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Abstract We analyze an immersed interface finite element method based on
linear polynomials on noninterface triangular elements and piecewise linear
polynomials on interface triangular elements. The flux jump condition is
weakly enforced on the smooth interface. Optimal error estimates are derived
in the broken H'-norm and L*-norm.
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1 Introduction

Second order elliptic equations with discontinuous coefficients are often used
to model problems in material sciences and fluid dynamics when two or
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more distinct materials or fluids with different conductivities or densities or
diffusions are involved. These interface problems must satisfy interface jump
conditions due to conservation laws. If the interface is smooth enough, then
the solution of the interface problem is also very smooth in individual regions
where the coefficient is smooth, but due to the jump of the coefficient across
the interface, the global regularity is usually low and has order of H!*%(Q), 0 <
a < 1. Because of the low global regularity and the irregular geometry of the
interface, achieving accuracy is difficult with standard finite element methods,
unless the elements fit with the interface of general shape.

Babuska [1] applied the fitted finite element method for the elliptic interface
problem and under some approximation assumptions on finite element spaces,
the energy-norm estimates were obtained. Bramble and King [2] derived a
finite element method in which the smooth boundary and interface of the
problem domain are approximated by polygonal domain and interface. With
the boundary and interface data transferred in a natural way, they obtained the
optimal order error estimates using the piecewise Sobolev norm on H*(Q* U
Q") for linear elements on a quasi-uniform triangulation. More recently, Chen
et al. [S] demonstrated some new techniques in deriving estimates for fitted
grid finite element methods using standard finite element with special fitted
grids. However, a method using fitted grids to the interface is costly for more
complicated time dependent problems in which the interface moves with time
and repeated grid generation is called for.

Finite difference methods were applied to the interface problem quite early
and unfitted or immersed interface methods are natural in this context since
the Cartesian grid cannot match a curved interface. LeVeque and Z. Li [18]
proposed an immersed interface method for interface problems defined on
a regular domain on which a uniform rectangular grid can be used. The
finite difference methods were constructed based on the uniform grid and the
jump conditions on the interface. They subsequently applied the same ideas
to other interface problems such as the Stokes flow problem [19], the one-
dimensional moving interface problem and Hele-Shaw flow [15]. The resulting
linear systems from these methods are non-symmetric and indefinite even
when the original problem is self-adjoint and uniformly elliptic. Although
these methods were demonstrated to be very effective, convergence analysis
of related finite difference methods are extremely difficult and are still open.

On the other hand, for finite element methods, Z. Li, T. Lin and X. Wu
[25] recently proposed an immersed finite element method using uniform
Cartesian triangular grids and their numerical examples demonstrated an
optimal order of the errors. Once again, it is not easy to analyze this method.
The best one can do is to derive the approximation ability of the interpolation
finite element space. Indeed, we quote from Remark 8.1 of Li and Ito [23].
“Although we have the error estimate for the interpolation functions for the
nonconforming finite element method in terms of piecewise C?(Q2) space, the
convergence analysis for FE solution is not straight. Our result indicates that
the nonconforming IFE space has approximation capability similar to that of
the standard conforming linear finite space based on body-fitting partitions.”
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Immersed interface finite element method

In view of the fact that the element introduced in [13, 24, 25] seems to be the
simplest possible immersed interface element and practically more efficient
than other similar methods, it is desirable to know whether this method has
the optimal convergence.

Indeed, in this paper we derive optimal H' and L*-error estimates for this
interesting scheme and show that the method actually converges. An optimal
H' convergence is shown in Theorem 4.8 and the L? convergence shown in
Theorem 5.1.

2 Preliminaries

Let Q be a convex polygonal domain in R? which is separated into two
subdomains Q* and Q~ by a C? interface I' = 9Q~ C Q, with QT =Q\ Q~
as in Fig. 1. We consider the following elliptic interface problem

—V.-(BVu) = f inQ, (2.1)
u=0 onadf

with the jump conditions on the interface

[u] =0, [ﬂz—z] =0 acrossT, (2.2)

where f e L*(Q)and u € H(') (£2). We assume that the coefficient g is positive
and piecewise constant, that is,
Bx)=B" forxeQ™; Bkx)=p" forxe Qt.

