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Abstrat

This paper develops simple guidelines for �sal poliy in oil produing ountries, fousing on
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paper presents a framework to analyze how the revenue generated by an exhaustible soure of wealth

that belongs to the government should be distributed between urrent and future generations. This

framework is used to show the strengths and limitations of existing answers, whih motivates a new

approah for dealing with this question. The paper derives simple, losed form approximations

to the optimal level of government expenditure when an important part of government revenue is

generated by an unertain and exhaustible natural resoure suh as oil. Prie unertainty, budget

unertainty, and the (possibly asymmetri) osts of adjusting expenditure levels are onsidered.
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1 Introdution

Conduting appropriate �sal poliy may be partiularly diÆult when a large share of government

revenue omes selling a government owned exhaustible natural resoures suh as oil. Large and

unpreditable utuations in international oil pries may make the determination of appropriate

expenditure levels partiularly diÆult. In addition, sine oil wealth is exhaustible, intergenera-

tional equity onsiderations must also be taken into aount. This is the ase of the oil exporting

ountries where most of the government's revenue omes from oil and gas prodution.

This paper develops guidelines for �sal poliy in ountries where the government owns an

unertain and exhaustible inome stream. Figuring out optimal �sal poliy is a omplex exerise

that usually requires the use of numerial simulations and solutions|a blak box from a poliy-

making perspetive with slim hanes of atually being applied. In this paper we provide expliit,

losed approximations to the optimal solution of an otherwise standard problem. Our objetive is

to derive a set of simple and intuitive rules that an be easily applied by poliymakers.

We fous on three di�erent issues. First, we study the problem of intergenerational distribution

of state-owned exhaustible resoures. For that purpose we present a framework in whih the problem

an be analyzed and evaluate the strengths and limitations of existing answers. We then propose

a new approah to takle the issue.

Seond, we study the need for savings due to the unertain nature of future inome, what is

known as preautionary saving. We onsider the impat of two soures of unertainty on optimal

onsumption, namely future inome unertainty and unertainty about inome during the budget

year under onsideration. We propose orretion fators to be applied to the ertainty equivalene

solution that leave onsumption lose to the optimal level.

Third, we study the proess of expenditure adjustment in presene of (asymmetri) quadrati

adjustment osts. Given adjustment osts we derive the speed at whih adjustments should be

made. We also provide guidelines to help eliit from poliymakers the size of adjustment osts.

The poliy guidelines derived in this paper often all for important savings in the near future,

both due to intergenerational onsiderations, sine wealth is front loaded, and beause of preau-

tionary saving. One way of implementing these guidelines is establishing a stabilization fund. This

paper disusses how the results we develop an be used to implement a suh a fund.2

Poliy presriptions for optimal government expenditure may vary onsiderably with the s-

tohasti proess assumed for the prie of oil. For this reason this paper undertakes a detailed

evaluation of the quality of out-of-sample foreasts of a large number of time series models that

have been proposed for ommodity pries. We �nd that most models perform substantially worse

2A detailed disussion of this topi would onstitute another paper altogether. For this reason we onentrates on

how a stabilization fund an be used to implement optimal �sal poliy presriptions.
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and none signi�antly better than a geometri random walk where the foreast of future pries is

equal to the urrent prie.

This paper studies �sal strategy from a normative point of view. Our purpose is to develop a set

of rules that an improve welfare assuming a partiular set-up. The paper does not study problems

of �sal poliy sustainability,3 sine we assume throughout that the government intertemporal

budget onstraint is always satis�ed, thereby ruling out Ponzi shemes.

The paper is organized as follows. Setion 2 presents a framework to disuss the intergenera-

tional oil distribution problem. Setion 3 disusses the intuitions behind the design of optimal �sal

poliy. Setion 4 evaluates two existing approahes to the problem of intergenerational distribution

and proposes a new one. Setion 5 haraterizes the stohasti proess of oil pries. Setion 6

derives poliy guidelines based on preautionary saving and adjustment osts. Setion 7 disusses

the role of stabilization funds. Finally, setion 8 onludes.

2 Framework

In this setion we provide an organizing framework to analyze the following question:

How should the revenue generated by an unertain soure of wealth that belongs to the

government, suh as oil in the ase of oil exporting ountries, be spent and distributed

between urrent and future generations?

An answer to this question has important poliy impliations, sine it brings with it a pre-

sription for optimal �sal poliy, providing guidelines for managing variables suh as government

de�its, government expenditures, taxes, the urrent aount and stabilization funds.

The standard eonomi framework for analyzing the normative question we are onerned with

is the following one:

(a) Choose a Soial Welfare Funtion (SWF).

(b) Deide the set of poliy instruments available to the government and the onstraints it faes.

() Choose a set of assumptions (and onstraints) for private setor behavior.

(d) Find the values of the poliy instruments onsidered in (b) that maximize the SWF spei�ed

in (a) subjet to the behavioral assumptions made in (). We refer to this problem as the

Optimal Consumption Problem.

3See., e.g., Liuksila et al. (1994) for a disussion about �sal sustainability in oil produing ountries.
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The SWF we selet, the poliy instruments we onsider and the behavioral assumptions we

make will determine the optimal onsumption path and, in doing so, the optimal �sal poliy. Next

we disuss eah of these hoies in detail.

2.1 Soial Welfare Funtion

Typially a SWF is a funtion of the instantaneous utility of onsumption of urrent and future

generations. When speifying a SWF we speify the relative importane of urrent and future

onsumption, and the onsumption goods onsidered in the instantaneous utility. In doing so we

set a key ingredient to determine both how muh future generations bene�t from oil wealth and

how muh redistribution of private wealth aross generations takes plae.

2.1.1 Instantaneous Utility Funtion

This funtion, also alled feliity funtion, measures the utility derived from onsumption during a

given time period.

We assume that there are two separate onsumption goods, one provided by the government

and another by the private setor. We refer to the onsumption good provided by the government

as publily provided good, or publi good for short, even though for the questions at hand we do not

need to emphasize the fat that many of these goods are, to some extent, non rival in onsumption.

What matters in our setting is that it has to be provided by the government, thereby providing a

rationale for taxation.

Denoting per apita onsumption of these goods by G and P we have that the instantaneous

utility funtion, u, is of the form:

u = u(G; P ): (1)

The funtion u is inreasing in both G and P , with dereasing marginal utility. Also, both

goods are omplements in onsumption, that is, the marginal utility of onsuming the private good

inreases with the level of onsumption of the publi good.

A standard funtional form for u is the Constant Elastiity of Substitution (CES) utility fun-

tion:

u(G; P ) =

"

1�
G

1� 
+ k


1�
P

1� 

#1=(1�)
: (2)

Where k � 0 and  > 0.4 The parameters k measures the relative importane of both onsumption

goods, while 1= aptures the elastiity of substitution between both goods.

4For  = 1 we may de�ne, by ontinuity, u(G; P ) = log(G) + k log(P ).
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For simpliity we assume that G is determined by the government's urrent expenditure level.

A more realisti assumption, whih we may explore in future versions of this paper, is that it also

depends on past government expenditures.5

2.1.2 Soial Welfare Funtions

A typial SWF (at time 0) is (the expeted value of) a funtion of the instantaneous utilities of

present and future generations:

W = E0[W (u0; u1; u2; :::)℄: (3)

Where E0 denotes the expeted value, onditional on the distributions of unknown quantities (suh

as future oil pries) based on information available at time t = 0 and u0, u1, u2, ... denote the

instantaneous utilities at times 0, 1, 2, ... The funtion W is inreasing in all its arguments. It also

exhibits dereasing marginal returns in all its arguments.

The quantities u0; u1; u2; ::: in (3) may also be interpreted as the utilities of a representative

onsumer in onseutive years (instead of generations).

The most ommonly used SWF are the following:

Utilitarian SWF

A SWF W is utilitarian (or of the Bentham-Ramsey type) if it is a weighted sum of the utility

of present and future generations:

W (u0; u1; u2; :::) =
X
t�0

�
t
NtH(ut): (4)

The parameter � denotes the subjetive disount rate. This value is lose to but smaller than one;

the smaller it is, the larger the degree of impatiene in the SWF.

Nt denotes the population at time t. The soial welfare funtion grows in proportion to the

population. We will assume that Nt = (1 + n)t, so that the population grows at a onstant rate n.

The funtion H is a standard utility funtion, inreasing, with dereasing marginal utility. A

partiularly useful ase of (4) is:

H(u) = u
1��

=(1 � �); (5)

with � > 0.6 This is the Constant Elastiity of Substitution (CES) utility funtion: 1=� denotes

the elastiity of substitution of onsumption at di�erent moments in time. Furthermore, if there is

5This requires distinguishing between government expenditures on the publi good and government investments

that produe a future ow of the publi good.
6If � = 1 we de�ne H(u) = log(u).
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unertainty about future inomes, � is the oeÆient of relative risk aversion (CRRA).

Rawlsian SWF

In this ase the soial welfare funtion to be maximized is the (expeted value of the) utility of

the generation with smallest utility:

W (u0; u1; u2; :::) = E[min(u0; u1; u2; :::)℄: (6)

2.1.3 Inorporating Adjustment Costs

Changes in government expenditures may have onsequenes that are not aptured by the Soial

Welfare Funtions desribed above. A drasti redution in government expenditures may lead

to politial instability, disouraging investment and reduing future growth. A sudden inrease in

government expenditures may inrease the likelihood of having badly managed government projets

beause of the lak of adequate supervision. It may also inrease the osts of projets beause of

bottleneks in the supply of ertain inputs.

The SWFs desribed so far an be extended to apture the e�et mentioned above by adding

an adjustment ost to the instantaneous utility in equation (4):

W (u0; u1; u2; :::) =
X
t�0

�
t
Nt [H(ut)�A(G;t; G;t�1)℄ : (7)

Where A(G;t; G;t�1) aptures the osts of adjusting per apita government expenditures from

G;t�1 to G;t.

Some possible funtional forms for A are the following:

A(G;t; G;t�1) = k(G;t � G;t�1)
2
; (8)

A(G;t; G;t�1) = k(log(G;t)� log(G;t�1))
2
; (9)

A(G;t; G;t�1) = kmax(0; G;t�1 � G;t): (10)

Both (8) and (9) orrespond to quadrati adjustment osts, while (10) desribes the ase where

only redutions in per apita government expenditures are ostly. In all ases the parameter k

determines the magnitude of adjustment osts.

The examples given above assume that adjusting the onsumption of the publi good is ostly.

If adjusting per apita levels of onsumption of the private good is also ostly, the adjustment ost

funtions should depend on total per apita onsumption.
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2.2 Poliy Instruments

A variety of poliy instruments may be available to governments when implementing �sal poliies.

Savings and debt, taxation, investment, and stabilization funds are among those most relevant for

the problem onsidered in this paper.

2.2.1 Privatization

The government of an oil exporting ountry ould onsider the possibility of privatizing the state-

owned oil monopoly, as was done, for example, reently in Argentina.7 In this paper we rule out

this possibility. One reason for doing so is that the government may be unable to ommit redibly

not to expropriate the privatized �rm. Yet even if oil is fully privatized, the �sal authority still

faes the problem of how to distribute the proeeds aross generations. What privatization does

is redue unertainty with respet to initial wealth, besides likely eÆieny gains whih go beyond

the sope of this paper.

Even though we do not onsider privatization in the set of feasible poliy instruments, we exten-

sively use the possibility of future privatization as a onvenient short-ut to derive approximations

to the solution of the optimal onsumption problem under unertainty.

2.2.2 Savings

Governments an hold �nanial assets to �nane future expenditures. We denote the gross real

interest rate arued per period for these savings by R, and assume that it is known and onstant

over time.

2.2.3 Debt

Governments inur debt to �nane urrent onsumption, investment and interest payments on

previously inurred debt. The interest paid varies over time, both due to international and loal

fators. Nonetheless, interesting insights an be obtained even if the simplifying assumption of a

�xed real interest is made. This assumption is justi�ed by noting that oil pries are onsiderably

more volatile than interest rates. Furthermore, we ignore any di�erene between the interest rate

paid on debt and that arued to savings, and denote both gross rates by R.

The following equation desribes the evolution of government �nanial assets, when savings and

debt at a gross interest rate of R are possible:

FG;t+1 = R(FG;t + YG;t � CG;t): (11)

7It should be noted, though, that oil is not one of Argentina's main exports.
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Where FG;t denotes government �nanial assets aumulated at the beginning of period t, YG;t

denotes government inome during period t (assumed to arue at the beginning of the period),

and CG;t denotes government expenditures during period t, whih are equal to private onsumption

of the publi good, and whih are also assumed to be made at the beginning of the period.

There typially is a limit to government debt, say as a fration of GDP. This limit may vary

over time, responding both to loal and international fators. A losely related onstraint whih is

often mentioned is an upper limit on the urrent aount de�it, also as a fration of GDP.

2.2.4 Taxes and Transfers

The government may ollet taxes and may also transfer assets to its itizens.

Taxes an be used to �nane the urrent prodution of publi goods, urrent publi investments

and interest payments on government debt. For a given level of urrent expenditures on onsump-

tion goods, the government should raise taxes (or give transfers) that help ahieve the optimal

mix of the publi and private onsumption good. For example, if in a given year the government's

inome is very high ompared with the private setor's inome, as ould be the ase for a ountry

rih in government owned natural resoures, a government transfer to the private setor may be

needed to provide the appropriate mix of publi and private onsumption goods.8

Another reason for raising taxes is to transfer inome aross generations (intergenerational

transfers). If future generations are expeted to be muh better o� than the urrent generation, a

soiety may wish to subsidize urrent onsumption by borrowing against taxes that will be paid by

future generations.

Taxes may also be used to improve the distribution of inome within a generation. Sine all

the models onsidered in this paper have one agent representing eah generation, this motive will

not be onsidered.

Denoting taxes raised in period t by �t, and interpreting transfers as negative taxes, we have

that (11) generalizes to:

FG;t+1 = R(FG;t + YG;t + �t �CG;t): (12)

2.2.5 Government Expenditures

The government spends money to produe the publi good and to �nane investments that will

enable future prodution of the publi good. Here the \publi good" an be interpreted, among

other things, as eduation, health and defense.

8Suh transfers do happen in pratie, for example, by extending the sope for government expenditures. Of

ourse, this is not neessarily eÆient.
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Government expenditures fae an intertemporal budget onstraint, that is they must eventually

be �naned through taxes or other soures of government inome. This budget onstraint, as of

period 0, states that the present value of government inomes must equal the present value of

government expenditures, that is:

FG;0 +
X
t�0

R
�t[YG;t + �t℄ =

X
t�0

R
�t
CG;t: (13)

2.2.6 Stabilization Funds

A stabilization fund saves and spends money with the objetive of stabilizing a spei� aggregate

variable, suh as overall government expenditures or government expenditures �naned from the

pro�ts generated by a government owned primary ommodity suh as oil. The fund is held in liquid

assets and inentives must be put in plae to prevent the assets from being spent due to politial

pressures.

