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Optimal Guaranteed Cost Sliding Mode Control
of Interval Type-2 Fuzzy Time-Delay Systems

Hongyi Li, Jiahui Wang, Ligang Wu, Hak-Keung Lam and Yabin Gao

Abstract

The paper is concerned with the optimal guaranteed cost sliding mode control problem for interval
type-2 (IT2) Takagi-Sugeno (T-S) fuzzy systems with time-varying delays and exogenous disturbances.
The time-varying weight coefficients reflecting the uncertain parameters hidden in membership functions
are handled via adaptive method. A new integral sliding surface is presented based on system output.
By designing a novel adaptive sliding mode controller, system perturbation or model error can be
compensated, and the reachability of the sliding surface can be guaranteed with the ultimate uniform
boundedness of the closed-loop system. Optimal conditions of an Ho guaranteed cost function and an
H~ performance index are established for the resulting time-delay control system. Finally, simulation
results are provided to illustrate the advantages and effectiveness of the proposed control scheme.

Keywords: Interval type-2 fuzzy systems; Sliding mode control; Guaranteed cost control; Time-delay

systems.

I. INTRODUCTION

Takagi-Sugeno (T-S) fuzzy model [1], [2] is acknowledged to be effective in representing a complex
nonlinear plant. T-S fuzzy model uses several local linear systems connected by membership functions

to describe the nonlinear systems. Based on T-S fuzzy systems, stability analysis and synthesis results
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have been reported for classes of nonlinear systems, such as uncertain systems [3]-[6], jumping systems
[7], time-delay systems [8], stochastic systems [9] and networked control systems [10]. However, the
control approaches of the T-S fuzzy systems based on type-1 fuzzy sets (called type-1 fuzzy systems) are
not well in dealing uncertainties existing in membership functions. Recently, interval type-2 (IT2) T-S
fuzzy models [11], [12] were proposed based on type-2 fuzzy sets. IT2 fuzzy systems use the idea of
well-defined lower and upper membership functions (LUMFs) to deal with uncertain parameters existing
in membership functions. It has been demonstrated that IT2 T-S fuzzy systems are more universal, and
the control synthesis results based on IT2 fuzzy models possess less conservativeness comparing to type-1
T-S fuzzy systems [12]. Some typical control approaches on the basis of IT2 T-S fuzzy systems have
been reported [13]-[15]. For example, a sampled-data controller for IT2 fuzzy systems with actuator fault
was designed in [16]. The work in [17] dealt with the model reduction problem for uncertain nonlinear
systems via IT2 fuzzy model approach. Trajectory stabilization of a computer simulated model car with
uncertain velocity was dealt with in [18] via type-2 fuzzy control systems.

In terms of the uncertain parameters of membership function, there still exist additional uncertainties
including external disturbance, modeling error and complex system perturbation. In order to compensate
the uncertainties and disturbances, several control methods [19]-[26] have been proposed. Among of
these results, sliding mode control (SMC) has been recognized as a forceful robust control approach. It
has attracted significant attention and successfully applied in a wide of practical systems [27]-[29]. Using
SMC strategy to a control system, strong robustness for uncertainties and fast response of system stability
can be achieved. To point a few, a second order sliding mode observer in [30] was designed for multi-
cell converters formulated as a type of hybrid system. The work in [31] utilized the SMC approach to
resolve the stabilization problem for a class of uncertain nonlinear systems described by type-1 T-S fuzzy
models. By using the SMC strategy, an IT2 fuzzy SMC was incorporated in [32] in order to compensate
for undesired mechanical couplings and to match the resonant frequencies for application in single axis
micro-electromechanical systems vibratory gyroscopes. The adaptive SMC problem for IT2 T-S fuzzy
systems has been solved in [33]. However, there are few results about the IT2 T-S fuzzy time-delay
systems controlled by SMC strategy when considering the guaranteed cost performance index. The topic
of SMC with guaranteed cost performance for the IT2 T-S fuzzy time-delay systems is interesting and
challenging, which motivates this study.

Based on the aforementioned discussion, the optimal guaranteed cost SMC problem for a class of
IT2 fuzzy time-delay systems with H,, performance is studied in this paper. Firstly, IT2 T-S fuzzy

model is used to represent the nonlinear system with uncertainties. Ho guaranteed cost function and
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H~ performance index are established for the resulting time-delay system. Secondly, an integral sliding
surface is designed, and the desired Ho guaranteed cost constraints with H., constraints are analyzed
using Lyapunov stability theory. Finally, a novel sliding mode controller is proposed to guarantee that the
closed-loop system is uniformly ultimately bounded (UUB). The advantages of the proposed results in
this paper can be summarized as: 1) parameter uncertainties, time-delay in states and system perturbation
or model error are considered in the plant represented by IT2 T-S fuzzy model, 2) optimization algorithms
of SMC in terms of guaranteed cost and H, performance indices for the IT2 fuzzy time-delay systems
are provided, and 3) a new sliding mode controller via output-feedback control approach is designed to
guarantee that the closed-loop system is UUB.

The rest of the paper is organized as follows. Section II describes the IT2 T-S fuzzy plant with time-
delay and uncertainties, and presents the /s guaranteed cost function and H., performance index. In
Section III, the new sliding surface and sliding mode controller via output-feedback control method are
designed, and the optimal schemes of guaranteed-cost-based SMC and H.-based SMC are detailed. In
Section IV, a simulation example is presented. Section V concludes the paper.

