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Abstract

This paper presents an approach for solving optimal control problems for switched systems.
In general, in such problems one needs to find both optimal continuous inputs and optimal
switching sequences, since the system dynamics vary before and after every switching instant.
After formulating the optimal control problem, we propose a two stage optimization methodol-
ogy. Since many practical problems only involve optimization where the number of switchings
and the sequence of active subsystems are given, we focus on Stage 1 optimization problems
and propose a conceptual algorithm for solving them. In order to implement the algorithm,
the derivatives of the optimal cost with respect to the switching instants need to be known.
We propose a method which first transcribes a Stage 1 problem into an equivalent problem pa-
rameterized by the switching instants and then the values of the derivatives are obtained based
on the solution of a two point boundary value differential algebraic equation (DAE) formed
by the state, costate, stationarity equations, the boundary and continuity conditions and their
differentiations. This approach is applied to general switched linear quadratic (GSLQ) problems
and an efficient method based on the solution of an initial value ordinary differential equation
(ODE) is developed. Examples are shown to illustrate the results in the paper.

1 Introduction

A switched system is a particular kind of hybrid system that consists of several subsystems and a
switching law specifying the active subsystem at each time instant. Many real-world processes such
as chemical processes, automotive systems, and manufacturing processes, etc., can be modeled as
such systems.

Recently, optimal control problems of hybrid and switched systems have been attracting re-
searchers from various fields in science and engineering, due to the problems’ significance in theory
and applications. The available results in the literature for such problems can be classified into two
categories, i.e., theoretical and practical. [4, 8, 16, 19, 20, 22, 29] are some primarily theoretical
results. These results extended the classical maximum principle or the HJB equation to such prob-
lems. However, because there is no efficient constructive methodology suggested in these papers for
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finding optimal solutions, there is a significant gap between theoretical results and their applications
to real-world examples. As to the second category of practical results, researchers take advantage of
the availability of high speed computers and efficient nonlinear optimization techniques to develop
approaches for solving such problems (see e.g., [4, 5, 6, 9, 10, 12, 13, 18, 17, 21]). It is worth noting
that because there are many different models and optimal control objectives for hybrid systems, the
above papers often differ greatly in their problem formulations and approaches. Switched systems,
on the other hand, tend to be described by similar models, and similar optimal control problem
formulations have appeared in the literature (e.g., [9, 10, 13, 18, 21, 26]). For an optimal control
problem for a switched system, one needs to find both an optimal continuous input and an optimal
switching sequence since the system dynamics may vary after every switching instant. Due to the
involvement of switching sequences, such a problem is in general difficult to solve. Interested read-
ers may refer to [26] for an overview of the problem and its difficulties. Most of the methods in the
literature that we are aware of are based on some discretization of continuous-time space and/or
discretization of state space into grids and use search methods for the resultant discrete model to
find optimal/suboptimal solutions. But the discretization approaches may lead to computational
combinatoric explosion and the solutions obtained may not be accurate enough (see [23]). In view
of this, in our research, we explore approaches that are not based on the discretization of the
continuous time space.

This paper presents an approach for solving optimal control problems of switched systems
which is not based on the discretization of the time space and emphasizes accurate optimization of
switching instants. Optimal control problems for switched systems are first carefully formulated.
We then propose a two stage optimization methodology. Since the two stage optimization method-
ology is still difficult to implement, we then concentrate on Stage 1 optimization where the number
of switchings and the sequence of active subsystems are given. Focusing on Stage 1 problems is
appropriate because in many practical situations, we only need to study problems with a fixed
number of switchings and a fixed order of active subsystems (e.g., the speeding up of an automobile
power train only requires switchings from gear 1 to 2 to 3 to 4) and in such cases the solution to
Stage 1 is indeed optimal for the problem. On the other hand, Stage 1 optimization itself is already
challenging enough and solving it is a first step toward solving the general problem which does not
possess a good solution up to now. A Stage 1 problem can further be decomposed into Stage 1(a),
which is a conventional optimal control problem that finds the optimal cost given the order of active
subsystems and the switching instants, and Stage 1(b), which is a nonlinear optimization problem
that finds the optimal switching instants. Stage 1(b) poses difficulties because in general it is hard
to obtain the values of the derivatives of the Stage 1(a) optimal cost with respect to the switching
instants. To address these difficulties, in our previous papers [28, 24], we proposed an approach
which approximates such derivatives by direct differentiations of value functions. In this paper, a
method is proposed which can provide us with accurate numerical values of the derivatives instead
of approximations. The method is based on the solution of a two point boundary value differential
algebraic equation (DAE) formed by the state, costate, stationarity equations, the boundary and
continuity conditions and their differentiations. Our approach is also applied to general switched
linear quadratic (GSLQ) problems and an efficient method is derived.

The structure of the paper is as follows. In Section 2, we formulate the optimal control problem
studied in this paper. In Section 3, we show that such a problem can be posed as a two stage



optimization problem under some additional assumptions. From Section 4 on, we concentrate
on Stage 1 optimization problems. In Section 4, we discuss Stage 1(a) and 1(b) and propose a
conceptual algorithm. In Section 5, we transcribe a Stage 1 problem into an equivalent problem
parameterized by the switching instants. In Section 6, we develop a method to obtain the derivative
information based on the solution of a two point boundary value DAE. Moreover, similar ideas are
applied to general switched linear quadratic (GSLQ) problems in Section 7 and a more efficient
method based on the solution of an initial value ordinary differential equation (ODE) is developed.
Examples are given in Section 8 to illustrate the effectiveness of the method. Section 9 concludes
the paper.

It should be pointed out that parts of Sections 2, 3 and 4, which introduce the problem for-
mulation and the two stage optimization approach, are similar to corresponding parts in [28, 24].
However, the major contributions of this paper, which are the methods for deriving accurate values
of the derivatives of optimal cost with respect to the switching instants reported in Sections 5, 6
and 7, are very different from the methods in [28, 24]; they are more accurate and straightforward
than the approximation methods in [28, 24].

2 Problem Formulation

2.1 Switched Systems

Switched Systems

A switched system is a particular kind of hybrid system that consists of several subsystems and
a switching logic among them. The feature that distinguishes a switched system from a general
hybrid system is that its continuous state does not exhibit jumps at the switching instants. The
switched systems we shall consider in this paper are defined as follows.

Definition 2.1 (Switched System) A switched system is a tuple S = (D, F, L) where

e D = (I,FE) is a directed graph indicating the discrete structure of the system. The node set
I={1,2,--- M} is the set of indices for subsystems. The directed edge set E is a subset of
I xI—{(i,i)|i € I} which contains all valid events. If an event e = (i1,12) takes place, the
system switches from subsystem i1 to is.

o F={fi: XixU; xR—=R"X; CR" U; CR™, i€ I} with f; describing the vector field for
the i-th subsystem & = fi(x,u,t).

o L = {A¢JAe CR", e € E} provides us with a logic constraint that relates the continuous
state and mode switchings. Note for any e € E, A, # (. Only when x € A, e = (i1,12), a
switching from i1 to io s possible. a

In view of Definition 2.1, a switched system is a collection of subsystems related by a switching
logic described by D and L£. Note that one distinct feature of a switched system is that it has
no discontinuities of the state x at the switching instants. If a particular switching law has been



specified (the law may be specified by state space partitions or by time involvements), then the
switched system can be described as

E(t) = fi (), u(t),?) (2.1)
i(t) = ) i(t),t), (2.2)
where ¢ : R" x I x R — I determines the active subsystem at instant ¢t. Note that (2.1)-(2.2) are
used as the definition of switched systems in some of the literature (e.g., [9]). We adopt Definition

2.1 rather than (2.1)-(2.2) because in design problems, in general, ¢ is not defined a priori and it
is a designer’s task to find a switching law.