A well designed stabilization fund should be losely related to the solution of a problem of

the sort posed at the beginning of this setion. The savings/spending rule should be suh that,

in ombination with other soures of government savings/redit, it implements the optimal �sal

strategy. Furthermore, a government may value liquidity per se, in whih ase having a stabilization

fund may be desirable even if the government's net �nanial position is negative.

2.3 Private Setor

An important issue regarding private setor behavior is whether there is a bequest motive or not.

The assumption of no bequest motive (or, more generally, of a weak bequest motive) is impliit in

the intergenerational equity question entral to this paper, for otherwise no government intervention

would be needed to ensure that future generations bene�t government owned wealth. If urrent

generations do not are for their desendants, the private setor will not save for future generations

and, given the opportunity to do so, will spend all the government owned wealth.9

The private setor also partiipates in the prodution of goods and servies in markets whih

are assumed ompetitive. These goods and servies may be onsumed loally or exported. The

private setor also has aess to international �nane for investment projets within the ountry.

The private setor also maximizes a welfare funtion, whih even though qualitatively similar

to the SWFs onsidered earlier in this setion, may di�er in some fundamental ways. An important

di�erene we will enounter in most ases is that the time horizon onsidered by private agents is

onsiderably shorter than that onsidered by the government's SWF. This is due to our assumption

that private agents do not want to leave inheritane to their desendants.

9Stritly speaking this assumes no unertainty about an individuals life span. If individuals do not know when

they will die, they may die with positive net assets but this e�et is typially small and will be negleted.
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We will see in Setion 4 that the interation between the objetives posed by the government's

SWF and the private setor's behavior may lead to surprising results. For example, if it wishes,

the government may use �sal poliy to have the urrently alive private setor are for future

generations.

3 Intuitions

In this setion we desribe some simple intuitions underlying poliy presriptions for �sal poliy.

As disussed in Setion 4, these intuitions often follow from partiular ases of the framework

presented in Setion 2.

3.1 Consumption Smoothing

Individuals dislike variations in onsumption and are generally willing to sari�e some welfare to

avoid suh utuations. For this reason, in the absene of inome unertainty, optimal �sal poliy

often requires that per apita onsumption levels remain onstant over time. With inome uner-

tainty this intuition needs to be modi�ed, and urrent onsumption levels are equal to permanent

inome, so that, in expetations or on average onsumption is onstant over time (Friedman [1957℄).

For example, after disovering a new exhaustible natural resoures, say natural gas in Qatar,

onsumption should inrease by the annuity value of the orresponding inrease in wealth. The

ountry ats as if it deposited in a bank abroad the present disounted value of the pro�ts it expets

to make from selling the natural resoure, and spends every year the interest payments it reeives.

Consumption should inrease immediately after the natural gas is disovered, if the ountry an

borrow against future inomes there is no reason to wait until prodution begins. Thus the urrent

aount deteriorates immediately after the disovery of natural gas and reuperates one atual

prodution begins.

As we shall see in Setion 4, the main assumption underlying onsumption smoothing in the

ase without inome unertainty is that �R = 1, where we reall that � denotes the subjetive

disount rate and R the gross interest rate. Even though it may be argued that in the long run �R

will be lose to one, in the short and medium run (e.g., over the next ouple of deades) there is no

reason why this should be the ase. If �R < 1, whih may be interpreted as soiety being relatively

impatient, per apita onsumption falls over time at a onstant rate. Alternatively, if �R > 1, per

apita onsumption grows at a onstant rate.

The extension of the onsumption smoothing intuition to the ase with unertain inome|

ertainty equivalene|assumes that the instantaneous utility funtion is quadrati. This assump-

tion is popular preisely beause it preserves this intuition, even though it has some unappealing
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properties, suh as a degree of risk aversion that inreases with onsumption levels and the impli-

ation that the optimal onsumption path does not depend on the variane of inome.

Another intuition that follows from onsumption smoothing with unertain inome is that the

government should reat di�erently to transitory and permanent hanges in inome. A transitory

positive shok to inome should inrease onsumption only by the annuity value of the inome shok.

By ontrast, a permanent inrease should be met by a one-for-one redution of onsumption. For

example, the inrease in the prie of oil following the invasion of Kuwait by Iraq in August of 1990

was learly transitory. By the time the oil prie had returned to its pre-invasion levels (in mid

1991), the rule desribed above an be used to spend the windfall generated by the prie inrease.

More generally, if inome follows an autoregressive proess with �rst order orrelation  , whih

therefore also aptures the degree of persistene of inome shoks, the fration of the urrent shok

to inome that should be spent is (R � 1)=(R �  ).10 The ase  = 0 orresponds to i.i.d. (and

therefore transitory) shoks while  = 1 orresponds to the ase where inome follows a random

walk (permanent shoks).

In pratie it is often not easy to determine the extent to whih a hange in inome is permanent

or transitory. Most shoks an be thought of as having both a permanent and a transitory ompo-

nent. In Setion 6 we review reent eonometri developments that an be used to aomplish this

deomposition, onluding that a geometri random walk appears as a sensible desription for the

oil prie.

Furthermore, beause oil is an exhaustible resoure, even permanent prie shoks have only a

transitory e�et on inome. The transitory omponent of the shok is more important the shorter

the expeted duration of the resoure.

3.2 Preautionary Saving

A fundamental intuition underlying savings behavior is that an inrease in risk should inrease

urrent savings and derease urrent onsumption. This is known as the preautionary saving

motive, see Leland (1968). The onsumption smoothing intuition does not inorporate this idea,

sine it presribes that the urrent annuity value of expeted wealth should be spent every year,

regardless of the degree of unertainty assoiated with this wealth.

To apture the preautionary savings motive, we must onsider more realisti instantaneous

utility funtions than the quadrati ase. This typially omes at the prie of not having an

expliit expressions for optimal onsumption,11 and numerial methods must be used to determine

the optimal plan (as in Zeldes [1989℄, Deaton [1991℄ and Carroll [1992℄).

10See, for example, Flavin (1981).
11Caballero (1990) �nds a partiular ase where an expliit expression for optimal onsumption an be derived.

Yet he assumes onstant absolute risk aversion, whih also has unappealing properties.
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>From a poliy perspetive, these numerial proedures have limited appliability. Implementing

solutions is umbersome and the results are not as transparent as the politial proess requires. In

this paper we derive approximations to the optimal onsumption plan that are losed-form and an

be easily interpreted. Their simpliity should be a great advantage in terms of appliability.

We onsider two soures of unertainty: the usual inome unertainty and what we all budget

unertainty, whih attempts to apture the unertainty that governments fae when designing next

year's budget. In partiular, we onsider the e�et of not knowing the inome level that will prevail

during the oming year. This type of unertainty is di�erent from the one that originates the

standard preautionary savings beause it fouses on the level of pries only one period ahead.12

3.3 Adjustment Costs

In the presene of adjustment osts as those desribed in setion 2.1.3 (onvex adjustment osts)

governments typially adjust their per apita expenditures slower than they would in the absene

of suh osts. For example, following the disovery of gas reserves, the government should inrease

its spending on the publi good only slowly until it ahieves its new and, in the absene of inome

utuations, onstant level. The larger the adjustment osts, the slower the proess by whih

onsumption inreases and the higher the steady state level of onsumption.

Below we derive a losed-form solution for a partial adjustment model in whih the adjustment

oeÆient is a funtion of the size of the adjustment ost (that ould be asymmetri). Moreover,

we present a proedure by whih this adjustment ost an be approximated.

3.4 Separability of the Investment Problem

Under the assumptions we made for the private setor, namely that there are no onstraints to

international borrowing, we have that all projets with positive net present value an and will be

�naned. Of ourse, this result stops holding, say, when moral hazard or adverse seletion problems

limit the availability of redit for loal entrepreneurs. If the government faes fewer informational

asymmetries than international lenders, there may be a role for government support of investment

projets.

3.5 Tax Smoothing

In a fundamental result, Barro (1974) provided onditions under whih the optimal onsumption

path does not depend on how the government �nanes its expenditures (debt vs. taxes). This

result is known as Riardian equivalene. When taxes are distorting, Riardian equivalene does

12Of ourse, if produing ountries sell part of their oil using future and forward ontrats, the budget unertainty

will be less important.
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not hold and all soures of �nane should be used in suh a way that the marginal distortion they

introdue is the same over time and aross �naning instruments. This result is referred to as

\tax-smoothing", see, for example, Barro (1979).

4 Intergenerational Redistribution

In this setion we disuss the problem of how to distribute oil wealth aross generations. We analyze

the degree to whih two well known approahes to optimal �sal poliy orrespond to partiular

ases of the framework developed in Setion 2 and o�er a new approah to deal with this problem.

4.1 Benhmark Model

The following model will be a useful benhmark throughout this setion.

(a) Soial welfare funtion: Utilitarian with onstant elastiity of substitution aross time

(1=�). The initial population is normalized to one and grows at a onstant rate n. The time

horizon is in�nite and there is no inome unertainty. Then (4) beomes:

U =
1X
t=0

�
t(1 + n)tu

1��
t : (14)

The instantaneous utility has onsumption of the publi and private goods as separate argu-

ments and the elastiity of substitution between both onsumption goods is onstant (1=)

as in (2).

(b) Poliy Instruments: The government is the only provider of the publi good, whih it �-

nanes with taxes, debt and proeeds from the sales of the government owned natural resoure

(oil in what follows). Oil inome in period t is denoted by YG;t; it is known with ertainty

and determined exogenously.

The government ollets taxes and makes transfers to the private setor without generating

any distortions in doing so. The government may also save and borrow at the international

gross rate R. The only onstraint it faes in setting taxes and borrowing is its intertemporal

budget onstraint (13). Initially it holds �nanial assets equal to FG;0.

() Private Setor:

Consumers live for one period and have no bequest motive; it follows that the private setor

holds no assets or debt. Private setor prodution in period t is exogenous and equal to YP;t.
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Total prodution in period t is denoted by Yt and equal to YG;t + YP;t. In general, we denote

aggregate variables by upper ase letters, and per apita variables by lower ase letters.

Constant elastiity of substitution between both goods implies that in the solution to the prob-

lem posed above the ratio of their onsumption levels remains onstant over time (see Lemma A.1

in the Appendix):
G;t

P;t
= k

1=
: (15)

Denoting

t � G;t + P;t

we have that ut is proportional to t (Lemma A.1), so that we may write (14) as:

U =
X
t�0

�
t(1 + n)t

1��
t : (16)

We denote soiety's initial wealth by:

W0 � F0 +
X
s�1

R
�s[YG;s + YP;s℄: (17)

We de�ne:

� = (1 + n)[�R℄1=�;

~� =
�

R
;

and assume ~� < 1.

In the Appendix (Proposition A.1) we show that the solution to this problem is given by:

0 = (1� ~�)RW0; (18)

t+1 = [�R℄1=�t: (19)

If �R = 1, the right hand side of (18) is soiety's permanent (total) inome (Friedman, [1957℄),

that is, it is the highest per apita onsumption level that an be maintained inde�nitely.

Equation (15) determines how t is split between onsumption of the private and publi good,

thereby determining government expenditures.

The evolution of total �nanial assets an be determined as follows: F1 is alulated using

the dynami budget onstraint (11), the expression for C0 given above and the (exogenously given)

values of F0 and Y0. The dynami budget onstraint an then be used reursively to obtain F2; F3; :::.

The urrent aount is given by (see Proposition A.1 in the Appendix):

CAt = (2�
1

R
)(Yt �Ct) + (1�

1

R
)Ft: (20)
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The absene of bequests and the assumption that individuals live for one period imply that the

private setor will aumulate no assets. Hene FG;t = Ft and the urrent aount surplus is equal

to the government's total (inluding interest reeipts) surplus. Furthermore, optimal per apita

taxes, �t, are equal to:

�t = P;t � yP;t: (21)

4.1.1 Examples

Example 4.1 (Constant Non-oil Prodution) We assume no population growth (n = 0), R =

1:06, �R = 1,13 and no initial �nanial assets (F0 = 0). The optimal mix of the publi and private

goods requires that the former represent 20% of total onsumption.
14

Initial oil prodution, whih arues to the government, aounts for 80% of GDP, while the

remaining 20% is produed by the private setor. Oil prodution remains onstant (in real terms) for

25 periods, moment at whih oil reserves are exhausted. Prodution in the non-oil setor remains

onstant inde�nitely.

Figure 4.1 shows the evolution of onsumption, �nanial assets (as a fration of non-oil GDP),

and the urrent aount (also as a fration of non-oil GDP). The �rst two series are divided by 100

and 50, respetively. It an be seen that onsumption remains onstant and equal to the annuity

value of initial wealth (both from the oil and non-oil setors). During the \boom years" of oil

prodution, assets are aumulated (by the government) to maintain a level of onsumption above

prodution one oil is exhausted. During the boom years we also observe a positive and, due to

interest payments, inreasing urrent aount surplus, whih turns into a onstant de�it one oil

is exhausted. Sine oil revenues an �nane more than the optimal level of the publi good, the

government transfers a �xed amount (not shown in the �gure) to every generation.

It is interesting to note that if �R < 1 (impatient individuals), the onsumption path will be

downwards sloping instead of onstant, sine individuals want to onsume more and save less today.

If this e�et is large enough, there may be no initial urrent aount surplus, as individuals spend

more than the sum of their private inome and the urrent oil inome.

Example 4.2 (Inreasing Non-oil Prodution) Assume now that, instead of remaining ons-

tant, non-oil prodution grows 2% per period forever. The remaining assumptions are the same as

in the previous example.

Figure 4.2 shows the evolution of the same three variables onsidered in Figure 4.1, with the

same normalizing onstants. It also shows the path of optimal taxes (as a fration of non-oil GDP).

Consumption is onstant, at a level 12.3% higher than in Figure 4.1, reeting the fat that non-oil

13This assumption makes the value of � irrelevant in this problem.
14This is equivalent to having k

1= = 4.
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prodution inreases over time, instead of remaining onstant, as in the ase of Figure 4.1. Assets

inrease during the years when oil is produed and are depleted thereafter, eventually approahing

a onstant (and negative) fration of GDP. There is an inreasing urrent aount surplus during

the boom years and a slightly dereasing urrent aount de�it after oil is exhausted.

In ontrast with Example 4.1, in this ase taxes, as a fration of non-oil GDP, do not remain

onstant. Initially the private setor reeives large government transfers. These transfers derease

steadily, and individuals must begin paying taxes in period 67. From then onwards taxes inrease

signi�antly, so as to pay bak the debt inurred by the government during the oil boom.

