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❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ❛❝t✐✈❡❧② ❝♦♥tr♦❧❧❡❞ ❧❛♥❞✐♥❣ ❣❡❛rs✱ s✉❝❤ ❛s

✐♥ ❬✻✱ ✼❪✳ ▼♦r❡♦✈❡r✱ ❞✐✛❡r❡♥t ❝♦♥tr♦❧ str❛t❡❣✐❡s ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❢♦r s❡♠✐✲❛❝t✐✈❡ s❤♦❝❦ str✉ts✱

❬✶✱ ✽✱ ✾❪ ❛r❡ ❡①❛♠♣❧❡s ♦❢ s✉❝❤ st✉❞✐❡s✳ ❉❡s♣✐t❡ t❤❡ ♣♦t❡♥t✐❛❧ ❜❡♥❡✜ts ♦❢ ❛❝t✐✈❡❧② ♦r s❡♠✐✲❛❝t✐✈❡❧②

❝♦♥tr♦❧❧❡❞ s❤♦❝❦ str✉ts✱ ♣♦t❡♥t✐❛❧ ✐ss✉❡s r❡♠❛✐♥ r❡❣❛r❞✐♥❣ r❡❧✐❛❜✐❧✐t② ❛♥❞ ♠❛✐♥t❡♥❛♥❝❡ ❝♦st✳

■♥ t❤❡ ✜❡❧❞ ♦❢ ✈✐❜r❛t✐♦♥ s✉♣♣r❡ss✐♦♥✱ t❤❡ ✏✐♥❡rt❡r✑ ✐s ❛ r❡❧❛t✐✈❡❧② ♥❡✇ ❡❧❡♠❡♥t ❬✶✵❪✳ ■ts ♣r♦♣❡rt✐❡s

❛r❡ t❤❛t t❤❡ ❛♣♣❧✐❡❞ ❢♦r❝❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ r❡❧❛t✐✈❡ ❛❝❝❡❧❡r❛t✐♦♥ ❜❡t✇❡❡♥ ✐ts t✇♦ t❡r♠✐♥❛❧s✳
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❢✉♥❞❛♠❡♥t❛❧❧② ❡♥❧❛r❣❡❞ t❤❡ r❛♥❣❡ ♦❢ ♣❛ss✐✈❡ ❝♦♥tr♦❧❧❡rs t❤❛t ❝❛♥ ❜❡ r❡❛❧✐③❡❞ ❜② ♠❡❝❤❛♥✐❝❛❧ ♥❡t✇♦r❦s✳

P❡r❢♦r♠❛♥❝❡ ❛❞✈❛♥t❛❣❡s ❤❛✈❡ ❜❡❡♥ ✐❞❡♥t✐✜❡❞ ❢♦r ✈❛r✐♦✉s s②st❡♠s✱ ✐♥❝❧✉❞✐♥❣ ✈❡❤✐❝❧❡ s✉s♣❡♥s✐♦♥s ❬✶✶✕

✶✸❪✱ ♠♦t♦r❝②❝❧❡ st❡❡r✐♥❣ s②st❡♠s ❬✶✹✱ ✶✺❪✱ ❜✉✐❧❞✐♥❣ s✉s♣❡♥s✐♦♥s ❬✶✻✕✶✽❪ ❛♥❞ r❛✐❧✇❛② ✈❡❤✐❝❧❡s ❬✶✾✕✷✶❪✳

❚❤❡ ✐♥❡rt❡r ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❞❡♣❧♦②❡❞ ✐♥ ❋♦r♠✉❧❛ ❖♥❡ r❛❝✐♥❣ s✐♥❝❡ ✷✵✵✺ ❬✷✷❪✳ ❚❤❡ ❡✛❡❝ts ♦❢ ❛♥

✐♥❡rt❡r ♦♥ ❧❛♥❞✐♥❣ ❣❡❛r s❤✐♠♠② ❜❡❤❛✈✐♦r ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ r❡❝❡♥t❧② ✐♥ ❬✷✸✕✷✺❪✳ ■♥ t❤✐s ♣❛♣❡r

✐❞❡❛❧ ✐♥❡rt❡rs ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ❤♦✇❡✈❡r ❛ r❡❛❧ ✐♥❡rt❡r ❝❛♥ ❤❛✈❡ ❛ ❧✐♠✐t❡❞ ❜❛♥❞✇✐❞t❤ ❛♥❞ ♠❛② ❡①❤✐❜✐t