We take as usual the weak formulation of the interface problem: Find u €
H} () such that

/ BVu - Vvdx = / fvdx, Vv e H)(Q). (2.3)
Q Q

For the analysis, we introduce the space

H(Q) :={ue H(Q) : ue H*(2),s =+, -}

Fig.1 Sketch of the domain
2 for the interface problem

O+
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equipped with the norm
Il ) = el + Nty Yu € H(Q),

where H™(Q*) = WJ'(R2°) is the usual Sobolev space of order m.
Then we have the following regularity theorem for the weak solution u of
the variational problem (2.3); see [2, 28] and [17].

Theorem 2.1 Assume that f € L*(Q). Then the variational problem (2.3) has a
unique solution u € H*(Q) which satisfies for some constant C > 0

lull go) < Cllfll 2 (24)

3 The immersed interface finite element space

We describe the immersed interface finite element space introduced in [24, 25].
Let {7,} be the usual shape regular finite element triangulations of the domain
Q2. We call an element T € 7, an interface element if the interface I' passes
through the interior of 7, otherwise we call T a noninterface element. (If
one of the edges is part of the interface, then the element is a noninterface
element.) Let 7,* be the collection of all interface elements and Q' be the
union of them. We assume that the interface meets the edges of an interface
element at no more than two points. For simplicity of presentation, we assume
a rectangular domain € is partitioned into triangles obtained by cutting axis-
parallel rectangles diagonally, but our presentation holds for general regular
triangular partition 7;, with a mesh size 4 on polygonal domain Q. Let DE be
the line segment connecting the intersections of the interface and the edges
of a triangle T. This line segment divides T into two parts 7T and T~ with
T = T+ U T~ U DE. Note that there is a small region in T

T"=T—(Q"NT")—(Q NT). (3.1)

Since DE can be considered as an approximation of the C? curve I' N 7,
the interface is perturbed by a O(h?) term. From [2, 5], one can see for the
interpolation polynomial defined below, such a perturbation will only affect
interpolation error to the order of 4.

As usual, we want to construct local basis functions on each element 7 of
the partition 7j,. For a noninterface element 7' € 7, we simply use the standard
linear shape functions on 7 whose degrees of freedom are functional values
on the vertices of T, and use S, (7) to denote the linear spaces spanned by the
three nodal basis functions on 7

Sp(T) = span{ ¢; : ¢; is the standard linear shape function }
This space has the following approximation property:

lu — Tyl z2cry + hllu — Ll gy < CR?ull 2z, (3.2)
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where I, : H*(T) — S,(T) is the interpolation operator. Finally, we use Sp(Q)
to denote the space of conforming piecewise linear polynomials with vanishing
boundary values.

3.1 Local basis functions on an interface element

Consider a typical interface element 7" whose geometric configuration is
given in Fig. 2 in which the three vertices are given by A; = (0, hy), A =
(0,0), Az = (h,0), and the curve between points D and E is a part of the
interface across which the quantity 8 has a jump. Here we assume that the
ratio r := h;/h, is bounded below and above by some constant « > 1, i.e.,
1/k <r <«k.

Let ¢; denote the usual Lagrange nodal basis function associated with the
vertex A;, i.e., ¢y =y/hy, po=1—x/h; — y/hy, ¢35 = x/h;. For any given
linear function ¢ = Vi ¢; + Vagy + Vi3 on T, we would like to construct a
new function ¢ which is linear on 7+ and T~ respectively and satisfies the same
condition as (2.2) on D E. Let the interface intersect the edges at D(0, ah,) and
E(bhy,0), where 0 <a < 1 and 0 < b < 1. Then a unit normal vector to DE

is npg = (ahy, bhy)/\/a*h5 + b2h?.
The modified basis function ¢ on an interface element T can be conveniently
described in the following form:

. [ =cgi+Vagr+ gy in T,
!’ (3.3)
¢t =Vigi + o+ Vads in T,
¢~ (D) = ¢ (D), ¢~ (E) = $*(E), (34)
— 3¢ _ apt
ﬂ dnﬁ - ﬂJr iﬁ’lﬁ' (3'5)
Fig. 2 Typical interface Aq
triangle T
D
(0, ahg)
T
T+
T
Ay As
E (bhy,0)
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The point continuity condition (3.4) gives

cia+Vo(1—a) = Via+c(1—a),
Vo(l —b)+c3b =c(1 —b) + Vb,

while the flux continuity (3.5) becomes
p(€1Ve1 + VoV + c3Ves) -npp = (ViV + 2V + ViVes) - npp,

where p = g7 /BT.
In matrix form,

—a 1l—a O C —a l—a O Vi
0 1-b b |[eal=| o1=b=b|[Ww]. 6
—pvy V2 —pPV3 3 —Vvy pv2 —V3 Vs

where v; = V¢; - npg, i = 1, 2, 3. Note that

b —(a+br?
W= — = M, me——2 (37
JJa*hs + b2h? rya*h3 + b2h? rya2h3 + b2h?
where r = hy /by, and Y;_ v; = 0.
Let us write the above equation in the form
McC=MyV, (3.8)

then by (3.7) the determinant of M¢ is

det(M¢) = (1 —a)bpvy —abv, +a(l — b)pvs > 0.
Similarly, we have

det(My) = (1 —a)bv, —abpv, +a(l — b)v; > 0.

Finally, we get the following result.

Lemma 3.1 Given a linear function ¢ on an interface element T, the modified
function ¢ is uniquely determined by (3.6).

Remark 3.1 The abﬁ/e lemma is also valid for interface elements whose
interface segment D E in Fig. 2 straddles a side and the hypotenuse.

Lemma 3.2 The matrix norm ||M;1Mc|| is bounded below and above by
constants depending on the jump of B but independent of the mesh size h and
the location of the interface.
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Proof Some tedious calculation shows that M ",1 M¢ is given by

a*+o(br)’+(p—Da’b —(p—1)(1—a)b (a+br?) —(p—1)(1—a)ab
—|  (p—Da(br)’ a*+(br)? (p—1)a*b ,

—(p—Da(1=b)br* —(p—1a(l—b)(a+br*) pa*+(br)>+(p—1)a(br)?
(3.9)
where D' = a*> + (br)?> + (p — Dab (a + br?).
Since any matrix norms are equivalent, it is enough to show that the infinite
norm of M;,' Mc is bounded below and above independent of a, b and r.
Without loss of generality, we may assume thatr = h;/h, > 1. First,if p > 1,
then a®> + (br)> < D' < p(a* + (br)?)since 0 < a,b <1.Let S;, i =1,2,3 de-
note the /;-norm of ith row of the above matrix without D’ factor, then
Sy =a*+pbr*+(p—D{a’b + (1 —a)b (a+br*)+ (1 —a)ab}
p (@ +®Br?) + (o~ 1) (b (a+br?) +ab)
p(a®+ Br?)+ (p— D {br@@+br)+ala+br)}
p (@ + (Br)?) + (p — D(a+br)?
(Bp —2) (a* + (b1)?),

=

A IA

IA

where we used the inequality (a + br)? < 2(a*> + (br)?), and
Sy > a*+ (br)*.
Hence we have 1/p < S;/D’" < 3p — 2. By the assumption r < «,
Sy = pa* + (br)* + (p — ) {a(br)* + a(l = b) (a+ br?*) + a(l — b)br*}
<p@+®n*)+@—1(a(a+br’)+abr?)
< p(@+®*) +«(p = Dla@+br) + (a+brbr
<p(@+®r*) +x—Da+br)?
<kBp—-2) (a2 + (br)z)

and the lower bound is the same as S;. So we have 1/p < S3/D" < k(Bp — 2).
Now since

S, =a*>+ (br)* + (p — Dab (a+br2),

we have S,/D’ = 1. Hence we obtain that 1 < [|M},' Mc|ls < k(3p — 2) when
o=>1
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Now if 0 < p < 1, then p(a®> + (br)?) < D' < a* + (br)? since D' > a* +
(br)? — (1 — p)(@®+ (br)®) = p(a* + (br)?). Noting that p — 1 < 0 and the first
entry in the first row is positive, we see

Si=a>+pbr*—(1—p)a*b + (1 —p)1 —a)b (a+br*)+ (1 — p)(1 —a)ab
<a+®r*+1—p){b(a+br’)+ab}
<a+br)’+ (1= p)a+br)? <G -2p)(a*+ (br))
and
Sy =a*+ pbr)* —=2(1 — p)a’b + (1 — p) {2ab + (br)* —ab (a+ br*)}
=a*+ p(br)* +2(1 — p)ab(1 —a) + (1 — p) {(br)* —ab (a+ br*)}
> a*+ p(br)* + (1 — p)(br)* — (1 — p)ab (a+ br?)
=a’+ (br)*+ (p — Dab (a+br?).
Hence we have 1 < S;/D’ < 3/p — 2. We also see that
Sy = pa*+(br)*—(1—p)abr)’*+1—p)a(l—b) (a+br?*)+(1—p)a(l—b)br’
<+ O+ (1 —p)la(a+br’)+abr}
< k(3 —2p) (a® + (br)?)