Example 4.2 shows that the Benhmark Model (BM) may lead to signi�ant wealth transfers

from future to urrent generations. The government may borrow against inomes from future

generations to inrease urrent onsumption. It is interesting to note that the model has this

impliation even in the absene of oil wealth, as long as per apita private setor prodution

inreases over time. Sine suh large intergenerational transfers are rarely observed, this raises

the issue of whether the BM provides an adequate riterion for deiding how to spend the revenue

generated by oil prodution. We return to this issue in setion 4.3.

4.1.2 Inorporating a Bequest Motive

The expressions derived in the BM up to equation (20) also hold when individuals have a bequest

motive. In this ase the government hooses taxes and prodution of the publi good so that private

onsumption hosen by individuals orresponds to the optimal value. The only di�erene is that

now the private setor will have non-zero �nanial assets, so that optimal tax rates will di�er from

those obtained in (21). In partiular, if the private setor's bequest motive is the same as the one

impliit in the Soial Welfare Funtion, so that the problem at hand is equivalent to that of an

in�nite horizon representative agent, the path of taxes is not determined. Any path onsistent

with the intertemporal budget onstraint ahieves optimal �sal poliy (Riardian equivalene).

Alternatively, if taxes are distortionary, tax-smoothing onsiderations will imply a unique optimal

path for taxes.

4.2 Permanent Oil Inome Model

The BM presribes that permanent total inome should be onstant over time. Sine this may lead

to large wealth transfers aross generations, it may be better to fous on permanent oil inome

instead:

\Beause most export revenue from oil and natural gas arues to the publi setor,

the entral government usually deides through the budgetary proess how muh of this
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revenue will be saved and onsumed. To make this deision based on intergenerational

equity onsiderations, it is neessary to determine the permanent rent available from

hydroarbon exploitation. This rent represents the level of publi onsumption that an

be urrently enjoyed without inreasing the ountry's debt and depleting its wealth."
15

This approah an be rationalized within the framework of Setion 2 as follows:

(a) Soial welfare funtion: The di�erene with the BM is that the instantaneous utility fun-

tion only depends on onsumption of the publi good.16

(b) Poliy Instruments: The di�erene with the BM is that the government annot ollet taxes.

() Private Setor: The private setor does not appear, at least expliitly, in the problem.

The Permanent Oil Inome Model (POIM) onsiders the problem of spending the government

owned oil as if it were totally unrelated to the private setor's onsumption of private goods. The

solution to the problem is obtained by substituting total initial government wealth for total wealth

in (17):

WG;0 � FG;0 +
X
s�0

R
�s
YG;s: (22)

We then have:

CG;0 = (1� ~�)RWG;0; (23)

G;t+1 = [�R℄1=�G;t: (24)

If �R = 1, the right hand side of (23) (divided by period 1 population) is permanent oil

inome, that is, the highest per apita onsumption level from oil resoures that an be maintained

inde�nitely, thereby justifying the name of the model.

The POIM an be used to rationalize the often mentioned riterion of intergenerational fairness

aording to whih oil wealth (either in absolute or per apita terms) should be kept onstant.

Equations (23) and (24) imply that per apita government wealth, whih in this model orresponds

to oil wealth, remains onstant along the optimal onsumption path only if �R = 1.17 If �R < 1,

it is optimal for soiety to deplete oil wealth as time goes by. It also follows from (23) and (24)

that total oil wealth remains onstant along the optimal onsumption path only if �R(1 +n)� = 1.

If n > 0 this requires a relatively impatient soiety, sine �R < 1.

15Quoted from Fasano (1999, p. 1).
16That is, it orresponds to the partiular ase of (2) where k = 0.
17To derive this result evaluate (23) at t and t + 1, instead of t = 0, and equate the orresponding ratio to that

obtained from (24).
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An advantage of the POIM, ompared with the BM, is that it avoids intergenerational wealth

transfers of non-oil assets. It does so by assuming that private inome and onsumption of the pri-

vate good do not interat at all with the government's inome and onsumption of the publi good.

Next we present two unattrative onsequenes of this limitation, one that an be aommodated

with a straightforward extension of the model and one that annot.

A �rst limitation is that the mix of privately and publily produed goods will usually be

suboptimal. The optimal path of the POIM determines the level of onsumption of the publi good

without taking aount of onsumption of the private good hosen by onsumers. This objetion

an be aommodated by assuming that onsumers live for one period and have no bequest motive,

and introduing a limited role for taxation: in every period the government sets taxes/transfers

so as to ensure that the optimal mix of the publi and private onsumption goods is provided.

That is, if we denote by ĈG;t the onsumption of the publi good derived from the POIM, total

onsumption during period t will satisfy:

Ct = ĈG;t + YP;t;

where we have used the fat that onsumers do not save.

A seond example of the limitations of the POIM is illustrated by the following example. Assume

that private inome and oil inome are perfetly negatively orrelated.18 When oil inome is high,

private inome is low and vieversa, so that total inome (GDP) remains onstant over time.

Consumers live one period and do not save. The (ertainty-equivalene version of the) POIM

implies that only onsumption of the publi good will be smoothed out over time, so that total

onsumption will be high in years with high private inome and low in years with low private

inome. Even though this is the optimal solution within this framework, ommon sense suggests

that all generations would be better o� if the government smoothed total onsumption. Before

knowing whether oil inome or private inome will be high during their lifetime, a generation

prefers reeiving its total permanent inome for sure to reeiving the sum of permanent oil inome

and private inome. Also note that the private setor annot mitigate this limitation sine, having

ruled out taxation for intergenerational purposes, improvements of the sort desribed above are

not possible. We onlude that in this example there exists a onsumption path that is better (as

measured by the BM) for all generations than the solution from the POIM. Furthermore, ex-ante,

this improvement involves no intergenerational transfers on average.

4.2.1 Examples

Example 4.3 (Constant Non-oil Prodution) We solve the POIM under the parameter values

of Example 4.1. Sine non-oil inome is onstant over time, the solution to the BM does not require

18This example is used to make a point, the assumptions do not hold in pratie but the validity of the point does.
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intergenerational wealth transfers. It follows that the solution to the POIM is the same as that of

the BM. Disregarding onsumption of the private good when hoosing the optimal onsumption path

is of no onsequene in this ase.

The equivalene between both optimal paths breaks down if we assume �R < 1. In this ase,

the inreasing onsumption path presribed by the BM will be steeper than the one presribed by the

POIM.

Example 4.4 (Inreasing Non-oil Prodution) We modify the previous example by assuming

that non-oil GDP grows at 2% per period. Optimal onsumption of the publi good is onstant

and total onsumption inreases over time at the same speed as private inome. The optimal on-

sumption path is the path of private inome shifted by the permanent oil inome. The optimal

onsumption path di�ers signi�antly from that obtained in Example 4.2. The government au-

mulates �nanial assets while oil is extrated, but asset aumulation is onsiderably less than in

the solution to the BM, sine the government is not allowed to use taxes to make intergenerational

wealth transfers.

It follows from both examples above that if oil wealth is front loaded and individuals are not very

impatient, the ountry should save part of the resoure proeeds. The ounterpart of these savings

is a persistent �sal and urrent aount surplus for some time. This is the main onlusion in Alier

and Kaufman (1999), who work with a model that has the SWF of the Benhmark Model but assume

onstant and exogenous taxes, thereby avoiding intergenerational wealth redistribution. The latter

assumption makes their problem equivalent to our POIM, with idential poliy presriptions and

limitations.19

4.3 A New Approah

Both models disussed in the previous subsetions have serious shortomings. The Benhmark

Model allows for intergenerational wealth transfers whih we do not observe even in the absene

of oil wealth. On the other hand, the POIM avoids intergenerational transfers by ruling out

government poliies that bene�t all generations (as viewed from the BM). The Benhmark Model's

SWF is more appealing than that of the POIM, sine individuals bene�t both from onsumption of

the private and publi goods. Regarding instruments, the BM has more than we would like, while

the POIM eliminates unattrative instruments (intergenerational wealth transfers) at the ost of

ruling out appealing poliy alternatives.

The hallenge therefore is to limit the poliy instruments available to the government in the

BM in suh a way that the attrative properties of both models an be reovered. We propose

19Their generations live for two periods, yet no additional insight is gained from this assumption. Also, the mix of

publi and private good provided is typially not optimal.
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the following approah. Add to the BM the restrition that no generation an be worse o� than it

would have been in the absene of oil wealth, where the ounterfatual with no oil wealth should

be determined by positive onsiderations.

The approah we propose, whih we desribe as onditionally normative, does not undo what

soiety would have done in the absene of oil. Instead it spreads the wealth of oil aross generations

optimally, not by giving every generation the same amount of the publi good, as in the simplest

POIM, but by hoosing among all possible poliies that are Pareto improving, the one that inrease

the SWF the most. The additional onstraint imposed by the Conditionally Normative Model

(CNM) on the BM ensures that no intergenerational transfers of non-oil related wealth take plae

while allowing for an eÆient alloation of oil wealth.

Denote instantaneous utility in period t by ut, and instantaneous utility in the absene of oil

inome by u
�

t . Applying the CNM in period 1 requires hoosing a among all possible onsumption

paths that satisfy u(t) � u
�

t , t � 0, the one that maximizes the SWF onsidered in the BM.

If there is inome unertainty, then the onstraint beomes E0[u(t)℄ � E0[u
�

t ℄, where E0 denotes

expetations based on information available in period 0.

4.3.1 Examples

We onsider three examples to illustrate the CNM.

Example 4.5 (Constant Non-Oil Inome) Assume that non-oil GDP remains onstant over

time and �R = 1 (see Example 4.1). In this ase the three approahes onsidered in this paper, the

BM, the POIM and the CNM, imply the same onstant path for onsumption.

Almost any departure from the simple ase desribed above will result in di�erent onsumption

paths for the three models. The following two examples onsider hanges in future non-oil inome.

Example 4.6 (Inreasing Non-Oil Inome) Figure 4.3 shows the onsumption path assoiated

with the three models when non-oil inome grows 2% per period, for the �rst 50 periods, and remains

onstant thereafter.
20

Optimal (total) onsumption in the BM is onstant. In the POIM it grows

together with non-oil inome, the di�erene between both series being equal to the annuity value of

oil wealth. Optimal onsumption in the CNM is onstant during the �rst 18 periods and follows the

path of non-oil inome thereafter.

Compared with the POIM, those living in the �rst 12 periods are better o� under the CNM while

those living thereafter are worse o�. Sine marginal utility of onsumption in the absene of oil is

higher during the initial periods, the CNM spreads the oil wealth among those living in these periods.

20The remaining parameter values are: R = 1:04, �R = 1, n = 0, oil wealth is 100 and initial non-oil inome is 30.
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Those that bene�t the most are those that would have been poorest without oil wealth|generations

that expeted relatively high private inomes do not bene�t at all.

Example 4.7 (Dereasing Non-Oil Inome) Figure 4.4 shows what happens when non-oil in-

ome dereases by 2% during the �rst 50 periods, and remains onstant thereafter.
21

The behavior

of the optimal onsumption path in the BM and POIM are qualitatively similar to those desribed in

the previous example. In the ase of the CNM, optimal onsumption dereases initially, being equal

to non-oil inome during this phase. Eventually (period 13 in the �gure) it stops dereasing and

remains onstant thereafter. By ontrast with Example 4.6, in this ase the optimal onsumption

path of the CNM is �sally more onservative than that of the POIM. It presribes not spending oil

related wealth during early years, saving it to help those who expet to be worse o� in the future.

Only in period 13 the CNM reommends to begin spending oil wealth to help maintain the highest

onsumption level ompatible with the restrition of not leaving any generation worse o� than it

would have been without oil. It is also interesting to note that in this example the onsumption path

of the Benhmark Model is the one that is most onservative from a �sal point of view. It taxes

heavily the initial generations to �nane a onstant level of onsumption for everybody.

The following general result for the optimal onsumption path under CNM is presented in

the Appendix (Propositon A.2). It assumes no inome unertainty and �R = 1. Under these

assumptions, the optimal onsumption path for the CNM an be found as follows: First, the

generations are ordered aording to their utility in the non-oil senario. Next, oil wealth is used

to raise the inome of the poorest generation until it equals that of the seond poorest. If this does

not exhaust the oil wealth, the inome of the two poorest generations is raised until it equals that

of the third poorest. And so on until no oil wealth remains to be distributed. If oil wealth is large

enough so that the inome of all generations an be brought to the level of the rihest generation

(in the senario without oil), the onstraint that di�erentiates the CNM from the BM is not be

binding and both optimal onsumption paths are the same (onstant, equal to the annuity value

of total wealth). Otherwise, the rihest generations do not bene�t from the oil wealth.

5 Oil Related Unertainty

Charaterizing the stohasti proess that oil pries follow and evaluating the possibility of foreast-

ing them are key ingredients when designing optimal �sal poliy rules for oil produing ountries.

For instane, reommendations regarding both the deision to adjust or �nane a given prie (terms

of trade) shok and the design of an optimal oil stabilization fund depend of what is expeted to

happen with future pries, inluding their distribution. If eah and every shok is regarded as

21The remaining parameter values are those of Figure 4.3.
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having permanent e�ets and there are no adjustment osts in �sal poliy, then ountries should

ompletely lean towards adjustment. This setion analyzes the ability of time series models to fore-

ast future oil pries. We exlude large strutural models both beause repliating out-of-sample

foreasts often is impossible and beause their foreasting ability typially is worse than that of

time series models.22

Before presenting and disussing results we mention an important limitation of this setion.

What matters for �sal planning is government inome unertainty, whih orresponds losely to

oil inome unertainty in the ases onsidered in this paper. Sine this hapter onsiders prie

unertainty, we are impliitly assuming a onstant rate of extration (given by OPEC). In reality

the orrelation between oil prodution and oil pries is likely to be negative, so that we may be

overestimating the importane of shoks. Unfortunately, we do not have enough data on non-oil

inome to work with this variable diretly (and the data we have show strange patterns).

5.1 Previous Literature

In this subsetion we present a short review of the reent literature of oil prie foreasts based

on time-series models. It is understood throughout that models under onsideration are for the

logarithm of the oil prie.