♥♦♥❧✐♥❡❛r✐t✐❡s✳ ❚❤❡ ❡✛❡❝ts ♦❢ t❤❡s❡ ❢❛❝t♦rs ♦♥ ✈✐❜r❛t✐♦♥ s✉♣♣r❡ss✐♦♥ s②st❡♠s ❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞ ✐♥

❬✷✻✕✷✽❪✳

✷



■♥ t❤✐s ♣❛♣❡r ✇❡ ❢♦❝✉s ♦♥ ✐♠♣r♦✈✐♥❣ ❛✐r❝r❛❢t t♦✉❝❤✲❞♦✇♥ ♣❡r❢♦r♠❛♥❝❡ ✉s✐♥❣ ❛ ♣❛ss✐✈❡ s❤♦❝❦ str✉t

❝♦♥s✐st✐♥❣ ♦❢ ❧✐♥❡❛r s♣r✐♥❣✱ ❞❛♠♣❡r ❛♥❞ ✐♥❡rt❡r ❡❧❡♠❡♥ts✳ ❇❛s❡❧✐♥❡ ♣❡r❢♦r♠❛♥❝❡s ✇❡r❡ ✐❞❡♥t✐✜❡❞

❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❧❛♥❞✐♥❣ ❣❡❛r ✇✐t❤ ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ♦❧❡♦✲♣♥❡✉♠❛t✐❝ s❤♦❝❦ ❛❜s♦r❜❡r✳ ❚❤✐s ♣❛♣❡r

✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ■■✱ ❛ s✐♠♣❧✐✜❡❞ ❧❛♥❞✐♥❣ ❣❡❛r t♦✉❝❤✲❞♦✇♥ ♠♦❞❡❧ ✐s r❡✈✐❡✇❡❞✱

t♦❣❡t❤❡r ✇✐t❤ ❛ ❜r✐❡❢ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ♦❧❡♦✲♣♥❡✉♠❛t✐❝ s❤♦❝❦ ❛❜s♦r❜❡r✳ ❙❡✈❡r❛❧ ❧❛♥❞✐♥❣

t♦✉❝❤✲❞♦✇♥ ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛ ❛r❡ t❤❡♥ ♣r♦♣♦s❡❞✳ ■♥ ❙❡❝t✐♦♥ ■■■✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❛♥❞

❝❛♥❞✐❞❛t❡ s❤♦❝❦✲str✉t ❧❛②♦✉ts ❛r❡ ✐♥tr♦❞✉❝❡❞✳ ❇❡♥❡✜❝✐❛❧ ✐♥❡rt❡r✲❜❛s❡❞ s❤♦❝❦✲str✉t ❝♦♥✜❣✉r❛t✐♦♥s

❛r❡ ✐❞❡♥t✐✜❡❞ ❢♦r ❡❛❝❤ ♣❡r❢♦r♠❛♥❝❡ ✐♥❞❡①✳ ■♥ ❙❡❝t✐♦♥ ■❱✱ ❛ ❝♦♥str❛✐♥t ♦♥ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ✐s

✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss t♦ ♠❛①✐♠✐③❡ t❤❡ str✉t ❡✣❝✐❡♥❝② ❛♥❞ ♠✐♥✐♠✐③❡ t❤❡ ♠❛①✐♠✉♠

str✉t ❧♦❛❞✳ ❚❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✉s✐♥❣ ❛ ❞♦✉❜❧❡✲st❛❣❡ s✉♣♣♦rt✐♥❣ s♣r✐♥❣ ✐s t❤❡♥ ✐♥✈❡st✐❣❛t❡❞✱ ✇✐t❤

❜❡♥❡✜❝✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ✐❞❡♥t✐✜❡❞✳ ❈♦♥❝❧✉s✐♦♥s ❛r❡ ❞r❛✇♥ ✐♥ ❙❡❝t✐♦♥ ❱✳

■■✳ ▲❛♥❞✐♥❣ ❣❡❛r t♦✉❝❤✲❞♦✇♥ ♠♦❞❡❧ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛

■♥ t❤✐s s❡❝t✐♦♥✱ ❛ ❧❛♥❞✐♥❣ ❣❡❛r ♠♦❞❡❧ ❛♥❞ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ♦❧❡♦✲♣♥❡✉♠❛t✐❝ s❤♦❝❦