Switching Sequences

For a switched system S, the control input of the system consists of both a continuous input
u(t),t € [to,tf] and a switching sequence. We define a switching sequence as follows.

Definition 2.2 (Switching Sequence) For a switched system S, a switching sequence o in
[to,ty] is defined to be

o= ((tO,iU)a (tlael)a (t2762)7 Tt (tKaeK))a (23)
with 0 < K < 00, tg <ty <ty <--- <tg <ty,andig €I, ey = (ix_1,ix) € E fork=1,2,--- | K.
We define Xy, 4, 2 {o’s in [to,tf]}. O

A switching sequence o as defined above indicates that, if ¢ < txy1, then subsystem iy is
active in [t,tr41) ([tx,tf] if & = K); if ¢ = 441, then 4 is switched through at instant t;
(‘switched through’ means that the system switches from subsystem i, | to 4, and then to ixy
all at instant ¢). For a switched system to be well-behaved, we generally exclude the undesirable
Zeno phenomenon, i.e., infinitely many switchings in finite amount of time. Hence in Definition 2.2,
we only allow nonZeno sequences which switch at most a finite number of times in [tg, ], though
different sequences may have different numbers of switchings. We specify o € Xy ;] asa discrete
input to a switched system. The overall control input to the system is therefore a pair (o, u).

Example 2.1 (An Automotive Control System) A manual transmission car with four gears
is a good example of a switched system. If we denote the lateral position as 1 and the velocity as
Z2, the system dynamics at gear ¢ can be described by

(I'I1:(II2

Ty = «j(ze)u,

where the nonlinear gear efficiency function «;(z2) is depicted in figure 1.

For this system, I = {1,2,3,4}, all X; = R” and all U; = [0,Umqz], where upqy is
given. If for each switching, the car can only be shifted one gear up or down, we have
E = {(1,2),(2,1),(2,3),(3,2),(3,4),(4,3)}; moreover, Ao = Apy = {zlza € [10,20]},
A3y = Aoy = {zlwa € [20,40]}, Ay = Awgs) = {z|ze2 € [40,60]} . The control input of
this system consists of the continuous input u (the throttle position) and the external switching
sequence (gear shifting). O
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Figure 1: The nonlinear gear efficiency functions «;.

2.2 An Optimal Control Problem

Note that in the sequel of this paper, we assume that X; = R", U; = R™ and A, = R" for any
1 € I, e € F and report results under these assumptions. We assume these because on one hand
optimal control problems under these assumptions are already challenging and interesting enough
and well deserve our attention; on the other hand problems under more general constraints are still
tost] 2 {ulu € Cylto, ts],u(t) € R™}; in other words,
Uty t,) 1s the set of all piecewise continuous functions for ¢ € [to,tf] that take values in R™.

under extensive researches. We also define Z/l[

Problem 2.1 Consider a switched system S = (D,F,L). Given a fized time interval [to,ty], find
a continuous input u € Z/l[toytf] and a switching sequence o € E[to,tf} such that the corresponding
continuous state trajectory x departs from a given initial state x(to) = o and meets an (n — ly)-
dimensional smooth manifold Sy = {z|s(z) = 0,¢; : R* — RIF} at ty and the cost functional

ty

J =1p(z(ty)) +/ L(z(t),u(t),t) dt (2.4)

to

18 minimized. O

Problem 2.1 is a basic optimal control problem with a fixed end-time where the final state is on a
smooth manifold. As in the usual practice of formulating optimal control problems (see [1]), in the
sequel, we assume that f, L are continuous and have continuous partial derivatives with respect
to z and t; ¢y is assumed to be continuously differentiable; ¢/ has twice continuous derivatives.
Besides these assumptions, in the following, whenever necessary, we will further assume that they
possess enough smoothness properties we need in our derivations.

The way we formulate Problem 2.1 with a fixed final time is mainly for the convenience of
subsequent studies in this paper. Note that for a problem with free end-time ¢, we can introduce
an additional state variable and transcribe it to a problem with fixed end-time (for more details,
see [23]).

Analytical tools such as the maximum principle and the Hamilton-Jacobi-Bellman (HJB) equa-
tion for hybrid and switched systems have been derived in the literature (see [16, 20, 22, 26, 29]).
However, it is difficult to directly use these tools to find optimal controls even for switched sys-
tems with linear subsystems. For details and comments on the difficulties of using them to obtain
optimal solutions, see [23].



3 Two Stage Optimization

In general, we need to find an optimal control solution (o*,u*) for Problem 2.1 such that

J(o*, u*) = min J(o,u). 3.1
@)= i o) (3.1)

Notice that for any fixed switching sequence o, Problem 2.1 reduces to a conventional optimal
control problem for which we only need to find an optimal continuous input u» that minimizes
Js(u) = J(o,u). This idea naturally leads us toward considering Problem 2.1 as a two stage
optimization problem. Under some additional assumptions, we can prove the following lemma, that
provides a way to do so.

Lemma 3.1 For Problem 2.1, if
(a). an optimal solution (o*,u*) exists and

(b). for any given switching sequence o, there exists a corresponding u* = u) such that Jy(u) =
J(o,u) is minimized,

then the following equation holds

min J(o,u) = min min J(o,u). (3.2)
UeE[tO,tfb ueu[t0=tf] O'EZ[tO,tf] UGU[tO,tf]
Proof: First we claim that
in J(oyu) < inf min J(o,u). (3.3)
O'EZ[tO’tf], UGU[tO,tf] UGE[thtf] UEU[tO,tf]

This is because for any fixed o, there exists a u}. such that J(o,u}) = minueu[to,tf] J(o,u). But for
every pair (o, u}), we must have J(o*,u*) < J(o,u}), therefore from (3.3) we must have

( ’ ) - Uez[to,tf] ( ’ U) Uez[to,tf]ueu[to,tf] ( ’ ) ( )

\/\/ hlle we a.lSO haVe the inequality
inf min J o,u) < min J O')k u) = J O')k U** . 35
UEZ[tO,tf] UGU[tO,tf] ( ’ ) - UEU[tO,tf] ( ’ ) ( i ) ( )

In (3.5) we can choose u’. = u*, since for any other u, we must have J(o*,u*) < J(0*,u) due to
the optimality of (o, u*). Hence combining (3.4) and (3.5) we have

J(o*,u*) < inf min  J(o,u) < J(o*,us.) = J(oF,u"). (3.6)
062[,50,,5],] ueu[thtf]

Hence all inequalities in (3.6) must be equalities and the infyex, o) CAD be replaced by mingex, o,

tost f] tfl
so we obtain
J(o*,u*) = min J(o,u) = min  min J(o,u). (3.7)
Uex[to,tf]’ ueu[to,tf] Uez[to,tf] ueu[toatf]
O

The right hand side of (3.2) needs twice the minimization process. This supports the validity
of the following two stage optimization methodology.



A Two Stage Optimization Methodology
Stage 1. Fixing o, solve the inner minimization problem.

Stage 2. Regarding the optimal cost for each o as a function

Ji=Ji(o) = min J(o,u), (3.8)
uEM[tO,tf]

minimize J; with respect to o € E[to,tf]. a
In more detail, we can implement the above methodology by the following algorithm.

Algorithm 3.1 (A Two Stage Algorithm)

Stage 1. (a). Fix the total number of switchings to be K and the sequence of active subsystems
and let the minimum value of J with respect to u be a function of the K switching
instants, i.e., J1 = J1(t1,t2, e ,t[() for K Z 0 (t() S t1 S t2 N -t[( S tf). Find J1.

(b). Minimize J; with respect to tq,t2, -+ ,tx.

Stage 2. (a). Vary the order of active subsystems to find an optimal solution under K switchings.