The benhmark model to foreast oil pries (as well as other ommodity pries) at medium

run horizons, say 1 or 2 years, is a random walk, with and without drift. In this ase the best

predition of future pries is the spot prie (probably plus a drift). Furthermore, every shok to

pries is permanent, a�eting all expeted future pries. The intuition for having this simple proess

follows from thinking about oil as an asset. Arbitrage prevents the existene of preditable prie

jumps for they o�er an opportunity of making (potentially) unlimited pro�ts. A drift reets a

�xed broad opportunity ost of maintaining the asset.23

The idea that oil pries follow a random walk, however, is at odds with the presumption that

prodution of both oil and its substitutes should inrease at higher oil pries. At the same time, oil

prodution should derease if pries are below marginal osts. By ontrast, if pries follow a random

walk, they ould inrease without bound and/or approah arbitrarily lose to zero.24 Despite this

notion, it is not easy to rejet the random walk hypothesis. Researhers have either used extremely

long samples to �nd mean reversion or have had to resort to less standard approahes, where by

\standard approahes" we mean the Augmented Dikey-Fuller (ADF) and Phillips-Perron (PP)

tests.

22See Powell (1990) and Pindyk (1999).
23This opportunity ost ould be negative if there is a low storage ost, a low real interest rate and good business

opportunities for those who have oil in storage (onveniene yield).
24Furthermore, it an be shown that, with probability one, they eventually do one of the two.
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For example, with several years of data, Videgaray (1998) �nds mean reversion after allowing

for a strutural break in 1973.25 Pindyk (1999) rejets the random walk null hypothesis using an

ADF unit root test only after onsidering more than 70 years of data. Interestingly, he onludes

that even with 120 years of data, permanent shoks do exist (although their size is onsiderably

smaller than that of the transitory shoks). Finally, Bessembinder et al. (1995) �nd evidene of

mean reversion using the future pries term struture.

The diÆulty in rejeting the random walk hypothesis has led to more sophistiated models to

desribe oil pries. Rather than assuming reversion to a onstant trend, Pindyk (1999) proposes

a model in whih both the onstant and the trend are, in turn, non observable mean reverting

stohasti proesses. He estimates this model with a long sample of annual data using a Kalman

Filter, and predits pries 20 years ahead. Although no formal tests are provided, the foreasts

appear to be better than those of a �xed trend AR(1) proess. Of ourse, there is always the question

of whether it is valid to use pre 1973 data to foreast future pries given the large strutural break

that took plae at that time.

Shwartz (1997) also presents Kalman Filter estimates and formally ompares the foreast

apability of three alternative models for future and forward pries using high frequeny data

spanning 11 years. He onsiders a one fator model in whih the (logarithm of the) oil prie follows

an AR(1) proess, a two fator model in whih the onveniene yield is stohasti, and a three

fator model in whih a stohasti interest rate is also inluded. The estimation proedure he uses

takes into aount that the spot prie, the onveniene yield and the interest rate are not perfetly

observable|thus the need of the Kalman Filter. The results he obtains indiate that inluding a

seond fator (the onveniene yield) improves substantially the foreast apability of the model.

A simple random walk, an AR(1), and the models presented in Pindyk (1999) and Shwartz

(1997) an be thought of as speial ases of the following model:

pt = �t + ÆtTrendt +  tpt�1 + "t

where pt is the log of the real oil prie, �t, Æt and  t are possibly stohasti parameters, Trendt is

a time trend and "t is a stohasti stationary shok.

A random walk with drift assumes �t onstant, Æt = 0, and  t = 1 (as well as " white noise).

An AR(1) assumes a onstant �t, a onstant  t < 1 and (possibly) a positive Æt.

More interestingly, Pindyk (1999) onsiders that both �t and Æt follow unobservable AR(1)

stohasti proesses with unorrelated innovations. These proesses are meant to represent redued

forms for the e�ets of demand, ost of extration and available reserves shoks. Pries then would

revert to a hanging trend (level). Also, Shwartz (1997) onsiders the possibility that in his two

25He uses the Perron (1989) test whih basially augments the standard Augmented Dikey-Fuller test to take into

aount strutural breaks in levels and/or slope of a series.
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fator model  t follows a stohasti proess (possibly mean reverting) with innovations that an be

orrelated with innovations of the urrent spot prie. The eonomi interpretation of this model

is that the onveniene yield follows a proess itself. The intuition for why this variable a�ets

urrent spot pries is simple: If oil represents an asset, then the urrent and future spot pries are

linked through the urrent interest rate, storage osts and the onveniene yield. Thus, for a given

future spot prie, a higher onveniene yield will inrease the urrent spot prie.

We will use these alternative models below to evaluate the extent to whih oil pries an be

foreast.

5.2 Revisiting the Random Walk Hypothesis

A key issue that we fae is the question of to what extent future oil prie hanges an be predited.

In one extreme, it is possible to think that oil pries follow a simple random walk. If that were

the ase, then the best predition for all future periods is the urrent value, while the standard

deviation of this predition grows linearly with time. In the other extreme, one ould think of

oil pries following a stationary proess, where it is possible to foreast future pries with greater

preision.

In order to evaluate the foreastability of oil pries we present below three group of tests: stan-

dard ADF and PP, Variane Ratio, and non-linear adjustment. In all ases we onsider quarterly

observations of the log of the real prie of Brent oil (using the US WPI as the deator).

5.2.1 ADF and PP Tests

Augmented Dikey-Fuller and Phillips-Perron tests are the standard proedures to evaluate whether

a series follows a stationary proess. Intuitively, these tests measure the strength of the fores that

tend to move the series bak to a onstant trend after su�ering a shok. If the strength of these

fores is low, then one onludes that the proess is non stationary (that there is no mean reversion).

Table 5.1 presents the results for three alternative samples of quarterly data: 1957.I{1999.II,

1974.I{1999.II, and 1986.I{1999.II, and two spei�ations with and without trend. The test shows

that when the larger sample is onsidered, the proess appears to be non stationary. In ontrast,

the shorter samples, partiularly 1986.I{1999.II, suggest a stationary proess.

This evidene shows that when one exludes large hanges in regime, oil pries appear to be

stationary. However, when these regime shifts are onsidered, prie shoks tend to have relevant

permanent e�ets. In terms of foreastability, these results show that assuming a stationary proess

is a valid proedure as long as one assumes that the urrent regime will prevail with probability

one. More generally, however, one ould improve the foreast by onsidering and modeling the

transitory or permanent omponents of a shok.
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5.2.2 Variane Ratio Test

The seond type of test we onsider to evaluate whether oil pries follow a non-stationary proess

is the Variane-Ratio (VR) Test. This test makes use of the linearly inreasing volatility of a non-

stationary proess and evaluates whether the standard deviation measured at di�erent horizons

inreases as predited under the null of random walk. Furthermore, it gives a measure of the

relative importane of transitory and permanent shoks.

In partiular, the VR test alulates a statisti J(s), s = 1; 2; :::; S that has the following

properties.26 As the sample size beomes large and s inreases the ratio J(s)=s should onverge to

zero if the true proess is stationary. If it does not onverge to zero the proess is non-stationary.

Moreover, the value to whih J(s) onverges represents the standard error for long term foreasts.

These properties hold as long as the sample size is large and s is onsiderably smaller than this

sample size.

Figures 5.1 and 5.2 present the results of VR tests for the log of the oil prie for two samples:

1957.I{1998.IV and 1974.I{1998.IV. In both ases the statisti J(s)=s does not onverge to zero,

showing that the shoks to the true proess probably have some permanent e�ets. The size of

these e�ets appears learly smaller than the standard deviation of the innovations of a simple

random walk estimated for eah sample. This fat shows that shoks also have some transitory

e�ets on pries, suggesting that it should be possible to do better, in terms of foreasting, than

with a random walk.

One important limitation of these results is that the sample sizes we onsider are not very large

ompared to s. In order to evaluate how this issue may a�et the results the �gures also present

the results of a Montearlo experiment onsidering a sample of equal size to what we onsider in

the alulations. These Montearlo experiments are based on 1000 repliations of a proess that

has the same standard deviation and parameters as the true data.

The results of these experiments show that, indeed, the small sample a�ets the performane of

the test (for the sample sizes we onsider). The statisti J(s)=s for a true random walk dereases

instead of onverging to a at value. At the same time, a true AR(1) does not onverge to zero for

the values of s we onsider (although it does not onverge to a positive value either). These results,

however, do not hange our general interpretation of the proess. Beause the sample statisti

dereases faster than for the random walk, we onlude that shoks do not have full permanent

e�ets. And beause it tends to onverge to a positive value, we onlude that shoks do not have

transitory e�ets only.

26See Hamilton (1994) for further details.
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5.2.3 Non-linear Adjustment

One potential explanation for �nding evidene of non-stationarity when the true proess is atually

stationary is the existene of non-linearities in the adjustment proess. It ould be the ase, for

example, that oil pries follow a random walk within ertain range. Outside this range, however,

there ould be fores that bring oil pries bak. The intuition that pries annot permanently be

below marginal osts and that above ertain threshold oil substitutes enter the market is in line

with this interpretation.

More generally, oil pries may be viewed as the sum of two proesses, with the relative impor-

tane of both proesses dependent on the prie level. Pries follow a unit root or even an explosive

proess for small deviations from a stationary trend, but the proess beomes mean-reverting for

large deviations. This is the ase, for example, of exponential and logisti smooth-transition au-

toregressive (ESTAR and LSTAR) models. In this ase it is assumed that mean-revering fores

appear gradually as the atual oil prie deviates from its long run equilibrium value.27 Threshold

autoregressive models (TAR) are another type of models in whih the transition from unit-root to

mean-reverting ours suddenly at a �xed threshold.

In order to test the hypothesis of linearity in the oil prie proess we follow the proedures

desribed in Mihael et al. (1997). In partiular, we test the null hypothesis of linearity against a

smooth-transition model by using OLS to estimate the model:

pt = �00 +
kX

j=1

(�0jpt�j + �1jpt�jpt�d + �2jpt�jp
2
t�d) + "t

for alternative values of d. The null hypothesis is �1j = �2j = 0 (j = 1; :::; k). Linear adjustment

is rejeted if for any of the values of d the p-value of this test is insigni�ant.

Table 5.2 presents the p-values that result from testing the null hypothesis of linearity of log

real oil pries using di�erent samples and three alternatives values for d. It also shows the value of

k, the lags required to have white-noise innovations in eah ase. The results show that the linear

adjustment hypothesis is rejeted only in the sample 1974-1999 using k = d = 1. We �nd one

rejetion in three as relatively weak evidene in favor of non-linear adjustments. In what follows

we fous mainly on linear models, but keep as a ompeting alternative the non-linear model with

d = 1.

5.3 Evaluation of Alternative Models

The usefulness of a foreasting model has to be measured out of sample. Ultimately it is the

ability to foreast future unknown pries that should disriminate among ompeting models. In

27See Mihael et al. (1997) for an appliation to non-linear adjustment of real exhange rates towards PPP values.
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this subsetion we evaluate the out of sample foreast apabilities of 12 alternative linear models,

a non-linear model, market future pries, and market foreasts.

We onsider two alternative samples, one starting in 1974 and the other starting in 1986, and

alulate the root mean square error (RMSE) of foreasts at 1 and 2 year horizons proeeding as

follows. We estimate repeatedly eah model using quarterly data (and weekly data in one ase)

ending in the seond quarter of the years 1994 to 1998 and foreast out of the estimating sample.

Then we ompute the RMSE using the foreast errors at 1 and 2 years horizons. For eah model

we have 5 one-year ahead and 4 two-year ahead foreast errors.

The linear models we onsider (for the logarithm of the real prie of oil) are the following:

1. A random walk without drift.

2. A random walk with drift.

3. An ARIMA(2,1,2). This model is the equivalent of a random walk augmented by a stationary

proess for the error term "t.

4. Same as above with a dummy variable that take the value 1 during the invasion of Kuwait in

1991.

5. An AR(1) without drift (assuming that the proess is stationary).

6. The permanent value of a Beveridge and Nelson deomposition of the series.28

Models 7 through 11 onsider an AR(1) model with stohasti �rst-order autoorrelation,  t,

whih is estimated using the Kalman Filter. The models di�er in the assumptions they make on

the proess followed by  t and whether they inlude a linear trend or not for the prie proess.

7. The prie proess has no trend and  t follows a random walk with innovations orthogonal to

those of the prie proess.

8. As 7 but with a trend in the prie proess.

9. The prie proess has no trend and  t follows an AR(1) proess with innovations that are

orthogonal to oil prie innovations (this model resembles model 2 of Shwartz, 1997).

10. As 9 but with a trend in the prie proess.

28The Beveridge and Nelson deomposition identi�es that permanent omponent of a series as the long run value

at whih the series would tend if there are no further shoks. It predits future pries using a rolling ARIMA model

([2,1,2℄ in this ase).
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11. Both the onstant and the trend parameters of the prie proess follow AR(1) proesses with

innovations that are orthogonal to oil prie innovations and between them (this model is

based on Pindyk, 1999).

12. As 7 but using weekly data to estimate the model (this model is based on Shwartz, 1997).

The foreast is also weekly and we average the foreasts to alulate MRSEs. The data we

onsider in this model is slightly di�erent beause pries are not deated.

We also onsider three other foreasts in the out-of-sample evaluation. We estimate repeatedly

the non-linear ESTAR model disussed above with the same quarterly data and foreast pries one

and two year ahead using the estimated model. Finally, we onsider the one-year ahead future prie

from Bloomberg (for June delivery) and the average surveyed one year ahead foreast informed by

the June issue of Consensus Foreast.29

Table 5.3 presents the results of this exerise. Notwithstanding the fat that the RMSE are

alulated with small samples, the results show that more sophistiated models do not have a better

out-of-sample performane. Indeed, the models with stohasti autoregressive parameter are learly

outperformed by a simple random walk. The model with stohasti trend and onstant appear to

be as good as the random walk. Overall, only the ARIMA models (with and without dummies

for the Kuwait invasion) appear to perform somewhat better than the random walk without drift.

When we use the longer sample to estimate eah model the best performane orresponds to the

ARIMA model without dummies. For the short sample the best performane orresponds to the

ARIMA model with dummies. Yet if we onsider both samples jointly, it is hard to argue than any

model does signi�antly better than the random walk without drift.30 Furthermore, this model

appears to be only marginally less aurate than surveyed foreasts.

6 Preautionary Saving and Adjustment Costs

In this setion we present some useful approximations to the optimal onsumption plan expliitly

onsidering that future inome is unertain and that there are adjustment osts. In order to

simplify matters we onsider one issue at a time and a setup in whih in absene of unertainty

and adjustment osts, the POIM is a orret desription of the problem. This desription also

orresponds to the BM and the CNM when �R = 1 and non-oil GDP is onstant in per apita

terms. Furthermore, given the results of setion 5, we onsider as our baseline ase that oil prie

follows a geometri random walk. In the appendix we present the approximations for the AR(1)

ase.

29In the latter two ases pries are nominal and refer to West Texas pries.
30We also alulated the RMSE of 5-year-ahead foreasts using samples that ended in 1991 Q2 for both a .random

walk and a AR(1) proess. The results (not reported) show a smaller RMSE for the random walk.

