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OPTIMAL CONTROL OF THE CONVECTION-DIFFUSION
EQUATION USING STABILIZED FINITE ELEMENT METHODS

R. BECKER! AND B. VEXLER}

Abstract. In this paper we analyze discretization of optimal control problems governed by
convection-diffusion equations which are subject to pointwise control constraints. We present a
stabilization scheme which leads to improved approximate solutions even on corse meshes in the
convection dominated case. Moreover, the in general different approaches “optimize-then-discretize”
and “discretize-then-optimize” coincide for the proposed discretization scheme. This allows for a
symmetric optimality system on the discrete level and optimal order of convergence.
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1. Introduction. This paper is concerned with the discretization of optimal
control problems using stabilized finite element methods. We consider the following
optimal control problem governed by linear convection diffusion reaction equations on
a polygonal domain Q C R?, d = 2, 3:

o 1 !
Minimize J(q,u) = 5”“ — g2 + §||(J||2L2(Q)a uw€V,q € Qad (1.1)

subject to

—eAu+p-Vu+ou=f+q in ), (1.2)
u=20 on 0.

The state variable u is searched for in the space V = H}(Q) and the admissible set
Quq C Q = L*(Q) is given by pointwise box constraints, i.e.:

Qua=1{g€L*Q) : a<q<b ae. inQ},

where a,b € RU {+ o0}, a <b.

For the data of the problem we assume: f,uq € L>®(2), 0 € L*(Q) with ¢ >
oo > 0 and a > 0. To simplify the notation we set throughout ¢ = 1. Further we
assume [ to be a constant vector of length || 3.

It is well known that for convection dominated problems standard finite ele-
ment discretizations applied to the equations (1.2) — (1.3) lead to strongly oscilla-
tory solutions unless the mesh size h is sufficiently small with respect to the ratio
between e and ||3||. Several methods are known to improve the approximation prop-
erties of the pure Galerkin discretization and to reduce the oscillatory behavior, see
e.g. [6, 13, 15, 21, 22].

In [9] the authors apply the SUPG method (streamline upwind Petrov Galerkin
method, see e.g. [15]) to the optimal control problem (1.1) — (1.3). They discuss two
different approaches to the discretization of the optimal control problem: “optimize-
then-discretize” and “discretize-then-optimize”. In the “optimize-then-discretize” ap-
proach first the necessary optimality conditions are established on the continuous
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level consisting of the state, adjoint and the optimality equations, and then these
equations are discretized using a stabilized finite element scheme, e.g. SUPG. In the
“discretize-then-optimize” approach the state equation is discretized and then the op-
timality system for the finite dimensional optimization problem is derived. It is well
known that these two approaches lead to the same discretization scheme provided a
pure Galerkin discretization is used. However, in the presence of stabilization terms
these approaches may differ. In [9] it is shown by numerical computations that for the
SUPG discretization the “optimize-then-discretize” approach leads to better asymp-
totic convergence properties. However, the “discretize-then-optimize” approach has
the important advantage of consistency of the state and the adjoint equations on the
discrete level which is reflected in the fact that the corresponding optimality sys-
tem is symmetric. In [18] the authors propose a method with similar behavior for a
SUPG-like discretization, based on a non-symetric modification of the Lagrangian.

In this paper we analyze a stabilization method, which leads to symmetric opti-
mality systems and has optimal order of convergence. For the resulting discretization
scheme the approaches “optimize-then-discretize” and “discretize-then-optimize” co-
incide. The presented method uses standard finite element discretization with sta-
bilization based on local projections (called LPS-method), see in [13] for convection
diffusion reaction equations and for the Stokes-, Oseen- and Navier-Stokes equations
see [2, 4, 5]. The control space is likewise discretized by first-order finite elements.

The main contribution of this paper is the a priori error analysis of the discretiza-
tion of the optimal control problem (1.1) — (1.3) by stabilized finite elements. For both
the unconstrained case (Q.q = @) and the constrained case (Qqq # @) we obtain the
estimate of order O(h*/?) for the L2-error in the control, state and the adjoint state.

For the a priori error analysis of pure Galerkin finite element discretizations for
optimal control problems with pointwise inequality constraints, we refer e.g. to [1,
10, 14, 20]. In [24] discretization by stabilized finite element for an optimal control
problem governed by Stokes equations is analyzed.