Notation. The notion L [0,00) is used for vector-valued functions and its Lo norm is defined as

[lw(t)]|| = \/fooo wT (t)w (t) dt. The superscripts “T” and “—1” stand for the matrix transpose and
inverse, respectively. The symbols “x” and “I” denote the transposed elements in the symmetric positions
of a matrix, and an identity matrix with appropriate dimensions, respectively. X > 0 (X < 0) means
matrix X is positive (negative) definite. Ay (X) denotes the smallest eigenvalue of the matrix X, and

trace (X) is the trace of matrix X. ||-|| and ||-||; represent the Euclidean norm and 1-norm (sum of

absolute values), respectively. sgn (-) is the symbolic function.

II. PROBLEM FORMULATION

The following IT2 fuzzy systems are considered to represent a nonlinear plant with uncertainties.

Fuzzy Rule i : IF f1 (0 (¢)) is M{ and --- and f; (6 (t)) is M; and --- and f, (0 (t)) is M¢, THEN

z(t) = Az (t) + Agix (t — d (t)) + Biu (t) + Div (t),
y(t)=Ciz (1),
29 (t) = Bix (t) + Egx (t — d (t)) + Fow (t) , (D

Zoo (t) = Eiz () + Egiw (t — d (t)) + Fyw (t),
z(t)=¢(t), —d<t<0,

where M]’ is the IT2 fuzzy set of i-th rule, f; (6(t)) is the j-th measurable premise variable, i =

1,2,---,p, 7 =1,2,--- s, p is the number of the fuzzy rules, and s is the number of the fuzzy sets.
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x(t) € R™ and u (k) € R™ stand for the system state vector and the control input to be designed,
respectively. v (t) € RY stands for a family of uncertainties, such as system perturbation or model error,

which satisfies the following structure

lo @I <6 +nllg(@@),y @O

where 0 and 7 are determined by the complex structure of the uncertainties v (t), and g (z (¢),y (t)) is
a known function. zy (t) € R! is the desired output with {5 guaranteed cost performance (introduced in
(9)), and z (t) € R/ is the desired output with H., disturbance attenuation performance (introduced in
(10)). y (t) € R™ is the desired controlled output. w (t) € R" denotes external disturbances. The time

delay d (t) is a time-varying continuous function that satisfies
0<d(t)<d, d(t)<T<1, ()

where d and 7 are constants. ¢ (t) denotes the initial condition for —d < t < 0, which is a constant
scalar or differentiable function [34]. A; € R"*"™, Ay € R™™ B, e R"™*™ D, ¢ R"™9, C; € R"*",
E; e RX" By € RX™ Fy € RXM E; € RX™ By € R and F; € R are known system matrices.
It is assumed that each local linear system in (1) is completely controllable and observable. In this paper,
we use C1 = Oy = --- = Cp = C for analysis, where C' is a known constant matrix. The firing interval

of the ¢-th rule is as follows:

wOW) e | v 00), GO0 | 3)
where

Y, (6(1) = HEM; (fi(0(1)) =0, 9 (0 (1) = HﬂM; (f;(0(1)))
j=1 j=1

in which p ., (f; (6(t))) € [0,1] and fips: (f; (0 (2))) € [0, 1] stand for the lower and upper membership
functions, respectively. It indicates the property that fiys: (f; (0 (t))) = Lo (f; (6(t))), which causes
v (0(t)) > ¥, (6(t)) for all i and ¢t > 0. Then, the established IT2 T-S fuzzy model in (1) can be
rewritten as follows:

i (t) = prllb (0 (1)) [Aiz (1) + Agiz (t — d (t)) + Biu (t) + Div (1)],

p

o] 0= 5w 0@) B )+ B @ d(0) + Far ), “
2o (1) = y (60.(1)) [Bir (t) + B (t — d () + Frw ()]

r(t)=¢ (), —d<t<0,
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with a linear measurable output y (t) = Cz (t), where 1); (6 (t)) is the grade of membership of the i-th

local system, which is defined as

Yi (0(1) =v; (6(2) %, (0(1) +vi (0(2)) i (0(2)) =0, (5)
with
0<uv;(0(t) <1, 0<u;(0(t) <1, 6)
D i (0(1) =1, v (0(1) +0; (6 (1) =1, (7
i=1

where v; (0 (t)) in (5) represents the membership function of i-th subsystem, and v; (6 (¢)) and ©; (0 (t))
are weighting coefficient functions which can represent the change of the uncertain parameters (unknown
but time-varying or time-invariant). To design an adaptive sliding mode controller in this paper, the weight

0; (0 (t)) of the i-th membership grade function in (5) satisfies the following assumption:

0< 5 (0(1) <o <1, 8)

where «; is the upper bound of ©; (6 (t)), which are unknown. Moreover, from (7), it follows that
0<1l-—a;<v;(0(t) <1

Based on the system (4), we will design an adaptive SMC law to compensate all nonlinearities, time-
varying delays and uncertainties, and the following requirements are simultaneously achieved:

(R1) The state trajectories of system (4) (i.e. (1)) are globally driven onto the pre-designed sliding
surface, and subsequently, the sliding motion is asymptotically stable.