❛❜s♦r❜❡r ❛r❡ s✉♠♠❛r✐③❡❞✳ ■♥ t❤❡ ♠♦❞❡❧❧✐♥❣ ♣r♦❝❡ss✱ t❤❡ ❛ss✉♠♣t✐♦♥s r❡❣❛r❞✐♥❣ s♦♠❡ ❢❛❝t♦rs ✇❡r❡

♠❛❞❡ ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ s✐♠♣❧✐✜❝❛t✐♦♥✿ t❤❡ ❡✛❡❝ts ♦❢ ✇❤❡❡❧ s♣✐♥✲✉♣ ❞r❛❣ ❧♦❛❞s ❛♥❞ ✢❡①✐❜✐❧✐t② ♦❢ t❤❡

❛✐r❝r❛❢t str✉❝t✉r❡ ✇❡r❡ ✐❣♥♦r❡❞❀ ❛ ❝♦♥st❛♥t ❞❛♠♣✐♥❣ ♦r✐✜❝❡ ❞✐s❝❤❛r❣❡ ❝♦❡✣❝✐❡♥t ❛♥❞ ❛✐r✲❝♦♠♣r❡ss✐♦♥

❡①♣♦♥❡♥t ✇❡r❡ ❛ss✉♠❡❞ ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r s❤♦❝❦ ❛❜s♦r❜❡r ♠♦❞❡❧✳ ❋✉rt❤❡r✱ ❞❡t❛✐❧❡❞ ❛♥❛❧②s❡s ♦❢ s✉❝❤

❢❛❝t♦rs ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡ ❬✷✾✕✸✷❪✳ ❚❤❡ ♠♦❞❡❧ ✈❛❧✐❞✐t② ✇❛s ❞❡♠♦♥str❛t❡❞ ✈✐❛ t❤❡

❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❝❛❧❝✉❧❛t❡❞ r❡s✉❧ts ❛♥❞ ❞r♦♣✲t❡st ❞❛t❛ ❬✸✸❪✳ ❋♦✉r ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛ ❛r❡

t❤❡♥ ♣r♦♣♦s❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡s✐❣♥ r❡q✉✐r❡♠❡♥ts✳

❆✳ ▲❛♥❞✐♥❣ ❣❡❛r ♠♦❞❡❧

❚♦ ♠♦❞❡❧ t❤❡ t♦✉❝❤✲❞♦✇♥ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❧❛♥❞✐♥❣ ❣❡❛r ❛♥❞ ❛✐r❝r❛❢t✱ ❛ t✇♦✲❞❡❣r❡❡✲♦❢✲❢r❡❡❞♦♠

✭✷❉♦❋✮ ♠♦❞❡❧ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✭❛✮ ✭❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ❋✐❣✳ ✶✭❛✮ ✐♥ ❬✸✸❪✮ ✐s ✉s❡❞✳ ◆♦t❡ t❤❛t t❤✐s

♠♦❞❡❧ ✐s ❞❡s✐❣♥❡❞ t♦ ❝❛♣t✉r❡ t❤❡ ✜rst ❝♦♠♣r❡ss✐✈❡ str♦❦❡ ♦❢ t❤❡ s❤♦❝❦ str✉t✱ ✐✳❡✳✱ ❢r♦♠ ✐♥✐t✐❛❧ ❝♦♥t❛❝t

✇✐t❤ t❤❡ ❣r♦✉♥❞ t♦ t❤❡ ✜rst ♣♦✐♥t ❛t ✇❤✐❝❤ t❤❡ r❡❧❛t✐✈❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ s❤♦❝❦ str✉t ✐s s❧♦✇❡❞ t♦ ③❡r♦✳

❲❡ ❞❡✜♥❡ t❤✐s ♣♦✐♥t ❛s t❤❡ ❡♥❞ ♦❢ t❤❡ t♦✉❝❤✲❞♦✇♥ ♣r♦❝❡ss✳ ❆♥❣❧❡ φ r❡♣r❡s❡♥ts t❤❡ r❛❦❡ ❛♥❣❧❡ ♦❢

t❤❡ str✉t✳ ❚❤❡ ♠❛ss ♦❢ t❤❡ ❣❡❛r ✐s s♣❧✐t ✐♥t♦ t❤❛t ❛❜♦✈❡ t❤❡ str✉t ❛♥❞ t❤❛t ❜❡❧♦✇ ✐t✳ M1 ❞❡♥♦t❡s