(b). Vary the number of switchings K to find an optimal solution for Problem 2.1. O

Note that the Stage 1 in Algorithm 3.1 is slightly different from the Stage 1 in the two stage
methodology. In fact, Stage 1(a) in Algorithm 3.1 corresponds to Stage 1 in the two stage method-
ology. Stage 1(b) and Stage 2 together correspond to Stage 2 in the two stage methodology. In
the following, when we mention Stage 1 optimization, we actually refer to Stage 1 in Algorithm
3.1. Algorithm 3.1 needs further implementations. In practice, many problems only require the
solutions of optimal continuous inputs and optimal switching instants for Stage 1 optimization
where a fixed number of switchings and a fixed sequence of active subsystems are given. In general,
explicit expressions of J; are difficult to obtain or quite complicated even for very simple problems.
Therefore it is necessary to devise optimization methods that do not require the explicit expression
of J1 as a function of #;’s. In the next section, we shall discuss Stage 1 optimization in detail.

4 More on Stage 1 Optimization

Now we concentrate on Stage 1 optimization. On one hand, Stage 1 optimization has already
presented enough challenge to us. On the other hand, since many real world problems are in fact
stage 1 optimization problems, Stage 1 does deserve our attention. For example, the speeding-up
of a power train only requires switchings from gear 1 to 2 to 3 to 4. As can be seen from Algorithm
3.1 in Section 3, Stage 1 can further be decomposed into two sub-steps (a) and (b). Stage 1(a)
is in essence a conventional optimal control problem which seeks the minimum value of J with
respect to v under a given switching sequence o= ((to, %), (t1,€1), -+, (tx,ex)). We denote the

. . i . N .
corresponding optimal cost as a function Ji (£), where £ = (t1,to,--- ,tx)’. Stage 1(b) is in essence
a constrained nonlinear optimization problem

min; J; (%)

: - (4.1)
subject tot € T



where T 2 {f = (t1, 80, - tx) Jto < t1 <t2 < --- <t < tr}.

In order to solve a Stage 1 problem, one needs to resort to not only optimal control methods,
but also nonlinear optimization techniques. Except for very few classes of problems (e.g. minimum
energy problems in [23]), analytical expressions of .Ji () are almost impossible to obtain. This
is evident from the fact that very few classes of conventional optimal control problems possess
analytical solutions. The unavailability of analytical expressions of .J;(£) henceforth makes Stage

1(b) optimization difficult to carry out. However even without the expressions of .J;(£), if we can
a.J1 9%
ot ot
nonlinear optimization algorithms. Let us elaborate more on Stage 1(a) and 1(b) in the followings.

and

find the values of the derivatives we can still solve Stage 1(b) by employing some

Stage 1(a)
For Stage 1(a) where a switching sequence o = ((to,%), (t1,€1), -+, (tx,ex)) is given, finding
Ji(t) for the corresponding ¢ = (t1,--- ,tx)7 is a conventional optimal control problem. Note that

although different subsystems are active in different time intervals, the problem is conventional
since these intervals are fixed. In Stage 1(a), we need to find an optimal continuous input u and
the corresponding minimum J. The only difference between Stage 1(a) and most of the problems
in many optimal control texts is that in Stage 1(a), the system dynamics changes with respect to
different time intervals. However, it is not difficult to use the calculus of variations techniques (see
e.g. [11]) to prove the following necessary conditions. For simplicity of notations, in the following
theorem, we assume that subsystem k is active in the time interval [t;_1,t) for Kk =1,--- | K and
subsystem K + 1 is active in [tx,tx41] where tg 1 = 5.

Theorem 4.1 (Necessary Conditions for Stage 1(a)) Consider the Stage 1(a) problem for
Problem 2.1. Assume that subsystem k is active in [tg_1,t) for 1 < k < K and subsystem
K +1 in [tg,tg+1] where tgi = ty. Let u € L{[to’m be a continuous input such that the cor-
responding continuous state trajectory . departs from a given initial state x(tg) = o and meets
Sy = {z|pp(z) = 0,¢; : R* — R} at tp. In order that u be optimal, it is necessary that there
exists a vector function p(t) = [p1(t),--- ,pu(V)]7, t € [to.tr], such that the following conditions
hold

(a). For almost any t € [to, ] the following state and costate equations hold

d 0H
State equation: fl(tt) = [8—p(x(t),p(t), u(t), t)]* (4.2)
Costate equation:dl:l(tt) = —[%—Z(w(t),p(t),u(t),t)]T, (4.3)
H(IL‘,p,U,t) é L(IE,u,t) +prk($7u7t)7 lft € [tk—latk) (k =K+1 lft € [tKatf])

(b). For almost any t € [to,tf], the stationarity condition holds

o0H

0=

((t),p(t), u(t), )] (4.4)

(c). Atty, the function p satisfies

p(ty) = (9 i) + 15

((t)IA (4.5)



where X is an lg-dimensional vector.

(d). At any ty, k=1,2,--- | K, we have

p(tp—) = p(tp+). (4.6)

Proof: We use Lagrange multipliers to adjoin the constraints & = fy(z,u,t),k =1,--- , K + 1 and
¢f(x(tf)) =0 to J. The augmented performance index is thus

K+1

123
T =((ty) + A s (aty) + > / [L(z,u,t) +p" (t)(fr(z,u,t) — &)] dt. (4.7)
k=1

lg—1
By defining H(z,p,u,t) 2 L(z,u,t) + p" fe(z,u,t), for t € [ty 1,tx), 1 < k < K and t €
[tK,tK-}-l] with tx411 = tf if k= K 4+ 1, we have
K+1 th
T = (a(ty) + A pr(a(ty) + ) / [H(z,p,u,t) —p"&] dt. (4.8)
k=1

t—1

From the calculus of variations, we can obtain the first variation of J' as

/ o T8¢f T < T T
0T = [5E(tn) + AL (w(ty) = " (t)oat) + Dl () = pT (0 =)dn(te)
k=1
K+1 th
+Z/ [(%—H —i—pT)(sm—i—aa—H(Su—l—(%—H—iT)(Sp] dt. (4.9)
=1 -1 9T u p

According to the Lagrange theory, a necessary condition for a solution to be optimal is §J" = 0.
Setting to zero the coefficients of the independent increments dx(ty), 0x(tx)’s, dx, du and dp yields
the necessary conditions (a)-(d). O

The above necessary conditions will be used in Section 6 in the development of a method for
finding % and %. In general, it is difficult or even impossible to find an analytical expression of
J1(f) using the above conditions. The reason is that conditions (a)-(d) present a two point boundary
value differential algebraic equation (DAE) which, in most cases, cannot be solved analytically.
However, the above DAE can be solved efficiently using many numerical methods (e.g., shooting

methods).
Stage 1(b)

In Stage 1(b), we need to solve the constrained nonlinear optimization problem (4.1) with
simple constraints. Computational methods for the solution of such problems are abundant in the

nonlinear optimization literature. For example, feasible direction methods and penalty function

methods are two commonly used classes of methods. These methods use first-order derivative %
3325‘21. In the computation of the examples in this paper, we use the

. . . 2
gradient projection method (using % % 3(%%1)

and second-order derivative

) and the constrained Newton’s method (using and



and their variations (see Section 2.3 in Bertsekas [3] for details). For more discussions on various
methods for solving constrained nonlinear optimization problems, please also see [2, 15].

A Conceptual Algorithm

The following conceptual algorithm provides a framework for the optimization methodologies
in the subsequent sections.

Algorithm 4.1 (A Conceptual Algorithm for Stage 1 Optimization)

(1). Set the iteration index j = 0. Choose an initial #/.

(2). By solving an optimal control problem (Stage 1(a)), find J; (#/).

(#) and L (#).

(3). Find 2 .

J1
ot

(4). Use the gradient projection method or the constrained Newton’s method (if 3;5:? (#7) is known)

to update #/ to be /1! = £/ + a/di’ (here the stepsize o/ is chosen using the Armijo’s rule [3]).
Set the iteration index 7 = j + 1.