(R2) In the case when w (t) = 0, the cost function [34] for the stabilized time-delay system (4) is

T = / |22 (£)]|* dt < B. 9)
to

where 3 is a positive scalar denoting the upper bound of the cost function.
(R3) For a determined scalar «y > 0, under zero-initial condition with w (¢) # 0, the controlled output
Zoo () satisfies

/ 00 (D)2 dt < 2 / oo (8] dt. (10)
to to

The problem addressed above is referred to as the H.,-based guaranteed cost SMC for IT2 fuzzy
systems (4) with time-varying delays and uncertainties. In general, the design of SMC law consists of
two steps: (i) designing a sliding surface such that, in the sliding mode, the system response acts like the
desired dynamics performances, and (ii) synthesizing the SMC law ensuring that the sliding mode can

be reached and the system states maintain the sliding mode thereafter, and simultaneously, the desired
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‘Ho guaranteed cost performance in (9) and H., disturbance attenuation performance in (10) can be

guaranteed.

III. MAIN RESULTS

In this section, we will present the SMC design procedure for system (4). At first, an integral-type
sliding surface is designed based on measurable system output. The sliding surface parameter K is
designed subject to different optimal objective, which involves Ho guaranteed cost constraints and H
disturbance attenuation performance. Then, based on the designed sliding surface, an adaptive sliding

mode controller is designed to guarantee that the closed-loop system is UUB.

A. Sliding surface design

We introduce an auxiliary variable z (t) = Uy (t) = UCx (t) with a given constant matrix U €

R™ ™ and UC' is nonsingular. Denote

At) 2 0 (0(H) UCA;, Ag(t) 2w (0(1) UCAq,
i=1 =1

B(t) £ > 4 (0(1) UCB;, D ()2 4 (0(t) UCD;,
=1 i=1

A(t) 23 i (0(t) AUC, Ag(t) 2> i (0(t) A UC,
=1 7

Mﬁi

B(t) = iw (0(1)) BKUC, B(t) 2

=1 7

¥, (0() |[GUCB,

1

for saving space in the following context. Based on the measurable output of the plant, we choose the

following integral function as sliding surface.
s(t) = GUy (¢ / zwz (As + BK) Uy (r) + AgUy (r — d ()] dr, (1)

where G € R"*"™ is a known constant matrix satisfying rank(GUC') = m and GUCB; (i = 1,2,---,p)
is nonsingular with GUCB; > 0 or GUCB; < 0 for all ¢ = 1,2,---,p, and K € R™*™ ig the sliding

surface parameter to be determined. Based on (4) and (11), we have

$t) = G[A@W)—A@X)—B@®)z(t)+ (Ag(t) —Ag(t)) z (t —d (1))

+B(Hu(t)+D(t)v(t). (12)
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When the state trajectories of the system enter the sliding motion, we know s(¢) = 0 and §(¢) = 0.

Consequently, according to (12) and $(t) = 0, we can get the equivalent control law:

Ueg(t) = (GBM) "G [(A(t)+B () —A @)z (t) + (Aq(t) — Ag(t))z(t—d(t)) —D(t)v(t)].

Then, by substituting (13) into (4), the following sliding motion dynamics can be obtained.

Tt)=As(t)x(t)+Ags (t)x(t—d(t)),
G. - 22 (t) =E; (t)x(t)+Eds (t)x(t_d(t))_'_Fs (t)w(t), (13)
20 (t) = E (t) 2 +Eds(t)x(t_d(t))+Fs<t>w(t)a

)

(t)
z(t)=pt), —d<t

where

(0(1) [Bi(GB () G (A1) +B (1)~ A1) + 4],

'S
=

1>
S

s
I
—

>
&
=

||>
<

$(00) [B:(GB (1) G (Ra(t) — Aa () + Aai] -

=1
Es(t)éZQ/}Z(Q())EZ, Eds()_zw (9())Ed17 s sz 17
i=1 i=1

M-

s
Il
-

Es (t) = % (9 (t)) Eia Eds (t) = sz (9( )) Edw s Zd]z 1‘

i=1

System G shows a complexly fuzzified system dynamics, which also can be served as the sliding motion.
Based on system (13), we will analyze the stability of the sliding motion, and determine the sliding
mode parameter K. The desired guaranteed cost performance and H, performance are analyzed in the
following part.

Remark 1: The stability of the fuzzy time-delay system (4) is prerequisite for analyzing the desired
performances. On the other hand, the sliding mode controller is designed to force the trajectories of
the plant (4) onto the predesigned sliding surface, whose stability is determined by the sliding motion
(13). Therefore, the stability of the sliding motion (13) is important for the overall system stability and
performances once the reachability of the sliding surface holds with a sliding mode controller (presented
in (41)).

1) Stability analysis of the sliding motion: For the dynamics of the sliding motion in the first expression
of system G in (13), Theorem 1 gives an asymptotic stability criterion based on Lyapunov stability theory.

Theorem 1: The sliding motion in (13) is asymptotically stable if there exist matrices 0 < P = PT ¢

R™™M )< @Q=Q e RM™ 0 < Z =2 c R™™ 0 < Xy = X{; € RV, 0 < Xog = X1, €
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R X1 e R™" Y € R™*™, T € R™", U € R"*™ and K € R"*" such that the following matrix
inequalities (¢« = 1,2,---,p) hold:
—dZ dZG (AZ'UC + BZ'KUC) gZGAdiUC
* * P5
where
oy 2 [(AiUC + BKUC)T GTPQUC + Y} +(Que)T QGUC + dX1,
Doy £ (GALUC)' PGUC —Y +TT 4+ dX19, @3 2 (1 — 1) (GUC)T QGUC — [T, + dXo0.