and the lower bound is the same as S;. So we have 1 < S3/D’ <«(3/p — 2).
Now since

a’+ (br)? < S =a>+ Gr*+ (1 —plab (a+br?) < 2 —p) (@ + (br)?),

we have 1<§,/D’<2/p—1. By the above results, we obtain 1 < ||M‘_,1 Mec|loo <
k(3/p —2)when0 < p < 1.
Finally, we obtain 1 < | M, "Mclloo <k -max{3p —2, 3/p —2}, and this

completes the proof. O

We denote by Eh(T) the finite element space on the interface element T
whose basis functions d3,-, i=1,2,3 are defined by above con/s\truction. Fur-
thermore, we define the immersed interface finite element space S, (€2). Given a
function ¢ in S,(Q), we use its nodal values and the above local construction to
generate a new function ¢> Sh(Q) is the collection of such functlons Hence its
member is linear on each noninterface element and belongs to Sh(T) on each
interface element T € 7;,. We note that a function in Sh(Q) is in general not
continuous across an edge common to interface elements. We also note that a
function in S, (€2) vanishes on the boundary edges.

Remark 3.2 Note that if ¢(A;) =0, i =1,2,3 for some ¢ € S,(T), then by

(A3.6) é =0on T. Moreover if ¢(A;) = C, i = 1, 2, 3 for some constant C, then
¢=ConT.
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3.2 Approximation property of the immersed interface space §h(T)

For analysis, we introduce the following spaces: For any T C €,

W= {u: ulree e W@ s=+,-}, pz1 m=o0,

- 3

H: (T):= {u e H(T): ulps € H(TNQ), s =+, —, [ﬂa—”] =0onI' N T}
n

and for any u € VT/;]”(T),

el p 7 = Nl p regs + Nttllpy g 1l = 1l e + 1l 700

where || - [l p, 75 is the norm of WIHT N, s =+, —. When p = 2, we define
ﬁ’”( T) = WZ(T) as usual and denote its norm by | u||,, 7. Furthermore, we

define H'/?(e) as the trace space on an edge e of T of all functions in H'(T)
with the norm (see [12] and [11])

lvllij2.e := inf lully,7 (3.10)
ueH(T)

ule=v

and H~'/2(e) as the dual space of H'/?(e), where the norm is given by

<UuU,v >,
lull-12e := sup ———. (3.11)
vernze Ivly2.e

Here < -, - > is the duality pairing.

Although for functions in S;,(7) the flux jump condition is enforced on line
segments D E, they actually satisfy a weak flux jump condition on the interface
. This is stated in the following lemma [24]. For completeness, we give the
proof by a simple application of the divergence theorem.

Lemma 3.3 For an interface triangle T, every function ¢ € fS’\h(T) satisfies the
flux jump condition on T N\ T in the following weak sense:

/ (,B_Vé_ - ﬁ+V$+) -nrds = 0.
rnT
Proof Let $ be any function in §h(T). By the divergence theorem, we have
/ (B~ — B*V4*) -mrds + /7 (B — BV$") - meds
rnT DE
= f v. (ﬂ*w@* - ﬂ*VqS*) ds = 0.
By the flux continuity of ¢ on DE,

/DE (ﬂ*v(ﬁ* — /3+v¢3+) nppds = 0,

which completes the proof. O
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Foranyu € Hl (1), we let Tu e Sh(T) be such that
Tau(A) =u(Ay, i=1,2,3

where A;, i =1,2,3 are the vertices of T and we call I,u the mterpolant of u
in Sh(T) We can naturally extend the interpolant [, such that 7, : mt(Q) —
Si(Q) and (L)l 7 = Tyulr.

Then we have an estimate of the interpolant given in the following theorem;
see Z. Liet al. [24].