(5). Repeat Steps (2), (3), (4) and (5), until a prespecified termination condition is satisfied. O

It should be pointed out that the key elements of the above algorithm are
(a). An optimal control algorithm for Step (2).

(b). The derivations of

aJ ?J
5 and b for Step (3).

(c). A nonlinear optimization algorithm for Step (4).

In the above discussions, we have already addressed elements (a) and (c). (b) poses an obstacle

for the use of Algorithm 4.1 because anfl and 3;5? are not readily available. It is the task of the
subsequent sections to address (b) and devise a method for deriving the values of 88]5 and 855]21.

Lastly, it should be pointed out that in Step (4), when we are searching for o/, the optimal control
algorithm for Stage 1(a) will also be used in order to obtain the value of J; at the intermediate
trial £s.

5 An Equivalent Problem Formulation Based on Parameteriza-
tion of the Switching Instants

In the following three sections, an approach to Stage 1 optimization based on equivalent transcrip-
tion is presented. The first step is to transcribe a Stage 1 problem into an equivalent conventional

optimal control problem parameterized by the switching instants. Based on the equivalent prob-
0J1 and 8%J

ot aiz -
The method is based on the solution of a two point boundary value differential algebraic equation

lem formulation, a method is then developed for searching for accurate values of

(DAE). Furthermore, an efficient method for deriving the derivatives based on the solution of an
initial value ordinary differential equation (ODE) is proposed for GSLQ problems.

10



Now let us describe the transcription of a Stage 1 problem into an equivalent optimal con-
trol problem parameterized by the unknown switching instants. The equivalent problem has the
property that the switching instants are fixed with respect to the new independent time variable.

For simplicity of notation and clarity of presentation, in the followings, we concentrate on the
case of two subsystems where subsystem 1 is active in the interval ¢ € [0,¢;) and subsystem 2 is
active in the interval ¢ € [t1,ty] (¢; is the switching instant to be determined). We also assume that
Sy =R (for general Sy, we can introduce Lagrange multipliers and develop similar methods). It is
straightforward to apply the methods developed in this paper to problems with several subsystems
and more than one switchings; we will remark on this in the subsequent sections.

We consider the following Stage 1 problem.

Problem 5.1 For a switched system
T = fl(x,u,t), 0<1t<ty, (5.1)
i = faolz,u,t), t <t <t (5.2)

find an optimal switching instant t and an optimal continuous input u(t), t € [to,tf] such that the
cost functional

tr
J =(z(ty)) +/ L(z,u,t) dt (5.3)
to
is minimized. Here to, t5 and x(ty) = zo are given. O

We transcribe Problem 5.1 into an equivalent problem as follows.
We introduce a state variable x, 1 corresponding to the switching instant ¢;. Let x,; satisfy

% = 0 (5.4)
Tn1(0) = t (5.5)

Next a new independent time variable 7 is introduced. A piecewise linear correspondence relation-
ship between ¢ and 7 is established as follows.

to + (zn+1 — to)T, 0<r<1
t= (5.6)
Tp1+ (b —2py1)(7 = 1), 1<7<2

Clearly, 7 = 0 corresponds to t =tg, 7 =1tot =t;, and 7 =2 to t = t;.
By introducing z,11 and 7, Problem 5.1 can be transcribed into the following equivalent prob-

lem.

Problem 5.2 (An Equivalent Problem) For a system with dynamics
dz(T)

3 (Zn41 — to) fi(z,u,to + (241 —t0)T) (5.7)
% =0 (5.8)
in the interval T € [0,1) and
P~y ) Pl s + (b — )7 - 1) (5.9
% =0 (5.10)
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in the interval T € [1,2], find an optimal z,+1 and an optimal u(7), T € [0,2] such that the cost

functional
1
J = P(=(2) +/ (Zn+1 — to) L(z,u, to + (Tn41 — to)7) dr
0
2
+/ (tr = Tny1) Lz, vy 21 + (tf — Tpgr) (7 — 1)) dr (5.11)
1
is minimized. Here ty, x(0) = xo are given. O

Remark 5.1 Problem 5.2 and Problem 5.1 are equivalent in the sense that an optimal solution
for Problem 5.2 is an optimal solution for Problem 5.1 by a proper change of independent variables
as in (5.6) and by regarding x,4+1 = t1, and vice versa. O

Remark 5.2 The equivalent Problem 5.2 provides us with the advantage, namely that it no longer
has a varying switching instant. In fact, because ;1 is actually an unknown constant throughout
7 € [0,2], Problem 5.2 can be regarded as a conventional optimal control problem with an unknown
parameter z,41. The problem is conventional because it has fixed time instant when the system
dynamics change. In the subsequent discussion, we adopt the viewpoint of regarding z,41 as an
unknown parameter for optimal control problem with cost (5.11) and subsystems (5.7) and (5.9),
i.e., we can regard Problem 5.2 as an optimal control problem parameterized by the switching

instant z,41. O

6 A Method Based on Solving a Boundary Value Differential Al-
gebraic Equation

In this section, based on the equivalent Problem 5.2, we develop a method which can give us
accurate numerical value of ‘fi—{ll. The method is based on the solution of a two point boundary
value differential algebraic equation (DAE) which is formed by the state, costate, stationarity

equations, the boundary and continuity conditions for Problem 5.2 and their differentiations with

respect to the parameter z,41. In the followings, we denote g—ﬁ, g—i as row vectors and we denote

af . .. . Ofy .. . OH oH Of
5y as an n X n matrix whose (i1, 42)-th element is Dory Similar notations apply to -, 5., 5., etc.

Consider the equivalent Problem 5.2, define

Fil@,u, T ins1) 2 (@t — to) (@, u,to + (Tnst — to)7), (6.1)
o0,y 0ne1) = (b = Tnsr) fol, w0, Engr + (b — 2a) (7 — 1)), (6.2)
D@, u, 7, 1) 2 (Zng1 — to) L@, u, bty + (Zni1 — t0)7), (6.3)
Lo(@s 7, Tng1) = (t) — Tt LBy U Tt + (b — Tpg) (T — 1)), (6.4)

Regarding x,,1 as a parameter, it is not difficult to see that the optimal solution z(7) for
Stage 1(a) is actually a function of z, ;. Consequently we denote it as (7, z,+1). We define the

parameterized Hamiltonian as

Ll(IB,U,T, $n+l) +pr1(I,u,T, $n+1)7
A for 7 € [0, 1), (6.5)
LQ((II,U,T, xn—l—l) +pr2(xaua7—a xn—l—l)a .

for 7 € [1,2].

H(I,p,U,T, $n+1)

12



Assume that a parameter x,,1 is given, then we can apply Theorem 4.1 to the equivalent Prob-
lem 5.2. The necessary conditions (a) and (b) provides us with the following state, costate and
stationarity equations

State equation: % - (%JZ VT = (@, 7 ), (6.6)
Costate equation: % = (aaZ) :—(aa—];l)Tp (681;1) , (6.7)
Stationarity equation: 0 = (%—IZ)T = (aa—‘il)Tp—i— (%)T (6.8)
in 7 €0,1) and
State equation: % - (%JZ VT = o, 7 s, (6.9)
Costate equation: % = (%Z )T :—(%—‘f:})Tp (‘981;2) : (6.10)
Stationarity equation: 0 = (%—Z)T = (%—%)Ter (%)T. (6.11)

in 7 € [1,2]. Note that the p and u corresponding to the optimal solution are also functions of 7
and zp41. Therefore, in the following, we denote them as p = p(7,zp41) and u = u(7, Tp41).
From the necessary condition (¢) of Theorem 4.1, we obtain the boundary conditions

2(0,2p41) = o, (6.12)
pCant) = (GLzn). (6.13

The necessary condition (d) tells us that p(7, £,11) is continuous at 7 = 1 for fixed z, 1, i.e.,

p(l_axn-i-l) :p(1+,$n+1)- (6.14)