Proof: For the dynamics of system (13), consider the Lyapunov functional candidate V;(¢) as follows:
¢

Vi(t) = 27 (t) (GUC)T PGUCz (t) + / 2T (s) (GUC)T QGUCx (s) d (s)
t—d(t)
0 t
+ / . / iT (s)(QUC)T ZGUCi: (s)d (s)d (). (15)
—d Jt+0
Based on the above statement, we have

Vi(t) = 227 (t) (GUC)T PGUCz (t) + =7 (t) (GUC)T QGUCx (t)

- (1 —d (t)) 2T (t — d (8)) (GUC)T QGUCz (t — d ()

+di" (t) (GUC)T ZGUCi (t) — / t i7" (s)(QUC)T ZGUC (s)d (s)
t—d

IN

2[(A(t)+ B () z(t) + GAu () (t — d(1)]" GTPGUCx (1)
+z7 (1) (GUO) QGUCx (t) — (1 — 1) 2T (t — d (t)) (GUC)' QGUCx (t — d ()

+di™ (t) (GUC)' ZGU O (t) — / t i (s)(QUC)T ZGUCi (s)d (s). (16)

d

We introduce free-weighting matrices Y € R™*™ and 7' € R™*" with the following equation based on

Leibniz—Newton formula holding:

¢
2" @)Y +2" (t—d®)T) <x (t) —z (t —d(t)) —/ i (1) ds) =0. (17)
t—d(t)
. X1 X2 ,
For matrices X = >0 and ¥ > 0 with Z > 0, we know that
* XQQ
¢
dsT (t) X< (t) — / T () Xct)d(s) > 0, (18)
t—d(t)

t
/ ¢T(s,t) W (s,t)ds > 0 (19)
t

—d(t)
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T T
always hold, where ¢ () £ [ 2T () 2T (t—d(t)) } LC(st) 2| @7 (s) 2T () 2T (t—d (1) ] ;
and

(queY' zgue vy T

v £ * X1 X2

* *x XQQ
Then adding (17)=(19) to Vi(t) in (16) yields:
Vi(t) < 2[(A(®)+B®)z(t) +Ay(t)x(t—d (t))]T GTPGUCz (t)

+27 () (GUC)Y' QGUCx (t) — (1 — 1) 2T (t —d (1)) (GUC) QGUCx (t — d ()

T QT (d2) ™" Qu (t) - / T (s) (GUC)T ZGUCi: (s)d (s)
t—d

+2:cT(t)Ya:(t)—2xT(t)Yx(t—d(t))—/ttd 227 (t)Yi (s)ds

4227 (t —d () Tz (t) — 22T (t —d () Tz (t —d(t))

t t
_/ 20T (t— d () T (s) ds + d™ ( / X (s) ds
t—d(t) t—d(t
t
+/ ¢T (s,t) WC (s,1)
t—d(t)
p
< Y @) @ [0+9f (42)7 <o), 0)
i=1
where
A | Pu Do AT - _
0 2 o | | dZG(AUC + BKUC) dZGALUC | @1
* 3

By Schur complement, we know condition ®; < 0 in (14) is equivalent to ©;+ ] (dZ )71 Q; < 0, which
implies V;(t) < 0 for ¢ (t) # 0. Therefore, the sliding motion (with the output 2y (t) when w () = 0) is
asymptotically stable if the conditions (14) have a feasible solution. [ ]

Remark 2: In terms the form of inequality (14), there exists complex couplings with the matrix K.
For a solvable solution via convex approach, we can give the matrices P and Z to receive a feasible
solution in the form of linear convex. Similar problems in Theorems 2—4 below can be coped with by
this concise approach.

2) Analysis of Ha guaranteed cost performance: When the state trajectories of the plant in (4) are
forced to be driven onto the designed sliding surface by the sliding mode controller presented in (41), the
desired Ho performance index (respectively, the optimal H ., disturbance attenuation performance index)

can be designed based on the stabilized sliding motion in (13). According to the required s guaranteed
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cost performance in (9) for system (4), Theorem 2 provides a condition of optimizing H2 guaranteed
cost performance.

Theorem 2: According to the fuzzy system (13) with w (¢) = 0, if there exist matrices P, Q, Z, X1,
X192, X900, Y, T, U, K as illustrated in Theorem 1 and positive definite matrices Y7 € R™*", Ty € R™*",

T3 € R™ "™ such that:

| =1 Opxem E; Eqi |
* —dZ JZG(AiUC—FBZ‘KUC) CZZGAdiUC
< 0, (22)
k * (I)li q)gi
* * * Py
Y, at (GUOY P ]
L oax(GUOYTP < 0, (23)
* -P
v, b (GUC)YQ |
2 ( ) Q < 0 24)
* -Q
—Y3 c: (GUC)T Z
< 0, (25)
* -7

then the system (13) is asymptotically stable, and the optimal Hy guaranteed cost bound defined in (9)
is
(0.9}
Te = / 23 (t) 29 (t) dt < trace (Y1) + trace (Ta) + trace (T3) = f. (26)
to

Furthermore, the optimal guaranteed cost bound S, can be obtained from the minimization problem

min trace (Y1) + trace (Yo) + trace (Y3), s.t. (22)—(25). 27
p
Proof: Recalling > 1;(0(t)) = 1, we introduce the following inequality based on Lemma 2 in [34].
i=1
P P
S0 ) XD i (0(1) X5 < Z ¥ (0(8) XT X (28)
i=1 =1

Considering Lyapunov function V(¢) in (15) for system (13), and the following performance index

T2 = Vs (1) + 23 () 22 (1).