✸



t❤❡ t♦t❛❧ ♦❢ t❤❡ ✉♣♣❡r ❣❡❛r ♠❛ss ❛♥❞ t❤❡ ❢✉s❡❧❛❣❡ ♠❛ss ❛❝t✐♥❣ ♦♥ t❤❡ ❣❡❛r ❛♥❞ M2 r❡♣r❡s❡♥ts t❤❡

❧♦✇❡r ❣❡❛r ♠❛ss✳ ❚❤❡ ✈❡rt✐❝❛❧ ❞❡✢❡❝t✐♦♥s ♦❢ t❤❡ t✇♦ ♠❛ss❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ t✇♦ ❉♦❋s z1 ❛♥❞

z2✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ ❞❡✢❡❝t✐♦♥s ❛r❡ ③❡r♦ ❥✉st ♣r✐♦r t♦ ❝♦♥t❛❝t ❜❡✐♥❣ ♠❛❞❡ ✇✐t❤ t❤❡ r✉♥✇❛②✳ ❚❤❡

str✉t str♦❦❡ ss ♠❡❛s✉r❡s t❤❡ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ s❤♦❝❦ str✉t ❛♥❞ ✐s ❡①♣r❡ss❡❞ ❜②

ss =
z1 − z2
cosφ

. ✭✶✮

✭❛✮ ✭❜✮

z1

z2

W1

M1

φ

L

W2

M2

Ft

z1

z2

Fsv

Fsv

❋✐❣✳ ✶ ❱✐❡✇ ♦❢ ✭❛✮ t❤❡ ❞②♥❛♠✐❝ s②st❡♠✱ ✭❜✮ ❢r❡❡✲❜♦❞② ❞✐❛❣r❛♠ ♦❢ t❤❡ ♠♦❞❡❧✳

❋✐❣✳ ✶✭❜✮ ❣✐✈❡s t❤❡ ❢r❡❡✲❜♦❞② ❞✐❛❣r❛♠ ♦❢ t❤❡ t♦✉❝❤✲❞♦✇♥ ♠♦❞❡❧✳ ❚❤❡ ✇❡✐❣❤t ♦❢ ♠❛ss❡s M1 ❛♥❞

M2 ✐s ❞❡♥♦t❡❞ ❛s W1 ❛♥❞ W2✳ ❚❤❡ ❛❡r♦❞②♥❛♠✐❝ ❧✐❢t✐♥❣ ❢♦r❝❡ L ❛♥❞ t❤❡ t✐r❡ ❢♦r❝❡ Ft ❛r❡ ❛♣♣❧✐❡❞ t♦

t❤❡ t✇♦ ♠❛ss❡s r❡s♣❡❝t✐✈❡❧②✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ t♦t❛❧ ❛✐r❝r❛❢t ✇❡✐❣❤t ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❢✉❧❧② ❜❛❧❛♥❝❡❞

❜② ❧✐❢t✐♥❣ ❢♦r❝❡ ❞✉r✐♥❣ t❤❡ ❢✉❧❧ t♦✉❝❤✲❞♦✇♥ ♣r♦❝❡ss✱ ✐✳❡✳

L = W1 +W2. ✭✷✮

❚❤❡ ❝♦♥st❛♥t ❧✐❢t✐♥❣ ❢♦r❝❡ ❛ss✉♠♣t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝♦♠♣r❡ss✐♦♥ str♦❦❡ ✐s s✉✣❝✐❡♥t❧②

q✉✐❝❦ t❤❛t t❤❡ ❛✐r❝r❛❢t s♣❡❡❞ ❛♥❞ ❧✐❢t ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ ❝♦♥st❛♥t ♦✈❡r ✐ts ❞✉r❛t✐♦♥✳ ❚❤✐s ❛ss✉♠♣t✐♦♥

✐s ❛❧s♦ ✉s❡❞ ✐♥ ❬✺❪✳ ▲✐♥❡❛r ❢♦r❝❡✲❞❡✢❡❝t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ t✐r❡ ✐s ❣✐✈❡♥ ❜②