(6.6)-(6.8), (6.9)-(6.11) along with boundary conditions (6.12) and (6.13) form a two point
boundary value differential algebraic equation (DAE) which is parameterized by 1. For each
given z,11, the DAE can be solved using numerical methods. Now assume that we have solved the
above DAE and obtain the optimal x(7, z,+1), p(T, Tp+1) and u(7, ,41), we then have the optimal
value of J which is a function of the parameter z,

1 2
J1(zna1) = P(2(2, 2p41)) +/ Li(z,u, 7, xpy1) d7 +/ Lo(z,u, 7, xpy1) dr. (6.15)
0 1
Differentiating J; with respect to z,11 provides us with

de]l i 31/)(:1:(2,:1:n+1)) a$(2a$n+1) /1 -
d$n+1 N 8!1) a$n+1 + 0 [L(IL‘, u, tO + ($n+1 t())’T)

OL Ox OL Ou BL

i —to) (5, ox 8xn+1 %axnﬂ )] dr
2
+/ [—L(z,u,ps1 + (tf — Tpgr) (7 — 1))
1
oL Oz OL Ou oL
) (2 2 T L 0 ) dr 1
-l-(tf T +1)(3:E e + 90 07y +( T) ot )] dr (6.16)
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0x(T,Tn41) Ou(T,Tn41)
8:L‘n+1 a'nd 8:L‘n+1
dJy

in order to obtain the value Tooy By differentiating the above state, costate and stationarity
equations (6.6)-(6.8) and (6.9)-(6.11) with respect to x,+1, we obtain

So we need to obtain the function (here we assume that z,1 is fixed)

0, Oz B 0 Oz
or 8$n+1 N a(L‘n+1 or
8f1 oz 8f1 ou 8f1
_ (2 o o/ 1
frd @ =t gt Ju o T o (6.17)
o  Op _ o Op,  Ofi.r OL 1 Oft.r Op
ot 0zpi1’ 3$n+1(87) B (8:1:) p (8$) (1= o)l 8$) 0%pi1
0?fi Ox 0?fi Ou 0’ f
7Y J1 T 7O J1 Ou \p 7O J1\T
52 o) TP srowan) TP zar)
0’L Oz 0?’L  Ou 0*L
1
F 0 Oy | 9000 dmyy  Dw0t) (6.18)
2 Ox f Ou 0 f1
T T T T T T
0 s ) TP aann) TP ear)
0’L Oz 0’L  Ou 0*L
1
T T N A T (6.19)
for 7 €]0,1) and
0, O B s
0T " 0%p+1 N 0%py1 OT
Ofy Oz Ofs Ou af:
= —het - mn) (G —+ gu g T G D) (6.20)
n n
o,  Op . 0 Op, Ofar OL 1 Of2 .7 Op
ot 0xpp’ 0%pi1 37') = oz )p+ (8$) (b = 2ni)l( oz ) 0%pi1
0?fy Ox 0?fy Ou 0’ f
79 J2 T T 9 J2 T 79 J2\T
ZgJ2 g J2 9 _
S o) TP Grauan, ) TP g
0’L Oz 0?’L  Ou 0*L
— 21
o 0oy T Bwou ey T Vamar) (6:21)
2fy Ox 2fy Ou & f2
T T T T (9 _ T T
0 Geram) TP Bz an,,) TR 5
0’L Oz 0’L  Ou 0*L
0udr 0ty Ou? Oxpyyy +(2-7) Buat]’ (6.22)
for 7 € [1,2].
2 .
In the above equations, %1’;1 is an n x m x n array whose (j1,72,73) element is 3ijf13’i3
2 3
and the notation pT%Zf; Maf“ denotes an 1 x n row vector which has its jo-th element as
> h=1 E}Z:Wﬁ%%ﬁ where fij, is the jj-th element of fi, p;, is the ji-th element of
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p and z;, is the jp-th element of z. Similarly, pl gwgz 8m8u+ denotes an 1 X n row vector which has

Pfgy Ouwjs . T _D .
its jo-th element as 2]1 1 233 lpﬁmwjjl, p W;Wuﬂ denotes an 1 X m row vector which

fry duy | T 9
has its jo-th element as ZJI 1 Z a1 Pi1 3u]23;§3 8%];31; D 3u£§v 3%’:1 denotes an 1 x m row vector

82f Oy
which has its jo-th element as 77 | >0 pﬂmwjjl.

T 0%f>  du T9%f>  Ou TO%fH Oz .
9500 Dinst P o0 Bwnry @ and p’ 55+ T Are understood similarly.

Differentiating the boundary COHdlthnS (6.12), (6.13) and the continuity condition (6.14) with
respect to z,41, we obtain

T f> Oz
ox2 3In+1 )

The expressions of p

3$(0, In+1)
8p(2,$n+1) _ 82¢(x(2,xn+1)) a$(2,$n+1) (6 24)
OTn i1 Ox2 Orpi1 '
ap(l_?xn'i'l) — ap(l_i_’xn'i'l) (625)
0T 41 OLpi1

It can now be observed that (6.6)-(6.8), (6.9)-(6.11) and (6.17)-(6.19), (6.20)-(6.22) along with
the boundary conditions (6.12), (6.13) and (6.23), (6.24) and with the continuity conditions (6.14),

31’(T,xn+1)
0Tn41
dJl
dxy

(6.25) form a two point boundary value DAE for z(7, zp41), p(T, Tnt1), (7, Zny1) and

op(T,Tnt1)  Ou(T,Tn+1)
0Tp+1 ! 0Tp 41

. By solving them and substitute the result into (6.16), we can obtain

Remark 6.1 If all subsystems are linear in control and the cost function L is quadratic in control,

then u can be solved from the stationarity equation as a function of (II and p. By differentiation with

3” . If we substitute

respect to 41, 35 can also be expressed as a function of z, p, 31, and
8u

these functions for u and 5 - into the state, costate equations and thelr dlfferentlatlons the

two point boundary value DAE can hence be reduced to a two point boundary value differential

equation in x, p, &iﬂ and 33’“, which can be solved more easily than the DAE (e.g., using

shooting methods for two point boundary value differential equations). O

Remark 6.2 In general, we need to resort to numerical methods to find the solution to the two
point boundary value DAE. Methods similar to the shooting methods for solving boundary value
differential equations can be adopted. We can guess the unknown boundary conditions at 7 = 0
and then discretize the DAE and numerically solve it forward in 7. At the end time 7 = 2, we
regard the minimum square error between the required end condition and the corresponding values
for the current solution as a function of the unknown initial conditions. Numerical optimization
methods are then used to minimize the minimum square error. Ideally, it will converge to 0 Once

we have successfully located the correct initial conditions, the trajectory of and as

8:1: n+1 390 n+1
a function of 7 can be solved from the DAE. However, since we are using numerical methods to
solve it, we can only obtain their values at some discrete instants. In this case, if we regard the

integration in (6.16) as a sum, it may not be accurate enough. One way to address this issue is to
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introduce an auxiliary state variable y that satisfies

L(z,u,to + (Tns1 — t0)7) + (Tnt1 — to) (25 522

%3In+1
oL 0 oL
dy  _ T o g, T 7o), for T €[0,1), (6.26)
dr —L(z,u, Tpng1 + (b — 2ppr) (T — 1)) + (tf — xnﬂ)(g_éaxizﬂ
+g—5axiu+1 +(2- 7')83—%), for 7 € [1,2],
y(0) = 0. (6.27)

Solving the differential equation (6.26) along with the DAE, we can obtain the value

dJi  0P(x(2,7n41)) O1(2,Zn11) n

= 2). 6.28
dzr, 1 oz OTp i1 y(2) ( )
In this way, the resultant dmd;zl-li-l would be quite accurate. ad