Based on the inequality in (28), we have

P < sz (1) [0+ (dz) ] <)
+Z¢¢ (0 (1) (Bix (t) + Egix Z 5 (t) + Egjz (t — d (1))
i=1 =

DRAFT



11

< Y E )T (1) [0+ 0 (d2) 7 s 1)
=1
370 (0.(1)) (Bsx (1) + Eggr (¢ — d (£)7 (B (£) + Eagr (¢ — d (1))
i=1
= ()i (0(1) Bis (1), (29)
=1

According to Schur complement, we know éi < 0 in (29) is equivalent to (22), which means Jo =
Vi(t) + 2L (t) 2 (t) < 0 for all ¢ (t) # 0. Furthermore, the condition (22) is equivalent to (14) in
Theorem 1, the asymptotically stability of the sliding motion in (13) can be guaranteed with V; (f) — 0

when ¢t — oco. Hence, we have

[0+ 0 @) d =V~ Vet + [ F 0a0d <o,
Je = /too HZZ (t) H%dt < Vg (to) . (30)

Additionally, when the initial condition ¢ (t) is a constant, it implies that ¢ (t) = 0 for all ¢ € [—d,0].
When ¢ (t) is a differentiable function, ¢ (t) is not relative to the differential (13) because it is invalid
before zero interval. Overall, Vs (tp) < [ holds, where /3 is defined as (26). Therefore, the cost function

is bounded by S given in (26). Let

a = " (to) ¢ (o).

b:/ o () (r)d(r),

—d

(to)
c—/tf/tt°¢T<r>¢<r>d<T>d<t>.

d

Recalling the conditions in (23)—(25), according to Schur complement, it follows
az (GUC)T PGUCa: < Yy, 31)
bz (GUC)T QGUCh: < T, (32)
¢ (GUC)T ZGUCe: < Ts. (33)
Then using the property trace(M N) = trace(N M) with (31)—(33), we have
o (to) [(GUC)T PGUC] ¢ (tg) = trace(a[(GUC)T PGUC]™)
= trace(az [(GUC)T PGUC] 'a3)
< trace (T1), (34)
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/t;(t | ol (1) [(GUC)T QGUC’]_lgp (m)d(r) = trace(b[(GUc)T QGUC’]_l)

— trace(b3 [(GUC)T QGUC]'b%)

< trace (T2), (35)

/t0 /to ST () [(GUue)T ZGUC] ' (r)d (1) d (t) = trace(c[(GUC) ZGUC]™)
—dJi

= trace(cz [(GUC)T ZGUC] 'e2)
< trace (13) . (36)
Consequently, the Ho guaranteed cost function is bounded by
Je = /00 zg (t) zo (t) dt < Vi (to) < trace (Y1) + trace (Tq) + trace (Y3). (37)
to

Meanwhile, when an optimizer is applied to solve the minimization problem in (27), an optimal guaranteed
cost bound B can be obtained with S, = trace (Y1) + trace (Y3) + trace (Y3). It completes the
proof. [ |

Remark 3: Theorem 2 directly gives the minimum Ho guaranteed cost bound. Actually, from the proof
of Theorem 2, the desired guaranteed cost bound can be V (g) in (30) without optimization design. The
utilization of guaranteed cost bound design has been developed in many systems, detailed presentations
can be found in [35]-[37], etc.

3) Analysis of Heo disturbance attenuation performance: Considering the required H, performance
in (10) for system (4), we give the condition of optimizing H, disturbance attenuation level in the
following theorem.

Theorem 3: The plant (4) can achieve the H, performance in (10) with an optimal disturbance
attenuation level v > 0, if there exist matrices P, Q, Z, X11, X192, X922, Y, T, K as illustrated in

Theorem 1 such that the following optimization problem has a feasible solution.

min 7" st T; <0 with 4" = A2 i=1,2,--,p, (38)
where ~ _
—Ii Oixm E; Eqi F;
x  —dZ dZG(AUC + B;KUC) dZGAzUC  0Opxp
r; 2 * * Dy; Do; Opxn | >
* * * P; Onxh
* * * * —’YQIh

and ®q;, ®9; and P3 are defined in (14).
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Proof: First, it is easily found that I'; < 0 is equivalent to the condition (14), which is an asymptotic

stability criterion of the sliding motion. Then considering the system in (13) under the zero initial

condition, we establish the following index for H., performance analysis:

Too = Vs(t) + ZOTO () 200 (t) — 2wt (t)w(t).

Following the Lyapunov function V;(t) expressed in (15) for system G5 when w (t) # 0, we have

NS

where

IN

Vallt) + 2% (8) 200 (1) = 70" (1) w (1)
S a0 T @) [0+ f (d2) 7 2] < 1
i=1

+ 3 i (08) (Bi (1) + gz (t— d (8) + Frw (1)
=1

<Y (0() (Bje (t) + By (t — d () + Fyw () —7*w’ (t)w (1)
j=1

—PwT O w )+ Y0 (0(t) (Bix (t) + Egiz (t — d () + Fw (1)
i=1
p
x (B (t) + By (t — d (1) + Faw (1) + Y i (0(1)) <" (1) [ei +af (dz)™! Q} < (t)
i=1

