conduct a variational analysis of such prob-
lems, we use appropriate tools of generalized differentiation introduced in [18] and then developed
and appliéd in many publications; see, in particular, the books [19, 26] for detailed treatments and
further references.

Recall the the basic/limiting normal cone to the set Q C IR™ at the point T € Q is

(4.1) N(z:Q) := leSUpN(IE Q),

I—‘)l‘

where z 2) Z means that z — T with z € 2, and where

(4.2) N(i;Q) = {x* € R" limsupim——ﬁ———_EZ < 0} -
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is the cone of Fréchet (or regular) normals to Q at Z. For convex sets Q both cones N(Z;2) and’
N (Z; 1) reduce to the normal cone of convex analysis. Note that the basic normal cone (4.1) is
often nonconver while satisfying a comprehensive calculus, in contrast to (4.2).

Given an extended-real-valued function ¢: IR® — IR := [—00, 00| finite at Z, the subdifferential

of ¢ at Z is defined geometrically
(43) 8p(%) = {z° € B"| (", ~1) € N((%, 0(&));epie)}

via basic normals to the epigraph epiy := {(z,u) € R"*!| u > ¢(z)}; equivalent analytic repre-
sentations of (4.3) can be found in (19, 26].
‘Given a set-valued mapping F: IR" =% JR™ with the graph gph F := {(z,y) € R" x R™| y €
)}, the coderivative D*F(z,7): IR™ = IR™ of F at (Z,7) € gph F is defined by

(4.4) D*F(z,9)(y") := {z" € R"| (z",~y") € N((&,7); gph F)}.
Note the useful relationships
0p(Z) = D"Ey(z.9(2))(1) and D*g(Z)(y") = 0(y*,9)(z), y" € R™,

between the subdifferential and coderivative introduced, where Ey(z) := {1 € R| u > ¢(z)} is the
epigraphical multifunctions associated with ¢: R — IR and where (y*,g)(z) := (y*,9(z)) is the
scalarized function associated with a locally Lipschitzian mapping g: R" — IR™.

The subdifferential/coderivative constructions (4.3) and (4.4) enjoy a variety of useful calculus
rules that can be found in the books mentioned above and their references. Let us formulate two
results crucial in what follows. The first one gives a complete coderivative characterization of the
classical local Lipschitzian property of multifunctions imposed in our standing assumption (H1);
cf. {20, Theorem 5.11] and [26. Theorem 9.40}.

Theorem 4.1 Let F: IR" = IR™ be a closed-graph multzfunctzon locally bounded around T. Then

the following conditions are equivalent:
(i) F is locally Lipschitzian around I.
(ii) There ezist a neighborhood U of & and a number € > 0 such that

sup {

The next result taken from [19. Corollary 7.5] provides necessary optimality conditions for a

2 € D'Flz.y)y)} < ly'| forall 2 €U, y€ F(z), y* € R™

general problem (M P) of nonsmooth mathematical programming with many geometric constraints:
minimize ¢g(z) subject to
¢,(z2) <00 g=1....,m

g,{z)=0. ;=0,...,m,

zE:\J. 7=0,...,1



where ¢;: R* — R, g;: R -+ R", and A; C R°.

Theorem 4.2 Let zZ be an optimal solution to (M P). Assume that all ¢; are Lipschitz continuous,
that g; are continuously differentiable, and that A; are locally closed near z. Then there exist real
numbers {uj| j =0,...,7} as well as vectors {¢j € R*|j=0,...,m} and {z] € RYj=0,...,1},

not all zero, such that

4.5 Hj >0 for J=4Y Ty
4.6 pi¢i(z2) =0 for j=1,...,m
(47) Z;EN(E;A]) fOT' .7—0) ala
l r m
(48) =Y € o( S mits) (@) + Y Vi)' v
7=0 j=0 J=

For applications in this paper in the case of nonautonomous continuous-time systems we need
the following modifications of the basic constructions (4.1), (4.3), and (4.4) for sets, functions, and
set-valued mappings depending on a parameter t from a topological space T' (in our case T' = [a, b]).