Our results are optimal for the following two reasons: First, it is well known
that stabilized finite elements leads to optimal order of convergence of O(h*/2) in
L?(Q)-norm for the convection diffusion reaction equation (1.2) — (1.3) on general
quasi-uniform meshes, see e.g. [26]. Second, the presence of control constraints leads
to the fact, that the optimal control § is in general not in H2(Q) and only O(h?/?)
convergence can be expected for the piecewise (bi)linear discretization of the control
space, see e.g. [23].

The outline of the paper is as follows: In the next section we discuss the precise
formulation of the optimal control problem and the optimality conditions. In Section 3
we describe the discretization of (1.1) — (1.3) and formulate our main results. In
Section 4 we prove an error estimate for the optimal control problem without control
constraints. The extension to the case with pointwise control constraints is presented
in Section 5. In Section 6 we present numerical results.

2. Optimal control problem. In this section we discuss the optimality condi-
tions for the optimal control problem (1.1) — (1.3).
A weak solution u € V = H}(Q) of the state equation (1.2) — (1.3) is determined
by
a(u,v) = (f +q,v) YveV
using the bilinear form a: V' x V — R given by:

a(u,v) = e(Vu, Vu) + (8 - Vu,v) + (u,v).
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Throughout the paper we make the following assumption on the domain 2:
ASSUMPTION 1. There exists s € R, s > d such that the weak solution v € HE(Q)

of
—eAv+3-Vo+v=g in$,
v=0 ond

/~
O
o =
=

satisfies the a priori error estimates:

lvllw2r) < cllgllir) forallge LP(Q), 2<p<s.

REMARK 2.1. For d = 2 a sufficient condition for the above assumption is the
convezity of the domain ), see e.g. [12]. For d = 3 one needs an additional angle
condition, see e.g. [16].

THEOREM 2.2. Under the above assumption the optimal control problem (1.1) —
(1.3) admits a unique solution (7,u) € (Qqa N WH(Q)) x (HJ(2) N W25(Q)).

The proof of this theorem follows standard arguments, see e.g. [11, 19, 25].

REMARK 2.3. In the case Q = Qquq, i.€. in the absence of control constraints, the
optimal control ¢ has better reqularity properties, i.e. § € W23(£2).

We denote by S: Q — H(Q) N H?(Q) the solution operator of the state equa-
tions (1.2) - (1.3) and introduce the reduced cost functional j: @ — R by:

j(q) = J(q,Sq).

This allows us to eliminate the state equation and to reformulate the optimization
problem as:

Minimize j(q), ¢ € Qaa-

The reduced cost functional j is continously differentiable and its derivatives are given
in the following lemma:
LEMMA 2.4. There holds:

7'(@)(dq) = (2,0q) + (g, ),
where z € HE (Q) NW?25(Q) is the solution of the adjoint equation:

—eAz—f-Vz+z=u—uq nQ, (2.3)
z2=0 on 09, (2.4)
where u = Sq is the associated state to q; z is called adjoint state.

Proof. Using standard arguments, see e.g. [25], we obtain the above formula for
the derivatives of j with z € H}(£2). Due to the fact that u € H*(Q) — L*°(Q) and
consequently u — ug € L% (£2), Assumption 1 implies that z € W24(Q). O

Due to the fact that Q.4 is convex the necessary and sufficient optimality condition
for this problem can be formulated as follows:

7'(@)(0qg—q) >0 Vg € Qua- (2.5)
REMARK 2.5. Using Lemma 2.4 condition (2.5) can be rewritten as:

(z4+ag,0¢g—q) >0 Vg € Qua,
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where Z s the associated adjoint state to q. This condition together with the state
equation (1.2) — (1.3) and the adjoint equation (2.3) — (2.4) builds the optimality
system for optimal control problem (1.1) — (1.3).

In the sequel we will need the gradient Vj(q) € L?() of the reduced cost func-
tional j, which is given as the Riesz representative of j'(¢)(-) by:

Vi(g) =z + aq.

Obviously, there holds Vj(g) € W1 (Q).
Since j is quadratic, the second derivative j”(q)(dq, 7q) does not depend on g and
there holds:

3"(@)(6q,6q) > alldqlFzq) Vg € Q. (2.6)

3. Discretization and main results. In this section we present the discretiza-
tion of the optimal control problem (1.1) — (1.3) and formulate our main result con-
cerning the asymptotic convergence properties.