Theorem 3.4 Let T be an interface element Then there exists a constant C > 0
such that the interpolation operator I, : t(T) — Sh(T) satisfies

lu — Iyttllm,7 < CR*™||ullp,7, m=0,1 (3.12)

forany u € lm(T)

4 Immersed interface finite element method and its convergence analysis

We now consider the immersed interface finite element problem: Find i, €
S;,(SZ) such that

ap (A ) = (f ¢) Ve Siu(e), (4.1)

where

ap(u,v) = / BVu - Vvdx, Yu,ve HyRQ),

TeT,

Hp(Q) = H\(Q) + S)(Q)
and H,(2) is endowed with the broken H'-seminorm as |[v||3 ,, := Y rez V[ 7
Note that the bilinear operator ay(-, -) is clearly bounded. R
We now show the coercivity of the bilinear form ay(-, -) on S,(7T). To this

end, we introduce a transfer operator y : Sh(T) — Su(T) as follows: For any
¢> € Sh(T) define y¢ ¢ € §,(T) such that

#(A) = d(A;) at vertices A;, i = 1,2, 3.

We can naturally extend it to the whole of Eh(Q) by (qub) lr = y<13|r.

Lemma 4.1 (Discrete Poincaré inequality) There exists a constant C indepen-
dent of h and the interface T such that

ClgIsg =an(d.9) Ve Su@. (4.2)
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Proof The idea of the proof is very similar to the one in [6], but here we need

to choose the integration path more judiciously. Let ¢ € §h(Q) be given and we
want to define a piecewise linear path C = U;[x;, x;;+1], a union of line segments
[xi, xi+1], such that ¢3 is continuous and piecewise differentiable on the path.
Since the function ¢ is continuous on noninterface elements, we can choose
any line segment there. However, if C meets an interface element at a point,
say x; in Fig. 3, we choose a point x, := x;;; on the interface as a next node
for the path. Then choose the vertex point on the other side of the interface as
Xi+2. Here we have to choose x,(or adjust x; also) in such a way that if one part
of the interface element is too thin, the line segment x;x,(or x,x;,7) is close to
the shortest path reaching next node so that the area of that part of interface
element is bounded below by C|x,x;12|*(or C|xix;|?).

By the above argument, for any xe Q there is a sequence of points x;, i=
0,---, ¢ such that x, € 92 with qb(xo) =0, x, = x, and qb is continuous along
the polygonal curve C joining x;,i =0, --- , £.

Then using the mean value theorem and the Cauchy-Schwarz inequality,
we have

-1 2

2_: (QE (xXit1) — ¢ (Xi))

i=0

() |* = | (xo)?

-1 2

(Vé@) (xisr = x))

=0

-1
< LY IV ) Py

i=0

—1
< Ct (Z |Va3|é,r,.) :
i=0

h i+2 h‘,+1
* i i
x —4{1,‘74,)/
Ti_— B2
i+2
v r
a Case of a thin triangle b Case of a thin quadrilateral

Fig.3 A path C along which  is continuous, piecewise differentiable and | 7;| > Chi2 (a,b)
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where h; = |x;1 — x|, X; is some point on [x;, ;1] and in the last inequality we
used the fact that

IVo(x)I*h? < CIVI .,

which is an immediate consequence of choice of x, and the fact that Vé is
constant on each 7;. Here T; is either a noninterface element or one of the two
parts of an interface element.

Now suppose that x is in an element 7', then

-1

/ p(x)*dx < Ceh* Y IVI 1,

i=0
-1
< CCoh Y " |Vol5 1.

i=0

Here ¢k is bounded by some constant since the number of line segments used
above is bounded by C/A. Summing over 7 in such a way that the same 7;
appears at most £ times and using the fact that ¢4 < Cj, we conclude

Clglo = @ (4.6).

This completes the proof. O

We introduce two trace spaces on an edge e of 7"
Sie@i=1{dl:4 € SuD}. Si@={ol:oeSuD}.  @3)

Now we define v, : Sh(e) — Su(e) by ye¢|g = (y¢)|e, qb € Sh(T) Note that y,
1s well-defined, since (y¢>1)|e = (y¢>2)|e whenever ¢1|e = fi)zle for any ¢>1, ¢2 €
Si(T).

Now we show a negative norm estimate of y,. For this purpose, we use a
reference element T which is typical in finite element analysis. Let e be any
edge of an element 7 and é the edge of T corresponding to e. Note that given
an element 7 in the triangulation, there exists an affine transformation Fx =
Bx+b fromTtoT.