Given Q: T = IR™ and Z € §(), we define the eztended normal cone to Q(f) at T by

(4.9) N(z:Q(f):= Limsup N(z;Q(t)).
' (t.z) *B7 (1.z)
For p: R™® x T — IR finite at (Z,f) and for F: R™® x T =¥ R™ with § € F(z,t), the extended

subdifferential of ¢ at (Z,t) and the extended coderivative of F' at (Z,7,%) with respect to = are

given, respectively, by

(4.10) Bep(z.1) = {z* € R"| (&%, -1) € N((Z,0(2,1)); epi (-, 7))}
and, whenever y* € IR™, by

(411) DiF(z.9.0(y") = {«" € RB"| (+",~y") € N((z,9);gph F (1))

Note that the sets (4.9)-(4.11) may be bigger in some situations than the corresponding sets
N(z;Q(2)), 8z0(7,t), and DF(Z.§.1)(y*). where the latter two sets stand for the subdifferential
(4.3) of (-,1) at 7 and the coderivative (4.4) of F(-,t) at (Z,,1), respectively. Efficient conditions
ensuring equalities for these sets are discussed in [21, 22, 24].

It is not hard to check that the extended constructions (4.9)—(4.11) are robust with respect to

their variables, which is important for performing limiting procedures in what follows. In particular.

(4.12) | N(z; Q7)) = Limsup N(z;0(t)).

(t,.z) E°5° (,2)

Note also that the constructions (4.9)-(4.11) enjoy a full generalized differential calculus similar to

one for (4.1), (4.3), and (4.4). We are not going to use this calculus in the present paper.
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5 Necessary optimality conditions for discrete approximations

This section concerns necessary optimality conditions for discrete approximation problems (Py)
governed by neutral functional-difference inclusions. We derive such conditions in the extended
Euler-Lagrange form by reducing (Py) to nonsmooth mathematical programs with many geometric
constraints and employing generalized differential calculus for the basic constructions (4.1), (4.3),
and (4.4).

Let us reduce the dynamic optimization problem (Py) for each N € IN to the mathematical

programming problem (M P) considered in Section 4 with the decision vector

e (N N N N N N 2k+3
2= (a2, e, ol o) € Rk

and the following data:

(5.1) " 7=
o i+ N d. _ 9
+Z/t |v] —-d—t-[a:(t)——A:I;(t—-A)]l dt,
J:O J

¢J(z) :lilf-;v—i‘(tj)l*E, =1, k+1, v

Aj: = {(xé\',...,v,{,v) |vJN € F(mév,mﬁv_N,tj)}, j=0,...,k,

Aepr: = {(=8,...,o]) | (=8 z}y) € On},

gi(z): = ;"H—Azf;l_N—mjy—*-Aa:JN_N—thN, J=0,...,k,
where :t:?’ = cft;) for j < 0. Let 2V = (z{',...,20,,,9%,...,9) be an optimal solution to (M P).

(2k+3) for j = 0,...,k + 1 as

Applying Theorem 4.2, we find real numbers ,uf" and vectors z; € IR"
well as vectors 1/)]N e R"forj=0..... k. not all zero, such that conditions (4.5)~(4.8) are satisfied.
Taking zj* = (a:(’;,j,...,xZH‘j,vaj,...,v;J) € N(EN;Aj) for 5 = 0,...,k, we observe that all

but one components of z; are zero and the remaining one satisfies

* *

(l‘],jaxj—]\«',j’v_]‘J) € N((‘I—:]\ ',i‘_;\'—N’ 6;\)»gphF(a K t]))1 .7 =0.... \l\
Similarly, the condition z;_; € N(z": Ags)) is equivalent to

* * -N N
(Z0k+1+Thtr14+1) € N(Zy , Thry); On)

with all the other components of z;,, equal to zero. Employing Theorem 3.1 on the convergence
of discrete approximations, we have qﬁj(i"\') < O0for j =1,...,k+ 1 whenever N is sufficiently

large. Thus u}v = 0 for these indexes due to the complementary slackness conditions (4.6). Let
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AN = ulV > 0. Observe further that

k
S (Vg E Nl = (= o+ AN — W)Yo — Y1+ A @R — YR

j=0
YoN-1 = Yhon + A WY = o )k — Yr-ng1 + AP, ...,
oy — ol —hnall . —hal).