Remark 6.3 (Several Subsystems and More Than One Switchings) There is no difficulty
in applying the above method to problems with several subsystems and more than one switchings.
Assuming that there are K switchings, we can transcribe the Stage 1 problem into an equivalent
problem by introducing K new state variables x,4’s, & = 1,--- , K which correspond to the
switching instants t;’s and satisfies

dxgt““ _— (6.29)
Tnik(0) =ty (6.30)

The new independent time variable 7 has a piecewise linear relationship with ¢ where 7 = 0
corresponds to ¢ = %y, 7 = 1 corresponds to ¢t = #;, ---, 7 = K + 1 corresponds to t = t;. It is
then straightforward to apply the necessary conditions in Theorem 4.1 to the equivalent problem

to come up with the state, costate, stationarity equations, the boundary and continuity conditions.
oz ’q Jdp ou

’ 3$n+k ? 3$n+k 3$n+k

by solving the two point boundary value DAE formed by the state, costate, stationarity equations,

’s and

Similarly to the case of a single switching, we can then obtain z, p, u

the boundary and continuity conditions along with their differentiations with respect to z,x’s. By
substituting them into the expressions of ama—‘]jrk’s which can be derived similarly to (6.16), we can

then find the accurate values of ag—‘]ik’s. O

Remark 6.4 (Second Order Derivatives) If we take second order partial derivatives on equa-

. . . d2J1(t1) oz ou
tion (6.15), we can obtain the expression for —a Ty Dra T

which depends on the values of

32CE(T§£En+1) and 82u(7'é:vn+1)
awn«l»l xn+1

tives of the state, costate and stationarity equations (6.6)-(6.8) and (6.9)-(6.11), the boundary

conditions (6.12)-(6.13) and the continuity condition (6.14) with respect to z,4+; will result in a
oz op ou 9%z 9%p %u
’ 8xn+1 ? 8xn+1 ? afvn«l»l ? 3CD$L+1 ) 3CD$L+1 ’ 8:13%_,’_1 )
2
difficulty in obtaining the values of djét(ltl) and 2 Egtl) by solving the DAE and substituting the
1
results to the expressions of them. This procedure can similarly be applied to the case of several

. Similarly to the above procedure, taking first and second order deriva-

two point boundary value DAE in z, p, u There is no

subsystems and more than one switchings. a
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7 General Switched Linear Quadratic Problems

In this section, the idea in Section 6 is applied to general switched linear quadratic (GSLQ) problems

dJi
dTp4+1

method only needs to solve an initial value ODE which is formed by the parameterized general

and a more efficient method for deriving accurate numerical values of is developed. The

Riccati equation and its differentiation with respect to the switching instant in order to compute

the values of d;ir{j—l' For simplicity of notation, we consider the following Stage 1 GSLQ problem

with two subsystems and one switching.
Problem 7.1 (Stage 1 of a GSLQ problem) For a switched system

T = A1I+Blu, to <t<ty
i = Agz+ Bou, t; <t <ty
find an optimal switching instant t1 and an optimal continuous input u(t) such that the cost func-

tional in general quadratic form

1 T ts 1 T
J = Ex(tf) Qrz(ty) + Mpxz(ty) + Wy + (gx Qx
to
1
+2TVu + §uTRu + Mz + Nu+ W) dt (7.3)

is minimized. Here ty and x(ty) = zo are given; Qp, Ms, Wy, Q,V,R, M,N,W are matrices of
appropriate dimensions with Qy >0, Q >0 and R > 0. O

In view of the method in Section 5, we transcribe Problem 7.1 into its equivalent problem.

Problem 7.2 (Equivalent to Problem 7.1) For a system with dynamics
dx(T)

— = (@na—to)(Aiz + Bru), (7.4)
dn41
= 0 7.5
i, (7.5)
in the interval T € [0,1) and
dz (T
" _ ) ) (o + B, (7.6)
dont1 (7.7)
dr

in the interval T € [1,2], find an optimal Tp41 and an optimal u(T) such that the cost functional

1
0

2
+ / (tf — @nsr) Liw,u) dr (7.8)
1
where 1 .
L(z,u) = gacTQx + 2T Vu+ EuTRu +Mz+ Nu+W (7.9)
is minimized. Here ty, x(0) = xo are given. O
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Similar to Remark 5.2, Problem 7.2 can be regarded as a GSLQ problem parameterized by
the switching instant z,1. Assume that we are given a fixed z,1, we can apply the principle of
optimality to Problem 7.2 as follows. We assume that the optimal value function is

1
V*(x, T, tps1) = §IETP(T, Tpy1)x + S(7, Zpt1)x + T(7T, Tny1) (7.10)
where PT(7,2,.1) = P(7,7,+1). The HJB equation is
- t) = minl (51~ 0)Le0) + @ o)Al ()
in the interval 7 € [0,1) and
ov* . ov*
- ($7T7$n+1) = ml {(tf —$n+1)[L(IE,U) + —($777$n+1)f2($7u)]} (712)
or u(r) ox

in the interval 7 € [1,2].
Using a method similar to the method for solving conventional linear quadratic regulator prob-
lems (see e.g., [7]), it can be obtained that the solution to (7.11) in the interval 7 € [0,1) is

u(z, T, Tnq1) = —K(7,5p41)2(7, 2py1) — E(T,2n41) (7.13)

where
K(1,2p1) = R YBIP(r,zp11) +V7), (7.14)
E(r,2n41) = R YBIST(r,2,41)+ NT), (7.15)

and P(7,2zp41), S(7,2p4+1) and T(7, 2,11) (in the following abbreviated as P, S and T') satisfy the
following parameterized general Riccati equation (parameterized by z;,1)

oP
5 = (Zni1 —t0)(Q + PA; + ATP — (PB, + V)R Y(BI P+ VT)), (7.16)

08
—5- = (@np1—t)(M + SA4; — (N + SB)R Y(BIP+VvTy), (7.17)

T 1
—‘Z—T = (@ar1 —to)(W - S(N + SB1)R Y(BIST + NT)). (7.18)
The solution to (7.12) in the interval 7 € [1,2] is
w(®, Ty Tnt1) = —K(7,2p41)2(7, Tnt1) — E(T,Zn41) (7.19)
where

K(r,2n41) = R'(By P(r,2n41) + V"), (7.20)
E(r,zn11) = RN(B3S"(r,@n41) + NT), (7.21)

and P, S and T satisfies the following parameterized general Riccati equation
oP

5y = (r—2a)(@+PAx + ATP — (PBy+ V)R Y(BIP +VT)), (7.22)
0S8

—5- = (tp—an)(M + 84 — (N + SBy)R™ By P+ V1), (7.23)
oT 1

—5- = (ty=wa)(W = S(N + SBo)R(By 8T + NT)). (7.24)
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Once we have solved (7.16-7.18) and (7.22-7.24) (for a fixed z,41), we can obtain the parame-
terized optimal cost at 7 = 0, i.e., the optimal J; under fixed z,41 as

Ji(t1) = Ji(zpg1) = Vi (20,0, 2041)

1
= EacOTP(O, ZTna1)xo + S(0,2p11)z0 + T(0, Tpy1). (7.25)
From (7.25), we have
dJy ov*
= 0
At (Tnt1) OTni1 (20,0, Znt1)
1  OP
=_—x25-—(0 —(0 —(0 . 7.26
520 8:1:n+1(  Tnt1)T0 + 8:1:n+1( » Tnt1)0 + 3$n+1( » Tnt1) (7.26)
In order to obtain the value of dmd;zl-li-l from (7.26), we need to know afi - afil and afil at