29



6.1 Inome and Budget Unertainty

Inome unertainty|the risk about future inome realizations|an be inorporated easily into

onsumption models. If the instantaneous utility is quadrati, we have ertainty-equivalene, and

the results obtained in Setion 4.2 need to be modi�ed only slightly. For example, equations (18)

and (19) beome:

0 = (1� ~�)REo[W0℄; (25)

Et[t+1℄ = [�R℄t; (26)

where Et denotes expetations based on information available in period t. That is, all that hanges

is that unertain quantities are replaed by their expeted values. Of ourse, as mentioned in

Setion 3.2, this solution has the awkward property that urrent savings do not depend on the

variane of future inome.

In the more appealing ase of a CES instantaneous utility, there does not exist a simple ex-

pression for 0. The solution has to be found resorting to numerial methods. We propose instead

an approximation to the optimal solution that is transparent and easily implementable. Of ourse,

beause it is an approximation it does not orrespond exatly to the optimal solution.

Our proedure is based on a ounterfatual experiment in whih onsumption deisions are

made knowing that oil risk is diversi�ed away in the near future, say that the oil industry will be

privatized. This proedure allows us to simplify the onsumption problem by ollapsing all future

periods in a single period and treating the overall problem as a two-period problem. Furthermore,

assuming that the variane of oil prie shoks is small, we an write a losed-form solution for

onsumption as a funtion of that variane and initial onditions.

More preisely, onsider the period t optimal onsumption deision knowing that the oil industry

will be privatized in period t+1. Beause in period t+1 all inome unertainty is resolved, from that

moment onwards the onsumption problem is trivial: under the assumption �R = 1 the solution

is to onsume the sum of the annuity values of the privatization proeeds and the �nanial assets

available at that time. Assume, further, that oil risk is fully diversi�able in the world eonomy,

so that the privatization proeeds equal the expeted NPV of oil GDP onditional of the oil prie

observed in t+ 1. As of period t, the privatization proeeds is a random variable that depends on

the oil prie proess. Moreover, it depends on the expeted path of future oil pries.

Consider now the omparison of the optimal onsumption deision of period t, knowing the

oil prie of that period, both under ertainty equivalene (CE) and the optimal onsumption level

(given the atual volatility of the prie proess). The plan under CE orresponds to the POIM

solution. The di�erene between the two onsumption levels measures the preautionary savings

motive.
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So far we have assumed that period t oil pries are known at the beginning of the period, when

onsumption deisions are taken. However, when deiding next year's budget, poliymakers do

not know the level of oil pries that will �nally prevail. This information problem orresponds to

budget unertainty. Although it is losely related to inome unertainty, it represents a di�erent

soure of unertainty. In order to derive losed-form solutions for the e�ets of budget unertainty

we onsider that at the moment of writing the budget the prie of oil at time 0, P0, is not known

but assumed to follow a log-normal distribution with known mean and variane. This distribution

aptures all the information available to the government about the prie of oil during the budget

year being onsidered. Only from period 1 onwards does the (real) prie of oil follows a geometri

random walk with drift. The possibility of setting the parameters for the initial prie allows us to

depart from the pure random walk assumption, thereby allowing the inorporation of some degree

of mean reversion.

Besides the ounterfatual experiment of privatizing, we use approximations to obtain losed-

form solutions for onsumption. In partiular, we onsider a �rst order Taylor approximation

around the ase in whih the varianes of both shoks to future pries and the urrent year (budget

year) prie are zero.

6.1.1 Corretion Fators

Assume that oil pries follow the proess:

logPt = a+  (log Pt�1) + vt (27)

where a=(1� ) represents the unonditional expetation of logP if  < 1 or the drift of the proess

if  = 1, and vt is an i.i.d. zero Normal shok with variane �2v . Assume further that oil prodution

starts at a level Q0, growths at a onstant rate g, and lasts for T periods, when the resoure is

exhausted.31

Then prodution at time t is:

Qt =

8<
: Q0(1 + g)t if t � T

0 if t � T + 1;
(28)

while period t inome, Yt, is given by PtQt.

Moreover, assume that the initial prie P0 is unknown when the government has to determine

its initial onsumption. In partiular, P0 has mean �P;0 and variane �2P;0. Thus, initial inome Y0

31Given initial reserves ~Q0, initial extration Q0, and growth rate g, the duration of the resoure is

T =
log(1 + g +Q0)=Q0

log(1 + g)
:
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has mean �0 = �P;0Q0 and variane �20 = �
2
P;0Q

2
0. Finally, assume that initial population is N0 and

growths at rate n.

Denote by 0(�
2
v ; �

2
0) the optimal period 0 per apita onsumption level onsidering both types

of unertainty.32 In the Appendix (Lemma B.1) we show that if �2v and �
2
0 are small, this solution

an be approximated by:

0(�
2
0 ; �

2
v) ' [1��BU ��IU ℄ 0(0; 0); (29)

with

�BU = �


1(0; 0)

0(0; 0)
�
2
0 ;

�IU = �


2(0; 0)

0(0; 0)
�
2
v :

Where 0(0; 0) is initial onsumption if there were no unertainty and the supersripts denote

derivatives with respet to argument j (j = 1; 2).

In general, both orretion fators omprise two omponents. One aptures the preautionary

motive and, as expeted, is positive, so that resulting onsumption is smaller than it would have

been in the absene of this motive. The seond omponent orresponds to an inome e�et due

hanges in initial wealth assoiated with variations in �0 and �v. For example, if the prie of oil

follows a geometri random walk and the mean of the innovations vt does not vary with �v, the

present disounted value of oil inome grows with �v at a rate 1
2
�
2
v . On the other hand, if the drift

of the random walk �1
2
�
2
v the negative drift anels the e�et of volatility on wealth and there is no

inome e�et. Choosing between both alternatives is equivalent to deiding whether Et[Pt+1℄ = Pt

or Et[logPt+1℄ = logPt, both annot hold due to Jensen's inequality. Sine foreasts based on the

former are more preise and inome e�ets an be muh larger than what ommon sense would

suggest,33 we ignore inome e�ets in what follows.34

De�ne ' as the present disounted value of future inome
PT�1

t=0 �
t
Yt+1. In the appendix we

show that the orretion fators �BU and �IU are given by:

�BU =
1

2
(1 + �)

�(r � n)2

(1 + n)N2
0 0(0; 0)

2

�Var0 (Y0 + E1['℄)

��20

�����
�v=�0=0

�
2
0 ;

�IU =
1

2
(1 + �)

�
3(r � n)2

(1 + n)N2
0 0(0; 0)

2

�Var0 (Y0 + E1['℄)

��2v

�����
�v=�0=0

�
2
v :

Where � is the oeÆient of relative risk aversion. Both orretion fators are proportional to the

oeÆient of relative prudene, 1 + �.35

32
0 also depends on �0 and F0, but sine these parameters remain onstant in what follow they are omitted.

33Consumption after applying the orretion fators am be muh larger than under ertainty equivalene!
34Expressions that inlude the inome e�et may be found in Proposition B.1 in the Appendix.
35See Kimball (1990).
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The expression 0(0; 0) that appears in both orretion fators orresponds to optimal onsump-

tion when there is no inome unertainty and is therefore alulated using onsumption smoothing.

Sine 0(0; 0) is inreasing in F0 we shall have that both orretion fators are dereasing in initial

�nanial assets.

In the ase of a geometri random walk the orretion fators an be written as follows (Propo-

sition B.2 in the Appendix onsiders the ase where  < 1):

�BU =
1

2
(1 + �)

R

(1 + n)

�
1 +

1� �(1 + g)

1� �T+1(1 + g)T+1

�
F0

�0

���2
CV

2
0 ;

�IU =
1

2
(1 + �)

�(1 + g)2

(1 + n)

(
1� f�(1 + g)gT

[1� �(1 + g)℄F0�0 + 1� f�(1 + g)gT+1

)2

�
2
v ;

where CV2
0 = �

2
P;0=�

2
P;0.

If next year's budget were written knowing the prie of oil on Deember 31st of this year, and

all inome unertainty were summarized by the assumption that the prie of oil follows a geometri

random walk, we would have CV0 = �v. The fat that budgets are written some months before

Deember suggests that CV0 > �V . On the other hand, selling a signi�ant fration of next year's

oil prodution in futures markets redues CV0. It follows that assuming CV0 = �V provides a

onvenient benhmark for pratial appliations.

6.1.2 Examples

In order to evaluate the importane of preautionary savings in the ontext of oil produing oun-

tries we present four examples. The �rst one presents a baseline ase. The other three present

omparative statis.

Example 6.1 (Preautionary Saving Corretion Fators) We assume no population growth

(n = 0), one inhabitant, no output growth (g = 0), R = 1:05, �R = 1, � = 3, Q0 = 100, �P0 = 25,

�v = 0:25, �P;0 = 6:25, T = 50, and F0 = 2; 500 (equivalent to one year of prodution).

With these parameters the results are as follows. From an inome of 2,500, the ertainty equiva-

lene onsumption is 2,411. The orretion fators due to preautionary motives are �BU = 11:9%

and �IU = 10:7%. Thus, optimal onsumption is 1,868.

Given the role of volatility in the solutions proposed, the orretion fators inrease linearly

with the variane of the shoks to the prie proess. Thus, preautionary saving inreases at rate

0.5 with volatility.

Example 6.2 (Preautionary Saving and Shoks Persistene) Figure 6.1 shows the orre-

tion fators �BU and �IU for di�erent levels of the AR(1) oeÆient of the oil prie proess and
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the parameters of the baseline example. In this ase  ranges from 0.9 to 1. When  < 1 we use

the formulae desribed in the Appendix. In all these ases we disregard any inome e�ets arising

from volatility by diretly applying the orretion fators to the zero variane onsumption.

The results show that preautionary saving inreases sharply with the persistene of shoks.

When  is around 0.9, orretion fators are almost one-tenth of what they are in the ase of a

random walk. Furthermore, this di�erene is learly non-linear. When  is around 0.95, orretion

fators are about one-fourth of what they are when  = 1.

This key role for shok persistene in determining the importane of preautionary saving has

been noted before (see, e.g., Skinner, 1988). It follows from the high sensitivity of wealth unertainty

to the degree of persistene in shoks, partiularly in the neighborhood of a random walk.

Example 6.3 (Preautionary Saving and Finanial Assets) Figure 6.2 shows the orretion

fators �BU and �IU for levels of initial �nanial assets F0 and the parameters of the baseline

example. We have saled F0 by initial prodution, so it ranges from -4 to 4.

As expeted, �nanial assets aumulation makes less important preautionary saving. Beause

a larger portion of future onsumption is seure when a ountry has more �nanial assets, preau-

tionary saving dereases with F0. In the example at hand, the orretion fators drop by almost one

third when �nanial assets inrease from zero to four years of inome. A similar pattern arises if

one assumes that  = 0:9, although in this ase orretion fators are onsiderably smaller.

Example 6.4 (Preautionary Saving and Resoure Duration) Figure 6.3 shows the orre-

tion fators �BU and �IU for di�erent time horizons for resoure exhaustion and the parameters

of the baseline example. T varies from 5 to 105.

The results show that the orretion fators inrease quikly with T to stabilize around T = 40.

The opposite happens if  = 0:9 (ase not reported). The intuition for the result is the following.

Given an extration rate, a longer duration represents a higher initial reserve level of the resoure.

This, in turn, represents higher total wealth, and less initial �nanial assets relative to total wealth.

Thus, a longer duration produes an e�et that is similar to having less �nanial assets. When

 < 1, a longer duration has two e�ets. One the one hand, it produes the same e�et of reduing

the share of �nanial assets in total wealth. On the other hand, beause  < 1, inome that is very

far in the future is almost seure inome, having the same e�et of a higher F0. Figure 6.4 shows

the orretion fators for di�erent T assuming the \intermediate" ase  = 0:99. In this ase the

orretion fators inrease with T between 10 and 20-25 and derease thereafter.

In deriving preautionary saving orretion fators we have so far assumed that there is only one

soure of inome, namely oil prodution. A more realisti representation of oil exporting ountries

should inorporate natural gas extration. In order to do so we assume that the prie of gas is linear
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in the prie of oil, that the prie of oil follows a geometri random walk, and that both natural

resoures have their partiular and known extration path. In Proposition B.4 in the Appendix we

derive expressions for the orretion fators in this ase. Based on these expressions one an show

that having a seond inome soure related to oil pries produes relatively minor hanges in the

orretion fators.

6.2 Adjustment Costs

When adjustment osts are present, optimal onsumption may not be equal to fritionless optimal

onsumption. Adjusting per apita government expenditures may have welfare onsequenes that go

beyond those aptured by standard utility funtions. A drasti redution in government expenditure

may lead to politial instability, disouraging investment and reduing future growth. A sudden

inrease in government expenditure may deteriorate the quality of management of government

projets beause of the lak of adequate supervision. It may also inrease the osts of new projets

beause of bottleneks in the supply of some inputs. In this setion we analyze the e�ets of a

spei� form of adjustment osts, namely quadrati osts.

6.2.1 Quadrati Adjustment Costs

In order to derive pratial impliations from the existene of adjustment osts we study an ap-

proximation to the standard onsumption problem (without inome unertainty) augmented with

quadrati adjustment osts. In partiular, assume that the problem with adjustment osts is rep-

resented by the following problem:

max
t

X
t�0

�
t(1 + n)t

(

1��
t

1� �
� k(lt � lt�1)

2
;

)
(30)

subjet to the budget onstraint X
t�0

R
�t
Ct =W0; (31)

where lt is the log of the optimal level of per apita onsumption in period t and k aptures the

importane of adjustment osts. Asymmetri adjustment osts an be inorporated by onsidering

two possible values for k, one for onsumption redutions (k�) and one for onsumption inreases

(k+).

Proposition C.1 in the Appendix shows that this problem an be approximated by solving

min
lt

X
t�0

~�t
h
(lt � l

�)2 + ~k(lt � lt�1)
2
i
; (32)

subjet to no budget onstraint, with

~k =
2k

�[�℄1��
;
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where 
� denotes the solution to the problem above when k = 0 (see Proposition A.1) and l

� = log 
�.

The seond term in (32) aptures the osts of adjusting while the �rst term orresponds to

the welfare osts assoiated with deviating from the optimal expenditure level in the absene of

adjustment osts.

As k, the onstant ~k an take two values, one for expenditure redutions, ~k�, and another for

expenditure inreases, ~k+.