From the subdifferential sum rule for ¢g in (5.1) one has

k
a¢(zN) C Op(zd,zh,,) + 22 — 2(a)) + An Y OF (2], Z) Ny t5)
j=0

ko ptin J )
+JZ=:0 /t 2(off - Z{a(t) - Aa(t - ) dt

with df standing here and in what follows for the basic subdifferential of f with respect to the first

two variables. Thus the inclusion (4.8) in Theorem 4.2 is equivalent to the relationships:

— 250~ mS,N ~Tp g1 = )\Nuév + /\NhNﬂ(I)V + )\NhNn(l)v + ZAN(:E{)V - Z(a)) — 1/1{)" - A*(wﬁ_l - '(,b]]\\;),
— g}y = ahgan = A hawl + AV AN 49 - o — A @y - 9Nn), G=1...,k=N,
N N N . N N
— Tk N41E=N+1 = A AN Ny1 iy = Yong + ATE
—xt = AN N N, j=k-N+2 k
JnJ J J-1 J LA R
* N_ N N
= Tppr el = A Ukgr T Pk
* _ \NpgN N s
_'UJ,_']_A 6] _hN'l/)], ]—0,,k
with the notation
N . N N =N N -
(UO 7uk+l) € 3<p($0 1xk+l)$ (19‘;'\,7":_;\,—-N) € af(l‘;y,.’E;\[_N,tj),

9y=—g[m(%mn—Mm—An—w)a

Based on the above relationships, we arrive at the following necessary optimality conditions for
discrete-time problems (Py), where f;(-.-) := f(-,-,t;) and Fj(:,-) := F(:, . t;).

Theorem 5.1 Let zV be an optimal solution to problem (Py). Assume that the sets  and gph F;
are closed and that the functions ¢ and f; are Lipschitz continuous around the points (:i(l)v,z':,lcvﬂ) and
(:E;.V,:Z';V_N), respectively, for all § =0,...,k. Then there ezist AN >0, pf’ (J= 0,...,k + N +1),
and qjv (j ==N,...,k+1), not all zero, such that

(5.2) pY =0, j=k+2,...,k+N+1,

(5.3) g =0, j=k-N+1,.. ,k+1,
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(5.4) ) +af',—p,1) € AWap(EY ,28,1) + N((Z, 281); ),

(PJIL_PN Qi = Qo —/\NGJN+ N +qN )
(5.5) hy hv  hn Pj+1 T 3541
€ M (9f(&Y, 2] y),0) + N((2) &}y, 8} );gph Fy), j=0,....k

with the notation

Pl gl - A, QY = — e,

N (E]A-Ii-l )+A( Ti—N x;\l N+l)

7; =

J hN

Proof. Most of the proof has been actually done above, and we just need to change notation in

the relationships formulated right before the theorem. Let first

o Uy forg=1..k+1,

p~ =
’ 0  forj=k+2,... k+N+1.
x;,j+N/h’N fOI‘j:—-N,...,—].,
G = MWk 23 v/hy forj=0,...,k=N,
0 forj=k—-N+1,...,k+1,

and then define qf' for j = —N,...,k + 1 by the recurrent formula

N N «( N N ~N
4 =g — AT(Grn41 + Gn) — ANGS

where we put qJN :=0 for j > k + 1. Observe that

((pg+1 ) A*(ﬁ;y+N+1 - ‘Iﬁ’mu) - 77 - 9% P+ AT J+N qflv*N)
hn ’
(qJN—N+1 ~ A*qﬁH) - (q;'V—N A’ N) )‘NHJN + 7V )
hy " hy TPy

e AN (a7;(z, 20 5),0) + N((2), 2}y, );gph Fy), 5 =0,...,k.