(0, zy+1). To obtain these values, we differentiate (7.16-7.18) and (7.22-7.24) with respect to 41
to obtain the following equations

g OP
“oran) = (Q+ PA, + ATP —(PB, + V)R Y BTP +VT))
or or or
+ —t Ay + AT — B)RYB'p+vT
_ or
—(PB, + V)R (BT o +1))) (7.27)
g 0S8 oS
—— ) = (M +SA; — (N +SB)R Y BI'P+VT)) + (zpns1 — to)( Ay
0T " 0%p41 0T 41
s or
- B)RYBIP+V") — (N +SB)R (Bl —/—)) (7.28)
(9£En_|_1 axn-i—l
g orT 1 B
“orGg ) = W—3(N+SBYR NBT ST+ NT))
1. S _
+((L‘n+1 _to)(_i(ax +1B1)R I(B{ST_FNT)
n
1 s
——(N+S8B))R (B (=—)")) (7.29)
2 O0Zn 1
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in the interval 7 € [0,1) and

P
_O (O L Q4 PAy+ ATP — (PBy+ V)R-N(BIP + V7))
or 8$n+1
opP opP opP
+(ty - Ay + A By)R™' (B P+ VT
(f xn+1)(axn+1 2 2 (9:En+1 axn-}-l 2) ( 2 ))
oP
—(PBy + V)R (BT ) (7.30)
OTn11
o 08 a8
N = —(M+SA4y— (N +SB) R~ (BI'P+ V" ty —an
57 8xn+1) (M +SAy — (N +SBa)R™(By P+ V7)) + (tf $+1)(&En+1 2
oS oP
— Bo)R YBI'P+VT) — (N +SBy)R Y(BI ——)) (7.31)
8$n+1 a37n+1
o  oT _ 1 1/ pT aT T
o ae ) = (W 2(N+SB2)R (BIsT + NT))
1, 88 _
+(tf_xn+1)(_§(ax )R~ (B S" + NT)
n+1
1 a8
—=(N+ SBy)R™ (B3 (s—)")) (7.32)
2 OTn11

in the interval 7 € [1,2].
The equations (7.16-7.18) and (7.27-7.29) for 7 € [0,1) and the equations (7.22-7.24) and (7.30-
7.32) for 7 € [1,2] together with the following boundary conditions at 7 = 2

P(2,zn41) = Qf (7.33)
S(2, Tpni1) M; (7.34)
T(2,2n41) = Wy (7.35)
oP
2 = .
8xn+1( s Trt1) 0 (7.36)
oS
Tn+1
oT
—a$n+l(2,xn+1) =0 (7.38)
oP 2s or

form an initial value ordinary differential equation (ODE) for P, S, T, Bimal? Dimil and it
which can be solved efficiently using the function ode45 in MATLAB. From the solution of this
ODE, values of 3 ‘9P -(0, Zp41), 8:1: - (0, zp41) and aw - (0, zp+1) can be obtained and substituted

into (7.26) to obtaln the value of d‘tlll. The conceptual Algorithm 4.1 can then be applied.

Remark 7.1 (Several Subsystems and More Than One Switchings) It can be seen that
there is no difficulty in applying the above method to GSLQ problems with several subsystems
and more than one switchings. First of all, we can translate the problem to an equivalent problem
in 7 € [0,K + 1] if there are K switchings as mentioned in Remark 6.3. It is then straight-

forward to differentiate the Riccati equation which are parameterized by i1, -, Zn+x (i€,

t1, - ,tx) to obtain additional differential equations for 39?;1 k’ , 81,‘95 s and 5 BT ’S Along with
the boundary conditions P(K+1 Tpt1, > Tnyk) = QF, S(K+1 $n+1, . mn+K) M, T(K +
Lzpgr, -, Tork) = Wy, 5 (K + 1L zpi1, s Zpyk) =0, 8:1: (K + L zpi1, s Zpyx) =0
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and 39?5% (K 4+ 1,Zp41, - yZpntr) =0 for all 1 < k < K, we can solve the resultant initial value
ODE backwards in 7 to find the their values at 7 = 0. Once we have their values at 7 = 0, we can
substitute the values into

0Jq ov* 1 oP
D in = Crn (70,0, Tpi1,++ , Tnyk) = §$§m(0,$n+1,"' s Tngk)T0
n n n
oS oT
+m(0a$n+1a'“ s Tnk)To + Dtmer (0, Zng1, - 5 Tngk) (7.39)
n n
to derive the accurate values of g—il’s. O

Remark 7.2 (Second Order Derivatives) It is not difficult to see that if we take second order
partial derivatives of equation (7.25), we obtain

d>.J, 0’V

——5—(t1) = 55—(20,Zn41,0)

day, Oy "
1 . 9%P 028 o0*T

= —x —(0, $n+1)$0 + —(0, :L‘n+1)$0 + —(0, :L‘n+1). (740)
2 0 &'E%H ax%+1 ax%—l—l

While following similar ideas of differentiation of the parameterized general Riccati equation, we
can take first and second-order differentiations of (7.16)-(7.18) and (7.22)-(7.24) with respect to
Zny1 and form a set of ordinary differential equations. Along with the initial conditions (7.33)-
(7.38) and 0’s at 7 = 2 for PP 025 and 2T , the resultant initial value ODE for P, S, T,

ox2 7 0x2 ox?

n+1 n+1 n+1
opP as oT o’pP 228 o°T :
Douti’ Doasi’ Doari’ Dal,y’ Bal,, and 5aZ can be readily solved and hence the accurate value of

d2.J,

2
d$n+1

can be obtained. With this information, the conceptual Algorithm 4.1 can then be applied.

8 Some Examples

In this section, we illustrate the effectiveness of the methods developed in Sections 6 and 7 using
several examples.

Example 8.1 Consider a switched system consisting of

. 9

subsystem 1: { . L AT (8.1)
To = X9 + ToU
51.31 =T — 3:1:1u

subsystem 2: ) (8.2)
Ty = 229 — 229U
o

subsystem 3: { o= an o (8.3)
To = —IT2 + 3x2u

Assume that ¢y = 0, ty = 3 and the system switches at £ = ¢; from subsystem 1 to 2 and at ¢ =t
from subsystem 2 to 3 (0 < t; <ty < 3). We want to find optimal switching instants 1, t2 and an
optimal input u such that the cost functional J = $(z1(3) — €?)? + J(22(3) — €?)? + 3 f03 u?(t) dt
is minimized. Here z1(0) = 1 and z5(0) = 1.
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For this problem, we use the method in Section 6 to obtain the values of g—‘t]ll and %—{21 . Since the
problem is linear in control, we need only to solve a two point boundary value differential equation.

. . . ox ox Ip1 dp2 ox ox Ip1
The resultant differential equation for x1, zs, p1, p2, anil’ anil’ BimyT? Bonit) aniz’ 3%12, Dmi
Op2

and Dt is formed by the following differential equations and their differentiations with respect
to zp41 and Ty 2.

For 7 € [0,1), the differential equations are

% = Tpi1(—x1 + 2z710)
% = $n+1($2 + J?Q’U,) (84)
% = —2pt1(—p1 +2p1u)
% = —Zn11(p2 + p2u)
where u = —2x1p1 — Topa.
For 7 € [1,2), the differential equations are
% = (Tpt2o — Tpt1)(z1 — 3z1U)
% = (Tp12 — Tnt1)(2me — 229u) (8.5)
% = —(Znt2 — Tnt1) (1 — 3p1u)
% = _($n+2 - $n+1)(2p2 - 2102“)
where u = 3x1p1 + 2x2po2.
For 7 € [2,3], the differential equations are
91 = (3 — Tnso) (221 + 210)
% = (3 — Tnyo)(—22 + 3Tou) (8.6)
G = —(3 = zn42)(2p1 + pru)
W2 = —(3 — Tpt2)(—p2 + 3p2u)
where u = —z1p1 — 3z2p9.
The boundary conditions are
xl(o) = 1? LEQ(O) = 1? p1(3) = (II1(3 - 623
0. 0.
pa(3) = I2(38) - e, a0 =0, ?‘TL(U) =0, 57)
—amfila(?)) = ey 3); agéfil (3) = agfil (3), , 3 (0) 320,
31:3_2 (0) = 0’ 81:5.1;,_2 (3) = 81::_1"_2 (3)’ Bmfj_z (3) = 8;1;:3_2 (3)

In the expressions of the above boundary conditions, in order to keep the notation simple, we omit
the arguments 1, Tpyo for the functions. For example, we write 1 (0, Zp11, Zpio) simply as
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21(0). The values of % and % can be obtained from
1 2

G = (@)~ A 4 (aa(3) - ) GO
- /01(%@3 + x”+1u8§n+1) dr /12[__u T (@nt2 an)uaj:ﬂ
+ /2 16— e 35,11] dr,
P (@) -5 ) - G2
+/01(xn+1u%:+2) dr + /f[%uz + (Zp42 — xn+1)U%:+2] dr
. /23[_%u2 +(3- x"“)u&f:”] dr.