Proposition C.2 in the Appendix shows that there exist onstants �
� and �

+, both between

zero and one, suh that a good approximation for the logarithm of optimal onsumption at time 0

inorporating adjustment osts, l0, onsists of adjusting partially toward l
�
� log 

�. Thus:

l0 � l�1 = �(l� � l�1);

where � an take two values, one if onsumption inreases (�+) and another when it dereases

(��). The onstants �
+ and �

� are dereasing funtions of ~k+ and ~k�. The fration of adjustment

presribed is larger when adjustment osts matter less. The adjustment speed also inreases with

�, sine larger values of � imply a smaller elastiity of substitution of onsumption over time and

therefore a stronger inentive to smooth expenditure.

6.2.2 Eliiting Adjustment Costs

A key parameter in determining the veloity of the adjustment proess is the size of adjustment

osts. In Proposition C.3 in the Appendix we show that if a poliymaker is indi�erent between

� the adjustment ost assoiated this period with an inrease in per apita expenditure of

100 � sa perent

and

� the welfare improvement, in the absene of adjustment osts, assoiated with a 100 � sna

perent inrease in per apita expenditure

then her value of ~k is given by

~k+ '
2sna

�s2a

:

A similar omparison, with a derease in per apita expenditure in the �rst statement, leads to

an analogous expression for ~k�.36

It is reommended that the value of sna in the exerise desribed above be hosen neither too

large (beause the approximations involved beome less preise) nor too small (beause it is harder

to make the omparison that is required). Suggested values are in the range from 0:05 to 0:20.

36The question in the seond statement ontinues being posed in terms of an inrease in per-apita expenditure.
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6.2.3 Examples

Example 6.5 (Adjustment Costs) Figure 6.5 shows how � varies with sna when sa is set at

0.20. The remaining parameter values are n = 0, � = 1=1:05 and � = 3. For an sna of 0.04, the

reommended partial adjustment is approximately 70%. For an sna of 0.40, this value falls to 40%.

Partial adjustment rates are almost insensitive to population growth rates. For instane, if

sna = 0:04 in this example, hanging the population growth rate from n = 0 to n = 0:04 dereases

the partial adjustment from 70 to 69%. Variations of � within a reasonable range also have a

negligible impat.

Changes in the oeÆient of risk aversion have a larger impat. Figure 6.6 shows how � varies

with �. Considering � = 1 instead of � = 3 dereases the adjustment oeÆient from 70 to 50%.

7 Stabilization Funds

A stabilization fund is an asset aumulation aount that has the objetive of stabilizing a parti-

ular variable suh as government spending. For this purpose, stabilization funds have a set of rules

de�ning when inome should be saved or spent, raising or dereasing the amount of resoures at

the fund orrespondingly.

As mentioned in setion 2, a orretly de�ned stabilization fund should result in a onsumption

(expenditure) pattern losely related to the optimal solution of the problem at hand. The rules

should be suh that, in ombination with other soures of �sal saving and redit, they implement

the optimal �sal strategy. This puts important restritions on �sal poliy deisions apparently

unrelated to the ommodity under onsideration (oil and gas in this ase). The reason is simple:

if the government undoes what the stabilization reommends, the ountry will not get the bene-

�ts from the (optimal) �sal strategy. And sine money is fungible, the temptation to undo the

restritions on expenditures imposed by the stabilization fund will often be large. For instane, if

expenditures out of oil wealth are stabilized ompletely, but �sal expenditures ontinue to follow

a pattern that is positively orrelated with oil pries (e.g., due to proylial aess to �naning in

the international apital market), there will be no welfare gain from having a fund. The objetive,

at the end, is to stabilize expenditure, not a partiular form of inome. Thus, hanges in the

stabilization fund should represent the sum of all government inomes and expenditures, that is,

the overall net �sal asset position.

Stabilization funds in ommodity produing ountries are usually based on a prie ontingent

rule: the fund aumulates resoures so long as the urrent ommodity prie is above ertain

threshold and spends if it is below a seond threshold. These thresholds are preannouned and

usually follow a simple formula, suh as the average of the last x years plus/minus a onstant. The

simpliity of this type of fund is very appealing. However it also imposes a very rigid struture
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whih often leads to a solution far from optimal.37 Behind this type of rule is the notion that

poliymakers are able to distinguish transitory from permanent prie shoks. Given the evidene

revisited in setion 5, this learly is a very strong assumption.

There are a few studies that have designed optimal stabilization funds using numerial pro-

edures and the POIM as the benhmark problem. For example, Arrau and Claessens (1991),

Kletzer, Newbery and Wright (1990), and the olletion of papers in Engel and Meller (1993) de-

sign optimal funds under alternative assumptions. However, extending the POIM to inorporate

preautionary motives may have unappealing onsequenes, sine this model ignores the path of

private inome, and therefore its orrelation with oil inome. In deriving the approximation for

preautionary saving presented in this paper we have assumed that this orrelation is zero (private

inome is onstant). This learly is a strong assumption that should be relaxed in future researh.38

To illustrate this point we refer to an example disussed in setion 4.2 in whih oil and non-oil

inome were assumed to be perfetly negatively orrelated. The preautionary motive suggests

that the government should, on average, spend less in every period than it would in the ertainty-

equivalene ase. Yet these additional savings serve no purpose in this ase, sine there is no

unertainty in total inome. In general, when private setor inome is ignored, as in the POIM,

preautionary saving ould di�er signi�antly from what they would be if unertainty in total

inome were onsidered.

The stabilization fund that follows the set of presriptions derived in this paper is not di�erent

from an otherwise standard stabilization fund used in several ountries. The only key di�erene is

that the set of rules is relatively more omplex, whih allows for the impliit solution to be loser to

the optimal one. In priniple, the stabilization fund in this model orresponds to �nanial assets Ft,

and the set of rules may inlude intergenerational distribution, budget and inome unertainty and

adjustment osts. Thus, if �sal poliy follows the strategy we reommend here, it will impliitly

at as a stabilization fund. Of ourse, this fund ould be expliitly setup, easing transpareny

and aountability. The rules for operating the fund will be the ounterpart of the proposed �sal

strategy.

One important issue regarding atual implementation of the optimal �sal strategy is the treat-

ment of �sal investment. The model presented here does not inlude an expliit role for investment

and assumes that all positive NPV projets are developed (probably by the private setor). How-

ever, at the same time, we have exluded any seondary soure of redit for the government in

order to obtain the expeted results from the proposed �sal strategy. In this setup the results

of the model an be assoiated to the maximum non-oil setor de�it that should be �naned by

37For a ritiism of the Chilean Copper Stabilization Fund along these lines see Bash and Engel 1993).
38The CNM is an attempt to inorporate non-oil inome into the analysis, but it does so without onsidering the

e�ets of unertainty.
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surpluses in the oil setor.39 Furthermore, all saved resoures (the stabilization fund itself) are kept

in international liquid assets.

A seond interpretation, equally valid from a theoretial perspetive, is to onsider that what

the �sal setor saves an be denominated either in international or domesti assets. In this

ase, Ft will inlude both external resoures and the stok of investment. If money is invested

in pro�table investment projets, marginal projets will yield a risk-adjusted rate of return equal

to the international interest rate. Furthermore, in this ase the results of the model should be

thought of as the maximum onsumption �naned with oil revenues (equivalently, the maximum

urrent non oil �sal de�it, exluding investment).

It is also possible to design simultaneous stabilization funds, eah one representing di�erent

saving motives. For example, following the issues studied in this paper, one ould implement an in-

tergenerational distribution fund, a preautionary saving fund, and an adjustment ost fund. Eah

fund ould obey its spei� saving rule, failitating transpareny. In general, both the intergener-

ational and preautionary fund will have positive assets, whereas the adjustment ost ould have

negative average assets.40

Yet there are important shortomings of setting up simultaneous funds for this arrangement may

jeopardize the overall �sal strategy. For example, having a large positive amount in a partiular

fund and negative in others may generate wrong inentives in the politial proess.

8 Conluding Remarks

This paper has presented a set of rules for �sal poliy in oil produing ountries inorporating three

di�erent issues: intergenerational distribution of oil wealth, optimal saving due to preautionary

behavior, and speed of adjustment in the presene of adjustment osts. Instead of using omplex

numerial proedures, the paper derives losed-form solutions that approximate the optimal solu-

tion. Although atual optimal poliy presriptions are unknown, numerial proedures are apable

of solving partiular problems using intensive omputer resoures. However, these proedures are

seldom used in pratie by poliymakers. Our approah has obvious advantages regarding trans-

pareny and implementation possibilities. Indeed, the set of presriptions an be programmed in a

spreadsheet and the results are known in real time.

The proposed presriptions are alulated as approximations to the optimal solution using as

starting point ertainty equivalene, i.e., when the permanent oil inome (POI) solution is the

appropriate one, and the assumption that risk will be diversi�ed away one period ahead. The

proposed solutions an be thought of as a set of orretions to the POI solution that brings this

39Exluding oil extration osts.
40For example, if negative adjustment osts are larger than positive adjustment osts.
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partiular result loser to the optimal one. Of ourse, beause they are approximations, they do

not represent the optimal solution itself. Our urrent researh is intended to evaluate how aurate

are these proposed approximations, both the expansion around the ertainty equivalene solution

and the assumption of one-period-ahead diversi�ation.

The paper has derived �sal presriptions both under the assumption that the oil prie follows

a geometri random walk proess and a AR(1) proess (in logs). However, the evidene revisited

and new eonometri evidene provided show that the geometri random walk assumption appears

to be a more sensible representation. Yet it should be stressed that the framework we developed

makes use of this assumption only partially. In the proposed setup, budget unertainty allows us

to inlude next year expeted future prie (more preisely, its mean and variane) whih ould be

di�erent from the atual urrent prie. The random walk assumption is binding only two periods

into the future.

Another important assumption behind the approah followed here to study the e�ets of un-

ertainty is that the POIM is an adequate desription of the problem faed by the government.

This is equivalent to assume that non-oil inome is unorrelated with oil (and gas) inome. Future

researh should inorporate the possibility of a non-zero orrelation between both types of inome.

For simpliity, the proposed �sal strategy was developed assuming an annual frequeny, sine

we made the impliit assumption that the government ould not revise the budget during the budget

year.41 This assumption an be easily relaxed reinterpreting the data frequeny onveniently.

Furthermore, without hanging frequeny, the model ould be used during the urrent �sal year if

new information beomes available and the politial proess allows for adjustments in the budget.

Yet suh an exerise would neessarily have to be of the one-and-for-all type, sine reurrent

revisions would modify the model (or, at least, the appropriate data frequeny).

Finally, the proposed approah has impliit a stabilization fund whih ould be expliitly setup

for transpareny and aountability purposes. There are two key ingredients for this fund to work

properly. First, it should follow a set of aumulation rules that implement the proposed �sal

strategy. And seond, it imposes strong restritions to other forms of government �naning so that

what the fund aumulates atually reets hanges in the net �sal asset position.

41The are good politial eonomy arguments to maintain this proedure. In partiular, there ould be important

asymmetries in the way the politial proess reats to positive and negative shoks.
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Appendies

A Benhmark and Conditionally Normative Models

Lemma A.1 Maximizing the feliity funtion

u(P ; G) =

 

1�
P

1� 
+ k


1�
G

1� 

!1=(1�)

subjet to the budget onstraint P + G =  yields

P =
1

1 + k1=
 and G =

k
1=

1 + k1=
:

Moreover, the feliity funtion, evaluated at the optimum, is given by:

u(P ; G) =

 
(1 + k

1=)

1� 

!1=(1�)

:

Proof Straightforward alulus.

Lemma A.2 Solving the problem

max
G;t;P;t

1

1� �

X
t�0

�
t(1 + n)tu

1��
t (33)

subjet to the intertemporal budget onstraint:X
t�0

R
�t[CG;t + CP;t℄ =W0

with

ut =

0
� 

1�
P;t

1� 
+ k


1�
G;t

1� 

1
A

1=(1�)

and Cj;t = j;tNt (j = C;G), Nt = (1 + n)t, is equivalent to solving

max
t

1

1� �

X
t�0

�
t(1 + n)t

1��
t

subjet to the intertemporal budget onstraint:X
t�0

R
�t
Ct =W0

where Ct = CG;t + CP;t, t = Ct=Nt.
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Proof From Lemma 1, the optimal hoies of P;t and G;t must satisfy

u(P;t; G;t) =

 
(1 + k

1=)

1� 

!1=(1�)

t:

Substituting this expression for ut in (33) ompletes the proof.

Proposition A.1 Consider the intertemporal onsumption alloation problem

max
t

1

1� �

X
t�0

�
t(1 + n)t

1��
t

subjet to the intertemporal dynami budget onstraint

Ft+1 = R[Ft + Yt � Ct℄; (34)

where Ct = tNt, Nt = (1 + n)t, Yt = YP;t + YG;t, and N0 = 1. Initial assets (F0) and the omplete

future stream of inome, Y0; Y1; Y2; ::: are known at time 0.

Then optimal per apita onsumption at time 0 is

0 = (1 � ~�)W0

and the optimal onsumption path satis�es

t+1 = [�R℄1=�t; (35)

Ct+1 = �Ct; (36)

where � = (1 + n)[�R℄1=�; ~� = �=R, and

W0 � F0 +
X
s�0

R
�s[YG;s + YP;s℄:

Furthermore, the period t urrent aount of this eonomy is given by

CAt =

�
2�

1

R

�
(Yt �Ct) +

�
1�

1

R

�
Ft: (37)

Proof We �rst derive the slope of the onsumption path and then the initial onsumption level.

Using Nt = (1 + n)tN0 and Ct = tNt it is possible to rewrite the objetive funtion as

max
Ct

1

(1� �)N
1��
0

X
t�1

[�(1 + n)�℄tC
1��
t :

Using the dynami budget onstraint Ft+1 = R[Ft + Yt � Ct℄ the problem beomes

max
Ft

1

(1� �)N
1��
0

X
t�0

[�(1 + n)�℄t[Ft + Yt �
Ft+1

R
℄1��:
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The FOC for Ft is:

[�(1 + n)�℄t(1� �)[Ft + Yt �
Ft+1

R
℄��
� [�(1 + n)�℄t�1(1� �)[Ft�1 + Yt�1 �

Ft

R
℄�� 1

R
= 0;

whih leads to (36). Dividing both sides of (36) by Nt+1 = (1 + n)t+1 yields (35).

The initial onsumption level is found substituting the slope of the onsumption path in the

budget onstraint. Suessively replaing �nanial assets Fs in the dynami budget onstraint for

period s and assuming that limt!1R
�t
Ft = 0 (no Ponzi or sustainability ondition) one gets the

standard present value budget onstraint:

W0 � F0 +
X
s�0

R
�s
Ys =
X
s�0

R
�s
Cs:

Using (34) reursively leads to Ct = �
t
C0, whih we substitute in the present value budget onstraint

to obtain

W0 =
X
s�0

~�s
C0;

whih implies that

C0 = 0 = (1� ~�)W0:

Lastly, by de�nition, the urrent aount is the di�erene between inome, whih equals domesti

prodution plus interests earned abroad, and expenditures, whih equals total onsumption. Earned

interest arues at the end of the period. Thus,

CAt = Yt +
R� 1

R
[Wt + Yt � Ct℄� Ct;

whih after rearrangement yields (37).