Letting finally
oy = 2Vul + g ka1 — a5 pj—v :=5§V —qJN forj=1,...,k+ N +1,
we can easily check that all the relationships (5.2)-(5.5) hold. JAY

Corollary 5.2 In addition to the assumptions of Theorem 5.1, suppose that the mapping F; is
bounded and Lipschitz continuous around (:E;V,E:?V_N) foreachj =0,...,k. Then conditions AN > 0
and (5.2)~(5.5) hold with (A .pY ) #0, i.e., one can let

(5.6) (AM)? + [pp P = 1.
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Proof. If \N =0, then (5.5) together with (5.2) and (5.3) imply that

N _gN
P;jcv+1 — Py —Y9k-nN * (=N =N =N N
) € D*Fi(Zy , Zh—n U ) (=Pi41)-
hN hN
Assuming now that pjy,; = 0, we get

—pl —atly N

(—k, —';) € D*Fu(z} , - n, Ok )(0),
hy hn

which yield p,’cV = q,’c\'_ ~ = 0 by Theorem 4.1. Repeating the above procedure, we arrive at contra-

diction with the nontriviality assertion in Theorem 5.1. . A

6 Optimality conditions for functional-differential inclusions

In this section we obtain the main results of the paper providing necessary optimality conditions for
the original dynamic optimization problem (P) in both extended Euler-Lagrange and Hamiltonian
forms involving generalized differential constructions of Section 4. Our major theorem establishes
the following conditions of the Euler-Lagrange type derived by the limiting procedure from discrete

approximations. Note that here A > 0 as was assumed in Section 2.

Theorem 6.1 Let Z(-) be an optimal solution to problem (P) under hypotheses (H1)-(H/), where
@ and f(-,-,t) are assumed to be Lipschitz continuous instead of the plain continuity. Suppose
also that (P) is stable with respect to relazation. Then there exist a number A > 0 and piecewise
continuous functions p: [a,b+ A] = R" and q: [a — A,b] = IR"™ such that p(t) — A*p(t + A) and
q(t — A) — A*q(t) are absolutely continuous on [a,b] and the following conditions hold:-

(6.1) A+ p(b)] =1,
(6.2) p(t) =0 for t€ (b.b+A4), ¢(t)=0 for t€ (b—A,bj
(6.3) (p(a) + qla). =p()) € XOp(F(a). T()) + N((Z(a).F(h)). Q).
( Ip(t) —4;1)(t+A)] d[(f—A)—A*
dt dt ¢

(1))
(64) € co{ (w,w.plt) + q(1)) € MIS(F(8). Z(t — A),1),0)

%[;}(t) ~ .45:(f—A)]);gphF(-,-=t))} ae t€la,b]

+N((&(). 2(t - A
Proof. To prove this theorem by the method of discrete approximations, we first construct a
sequence of discrete-time problems () whose optimal solutions Z strongly approximate Z(-) in
the sense of Theorem 2.1. By necessary optimality conditions for Zy from Corollary 5.2 we find

An 20, pf’, and qJN satisfying relationships (5.2)-(5.6) for all N € IN. -
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Without loss of generality we suppose that A — X as N — oo for some A > 0. As usual, the
symbols ZV (t), p™ (t), ¢V (t — A), PN (t), and Q™ (¢) stand for the piecewise linear extensions of the
corresponding discrete functions from Theorem 5.1 with their piecewise constant derivatives on the
continuous-time interval [a, b].