For the discretization of the optimal control problem (1.1) — (1.3) we consider
a family {73 }n>0 of two- or three dimensional meshes consisting of (open) cells K
which are either triangles, tetrahedra, quadrilaterals, or hexahedra and constitute a
non-overlapping covering of the computational domain 2. The mesh parameter h is
defined as a cell-wise constant function by setting hjx = hx and hg is the diameter
of K. We use the symbol h also for the maximal cell size, i.e.

h = imax hi. (3.1)

The family of meshes {7, },~0 is assumed to fulfill the standard conditions of quasi-
uniformity and shape-regularity, see e.g. [8]. In addition, we require that the mesh
7Ty, is organized in a patch-wise manner. This means that it results from a coarser
regular mesh 75, by an uniform refinement. By a patch P of elements we denote a
group of cells in 73, which results from a common coarser cell in 7a,.

For each node z of the mesh 7;, we denote by N, (z) C Q the “neighborhood” of
2, which is the union of all cells K with x € K. For quasi-uniform, shape-regular
meshes there exists a constant cas such that

diam(N,(z)) < eprh. (3.2)

On the mesh 7, we define finite element spaces Qn C H'(Q) and V), C H}(Q)
consisting of linear or bilinear shape functions, see e.g. [15]. In addition we define the
space of cell-wise constant functions on patches Ve,

In the sequel, we will need an L?-orthogonal projection operator mj,: L?(Q)) —

Vﬁf“. This operator has the following approximation and stability properties for
P e Ty

Imnollzcpy < ellvllzpy Yo € L2(P), (3:3)
o — mwollz2(p) < | Volliagm Vo € HY(P). (3.4)

For a positive stabilization parameter § we introduce a stabilization (bilinear, sym-
metric) form s‘fL: Vi x Vi — R by:

sy (un,vp) = 6(8- Vup, — (8- V), B+ Vup — (B - V),
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and the discrete semilinear form ap: Vi x Vj, — R by:
an(un,vn) = a(un, v) + 55 (up, vp). (3.5)
Then, the discretized optimal control problem is formulated as follows:

Minimize J(qn,un), ¢ € Qad,h = Qad N Qn, un € Vi, (3.6)

subject to

ah(uhwh) = (f + qh,vh) Yo, € V. (37)

This problem possess a unique solution (G, @) € Qad,nx V. Similar to the continuous
case we introduce a discrete solution operator Sy : Q — V}, defined by:

an(Sng,vn) = (f +q,vn) Yo, € Vi

and the discrete reduced cost functional

Jn(q) = J(q, Snq).

The optimality condition for the discretized problem reads:

Jn(@n)(6qn — an) >0 Voqn € Qaan- (3.8)

The derivatives of j; are given similar to the continuous case in the following lemmas:
LEMMA 3.1. There holds:

Jn(@)(8q) = (2n,0q) + a(q, 8q),
where zp, € V}, is the solution of the adjoint equation:
ah(vh,zh) = (uh — ud,vh) Vvh S Vh. (39)

where up, = Spq is the associated discrete state to q. The solution zy, is the associated
discrete adjoint state.

REMARK 3.2. We note that we obtain the same discrete adjoint equation as (3.9)
if we directly discretize the continuous adjoint equation by the same (stabilized) dis-
cretization scheme. This property relies on the symmetry of the stabilization term and
leads to the fact that the approaches “optimize-then-discretize” and “discretize-then-
optimize” coincide in our case.

We note that similar to the continuous case the second derivative j/(q) does
depend on ¢ and we have analog to (2.6):

Jn(@)(6q,6q) > alldqlFzq) Vg € Q. (3.10)

In the following theorem we formulate our main result for the optimal control
problem without control constraints.

THEOREM 3.3. Let (q,u) be the solution of the optimal control problem (1.1) —
(1.3) with Quq = Q and (qn,an) be the solution of the discretized problem (3.6) — (3.7)
with Qua,n = @, then the following estimate holds:

o c _ - c ~
17— anll2) < ET(é) h(llall g2y + 12 22(0)) + o B2 (|q] 20 -
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where
7(8) = (8Y2)|8|| + min(6~ V2, ||Blle V2 + b+ £1/3). (3.11)

The proof of this theorem will be given in the next section. As a direct consequence
of this theorem we give a rule for choosing the stabilization parameter . A similar
rule is known for the SUPG or LPS discretization of convection-diffusion-reaction
equations. The stabilization parameter is chosen in dependence of the Peclet number:

h
pe _ Ml
g
by
0 if Pe<1
s=14 ' 3.12
{”gl, if Pe> 1. (3.12)