(8.8)

(8.9)

Choose initial nominal values ¢; = 1.1 and ¢35 = 2.1. By applying the conceptual Algorithm

4.1 with the gradient projection method, after 18 iterations we find that the optimal switching
instants are t; = 1.0050, o = 1.9993 and the corresponding optimal cost is 2.7599 x 1076, After
translating the result into the form suitable for the original problem, the corresponding continuous

control and state trajectory are shown in Figure 2 (a) and (b). Note that the theoretical optimal

solutions for this problem are t9"* =1, t7" = 2, u®?* = 0 and JP* = 0, so the result we obtained is

quite accurate. Also note that the result for this problem obtained using the method in this paper

is more accurate than that reported in [28, 24].

0.1 T T T T T 25

0.06 20

0.02 15

u
o
X2

-0.02 10

05 1 15 2 25 3 o 1 2 3 4 5 6 7 8
t X1

(@) (b)

Figure 2: Example 8.1: (a) The control input. (b) The state trajectory.

Example 8.2 Consider a switched system consisting of

bevstem 1: i 0.6 1.2 n 1
subsystem 1: £ = x u
Y —0.8 3.4 "
4 3 2
2:x = .
subsystem 2: & [ 1 0]:17—1—[ _1]u

|

(8.10)

(8.11)

Assume that ¢y = 0, ¢ = 2 and the system switches once at ¢t =t; (0 <#; < 2) from subsystem 1

to 2. We want to find an optimal switching instant #; and an optimal input « such that the cost
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functional

7= 5@ =47 + 5@ -2+ 5 (ealt) — 27 +2(0) d (8.12)

is minimized. Here x(0) = [0, 2]”.

We use the method in Section 7 to obtain the value of ‘fi—‘g. From an initial nominal £; = 1.0, by
using the the conceptual Algorithm 4.1 with the gradient projection method, after 12 iterations we
find that the optimal switching instant is ¢t = 0.1897 and the corresponding optimal cost is 9.7667.
The optimal continuous control input is in the state feedback form u(7) = —K(7,0.1897)z(7) —
E(1,0.1897) for the equivalent problem. We can then translate the result into the form suitable
for the original problem. The corresponding continuous control and state trajectory are shown in

Figure 3 (a) and (b). Figure 4 shows the optimal cost for different ¢;’s. O
2 3
o T T | 2.8
> 2.6
4 2.4
S ' 22
-
2
-8
18
-10 16
-12 14
-14 L L L L L L L L s 1.2 L L L L L L
0 02 04 06 08 tl 12 14 16 18 2 -2 -1 0 1 X 2 3 4 5

1
(@) (b)

Figure 3: Example 8.2: (a) The control input. (b) The state trajectory.

180

160 -

401

1201

100

J(t)

80

60

401

20+

0 . . . . . . . . .
0 02 04 06 08 10 12 14 16 18 20

ty

Figure 4: The optimal cost for Example 8.2 for different ¢;’s.

As remarked in Remark 7.1, the approach we develop in Section 7 is also applicable to systems
with several subsystems and more than one switchings following the same idea except for more
notations. The following example illustrates such an application.
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Example 8.3 Consider a switched system consisting of

[ 2 0 1
bsyst 1:z = 8.13
subsystem 1: & 0 _1 T+ 0 u, ( )
[ 05 5.3 1
bsyst 2:r = .14
subsystem 2: = 53 05 T+ [ 4 ] U, (8.14)
(10 0
bsyst T = . 1
subsystem 3: & 0 15 | F + Nk (8.15)

Assume that 2o = 0, t; = 3 and the system switches at ¢ = ¢; from subsystem 1 to 2 and at ¢t =t
from subsystem 2 to 3 (0 < ¢; <t < 3). We want to find optimal switching instants ¢1,%s and an
optimal input u such that the cost functional J = 1 03 u?(t) dt is minimized. Here z(0) = [4, 4]T
and x(3) is required to be close to [—4.1437, 9.3569]7.

For this problem, we adjoin a penalty term [(z1(3) +4.1437)% 4 (2(3) — 9.3569)?] to J and then
consider the expanded cost functional J.;,. We use the method in Section 7 to obtain the values of
%—‘t]ll and 33—{21. From initial nominal values ¢; = 0.8, to = 1.8, by using the the conceptual Algorithm
4.1 with the gradient projection method, after 20 iterations we find that the optimal switching
instant is t; = 0.9982, t, = 1.9983 and the corresponding optimal cost is 4.4087 x 1075. The
optimal continuous control input is in the state feedback form u(7) = —K(7,0.9982,1.9983)x(7) —
E(7,0.9982,1.9983) for the equivalent problem. We can then translate the result into the form
suitable for the original problem. The corresponding continuous control and state trajectory are
shown in Figure 5 (a) and (b). Note that the theoretical optimal solutions for this problem are
t7? b= 1, tof b= 2, u’?t = 0 and Jgff, = 0, so the result we obtained is quite accurate. Figure 6
shows the optimal cost for different ¢; < £s. O

0.5 T T T T T 10
0.4
0.3

0.2 6
0.1 2
~
S o <

0.2 o
-0.3

-0.4

05 L L L L " -4 L L L L L L L L
0 0.5 1 15 2 25 3 -5 -4 -3 -2 -1 0] 1 2 3 4

t
(@) (b)

Figure 5: Example 8.3: (a) The control input. (b) The state trajectory.

It can be observed from Figure 6 that the function Ji(t1,t2) has several ripples. Hence it is not
convex even for this simple GSLQ problem; that is why such problems pose significant difficulties.
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J(t, tp)

Figure 6: The optimal cost for Example 8.3 for different (¢1,t2)’s.

9 Conclusion

In this paper, we first formulated an optimal control problem of switched systems and proposed
a two stage optimization methodology for it. Then we focused on Stage 1 optimization problems
which can further be decomposed into Stage 1(a) and Stage 1(b). We proposed an approach to
obtain the accurate values of the derivatives that is necessary for Stage 1(b) optimizations. The
method first transcribes a Stage 1 problem into an equivalent problem parameterized by the switch-
ing instants and then derives the derivatives based on the solution of a two point boundary value
DAE formed by the state, costate, stationarity equations, the boundary and continuity conditions
and their differentiations. In particular, a modified version of the method was proposed for GSLQ
problems which only need to solve an initial value ODE. Note that earlier results of this paper have
appeared in [26, 25, 27] and a more complete version can be found in [23]. Another earlier result
by the authors, which obtains approximations of the derivatives, is reported in [28, 24]. However,
note that the result in this paper is more accurate and straightforward than the one in [28, 24]. We
believe that the method described here has advantages over existing methods in that it combines
good numerical characteristics and it is based on concrete theoretical results. It is particularly
effective in the case of general switched linear quadratic problems and it may be used to address
practical problems.
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