Proposition A.2 Assume that there is no unertainty, no bequest motive and �R = 1. Also

assume that the solution under the Benhmark Model leaves at least one generation worse o� than

it would be in the absene of oil wealth (and redistributive poliies).
42

Then the onsumption path

that implements the CNM obtains from the following algorithm:

1. Order the generations aording to their utility under the assumption that oil reserves are

zero, that is, that the only soure of inome is private.
43

In what follows, generation 1 is the

poorest generation, generation 2 the seond poorest, and so on.

2. Set k = 1.

42Otherwise the solution to the CNM is equal to the solution to the BM, sine the additional onstraint imposed

by the CNM is not binding. That is, the solution to the CNM di�ers from that for the BM either if non oil inome

of future generations grows without limit, or if oil wealth is not enough to raise every generation's inome above the

inome of the rihest|in the absene of oil wealth|generation.
43Sine there is no bequest motive and no unertainty, there will be no intergenerational saving.
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3. Use oil wealth to raise the inome of generation k until it equals that of generation (k+1) or

until it is exhausted, whihever happens �rst.

4. If 3 does not exhaust the oil wealth, inrease k by 1 and return to 3. Otherwise, the resulting

distribution of oil wealth solves the CNM.

Proof The algorithm ends beause we assumed that the solution to the BM violates the

onstraints of the CNM. The remainder of the proof is straightforward.

B Preautionary saving

The following results onsider the setup desribed in setion 6.1.1.

Lemma B.1 Denote by 0(�
2
0 ; �

2
v ; F0; �0) the solution for optimal per apita onsumption as a

funtion of initial �nanial assets and parameters haraterizing the distribution of future inome.

In what follows F0 and �0 remain �xed and are therefore omitted. Assuming 0(�
2
0 ; �

2
v) has ontin-

uous seond order partial derivatives, we have that

0(�
2
0 ; �

2
v) = [1��BU ��IU ℄ 0(0; 0) +O(�

4); (38)

with

�BU = �


1(0; 0)

0(0; 0)
�
2
0 ; (39)

�IU = �


2(0; 0)

0(0; 0)
�
2
v : (40)

Where the supersripts denote derivatives with respet to argument j (j = 1; 2), � = max(�v; �0),

and O(�4) denotes a term of order �
4
.

Proof By ontinuous seond order partial derivatives we mean that 
11
0 , 220 and 

12
0 are well

de�ned and ontinuous. The result then follows from taking a �rst order Taylor expansion of

0(�
2
0 ; �

2
v) around (0; 0).

Corollary B.1 Assume that an inrease in unertainty (that is, either an inrease in �0 or �v)

does not a�et initial wealth,
44

so that 
CE
0 (�2

0 ; �
2
v) = 

CE
0 (0; 0), where 

CE
0 denotes optimal per

apita onsumption under ertainty equivalene and the arguments are the same as in the preeding

proposition. Then

0(�
2
0 ; �

2
v) = [1��BU ��IU ℄ 

CE
0 (�2

0 ; �
2
v) +O(�

4); (41)

with �BU , �IU and O(�4) de�ned above.

44This holds, for example, when the prie of oil follows a geometri random walk with drift suh that Et[Pt+1℄ = Pt.
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Proof Trivial.

De�nition B.1 Given a stohasti proess Yt, t = 0; 1; 2; ::: for inome, we denote

' =
T�1X
t=0

�
t
Yt+1:

Proposition B.1 For any stohasti inome proess Yt that is identially zero from period T + 1

onwards:

0(0; 0) =
r � n

RN0

(
F0 + �0 + �E0['℄

�����
�v=�0=0

)
: (42)

We also have:


1
0(0; 0) =

�
2(r � n)

N0

�E0['℄

��
2
0

�����
�v=�0=0

�

(1 + �)�(r � n)2

2(1 + n)N2
0 0(0; 0)

�Var0 (Y0 + �E1['℄)

��
2
0

�����
�v=�0=0

; (43)

where E0 and Var0 are with respet to the distribution of Y0, assuming �v = 0, and


2
0(0; 0) =

�
2(r � n)

N0

�E0['℄

��2v

�����
�v=�0=0

�

(1 + �)�3(r � n)2

2(1 + n)N2
0 0(0; 0)

�Var0 (E1['℄)

��2v

�����
�v=�0=0

; (44)

where E0 and Var0 are with respet to the distribution of P1, onditional on P0 and assuming �0 = 0.

Furthermore, under the additional assumption that ertainty equivalent onsumption does not

vary with �
2
0 and �

2
v , the �rst terms on the right hand side of (43) and (44) are zero.

45

Proof The derivation of (42) is straightforward. Sine the derivations of (43) and (44) are

similar, we only provide the latter. We may assume �0 = 0 for this derivation and proeed in the

following 3 steps:

1. Sine all inome unertainty is diversi�ed in period 1, per apita onsumption thereafter

remains onstant; we denote it by �(�2v).
46 This allows us to express �(�2v) as a funtion of

0(�
2
v) and E1['℄. Based on this expression we �nd E0[0(�

2
v)℄ and Var0[0(�

2
v)℄.

2. Impliitly di�erentiating (a Taylor expansion of) the standard �rst order ondition we obtain

an expression for 20(0; 0) in terms of E0[0(�
2
v)℄ and Var[0(�

2
v)℄ (and their derivatives).

3. Substituting in 2 the expressions derived in 1 onludes the proof.

45The �rst terms in (43) and (44) apture wealth e�ets assoiated with hanges in �
2
0 and �

2
v, respetively. The

seond terms orrespond to preautionary saving.
46Dependene on �0 is omitted sine it is assumed equal to zero.
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Next we spell out the details. Sine all inome unertainty is eliminated in period 1, optimal

onsumption at that point in time will be equal to ertainty equivalent onsumption, so that (42)

implies that

�(�2v) � 1 =
r � n

RN1
fF1 + E1['℄g :

Substituting the budget onstraint (34) and rearranging terms leads to:

�(�2v) =
r � n

1 + n

�
F0 + Y0

N0
� 0(�

2
v) +

1

RN0
E1['℄

�
:

It follows that:

�� � E0[�(�
2
v)℄ =

r � n

(1 + n)N0

h
F0 + Y0 + �E0['℄�N00(�

2
v)

i
; (45)

��2 � Var0[�(�
2
v)℄ =

(r � n)2

(1 + n)2N2
0

�
2Var0(E1['℄): (46)

The usual Euler equation for this problem is:

u
0(0(�

2
v)) = E0[u

0(�(�2v))℄;

whih, after taking a seond order Taylor expansion on the right hand side around ��(�2v), beomes

u
0(0(�

2
v)) ' u

0(��(�2v)) +
1

2
u

000(��(�2v))��
2(�2v):

Impliitly di�erentiating the latter (approximate) identity with respet to �
2
v , evaluating at �2v = 0

and noting that ��(0) = 0(0) and ��2(0) = 0 leads to

u
00(0(0))

1
0(0) ' u

00(0(0))��
0(0) +

1

2
u

000(0(0))
���2

��2v

(0); (47)

where ��0 and ���2=��2v denote the derivatives of �� and ��2 with respet to �
2
v . Substituting (45)

and (46) in (47) and rearranging terms leads to (44).

Corollary B.2 Under the same assumptions (and notation) of the preeding proposition, in the

ase where ertainty equivalent onsumption does not depend on �
2
0 and �

2
v , we have:

�BU =
1

2
(1 + �)

�(r � n)2

(1 + n)N2
0 0(0; 0)

2

�Var0 (Y0 + E1['℄)

��20

�����
�v=�0=0

�
2
0 ; (48)

�IU =
1

2
(1 + �)

�
3(r � n)2

(1 + n)N2
0 0(0; 0)

2

�Var0 (Y0 + E1['℄)

��2v

�����
�v=�0=0

�
2
v : (49)
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Proof Follows diretly form (39), (40) and the preeding proposition.

Lemma B.2 Assume that logPt follows a �rst order autoregressive proess:

logPt � � =  (logPt�1 � �) + vt; (50)

with �1 <  � 1 and the vt's i.i.d. normal with zero mean and variane �
2
v . Let Qt = Q0(1 + g)t,

t � T and Yt = PtQt.

Then

E1[Pt+1℄ =

8><
>:
P1 exp[

1
2
�
2
vt℄ if  = 1,

P1 exp
h
(1�  t)(�� log(P1)) +

1
2
�
2
v
1� 2t

1� 2

i
if  < 1.

We also have

E1['℄ =

8>>><
>>>:
Y1

1�[�(1+g) exp 1

2
�2v℄

T

1�[�(1+g) exp 1

2
�2v ℄

if  = 1,

Y1
PT�1
t=0 [�(1 + g)℄t exp

h
(1�  t)(�� log(P1)) +

1
2
�
2
v
1� 2t

1� 2

i
if  < 1.

(51)

Proof Applying (50) reursively leads to

log(Pt+1)� � =  
t(log(P1)� �) +  

t�1
v2 +  

t�2
v3 + : : : + vt+1:

Taking exponentials on both sides and then expetations, and using the assumption of independent

v's, leads to

E1[Pt+1℄ = exp[�(1�  t) +  
t log(P1)℄�

t
i=1E[exp( 

t�i
vi+1)℄

Using the well known expression for the moment generating funtion of a normal distribution,

evaluating the resulting geometri sums and rearranging terms ompletes the the derivation of

E1[Pt+1℄. Deriving the expressions for E1['℄ now is straightforward.

Lemma B.3 Let v be a Normal random variable with zero mean and variane �
2
and de�ne

w =
Pn
i=1 i exp[aiv℄, where the i's and ai's are onstants. Then:

�Var[w℄

��2

�����
�2=0

=

"
nX
i=1

iai

#2
: (52)

Proof Using the moment generating funtion of a Normal random variable we obtain

E[w℄ =
X
i

i exp

�
1

2
a
2
i �

2

�
;

E[w2℄ =
X
i


2
i exp[2a

2
i �

2℄ + 2
X
i<j

ij exp

�
1

2
(ai + aj)

2
�
2

�
:
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It follows that

Var[w℄ =
X
i


2
i

�
e
2a2i �

2

� e
a2i �

2
�
+ 2

X
i<j

ij

�
e
1

2
(ai+aj)

2�2
� e

1

2
(a2i+a

2
j )�

2
�
:

Di�erentiating the above expression with respet to �2 and evaluating at �2 = 0 leads to (52).

Proposition B.2 Assume that the logarithm of the prie proess follows follows a �rst order au-

toregressive proess:

logPt � � =  (logPt�1 � �) + vt;

with the vt's i.i.d. normal with mean �v and variane �
2
v . We ignore the inome e�et assoiated

with hanges in �0 and �v. The remainder of the setup is the same as in setion 6.1.1.

Then, if  = 1 the orretion fators are given by:

�BU =
1

2
(1 + �)

R

(1 + n)

�
1 +

1� �(1 + g)

1� �T+1(1 + g)T+1

�
F0

�0

���2
CV

2
0 ; (53)

�IU =
1

2
(1 + �)

�(1 + g)2

(1 + n)

(
1� f�(1 + g)gT

[1� �(1 + g)℄F0
�0

+ 1� f�(1 + g)gT+1

)2

�
2
v ; (54)

where CV0 = �0=�0.

If  < 1 the orretion fators are given by:

�BU '

1

2
(1 + �)

R

(1 + n)

8<
:

PT
s=0[� (1 + g)℄s exp[(1�  

s)(�� log�P;0)℄
F0
�0

+
PT
s=0[�(1 + g)℄s exp[(1�  s)(�� log�P;0)℄

9=
;

2

CV
2
0 ; (55)

�IU '

1

2
(1 + �)

R

(1 + n) 2

8<
:

PT
t=1[� (1 + g)℄t exp[(1�  

t)(�� log�P;0)℄
F0
�0

+
PT
s=0[�(1 + g)℄s exp[(1 �  s)(�� log �P;0)℄

9=
;

2

�
2
v : (56)

Proof We derive (55), of whih (53) is a partiular ase.47 The derivation of (54) and (56) is analo-

gous. From (49) it follows that to derive (55) ) it suÆes to alulate 0(0; 0) and �Var0 (E1['℄) =��
2
v

evaluated at �20 = �
2
v = 0.

From (42) and a slight modi�ation of (51), evaluated at �0 = �v = 0, we have:

0(0; 0) =
r � n

RN0

(
F0 + �0 + �0

T�1X
t=0

[�(1 + g)℄t+1
e
(1� t+1)(��log(P0))

)

and hene

0(0; 0) =
r � n

RN0

(
F0 + �0

TX
s=0

[�(1 + g)℄se(1� 
s)(��log(P0))

)
: (57)

47Stritly speaking, L'Hopital's rule must be invoked to go from (55) to (53).
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Next we determine �Var0 (E1['℄) =��
2
v evaluated at �2v = 0. Substituting  (log(P0) � �) + v1

for log(P1)� � in (51) leads to

Var0 (E1['℄) = (1 + g)2Y 2
0 Var0

"
T�1X
t=0

te
atv1

#

with

t = [�(1 + g)℄te
(1� t+1)(��log(P0))+

1

2
�2v

1� 2t

1� 2 ;

at =  
t
:

It now follows from (52) that

�Var0 (E1['℄)

��2v

�����
�v=�0=0

= (1 + g)2Y 2
0

"
T�1X
t=0

[� (1 + g)℄t exp[(1�  t+1)(�� log�P;0)℄

#2
: (58)

Substituting (57) and (58) into (49) and rearranging terms ompletes the proof.

Proposition B.3 Assume the prie of oil follows a geometri random walk with variane of inno-

vations �
2
v and drift suh that Et[Pt+1℄ = Pt.

48
Then the expressions (53) and (54) are also valid

in this ase.

Proof Similar to that of the preeding proposition. The main di�erene ins that in this ase the

�rst term on the right hand side of (43) and (44) is not being ignored, sine it is equal to zero.