Considering 6; from Theorem 5.1, we define 6V (¢) := 6) /hy for t € [tj,tj11) as j = 0,...,k
and conclude by Theorem 2.1 that

b k ko ortivn g
[ =201 <2 Y [ | 2ot - date - ) - o a
¢ j=0 §=0"1

b d
=2/
a

d
a—t[a‘n(t) — AZ(t - A)] - EZ[&:N(t) — AzV(t - A)]‘ dt:=vy =0 as N = co.
We may assume without less of generality that

d

N (t) = E[:EN(t) — AV (t - A)) = —[z(t) — AE(t—A)] and ON(t) -0 ae t€]ab]

as N — oo; such a pointwise convergence plays a significant role in what follows.
Let us estimate (p™ (t).¢” (t — A)) for large N. Using (5.2) and (5.3), we derive from (5.5) that

N N N NgN
<pj+1_pj /\Aﬁl\' qJ N+1 ~9-N _ NN _)‘ b; +p¥ )
————h’\ - h]\ j-N> hN j+1
e N((z" zh, 3\ A z‘; }: gph F}) with some (ﬂ;v,nf_N) € 3fj(§3j ,i;V_N)

forj=k—N+2,....k+ N + 1. This means, by definition of the coderivative (4.4), that

N N NgN
pj+1"p1 NN q) N+l —%G-n N N GN ATO; _ N
(————————hN A ?.9 ————hl\ A "5 ) € D* F( Ti TNy Uj )( oy p]-H)

for such j. Thus it follows from Theorem 4.1 that

N NN
~ AN .
l(pﬁ-l pJ - A 19?\ qj - QJ_N“AN'\:N—N)’SKF‘ : "p;\-&-l‘
hy hn J h

forj=k-N+2,....k+ N +1. Since [(19?', n?’_N)I < ¢5 due to the Lipschitz continuity of f with

modulus £;, we derive fron the above that

(7, q;- w )| S RION ] + (6 + Dhnty + (Ephy + DI, 100 v i)l

< LplON| + (brhy + 1)ERI0; | + (8 + Dhaly + (bphy + 1)(Er + Iyt

+ (rhy + 1) |(p)n gy naa) S o

< expllr(b - a)(l + €7(fp + 1)/r + bpvy), j=k~N+2... k+N+1.

which implies the uniform boundedness of {(pj",q]N_N) |j=k—-—N+2,...,k+ N+ 1} and hence
of (PN (t), gV (t — A)) on {b— A.b).
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Next we consider j = k — 2N +2,...,k + 1 and derive from (5.5) that

N N N N
Piv1 7Pj NN G=N+1 79N N N
hn 3o hy Rj-N
ANgN
N
< ZFI hN] — Py - Qj+1‘ + ‘(

* N * N * *

Aplin — APy A'gl - A q;v)\
hn ’ hy '

This implies due to Theorem 4.1 and the uniform boundedness of pﬁ_ n and qJN by some constant

a > 0 for such j that

ANgY

N N N N
Dj+1 — Pj NoN G-N+1 " 9%-N NN )| l 0, N N ' a
B R A A Sy <¢ Yo =i+

|( i i 5 Ki_N ]| S ¢F h Pjr1 9541 h

for j =k —2N+2,...,k + 1. Therefore

I gL 0)| < LrIO) |+ (Lr + Dhnts + (Erhy + 1) (0f41, e n1)] + (Crhy + 1o
< LRlON| + (Ephy + 1)EplON 1| + (¢r + 1)hnEs + (Ephy + 1)(€F + 1hnty

+ (erhy + 1) (£r + Vo + (rhn + 12PN, ¢ na2) | S -

<expllr(b—-a)](1+ (s +a)(lr+1)/lr+LrvN), j=k—-2N+2,...,k+1

This shows that p;-V and qJN_ n are uniformly bounded for j = k—2N +2,...,k+ 1, and hence the
sequence{p” (t),¢" (t—A)} is uniformly bounded on [b—2A,b—A]. Repeating the above procedure,
we conclude that both sequences {p™ (t),q" (t—A)} and { PV (t), Q" (t— A)} are uniformly bounded
on the whole interval [a.b].