(1) i (0() ®is (1),

=1

®1; Do Opxn
20y By O | 97 (d2) T +ETE, B 2 { B By F } ,

* =2,

A

_ _ T
2 [ d2G(AUC + BKUC) dZGAGUC Opy |- SO 2 [ T(1) wT (1) | -

According to Schur complement, we have I'; < 0 in (38) is equivalent to ®; < 0, which means J,, =

Va(t) 4+ 2L (1) 200 (t) — v*w™ (t)w (t) < 0. Considering the Ho, performance in (10) under the zero

initial condition with V; (o0) > 0, we have

| (0 + L 02 (0 =T O 1))
= Vs (00) — V5 (0) 4+ /too (zgo (t) zoo () — V2w () w (t)) dt

= Vi (o0) + /too (zgo (t) 2o (t) — V2w (t)w (t)) dt <0,
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which means
/ (zgo (t) 2o (t) — V2w (t)w (t)) dt < =V (00) < 0. (39)
to

From (39), we know that the requirement (R3) can be achieved. This completes the proof. [ |
4) Analysis of optimal Hoo-based guaranteed cost performance: When the requirements (R2) and

(R3) are both desired, the following theorem gives a sufficient criterion based on the results above.
Theorem 4: The plant (4) can achieve the optimal H., performance in (10) with guaranteed cost

performance in (9), if there exist matrices matrices P, Q, Z, X11, X129, X929, Y, T, K such that the

optimization problem
min trace (Y1) + trace (Y2) + trace (Y3) + 7, (40)

s.t. (22)—(23) and (38) with v* = 2

has feasible solutions for all ¢ = 1,2,- - - ,p. Moreover, the optimal guaranteed cost is bounded by Snin =
trace (Y1) + trace (Y2) + trace (Y3) and the optimal H disturbance attenuation level is ymin = v/7*.
Proof: The proof is similar to the proofs of Theorem 2 and Theorem 3, and is omitted because of

space limitation. [ |

B. Adaptive sliding mode controller design

This section gives the desired adaptive sliding mode controller to stabilize the IT2 fuzzy systems (4).
The reachability of the sliding mode for the IT2 fuzzy system (4) is analyzed. The following theorem
gives a sliding mode controller for system (4). Define 6 (t) = 6 (t) — 0, 77 (t) = 7 (t) — n and &; () =
dy (t)—oy, where 6 (), 7 (t) and d; (t) are adaptive parameters that estimate unknown parameters 4, 77 and
o, respectively.

Theorem 5: The feasible sliding surface has been obtained by Theorem 1, then the following controller

of the closed-loop system (4) is designed that the sliding surface in (11) and all signals are UUB.

u(t) = —us (t) — mﬁfl (t) GUC (GUC)T s (t) uq (1), if ||sT (t) GUC|| # 0; @
—ug (t), if ||sT (t) GUC|| = 0,

with
us (t) £ pB™" () sgn(s(1)),
N 1 ~
uq (t) = HST(t)GUqHST(t)G;%(Q(t))(Az‘+Bz'K)UZ/(75)H
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1 P_
+rrm eyl 06200 0) AUyt —d )]

=1
+sz ) |4 (UC)™ |!+sz ) [|Aas (UC) Uy (t—d(2) ]
+sz ) IDal[(0 () + 7 (£) |]g (2 ( ) 1) +Zwl &
and the adaptive laws

§() = —Merd () + Ml (O GUCIIS. (0.1 Dl “2)
=1

i (1) = —Xagan () + Mo |87 (1) GUCIIHZM ) Dillllg (x (£) ,y (1)) 1], 43)
=1

&; (t) = Projoy {¢i (1)}
- { 0,if &i (£) = 0 and ¢ (£) < 0, or if &; () = 1 and ¢; () > 0,

¢; (t) , otherwise,

(44)

where Proj {-} is the projection operator [38], whose role is to project the estimates to the interval [0,1],
éi (1) 2 qip; (0(1)) &; (t) ||sT (t) GUC||, s M1> Mo, €1, €2 and ¢; are positive scalars with 0 < &; (0) < 1
(t=12,--,p).

Proof: Choose the following Lyapunov function:
— T 2 ~2
V(t)_2<s (t) s (t) + 715 +Z A ) (45)
As GUCB; >0 or GUCB; <0 for all : = 1,2,-- - ,p, then it follows:
—[[¥i (0 () GUCB|| < [, (0 (t)) GUCB;]|. (46)

When ||s” (t) GUC|| # 0, with the controller in (41) and the adaptive laws (42)—(44) for system (4)
based on (46), it follows

V(O = SO0+ 33050+ LaOF0+Y a0

= 5" (1) {GUO S0 (0 (1) (Aia (1) + Agia (t — d (1)) + Biu (£) + Div (1))

- GZP:% (0 (1) [(Ai + BIK)UCx (t) + AgUCx (t — d (t))]}

—e16. (1) 8 () — &2 (1) 7 (8) + |5 ( GUCIIZ% ) @i (t) Gi (t)

=1
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<sT () GUCY i (0 (1) (A (t) + Agia (t — d (1))

=
—|Is” (1) G| Z::zb +sz N Il (@) |
+i¢z< (0) | Agse \|+Zwl DIDAIG @) +7 ()19 @ (1) 5 O)])
+m|s Ei: A+ BiK)UCT (1) |
+ e aaer © 223 ) AaUCa (t—d (1) |

+Is™ (1) GUCHHZ% £)) Dill(6 +nllg (z () ,y () 1)