We next prove an approximation property in a fractional norm.

Lemma 4.2 Let e be an edge of T and ¢ € H'/*(e). Then

inf |lgp —mllo. < Ch' Il (4.4)

Proof Let us first show that for g € H*(e), one has

lglz, =h"gl,, 0<a <L (4.5)

a,e’
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For a = 0, this is standard scaling argument for L*(e). So assume 0 < o < 1.
Let n=s/h,& =t/h, where h = |e|. Then using the fractional norm [4, 16],

one has
) g(s) — g(0)|?
I8ls.e = /g i Wd“lf

o 1g(n) — g(S)I2
_hl 2 f/ $|1+2a %‘

— h172a|g|a,é'
Noting (4.5) and that on the reference element,
’;lfelﬁ ¢ —mlloz < Clplij2e
we obtain the result. O
Lemma 4.3 Let e be any edge of T. Then there exists a constant C > 0 indepen-
dent of the mesh size h of T such that
inf lu—ml_12 < Chluly, 7 (4.6)
meR

forany u € H'(T).

Proof By definition, we have

<u—m,v >,

lu—m| 12 = sup (4.7)

ve H'/2(e) lvlli2.e
Taking m as the average of u on e, we get for any constant ¢
<SU—MV > =<U—MV—C>= [[u—mloellv—clloe.

To estimate this, we apply the Bramble-Hilbert lemma (given in the form of
Lemma 3 of [9]) on a reference element. Consider the functional f on H'(T)
defined by f(i1) := ||&t — (&1)s]l0.5, Where (i1); is the average of & on é, then we
have i — (@t)¢llo.: < Clit|, 7. Now scaling argument gives

12
lu —mllo. < Ch'?ul; 7.

On the other hand, by Lemma 4.2 we have that inf g [|[v—cllo.. < Ch'/?|[v]|1 e
Hence we obtain

<u—m,v >, < Chluly rlvli2e.
This proves (4.6). O
Lemma 4.4 Let T be an interface element and e an edge of T. Then there

exists a constant C independent of h and interface points such that the following
inequality holds for all b e Sh(T)

IBle = vedlell1/2.c < Chldli 7. (4.8)
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Proof First, let us assume that

lvell-1/2. < C, (4.9)

holds for some positive constant C independent of /2 and the location of the
interface. R
Now with ¢ € S;,(T) and any constant m, we have

13le=redlell 1720 =118l = m=ve (Ble=m) I -1.e <NT=vel 1l Ble—mll 12,

< Cllgle —mll—12.e-

Since m is an arbitrary constant, by Lemma 4.3

[Ble — Vedlell—1/2.. < Chldl1.7.
This completes the proof of (4.8). ]

Now we show the constant C, is independent of the location of interface.
Notice that the interface is completely determined by the numbers @ and b in
Fig. 2.

Without loss of generality, we may assume that V; =0 in (3.6) (This
corresponds to edge A, A3) and assume for simplicity 2 = 1. Notice the basis
functions have the form ¢, = (1 — x) and ¢3 = x. Since

A :é = Vagy + c3¢3 on Ay E,

A (4.10)
¢ =200+ V3¢3 on EA;,

tlle maximurp 43 is attained either at 'Ehe vertex points or the interface point.
(¢(0) = Vo, p(b) = Va(1 = b) + c3b, (1) = V3.)

Lemma 4.5 We have

b b
/0 1> = 5<V2+4|(V2¢2+c3¢3>( )|2+|¢(b)|2) (4.11)
b

b
/ pI? = <|¢>(b)| +4|(c2¢02 + V3¢3)( J; ) + Vsz) (4.12)
||¢||1/2 ¢ < (bIVz —alP+ A =b)ey — V3 + ||d3IIZ) (4.13)
for some C > 0 and
A p12
loll-1/2,e > €. (4.14)
P60 e

Proof The first two identities are clear from Simpson’s rule. For (4.13), we first
note by a simple computation that

1613, = (b1V2 = s + (1 = bles = V3P + II2)
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Hence
113 2.0 < CI$IR. = € (BIV2 =3P+ (1 = b)lez = V3P + [9112)
For (4.14), we see