Proposition B.4 Consider the setup desribed in setion 6.1.1 with two inome soures (oil and

gas), with extration rates Q
O
t and Q

G
t , respetively. Assume that the prie of oil, P

O
t , follows

a geometri random walk with drift suh that Et[P
O
t+1℄ = P

O
t and the prie of gas, P

G
t , satis�es

P
G
t = �0 + �1P

O
t . Then

0(0; 0) =
r � n

RN0

(
F0 +

1� [�(1 + g
O)℄T

O+1

1� [�(1 + gO)℄
�
O
0 +

1� [�(1 + g
G)℄T

G+1

1� [�(1 + gG)℄
�
G
0

)
; (59)

where g
O

and g
G

denote the growth rates of oil and gas extration, T
O

and T
G

the period where

oil and gas reserves are exhausted, and �
O
0 and �

G
0 oil and gas inome estimated for year 0.

We also have

�Var0(Y0 + �E1['℄)

��
2
0

�����
�v=�0=0

=

(
f
O 1� [�(1 + g

O)℄T
O+1

1� �(1 + gO)
+ f

G1� [�(1 + g
G)℄T

G+1

1� �(1 + gG)

)2

; (60)

48This assumption, whih is equivalent to having a drift equal to � 1

2
�
2
v, ensures that hanges in �0 and �v indue

no inome e�ets.

51



where f
O = Q

O
0 =(Q

O
0 + �1Q

G
0 ), f

G = 1 � f
O

and Var0 is with respet to the distribution of Y0,

assuming �v = 0, and

�Var0(E1['℄)

��2v

�����
�v=�0=0

=

(
Q
O
1

1� [�(1 + g
O)℄T

O

1� �(1 + gO)
+ �1Q

G
1

1� [�(1 + g
G)℄T

G

1� �(1 + gG)

)2
(PO

0 )2: (61)

where Var0 is with respet to the distribution of P1 onditional on P0, assuming �0 = 0.

Expressions (60) and (61) an be used to alulate 
1
0(0; 0) and 

2
0(0; 0) so as to apply Corol-

lary B.2 to �nd an approximation for 0(�
2
0 ; �

2
v).

Proof The derivation of (59) is similar to that of (42) beause of linearity of the expetations

operator. Sine the proofs of (61) and (60) are similar, we only provide the latter.

Linearity of the expetations operator and (51) lead to

Var0(Y0 + �E1['℄) =

(
Q
O
0

1� [�(1 + g
O)℄T

O+1

1� �(1 + gO)
+ �1Q

G
0

1� [�(1 + g
G)℄T

G+1

1� �(1 + gG)

)2
�
2
P;0: (62)

Sine

�
2
0 = Var[Y0℄

= Var[PO
0 Q

O
0 + (�0 + �1P

O
0 )QG

0 ℄

= Var[PO
0 Q

O
0 + �1P

O
0 Q

G
0 ℄

= [QO
0 + �1Q

G
0 ℄
2
�
2
P;0;

the expression obtained in (62) leads to

Var0(Y0 + �E1['℄) =

(
f
O 1� [�(1 + g

O)℄T
O+1

1� �(1 + gO)
+ f

G1� [�(1 + g
G)℄T

G+1

1� �(1 + gG)

)2
�
2
0 : (63)

Di�erentiating the latter identity with respet to �
2
0 yields (60).

C Adjustment Costs

Proposition C.1 Consider the optimal onsumption problem with ertain inome:

max
t

X
t�0

~�t
h
u(t)� k(lt � lt�1)

2
i
; (64)

s.t.

X
t�0

�
t
Ct =W0; (65)

where � denotes the subjetive disount rate, whih is assumed equal to the inverse of the gross

interest rate (R� = 1), population in period t is Nt = (1+n)t, ~� = �(1+n) < 1, Ct denotes period
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t onsumption, t = Ct=Nt, u() = 
1��

=(1 � �) for � > 0, � 6= 1 and log  for � = 1, lt = log(t)

and W0 denotes initial wealth.

Denote by 
�
the solution the problem above when k = 0 (see Proposition A.1) and let l

� = log �.

Then solving (64) subjet to (65) is equivalent to solving

min
lt

X
t�0

~�t
h
(lt � l

�)2 +O((lt � l
�)3) + ~k(lt � lt�1)

2
i
; (66)

subjet to no budget onstraint, with

~k =
2k

�[�℄1��
: (67)

Proof Taking a seond order Taylor expansion around 
� for u(t) in (64) and noting that, due

to the budget onstraint (65), the term in the objetive funtion that is linear in t � 
� adds up

to zero, we have that the problem is (approximately) equivalent to solving

max
t

X
t�0

~�t

�
1

2
u
00(�)(t � 

�)2 � k(lt � lt�1)
2

�
(68)

subjet to no budget onstraint.

A seond order Taylor expansion for exp[lt℄ around l
� yields:

t � 
� = e

lt
� e

l�

' 
�(lt � l

�)

�
1 +

1

2
(lt � l

�)

�
;

so that

(t � 
�)2 ' [�℄2(lt � l

�)2:

Substituting this approximation in (68) leads to (66) and (67).

Proposition C.2 Given values of l�1 and l
�
onsider the problem

min
lt

X
t�0

~�t
h
(lt � l

�)2 + ~k(lt � lt�1)
2
i
; (69)

with ~� < 1. De�ne

� =
1� ~k(1� ~�) +

q
1 + 2~k(1 + ~�) + ~k2(1� ~�)2

1 + ~k(1 + ~�) +
q
1 + 2~k(1 + ~�) + ~k2(1� ~�)2

: (70)

Then the optimal logarithm of per apita onsumption in period 0, l0, is determined by

l0 � l�1 = �(l� � l�1): (71)

We also have that 0 < � < 1, in fat:

1

~k + 1
� � �

q
1 + 4~k � 1

2~k
: (72)
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Proof This is a well known result, see, for example, Rotemberg (1982) for a onsiderably more

general ase. The lower and upper bounds for � in (72) follow from showing that � is inreasing

in ~� and evaluating � at ~� = 0 and ~� = 1.

Corollary C.1 Sine there is no inome unertainty, the two preeding propositions an be easily

extended to the ase of asymmetri quadrati adjustment osts, so that:

Cost of adjusting from l�1 to l0 =

8><
>:

k
+(lt � lt�1)

2
; if lt > lt�1,

k
�(lt � lt�1)

2
; if lt < lt�1.

Now there will be two values for ~k, ~k+ and ~k�, depending on whether per apita onsumption

inreases or dereases. Both of them an be obtained from an expression analogous to (67). The

optimal poliy ontinues being of partial adjustment, but the speed of adjustment now depends on

whether per apita onsumption inreases (�
+
) or dereases (�

�
). Expressions for �

+
and �

�
are

obtained by substituting ~k+ and ~k� in (70).

Proof Straightforward.

Proposition C.3 In the setting of the preeding orollary, being indi�erent between

� the adjustment ost assoiated this period with an inrease in per apita expenditure of 100�sa

perent

and

� the welfare improvement, in the absene of adjustment osts, assoiated with a 100 � sna

perent inrease in per apita expenditure

implies that

~k+ '
2sna

�s2a

: (73)

A similar omparison, with a derease in per apita expenditure in the �rst statement, leads to an

analogous expression for ~k�.

Proof The welfare loss assoiated with the �rst statement is equal to ks
2
a, where we are using

the equivalene result in Proposition C.1.

Let  > 0 denote the two per apita onsumption levels mentioned in the seond statement,

and l and l0 their logarithms. Then

u()� u(0) ' u
0(0)(� 0)

= u
0(0)

h
e
l
� e

l0
i

' u
0(0)e

l0(l � l0)

= u
0(0)0sna:
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It follows that

ks
2
a ' u

0(0)0sna:

Using (67) to substitute ~k for k in the expression above (and, stritly speaking, assuming 0 = 
�)

leads to (73).
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TABLE 5.1

ADF and PP Tests

1957.I{1999.II 1974.I{1999.II 1986.I{1999.II

ADF no trend �1:77 �2:60� �3:42��

ADF with trend �1:69 �3:83�� �3:52���

PP no trend �1:65 �2:56 �3:93���

PP with trend �1:52 �4:57��� �4:25���

Note: *, **, and *** = signi�ant at 10, 5, and 1% respetively.

TABLE 5.2

P-Values Non-Linear Adjustment Test

1957.I{1999.II 1974.I{1999.II 1986.I{1999.II

d = 1 0.12 (1) 0.02 (1) 0.10 (1)

d = 2 0.56 (1) 0.14 (1) 0.19 (2)

d = 3 0.40 (1) 0.40 (1) 0.12 (2)

Note: In parenthesis the value of k that yields white noise.
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TABLE 5.3

One and Two Year Ahead Foreast RMSE

Short sample Long sample

1 year 2 years 1 year 2 years

1 Random walk, no drift 15.6% 20.4% 15.6% 20.4%

2 Random walk, with drift 17.2% 20.3% 16.0% 22.5%

3 ARIMA(2,1,2) 17.0% 21.8% 12.7% 13.3%

4 ARIMA(2,1,2), with dummy 13.8% 16.2% 16.3% 23.6%

5 AR(1) 18.2% 21.6% 25.5% 21.6%

6 BN Deomposition 15.0% 21.0% 17.1% 21.6%

7 Kalman  t RW, no trend 22.7% 34.6% 15.8% 21.2%

8 Kalman  t RW, with trend 39.1% 77.0% 27.7% 48.3%

9 Kalman  t AR, no trend 18.5% 28.1% 16.7% 20.4%

10 Kalman  t AR, with trend 30.7% 61.7% 19.0% 24.5%

11 Kalman �t and Æt AR { { 15.0% 21.0%

12 Kalman  t RW weekly data 23.1% 22.3% { {

13 ESTAR d = 1 18.5% 22.2% 19.9% 21.1%

14 Future Pries 22.0% { 22.0% {

15 Survey Data 14.0% { 14.0% {

Note: Root mean square error of one and two year ahead foreasts of a rolling sample with one year

inrement. One year inludes 5 foreast points whereas two year inludes 4 foreast points. Short sample

refers to 1986.I-1999.II whereas long sample refers to 1974.I-1999.II. Model 11 has problems in onverging

in the small sample.
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FIGURE 4.1

Consumption, urrent aount and �nanial assets with onstant non-oil prodution
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Note to Figure 4.1: The �gure shows the optimal paths of normalized onsumption (- - -),

normalized �nanial assets (***) and the urrent aount as a fration of GDP (|) under the

assumptions of the benhmark model.

The following assumptions are made: no population growth (n = 0), R = 1:06, �R = 1,

no initial �nanial assets (W1 = 0), the optimal mix of the publi and private goods requires

that the former represent 20% of total onsumption, initial oil prodution, whih arues to the

government, aounts for 80% of GDP, while the remaining 20% is produed by the private setor.

Oil prodution remains onstant (in real terms) for 25 periods, moment at whih oil reserves are

exhausted. Prodution in the non-oil setor remains onstant inde�nitely.
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FIGURE 4.2

Consumption, urrent aount, �nanial assets and taxes with inreasing non-oil prodution
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Note to Figure 4.2: The �gure shows the optimal paths of normalized onsumption (- - -),

normalized �nanial assets as a fration of non-oil GDP (***), the urrent aount as a fration of

GDP (|) and taxes as a fration of non-oil GDP (� � �) under the assumptions of the benhmark

model. The normalizing onstants and the parameters are the same as in Figure 4.1, with the

exeption that non-oil prodution inreases at an annual rate of 2%.
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FIGURE 4.3

Optimal Consumption Path for Alternative Models with Inreasing Non-Oil GDP
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Note to Figure 4.3: The �gure shows the optimal paths of onsumption for the Benhmark

Model (xxx), the Permanent Oil Inome Model (- - -) and the Conditionally Normative Model

(|). Parameter values: no population growth; R = 1:04, �R = 1, initial oil wealth: 100; initial

non-oil GDP: 30; non-oil GDP grows 2% per period for 50 periods and then remains onstant

forever.
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FIGURE 4.4

Optimal Consumption Path for Alternative Models with Dereasing Non-Oil GDP
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Note to Figure 4.4: The �gure shows the optimal paths of onsumption for the Benhmark

Model (xxx), the Permanent Oil Inome Model (- - -) and the Conditionally Normative Model

(|). Parameter values: the only di�erene with Figure 4.3 is that non-oil GDP dereases 2% per

period during the �rst 50 periods.
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FIGURE 5.1

Variane Ratio Test: 1957{1998
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Note to Figure 5.1: The �gure shows the results of the Variane Ratio tests for the sample

1957{1998 [solid line (|)℄. The dashed lines (- - -) show the results of a Montearlo exerise (with

1000 repliations) assuming that the true proess is a geometri random walk and a AR(1) with

autoregressive oeÆient equal to the sample estimate.
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FIGURE 5.2

Variane Ratio Test: 1974{1998
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Note to Figure 5.2: The �gure shows the results of the of the Variane Ratio tests for the sample

1974{1998 [solid line (|)℄. The dash lines (- - -) show the results of a Montearlo exerise (with

1000 repliations) assuming that the true proess is a geometri random walk and a AR(1) with

autoregressive oeÆient equal to the sample estimate.
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FIGURE 6.1

Corretion Fators and Shok Persistene
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Note to Figure 6.1: The �gure shows the orretion fators �BU (|) and �IU (- - -) for di�erent

autoregressive oeÆients  . The rest of the parameters orrespond to those of example 6.1.
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FIGURE 6.2

Corretion Fators and Initial Finanial Assets
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Note to Figure 6.2: The �gure shows the orretion fators �BU (|) and �IU (- - -) for

di�erent levels of initial �nanial assets (saled by expeted inome in the �rst year). The rest of

the parameters orrespond to those of example 6.1.

65



FIGURE 6.3

Corretion Fators and Resoure Duration
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Note to Figure 6.3: The �gure shows the orretion fators �BU (|) and �IU (- - -) for di�erent

resoure duration T . The rest of the parameters orrespond to those of example 6.1.
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FIGURE 6.4

Corretion Fators and Resoure Duration

0.06

0.065

0.07

0.075

0.08

0.085

0.09

0.095

0.1

0 20 40 60 80 100 120

Duration of Oil

C
o

rr
ec

ti
o

n
 F

ac
to

rs

Note to Figure 6.4: The �gure shows the orretion fators �BU (|) and �IU (- - -) for di�erent

resoure duration T and  = 0:99. The rest of the parameters orrespond to those of example 6.1.

67



FIGURE 6.5

Partial Adjustment CoeÆient and Adjustment Cost
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Note to Figure 6.5: The �gure shows the partial adjustment oeÆient for di�erent values of

the adjustment ost (sna) for an adjustment (sa) of 0.20 The rest of the parameters orrespond to

those of example 6.5.
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FIGURE 6.6

Partial Adjustment CoeÆient and Risk Aversion
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Note to Figure 6.6: The �gure shows the partial adjustment oeÆient for di�erent values of

the oeÆient of relative risk aversion (�) assuming sna = 0:04 and sa = 0:20. The rest of the

parameters orrespond to those of example 6.5.
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