This choice leads to the following corollary
COROLLARY 3.4. Let (q,u) be the solution of the optimal control problem (1.1) —
(1.3) with Quqa = Q and (qn,ap) be the solution of the discretized problem (3.6) — (3.7)
with Qqa,n = Qn. Let moreover § be chosen as in (3.12), then the following estimates
hold:
1. if Pe< 1

o c ~ - c -
17— Gnll2) < S eV 2 h (|l g2y + 12| 2 e)) + - P2 |l 2 ) -
2. if Pe>1
C C
17— Gnll2) < o 1BI1M2 W32 (|a]l g2 0y + 1|Z] mr2)) + - R (1G] 20 -

REMARK 3.5. In the case that 3 # Const or in the case of variating cell diameter
hx the Peclet number has to be defined locally, i.e. cell-wise. Then, the stabilization
parameter § is also chosen locally.

REMARK 3.6. We note, that our error estimate is proportional to é This
is a typical situation if the coercivity constant of j coincide with the regularization
parameter a, see (3.10). However, this not always the case.

Let us consider a variant of the optimal control problem (3.6) — (3.7) with a finite
dimensional control space Q = R™:

L 1 «@
Minimize J(q,u) = §Hu - ud||%2(9) + §||qH2Q, u€V,qg€ Quu

subject to

n

—aAu—Fﬁ-Vu—l—Uu:f—&—Zqigi in Q
i=1

u=0 on 082,

where g; € L>=(Q) are linearly independent functions. This problem possess a solution
also in the case a = 0. Moreover, there holds:

3"(q)(8q,6q) > ~[|6qlley  with v > o
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For this problem similar error estimates can obtained which are proportional to %

In order to formulate our main result for the control constrained case we need an
additional assumption. We group the cells of the mesh 7}, in two classes 7, = 7, UT,;2
with 7, N 7,2 = 0 as follows: The cell K belongs to 7,' if and only if one of the
following conditions is satisfied:

(a) g=aon K,

(b) g=bon K,

(¢) a < q<bon Np(x;) for each node x; € OK.
The set 7,2 is given by 7,2 = 7, \ 7;! and consists of the cells which lie “close to the
free boundary between the active and the inactive sets”.

AssUMPTION 2. We assume that

| U E|<ch

KeT?

A similar assumption is used in [20] and in [24].
REMARK 3.7. This assumption is valid if the boundary of the level sets

{z : g(x) =a} and {z: q(z) =1}

consists of a finite number of rectifiable curves.
In addition we assume —oo < a < b < 400 and introduce the inactive set in
optimum:

Qr={ze:a<gx)<b}.

Using this set we define a norm, we need in the sequel:

1/2
lallzad = (gl + IV2al320,) -

In the following theorem we formulate our main result for the optimal control problem
with control constraints.

THEOREM 3.8. Let (q,u) be the solution of the optimal control problem (1.1) —
(1.3) and (G, un) be the solution of the discretized problem (3.6) — (3.7). Let moreover
Assumption 2 be fulfilled. Then the following estimate holds:

o ¢ ~ B c B
17— anllz2) < 57(5) b (||l g2) + 12] 22(0) + ahg/QHQHZad

with s > d from Assumption 1 and 7(5) defined in (3.11).

The proof of this theorem is given is Section 5.

For the choice of § according to (3.12) we obtain the following corollary:

COROLLARY 3.9. Let (q,u) be the solution of the optimal control problem (1.1) —
(1.3) and (G, un) be the solution of the discretized problem (3.6) — (3.7). Let moreover
Assumption 2 be fulfilled and § be chosen according to (3.12). Then the following
estimates hold:

1. if Pe< 1
o c _ _ c _
1 = anllz2e) < 2 h (@)l o) + 121l 20)) + ahg/QHCJIIz,ad,
2. if Pe>1

o c ~ ~ c -
17— Gnllz2) < o 1BI1M2 W32 (|a]| g2 0y + 1|2] mr20)) + ahS/QHQHZad-
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REMARK 3.10. Theorem 3.3 and Theorem 3.8 provide error estimates for the
error in the control variable. The corresponding estimates for the state and the adjoint
variable have similar structure since there holds:

1@ = an 2@ + 12 = Znllz2 @) < ch®(lallaz0) + 12 m2@) + clld = @nll L2 (-

4. Error analysis for the unconstrained problem. In this section we con-
sider the unconstrained case, i.e. for Q.q = @ and prove Theorem 3.3. To this end
we need a special interpolation operator:

LEMMA 4.1. There is an interpolation operator Iy,: V N H?(Q) — Vj, with the
following properties: There holds for all v € V N H?(£2)

(i) (v—Iyo,wp) =0 Yy, € Vilise, (4.1)

(ii) |lv = Ipv| 2y + 1 ||V (0 = 1) || 120y < ch?® V20| p20)- (4.2)

A constructive proof of this lemma can be found in [4].

In the sequel, we will need an assertion of the term s (I,v, I,v). This assertion
is given in the following lemma.

LEMMA 4.2. For any v € VN H?(Q) the following estimate holds:

|5, (Inv, Inw)| < ¢ [1B1* B2 [0]|32(q) -

Proof. We start by
83 (Inv, Inv) = s (v + Ipv — v, v + I — v) < 2(sh (v,v) + 5 (v — Thv, v — Ihv))
For the first term we use the interpolation property of 7y, see (3.4):
58 (0,0) = 8113 Vo — mu (8- Vo) 30y < OB V(B V)| < 82812 [0l 0.
For the second term we use the L2-stability of 7, and obtain:

s% (v — Iyv,v — Iyw) < 6 ||B- V(v — Ihv)||2Lz(Q)
< e |1BIPIV (0 = Ino)l[F2 0y < ¢S IBIP R v]|32(q)-
This completes the proof. O
In the following lemma we give an error estimate for the discretization of the state

equation with an additional perturbation in the right hand side. To this end we first
introduce a norm:

oll1? = [[o]Z2 0y + ||51/2VU||%2(Q) + 55 (v, v).

LEMMA 4.3. Let for q € Q, u= Sq €V N H?(Q) be a associated solution of the
state equation (1.2) — (1.3), and for p € Q, wy, = Spp € Vi, be the associated discrete
solution, i.e:

ap(wn,vn) = (f +p,on) VYo, € V.
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Then the following estimate holds:
llu —wnll| < llg = pllrz@) + c7(0) k||l m2(0),

where 7(9) is defined as in (3.11).

Proof. For the error u — wy, there holds a perturbed Galerkin orthogonality rela-

tion:

a(u —wp,vp) = 89 (wn,vs) + (¢ —p,vp) Yo, € Vi,
We split the error u — wy = n + € with

n=u—1Iyu &=Iu—w,
For the interpolation error n we obtain:
1l L2y < eh® [lull a2
and
Il < e (h+ 2 4 621811 hllul g2 o)
For ¢ € V}, we use the perturbed Galerkin orthogonality and obtain:
I1E]1* = (&, €) + 54(6,) = (@ = p, &) + 5i(Inu, §) — a(n, €).
For the first term we have:
(@a—p,8) <llg—pllzlléllz2) < llg =2l ¢l
For the second term we use Lemma 4.2:
sh(Inu, €) < (s (I, Iyw)) 2 (5, (6,))2 < 82 BB [l r2 o 111

For the third term we obtain:

la(n; O < InllHIEN+1(8 - Vn, €.

The last term here can be estimated either using the property (4.1) of I,

[(B-Vn, ) =1, 8-V =|(n,8-VE—mn(B-VE))|
<6 2Inll g2y 6218 - VE = 7a(B8- VE)lL2() < 52 (Inll 2o [1IE]I]

or directly:

(8- V0,6l = 1(n,6-VE < e 2Bl Inll 2@ lle*VEl 120
< e 2B Inll 2o €N

Therefore we have:

EN < llg = pllz2(o) +min(~ 2,72 |18]) ]| 120
+8 2 1B [l 2oy + M1l
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Now we use the interpolation estimates (4.3) and (4.4) and obtain the desired estimate.
0

As a direct consequence of the above lemma we obtain an estimate for the error
in the adjoint states:

LEMMA 4.4. Let for ¢ € Q, z € V. N H?(Q) be the associated adjoint solution,
i.e the solution of (2.3) —(2.4), and for p € Q, yn € V}, denote the associated adjoint
discrete solution, then the following estimate holds:

[z = wnlll < llg = pllL2) + ¢7(0) h ([[ullz20) + |2l H2(2),

where 7(8) is defined as in (3.11).
The proof of this lemma is obtained similar to the proof of Lemma 4.3.
Now, we come to the proof of Theorem 3.3.
Proof. Let py, € Qp be arbitrary. We obtain from (3.10):

allpn = @nll22) < 3n(@)(Pn — @npn — @n) = 31, (1) (On — @) — 5,.(@n) (Ph — @n)-
Due to Qqq = @ and Qqq,n = Qp we have:
31 (@) (P — @) = 0 = 5'(q)(ph — Gn)- (4.5)
Hence,
allpn = @nllZ20) < dn(en)(n — an) — §'(@) (pr — an)-
We use Lemma 2.4 and Lemma 3.1 and obtain:
allpn = @nllZ2) < Whoph — @n) — (2,00 — @),

where z is the associated adjoint state to ¢ and yj, is the associated discrete adjoint
state to py. Using Lemma 4.4 we obtain:

_ 1, c _ _
Ipn — anllz2 (o) < EHQ —prllz2) + 57(5) h (||l &2y + 12l 72(0))s

where 7(0) is defined as in (3.11). Due to Q¢ = @ we have that
_ 1 2
g=—-z€VNH(Q).
@
Therefore we can choose p, € @}, as the pointwise interpolation of ¢ with

1 = prllz2) < ch?|ll 2

Using this fact we obtain the desired estimate:

o c _ ~ c ~
17— Gnll2) < 57(5) h(l|lall g2y + 12 22(0)) + o R ||l 20 -
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5. Error analysis for the problem with control constraints. In this section
we provide the error estimate for the control constrained case. In the case Q.q #
@ we can not use the same argument as for the proof of Theorem 3.3 since the
condition (4.5) does not hold any more. To overcome this difficulty we will construct
a special interpolation p, € Qg of the solution ¢ € WH*(Q) which fulfills the
following condition:

J'(@)(r—pr) >0 V7€ Qua- (5.1)

In the following lemma we use this condition in order to get an error estimate.

LEMMA 5.1. Let (q,u) be the solution of the optimal control problem (1.1) — (1.3)
and (Jn,an) be the solution of the discretized problem (3.6) — (3.7). Let moreover
Ph € Qad,n fulfill condition (5.1). Then the following estimate holds:

o 1, c _ _
17— anll2(0) < EHQ —pullz2 o) + 57(5) h(|lall g2y + 12l 52(0)),

where 7(9) is defined as in (3.11).
Proof. As in the unconstrained case there holds:

allpn = @l 72) < (@) (Pn = Gn,pn — @n) = 31, (on) (Pr = @) — ,.(Gn) (Pr — n)-

We use the discrete optimality condition (3.8) and the condition (5.1) with r = gp,.
We obtain:

—in(@n)(pn — qn) <0< —35'(q)(pn — an)-
Hence,
allpn — @nll® < jnn)(pr — @) — 5°(@) (pr — @)

Then we proceed as in the proof of Theorem 3.3 and obtain the desired estimate. O

The interpolation p;, € Q4,5 is constructed as follows: We prescribe the value of
ph, at each node z of the mesh 7;,. To this end we use the “neighborhood” N, (z;) of
a node x; defined in Section 3. We set

a, if min ¢(x)=a
zENRL (x4) Q( )
i) =< b, if max ¢g(z)=" 5.2
pi(zi) weNh(mq() (5.2)
q(z;), else.

A similar construction can be found in [7].
In the following lemma we show that py, is well defined if h is small enough and
that pp, fulfills condition (5.1).
LEMMA 5.2. Let
b—a

hs ———— (5.3)
CN ||Q||leoo(sz)

Then py, is well defined and fulfills condition (5.1).
Proof. Due to the fact that ¢ € W°°(Q) there holds:

max ¢(z)— min §g(z) < ||q]lwr.e oy diam(Ng (2;)) < [1q]lwr.oo ) e b,
e )~ i 7(0) < [l < epdiam i) < b <o ex
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with ¢y introduced by (3.2).

Therefore, either the first or the second or the third case applies, provided h
fulfills the condition (5.3). This proves that pj, is well defined.