In < ¢37 U >e
I¢ll-1/2. = sup ————
ve 2@y vlliyze

n 12
< v >
Sup ¢7 e > ||¢||e |:|

veine MVlize ™ 1@l

Lemma 4.6 There are positive constants C,, and Cyy independent of a and b
such that

Con (IVa? + 1V3?) < 1012 < Cu (V3 + V3). (4.15)

Proof For the left hand side of the above inequality, by adding (4.11) and
(4.12) and underestimating, we have

1 R o
c(BVE+ B0+ = 0)V3) < 1912, (4.16)

Defining f(b) := (b V24 1d(b) + (1 — b)V_%) and noting that f(b) is a

quadratic(convex) function of b, we see that the tangent line approxima-
tion L(f)(¢) satisfies L(f)(f) < f(t),0 <t < 1. Since f(0) = |V;|> + |V3|?> and
f0) = (- V% — V32 + 2¢3V>), the tangent line approximation L(f)(f) att =0
has the form

L)) = (V34 V3)+1(=V3=Vi+2cV,).

Since c; is a linear bounded(below and above independent of a, b) function of
Vis(Lemma 3.2) and V; = 0, there exist positive constants § and C, such that

1
L(H@® =Co(V5+V3) forl] <6< 5 (4.17)
Clearly for6 <b <1-34,

fb)=s(V3+V3).

When b > 1 — §, we switch the role of f(0) with f(1) to get a similar inequality.
Hence (4.15) holds with C,, = é min(Cy, §) for all b. Finally, the right hand side
is trivial by Lemma 4.5 and boundedness of ¢;’s as functions of V;’s. O
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Now we proceed to derive a bound of the operator norm ||y.|| -1/, indepen-
dent of ¢ and b:

lvedll-1/2.
lyll=ij2e = sup ———
desier N@ll-1/2.e

lvedll=1/2.ell@ll1/2.e

=<

dedio 1112
C eA e b e
< Iy ¢||A||¢||1/2, ' (4.18)
bedue) lpll2
where C > 0 is a generic constant. Note that
N 1
lydl2 = 3 (Vi+ W V3+V3) < V34 V3.
Thus by Lemma 4.5, Lemma 4.6, and (4.18), we have
5 2 2 ae)?
lyolle (blvz —al"+ A =b)lea —Vi|" + ||¢||e>
l7l-1/2.. < Csup —
¢ ol
(V3 + V)" (VBIV2 — 3l + VT =Dlez = Vsl + )
< Csup -
é lllz
(VBIV2 = sl + VT =Blex = Val + Bl
= Csup 172 (2 o 22 :
$ Ca~ (V3 +V3)

Since ¢;’s are bounded functions of V;’s we have shown (4.9) holds with the C,
independent of the location of interface.

For energy-norm error estimate of the immersed interface finite element
method, we need the well-known second Strang lemma, since the immersed
finite element space is nonconforming.

Lemma 4.7 (Second Strang lemma) Let u € ﬁZ(Q), Uy € §h(§2) be the solu-
tions of (2.3) and (4.1) respectively. Then there exists a constant C > 0 such that

) | ) jan (1.8) = (£.4) |
lu—dplln<Cq inf Jlu—0ull1n+ sup / - (4.19)
0, € S (K2) deSu@ léll1.n

Remark 4.1 The constant C in the above lemma is guaranteed by the coercivity
of ax(-,-) on S,(€2), a fact that can be trivially shown through the Poincaré
inequality as in (4.2), since a function in S, (2) vanishes on the boundary.

We now use the second Strang lemma to prove the following broken H'-
error estimate.
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Theorem 4.8 Let u € H*(Q), i, € Sy(Q) be the solutions of (2.3) and (4.1)
respectively. Then there exists a constant C > 0 such that

lu = dnllin < Chllull o g)- (4.20)

Proof The first term in the second Strang lemma is nothing but an approxima-
tion error:

inf |lu—vpllin < Chllull fg)- (4.21)
0y eSn ()

For the consistency error estimate, we have from the definition of a;(-, -) and
Green’s formula

ah<u,q§) f¢ Z[,BVM Vq)dx—/ f¢dx

TeTy
Z/ﬁw Vé dx
TeTy,
ou
Z/ﬁvu Ve dx — Z <B— ¢ >sr
on
TeT, TeT,
ou
= Z < ,38—,¢ >aT, (4.22)
n
TeTy,

where <;3 € §h(Q) and 7 is a unit outward normal vector on each 7. Note that
the integral feﬁgz yeqbds is well defined on each edge of 7, so that Zrd—h <