Next we estimate (P (t), QN (t — A)) on [a,b] using (5.5) and Theorem 4.1. This yields, for
t; <t <tjp1 withj=0,...,k, that

: SN P'}il - P) QN—NH_QN—N
(Y (0), QN (1 - A = | (2, =)
AN N

J
hn

< br ~pﬁH-—qﬁ41+ffSKFWfI+€pmﬁql+fpmﬁql+fw

Thus the sequence {PY(¢). QN (¢t — A)} is weakly compact in L![a.b]. Taking the whole sequence
of N € IN without loss of generality. we find two absolutely continuous functions P(-) and Q(- — A)
on [a, b] such that

PWHHPUL(?ﬁ~AyaQu—A)w&Wh1UMﬂ

and PN(t) = P(t), QN(t — A) — Q(t — A) uniformly on [a,b] as N — oo. Since p"(t) and
¢V (t — A) are uniformly bounded on [a,b + A], they surely converge to some functions p(t) and
g(t—A) weakly in L'[a, b+ A]. Taking into account the above convergence of P™ (¢) and Q™ (t— A).
we get that p(-) and g(-) satisfy (6.2). that

P(t)=p(t) - A'p(t + A). Q(t—A) = q(t— &)~ Aq(t),” t€ [a,0],
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and that p(t) and g(t) are piecewise continuous on [a, b+ A] and [a—A, b], respectively, with possible

discontinuity (from the right) at the points b—iA at ¢ = 0,1,.... Conditions (6.1) and (6.3) follow

~ by passing to the limit from (5.6) and (5.4), respectively, taking into account the robustness of the
basic subdifferential (4.3) and the normal cone (4.1).

It remains to justify the Euler-Lagrange inclusion (6.4). To furnish this, we rewrite the discrete

Euler-Lagrange inclusion (5.5) in the form

. . N N ANgN
65) (E¥(0.Q" (= ) € {(w )] (ww," (1) + " (1) = =)
€ AV (0f(2(t;), E(t; — A), 1;),0) + (N(a':f,zf_N,ﬁf);gphFj)}
for t € [t;,tj+1] with j = 0,...,k. By the classical Mazur theorem there is a sequence of convex

combinations of the functions (PN (t), QN (¢t — A)) that converges to (P(t),Q(t — A)) for ae. t €
[a,b]. Passing the limit in (6.5) with taking into account the pointwise convergence of 8V (t) and
o™ (t) established above, as well as the constructions of the extended normal cone (4.9) and the
extended subdifferential (4.10) and their robustness property (4.12) with respect to all variables

and parameters, we arrive at (6.4) and complete the proof of the theorem. A

Observe that for the Mayer problem (Pps), which is (1.1)~(1.4) with f = 0, the generalized
Euler-Lagrange inclusions (6.4) is equivalently expressed in terms of the extended coderivative

(4.11) with respect to the first two variables of F' = F(z,y,t), i.e., in the form

d . d .
(6.6) (E[pft) - Ap(t+ A)], ;E[Z(t -A)-A q(t)])
€ co Dz, F(2(0),3(t — ). 2[2(t) - Az(t = A)],8) (= p(t) = 9(8)) ae. t€ (o]

It turns out that the extended Euler-Lagrange inclusion obtained above implies, under the
relazation stability of the original problems, two other principal optimality conditions expressed
in terms of the Hamiltonian function built upon the mapping F in (1.2). The first condition
called the extended Hamiltonian inclusion is given below in terms of a partial convezification of
‘the basic subdifferential (4.3) for the Hamiltonian function. The second one is an analog of the
.classical Weierstrass- Pontryagin mazrimum condition (maximum principle) for neutral functional-
differential inclusions. Recall that an analog of the maximum principle does not generally hold
even in the case of optimal control problems governed by smooth functional-differential equations
of neutral type.

The following relationships between the extended Euler-Lagrange and Hamiltonian inclusions
are based on Rockafellar’s dualization theorem [25] that concerns subgradients of abstract La-
grangian and Hamiltonian associated with set-valued mappings regardless the dynamics in (1.2).
For simplicity we consider the case of the Mayer problem (Pyy) for autonomous functional-differential

inclusions of neutral type. Then the Hamiltonian function for F in (1.2) is defined by