+s" (1) G 15( (1) (Ai + BiK) UCz (1) ||

+HIsT ()G 15 (6 (1)) AU Cx (t — d(8)) || — 218 (£) 6 (¢) — 2277 () ) (1)

ﬁM“@ﬁM’U

+|s" (2) GUCIIHZM )) Dill (8 (t) + 1 (8) llg (2 (£) 5 () ]I}

=1

+[s" () GUC Y i (0 (1) & (1) & (t) — plls () |- 47

i=1

Substituting (5) and (7) into (47) and considering 1 — &; (t) =1 — &; (t) + «; > 0 and

I\sz DIKZ% NIIDi]| < Z DIIDill;

bS]

we obtain
) P . 1\2
V(1) < ~lIsT (1) GUCI Y 6 (0.1) 6 (1) (1 = s (1) — &1 (5 () - 26)
=1
2
o2 (10— 5a) + 26+ 2o ulls 0
< —ulls ()l + 0% + Zf g (48)

Therefore, from (48), applying the terminology and result in [39], we know that the ultimate uniform
boundedness of system (4) can be achieved under the controller (41). The proof is completed. [ |
Remark 4: Theorem 5 gives the control input of plant (4). When the plant is stabilized by the controller

(41), the desired H5 guaranteed cost performance, the H, disturbance attenuation performance and even

DRAFT



17

the Hoo-based guaranteed cost performance can be achieved once there exist feasible solutions of the
conditions in Theorems 2-4. Meanwhile, the optimal problems presented in Theorems 2—4 indicate
the optimal level of the desired performances, respectively. The presented optimal SMC schemes are

alternative according to the practical situation for engineering applications.

I'V. SIMULATION RESULTS

In this section, we will provide the inverted pendulum model shown in Fig. 1 to demonstrate the

effectiveness and superiority of the proposed results.

Mg

Fig. 1. Inverted pendulum system.

To test the superiority of the designed sliding mode control law subject to the desired guaranteed cost
performance, a type-2 fuzzy controller [12] is compared. The dynamics of the inverted pendulum [12] is
described as

_ 3gsin (0()) — 3am,L(0 (t))?sin (20 (t)) /2 — 3acos (A (1)) u (t)
AL — 3amyL cos? (6 (t)) ’

i (1) (49)

where 6 (t) denotes the angular displacement of the pendulum, 2L = 1 m is the length of the pendulum,
the gravity acceleration is ¢ = 9.8 m/s?, m,, denotes the mass of the pendulum, m,. denotes the mass
of the cart, a = 1/(mp+ m.), and u (t) denotes the force applied to the cart. We define z (t) =
[ 24 (t) a9 (t) T=10 (t) G(t) ]T. Then the state space equation of the dynamics can be expressed
by

i(t) = o (t) + u(t), (50)
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where
fi(t) = sin(x1 (t)) (g — ampLaj () cos(a1 (1))
z1(t) (4L/3 — ampLad (t) cos?(z1 (1))
f2 (t) —acos(z (1))

T 4L/3 - amy, L cos?(x1 (1))
Assume that the uncertain parameters m, and m, satisfy mpmin = 1 kg < m, < mpmax = 2 kg
and Memin = 2 kg < me < memax = 3 kg, respectively. The following four-rule IT2 fuzzy model is
used to describe the inverted pendulum with a desired output 29 (¢) and z, (¢) considering state delay
x (t — d(t)), model uncertainties v (¢) and external disturbances w (t).
Fuzzy Rule i : IF fi(t) is M} and fo(t) is M4, THEN
#(t)=(1—o0)Ax(t)+chiz(t—d(t)) + Biu(t) + Dv(t),
2(t)=1—0)Ex(t)+okz(t—d(t)+ Fw(t), (51D
Zoo (1) = (1 —0) Bz (t) + 0Bz (t — d (t)) + Faw (t),

where
0 1 0 1 0
Al = Ay = , A3 = Ay = , B =DB3 = ,
i flmin 0 flmax 0 f2min
0 _ 15 24 _ 15 24
By = By = , B =F = , By = Fy = ,
Jomax —300 0.6 —300 0.6
_ 15 24 _ 15 24 0
E3 = E3 = By =FEy = , Dy = ,
—-300 0.6 —300 0.6 0.02
0 0 _ 0.5 2.5
Dy = , D3 = , Dy = I =I = ,
0.04 0.02 0.04 0.05 -=-7.5
_ 0.5 2.5 _ 0.5 2.5 _ 0.5 2.5
= F = , F3=F3 = , Fy=F, =
0.1 —-7.5 0.0 —-7.5 0.1 —-7.5

o = 0.1 denotes the delay coefficient, d (t) = 0.1 + 0.1sin (¢), v (t) < 0.02 4 0.01||y2 (¢) || fimin =
9.2902, f1max = 23.5200, fomin = —0.6667, and famax = —0.0792 by considering a proper workplace
with 2, € [-37/8, 37/8] and x2 € [—3, 3] for the inverted pendulum. The lower and upper membership
functions are chosen in Table 1. Besides, we set v, (6 (t)) = q1sin® (t) (7; (0 (t)) = 1 — v, (6 ())) for
1 =1,2,3,4, which satisfy Zle ¥; (t) = 1 to describe the parametric uncertainties.