ﬁ;’—i‘,, Veqa >,7= 0, then we have

ou A
Z</3 ¢ >ar Z</3£,¢—Ve¢>w

TeTy TeT;

Z Z<IB_ Ve¢;>e

TeT, ecoT

ou -~ A ou ~ o
>y {<ﬂ%,¢—)/e¢ ot + < B b = ved >e}

TeT; ecaT

where ¢ = eN QS, s = 4, —. Since the conclusion of Lemma 4.4 holds when e
is replaced by its portion e* or e”,

< ,3— ¢ — Ve e < ||/3—||1/2eS||¢ Vel 12,0
< ClIVul mreshldh, v
< Chllull o)1 $ 11,7
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Finally summing over all 7', we obtain

ou « 2
Z - 13%,¢ >ar < Chllull o) lleln-

TeTy

Thus the approximation property of §h(9) and second Strang lemma give the
result. O

5 L%-error estimate

We now apply the duality argument to obtain L?-norm estimate of the error.
For this purpose, let us consider an auxiliary problem: Given g € L*(Q), find
@ € H*(Q) such that

—V.-(BVp) =g inQ, 5.1)
¢ =0 onodQ

with jump conditions [¢] = 0 and [8 g—ﬁ] =0 across I". Then by Theorem 2.1,
the solution of this problem satisfies [|¢| 72q) < ClIgllL2(@)-

Let ¢y, € §h(Q) be the solution of the corresponding variational problem:

ah(lA)h,qA)h)Z(lA)h,g), VﬁhGEh(Q). (52)
Then
u—ty, g = Z/,BV u— uh Vgodx—Zf u—uh —ds
TeT, TeT),
= ay, (u— i, o — ¢n) + an (u — iy, Pn) Z/ u— ”h)ﬁ_ds
TeT,
ap (u—"tip, o —@n +Z/ ,B—go;,ds—Z/ u—iy) ﬂ—ds
TeTy TeTy
=1+ 1I-1Il

By continuity of a,,(-, -) and H'-error estimate of ¢ — @,
[ < Cllu—dpllinlle — dnllin < Chllu — inlliallell i
= Ch2||u||ﬁ2(9)||§0||f12(52)-

As for 11, we apply the analysis for the consistency error of H'-error estimate
(4.23). First, note that ¢ is the unique solution of (5.1). Now we introduce the
extended transfer operatory : Sh(T) @ span{p} — Su(T) ® span{p} defined by
y(d) + cp) = yd) + co for qb € Sh(T) ¢ € R. Then we can formally write asy =
y @ I, where [ is the identity operator. We also define ¥, as the restriction of
¥ on each edge ¢ of T by 7,(¢ + cp)l. := (7 (¢ + cp))l.. It is clear that [|7%] is
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bounded above by a constant independent of / and the location of the interface
for any norm || - ||. Applying an analysis similar to Theorem 4.8,

ou u
11 = Z/aTﬂﬁwhdS— Zf”ﬁﬁ(fph—w) ds

TeT, TeT),
ou — A
=Y Zfﬂa—u{wh—rp—ye(%—w)} ds.
TeT, ecdT ¢ n

Hence by Lemma 4.4, we get

[L1] < Chllull o l9n — @Il < Ch* [l 2o |9l 720 -

Interchanging the role of ¢ and u, we obtain

.y, 00 .
111 =1 Y [ (=) 52 dsl = Chle = inlualolin,
TeT, aT on

2
< Chollull go o) lell 2 ) -

Since ||l¢ll ) < ClIgll ), We see

R (w—1y, g
= gl oy = sup 8

= Ch2||u||ﬁ2(9)~ (53)
ez 18l

Thus we obtain the following L>-error estimate.

Theorem 5.1 Let u € ﬁz(Q), uy € §h(52) be the solutions of (2.3) and (4.1)
respectively. Then there exists a constant C > 0 such that

lu — dnll 120y < CR?|ull gog- (5.4)

Remark 5.1 The numerical results in [24, 25] support our error estimates of the
immersed interface finite element method for broken H' and L?-norms with
first and second order convergence respectively.
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