(67) H(m,y’P) i= sup {<p3v>| vE F(:r,y)}
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Corollary 6.2 Let z(:) be an optimal solution to the Mayer problem (Py) for the autonomous
neutral functional-differential inclusion (1.2) under the assumptions of Theorem 6.1. Then there
exist a number A > 0 and piecewise continuous funétions p: [a,b+A] = R" and ¢: [a—A,b] — R™
such that p(t) — A*p(t + A) and q(t — A) — A*q(t) are absolutely continuous on [a,b] and, besides

(6.1)—(6.4), one has the extended Hamiltonian inclusion

d d
—[p(t) = A'p(t + A)], ==[a(t — A) — A*q(t))
(6.8) (dt dé )

€ co {(u,w) ] ( - u, —w, Z[5(t) - AB(t - A)]) € 0H (3(t), 3(t — A), p(t) + q(t))}

and the mazimum condition

(6.9) (plt) +a(t), 12 (0) ~ A(t - A))) = H(2(2), 206~ A),p(t) + a(2)

for almost all t € [a,b]. If moreover F is convez-valued around (Z(t),Z(t — A)), then (6.8) is

equivalent to the Euler-Lagrange inclusion

d . d .
(6.10) (%[p(t) - A'p(t + A)), E[Q(t -A)-A q(t)])

€ coD*F(Z(t),z(t — A), %[i‘(t) — Az(t — A)])(—p(t) —q(t)) ae t€la,b],

which automatically implies the mazimum condition (6.9) in this case.

Proof. Since (Pps) is stable with respect to relaxation, Z(-) is an optimal solution to the relaxed
problem (Rjs) whose only difference from (Pas) is that the neutral functional-differential inclusion
(1.2) is replaced by its convexification (3.4). By Theorem 6.1 the optimal solution Z(-) satisfies
conditions (6.1)-(6.4) and the relaxed counterpart of (6.6), which is the same as (6.10) in this case

with F replaced by co F. According to [25, Theorem 3.3] one has

co {(u,v)} (u,w,p) € N((z,y,v); gph(co F)} = co {(u,w)\ (—u,—w,v) € BHR(x,y,p)},

where Hp stands for the Hamiltonian (6.7) of the relaxed system, i.e., with F replaced by co F. It
is easy to check that Hgr = H. Thus the extended Euler-Lagrange inclusion for the relaxed system
implies the extended Hamiltonian inclusion (6.8). which surely yields the maximum condition (6.9).
When F is convez-valued. (6.8) and (6.10) are equivalent due to the mentioned result of (25]. This
completes the proof of the corollary. A

Remark 6.3 Let us emphasize that the necessary optimality conditions of Theorem 6.1 and Corol-
lary 6.2 are derived for neutral functional-differential systems with nonzero delays A # 0, which is
essentially used in the construction of discrete approximations in Section 2. However, by passing
to the limit as A | 0, one can get necessary optimality conditions for implicit differential inclusions

given in the form

(6.11) %[A;z(t)] € F(z(t),t) a.e. t€ [a,bl
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where the n x n matrix A may be singular, z(-) is continuous while Az(-) is absolutely continuous on
[a,b]. The corresponding analogs of the Euler-Lagrange and Hamiltonian inclusions of Corollary 6.2

for the constrained Mayer problem (P,) over the autonomous inclusion (6.11) are the following:

L4500 € co D P(at), SLAR(]) (- p(9) ne. ¢ ot

2 1a%p(t) € co fu € B (~u, S[45(0)) € OH(5(0),p(8)} ne. 1€ [o,8]

where the adjoint arc p(-) is continuous while A*p(-) is absolutely continuous on [a, b] satisfying the

transversality condition

(p(a), —p(b)) € AIp(Z(a), Z(b)) + N((Z(a), Z(b)); Q)

and the maximum condition

d

(p(1), a[

Az(t)]) = H(&(t),p(t)) ae te€[ab]

with H(z,p) := sup{(p.v)| v € F(x)}. To establish these conditions, we approximate problem (F)
by perturbed problems (P4) for neutral functional-differential inclusions with A > 0 and pass to

the limit as A | 0 similarly to the proof of Theorem 6.1 under the relaxation stability of (Fy).
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