In order to prove that p, fulfills (5.1) we first consider a neighborhood N (z;) such
that

min ¢(x) = a.
xEN(xi)q( )

Then there holds:
g(z) <b Va e N(z;)

and consequently Vj(q) > 0 pointwise on N'(z;). Therefore we obtain for an arbitrary
e Qad

Vi@ (r = pn) = Vi(@)(r —a) =0
pointwise on N (x;). For the cases

L
,Dhax ()

and

erjr\l/l(Iglm)q(l') > a and xem/\;&();i)q(m) <b
we proceed similarly and obtain that V5 (g)(r —pp) > 0 pointwise on Q for all € Q4.
This completes the proof. O
To complete the proof of Theorem 3.8 we have to provide an estimate for the
interpolation error || — pr|r2(q)-
LEMMA 5.3. Let pp, € Qqan be constructed as in (5.2) and Assumption 2 be
fulfilled, then the following estimate holds:

_ c _
g —prllL2) < ah3/2|\Q||2,ad7

with s > d from Assumption 1.
Proof. We start with

la—pnlaoy = S la—pnleiey = S 1a—pulZoiy+ S Na—pulax) (54)
KeTn KeT}! KeTp?

For the first sum we have:

Z ||<f—ph||2L2(K) < Z Ch4||v2@||%2(f<) < ch4||VQQ||2L2(Q,)7 (5.5)
KeT)! KeT)}

since ¢ € H?(K) for each cell K € 'Thl and pp is a usual point interpolation on the
cells from 7,!.
For a cell K € T? we obtain that K C N, (x;) with either

7 min ¢(z)=a
(4) zeth)q”
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or

i q(x) =b.
(i2) xerj{l[%i)q(w)

In the first case we obtain:
17 = PallZeae) < 16— Pul3 o) < 10 = allZe, -
Due to the fact that ¢ € W°°(Q) we have:
17 = all X, ) < Wa@)l 17— all~ (@) < IWa(z)| diam (N (2:))? 11510 o) -

The same estimate is obtained in the case (ii). By summing up and using Assump-
tion 2, we obtain:

D la—pulliz) < e a@livie@ Y 1K< ch?dllfe(o (5.6)
KeT? KeT?

Inserting (5.5) and (5.6) in (5.4) we obtain the desired estimate. O
To complete the proof of Theorem 3.8 we combine the results from Lemma 5.1,
Lemma 5.2 and Lemma 5.3.

6. Numerical example. In this section we present a numerical example con-
firming our results. To this end we consider the optimization problem (1.1) — (1.3)
on the unit square, i.e with Q = (0,1)? and with following parameters:

and

The state and the control variables are discretized by bilinear finite elements as
described in Section 3. The discretized control constraint problems are solved by
primal dual active set method, see, e.g., [3] and [17].

Figure 6.1 shows the optimal control ¢, computed on the mesh 7; with h =
2764/2, i.e with Peclet number Pe ~ 50 with and without stabilization. It turns out,
that the solution of the stabilized problem has slight oscillations only in the boundary
layer, whereas the solution of the discrete problem without stabilization shows strong
oscillations almost in the whole domain.

Since the exact solution of the optimal control problem under consideration is
not known, we show the evolution of the values of the cost functional J(gy, up) for a
sequence of uniformly refined meshes 7y, for h tending to zero. From this sequence, we
compute the approximative order of convergence, see Table 6.1. The mean observed
order of convergence is r ~ 1.73.
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Fic. 6.1. Optimal control G (level sets) computed on the mesh Tp, with h = 2-64/2, Pe ~ 50
without stabilization (left) and with stabilization (right). The active sets are indicated by the black
lines.

TABLE 6.1
Evolution of the values of the cost functional J(qp,dn) for a sequence of uniformly refined
meshes Ty, for h tending to zero

h/N2  J(Gn.un)  J(Gn,Un) — J(Gon, U2p)  order

272 0.293169 - -

273 0.273468 -1.97006e-2 -

274 0.265199 -8.26853e-3 1.25254
275 0.262427 -2.77226e-3 1.57657
276 0261613 -8.13916e-4 1.76811
277 0.261409 -2.04352e-4 1.99383
278 0.261360 -4.86628e-5 2.07016
279 0.261346 -1.44169e-5 1.75505

7. Conclusion. In this paper we have derived a priori error estimates for a stabi-
lized finite element discretization of optimal control problems governed by advection-
diffusion equations subject to pointwise control constraints. The method has optimal
convergence behavior and has the commutativity property of discretization and opti-
mization, which is very convenient from an algorithmic point of view. No modification
of the Lagrangian is necessary. The presented analysis can be used to analyze related
stabilization methods as the one proposed in [6].
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