Assume an external disturbance w(t) = [ 0.1sin(¢t) e 2¢ ]’ and a measurable output y (t) = Cz (t)
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TABLE I

LOWER AND UPPER MEMBERSHIP FUNCTIONS

Lower membership functions || Upper membership functions
Fon (z1)=1- e~ (@i/15) 28! (z1) = 0.25¢~(*1/0-3)
Hopa (1) = oy (21) Farz(21) = Fipgy (21)

Hogp (1) = 1= Fipgg (1) g (@1) = 1=y (21)
B (1) = o5 (21) Foaga (1) = Hpgs (1)

oy (21) = 0.4~ (=1/02) Tiagy (21) = o~ (1/2.5)

B (1) = 1= Fipgy (1) g (w1) =1 =y (21)
B (1) = o0 (21) Foagg (1) = Hpgy (1)

Boga (1) = fry 5 (21) Faga (w1) = ipgz (1)

0.1
with C' = . . In the following part, we compare the proposed SMC approach with a type-

2 fuzzy control by considering plant under two cases: the H., disturbance attenuation performance
without guaranteed cost constraint and the H, disturbance attenuation performance with guaranteed cost
constraint.

Case I: Hoo disturbance attenuation performance without guaranteed cost constraint

i. Interval type-2 fuzzy control approach

Applying the method in [14], we use the following fuzzy controller to control the system (51) with

time-delay
2

w(t) =Y @i (0(t) K (t), (52)

i=1
where 0 (t) and ¢; (6 (t)) are defined in [14]. In terms of the H., performance, we obtain a feasible
solution K1 =[ 277.7 6.8 |, Ko = 270.3 6.6 | and yin = 7.9086. The simulation results are shown
in Figs. 2-4 in black dashdot line. Fig. 2 and Fig. 3 show the state responses of the close-loop system
(51), respectively. Fig. 4 illustrates the response of the control force.
ii. SMC approach

Based on the given system matrices, we choose

0.3 0.04
5.0 0.045

G=[01 01], U=
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According to Theorem 3 with P = 2 and Z = 1, we obtain the matrix K = [ 942 —27.8 |, and
Ymin = 7.9101. Under the designed adaptive sliding mode controller in (41), where = 0.01, A\; = 2,
=16 =14, =12, ¢1 = ¢ = q3 = q4 = 100.0, 5(0) = 0.01, 7(0) = 0.01, & (0) = 0.2,
a9 (0) = 0.4, &3 (0) = 0.6 and &4 (0) = 0.8, the responses of the closed-loop system (51) are obtained,
which are shown in Figs. 2—4 (pink solid lines). Fig. 2 and Fig. 3 describe the state responses of the
closed-loop system, respectively. Obviously, the stability of the inverted pendulum system is better under
the presented SMC approach. The control force is depicted in Fig. 4.

Case II: Ho disturbance attenuation performance with guaranteed cost constraint

i. Interval type-2 fuzzy control approach

Considering the guaranteed cost function constraint, according to the method in [14], we obtain the
controller gains K1 = [ 549.5 16.4 |, Ko = [ 343.9 9.0 | and ymin = 7.9093, Bumin = 0.1764. For
the system (51) considering desired 7, disturbance attenuation performance level vy,;, with guaranteed
cost constraint index SBpin, we use the type-2 fuzzy controller (52) to control the inverted pendulum, the
simulation results are shown in Figs. 5-7. The state responses of the closed-loop system (51) are shown
with black dashdot line in Fig. 5 and Fig. 6. Fig. 7 describes the controller force.

ii. SMC approach

Considering desired H, disturbance attenuation performance with guaranteed cost constraint, accord-
ing to Theorem 4 with the same given parameters, we obtain K = [ 129.5 69.6 ] and Ypyin = 7.9086,
Bmin = 0.1081. Using the designed adaptive sliding mode controller (41), the responses characteristics
of the closed-loop system (51) are shown with pink solid lines in Fig. 5 and Fig. 6. Fig. 7 describes
the controller force. Therefore, the SMC approach to the IT2 fuzzy time-delay systems with external
disturbances is better than type-2 fuzzy control when considering H ., disturbance attenuation performance
and Ho guaranteed cost performance in simulations.

Remark 5: Additionally, in order to compare the presented SMC approach with guaranteed cost con-
straint with the presented SMC approach without guaranteed cost constraint, we take the state response
x1 from Fig. 2 and Fig. 5 into a frame, and similarly zo from Fig. 3 and Fig. 6 into a frame. The
compared results are shown in Fig. 8 and Fig. 9, from which we can find the presented SMC approach
with guaranteed cost constraint is performed better than the presented SMC approach without guaranteed

cost constraint.
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V. CONCLUSION

In this paper, the optimal H, guaranteed cost SMC problem has been solved for a class of IT2 fuzzy
systems with time-varying delays and uncertainties. A new sliding surface has been designed in terms of
different constraints. Then, by the designed sliding surface, the optimal H9 guaranteed cost performance
and H., performance of the plant have been analyzed. A novel adaptive sliding mode controller via
output-feedback strategy has been presented to guarantee the reachability of the pre-specified sliding
surface and ultimate uniform boundedness of the closed-loop system. Optimal schemes of guaranteed-
cost-based SMC and H,-based SMC have been provided. Finally, the utilization of the inverted pendulum
system has demonstrated the effectiveness of the control schemes proposed in this paper. However, the
phenomenon of chatting can not be completely eliminated, which still be a research topic about how to
reduce the chattering in the future studies. The recent techniques to reducing chattering in sliding mode

control can be found in [40], [41].
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