Ft = ktz2, ✭✸✮

✹



✇❤❡r❡ kt ✐s t❤❡ ❧✐♥❡❛r t✐r❡ st✐✛♥❡ss ✐♥ ✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ✈❡rt✐❝❛❧ ❢♦r❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ s❤♦❝❦

str✉t ✐s r❡♣r❡s❡♥t❡❞ ❜② Fsv✱ ✇❤✐❝❤ ✐s

Fsv = Fscosφ, ✭✹✮

✇❤❡r❡ Fs ✐s t❤❡ str✉t ❢♦r❝❡ ❛❧♦♥❣ t❤❡ str✉t ❛①✐s✳ ❚❤❡ ❡①❛❝t ❡①♣r❡ss✐♦♥ ♦❢ Fs ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥

❙❡❝t✐♦♥ ■■✳❇✳ ❇❛❧❛♥❝✐♥❣ t❤❡ ❢♦r❝❡s ❛❝t✐♥❣ ♦♥ t❤❡ t✇♦ ♠❛ss❡s✱ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❢♦r t❤✐s s②st❡♠

❛r❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿

W1

g
z̈1 + Fsv + L−W1 = 0, ✭✺✮

W2

g
z̈2 − Fsv + Ft −W2 = 0, ✭✻✮

✇❤❡r❡ g ❞❡♥♦t❡s t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦♥st❛♥t✳ ❊❧✐♠✐♥❛t✐♥❣ Fsv ❣✐✈❡s

W1

g
z̈1 +

W2

g
z̈2 + Ft = W1 +W2 − L = 0, ✭✼✮

✇❤❡r❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❡q✉❛❧✐t② ♠❛❦❡s ✉s❡ ♦❢ t❤❡ ❛ss✉♣t✐♦♥ ❣✐✈❡♥ ✐♥ ❊q✳ ✭✷✮✳ ◆♦t❡ t❤❛t ❛

♥♦r♠❛❧ ✐♠♣❛❝t ❝♦♥❞✐t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦ ❛♥❞ ❛ ❞❡s❝❡♥t ✈❡❧♦❝✐t② V0 = 8.86 ❢t✴s ✐s ✉s❡❞ ❛t

t❤❡ ✐♥st❛♥t t❤❡ ✇❤❡❡❧s ✜rst t♦✉❝❤ t❤❡ ❣r♦✉♥❞ ❬✸✸❪✳

❇✳ ❆ ❝♦♥✈❡♥t✐♦♥❛❧ ♦❧❡♦✲♣♥❡✉♠❛t✐❝ s❤♦❝❦ ❛❜s♦r❜❡r

❋✐❣✳ ✷ ✐❧❧✉str❛t❡s t❤❡ s❝❤❡♠❛t✐❝ ✈✐❡✇ ♦❢ ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ♦❧❡♦✲♣♥❡✉♠❛t✐❝ s❤♦❝❦ ❛❜s♦r❜❡r✳ ❚❤❡

❤②❞r❛✉❧✐❝ ✢✉✐❞ ✐s ✇✐t❤✐♥ t❤❡ ❧♦✇❡r ❝❤❛♠❜❡r ♦❢ t❤❡ str✉t ❛♥❞ t❤❡ ♣r❡ss✉r✐③❡❞ ❣❛s ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡

✉♣♣❡r ❝❤❛♠❜❡r✳ ❲❤❡♥ t❤❡ str✉t ✐s ❝♦♠♣r❡ss❡❞✱ t❤❡ ✢✉✐❞ ✐s ❢♦r❝❡❞ t❤r♦✉❣❤ t❤❡ ♦r✐✜❝❡ ♣r♦❞✉❝✐♥❣ ❛

❞❛♠♣✐♥❣ ❢♦r❝❡✳ ▼❡❛♥✇❤✐❧❡✱ t❤❡ ❛✐r ✐s ❝♦♠♣r❡ss❡❞ ❜② t❤❡ ♣✐st♦♥ ❛♥❞ ♣r♦✈✐❞❡s ❛ ❣❛s s♣r✐♥❣ ❢♦r❝❡ ❬✸✹❪✳

❚❤❡ ✐♥t❡r♥❛❧ ❢r✐❝t✐♦♥ ❢♦r❝❡s ❜❡t✇❡❡♥ t❤❡ ❜❡❛r✐♥❣ ❛♥❞ ❝②❧✐♥❞❡r ✇❛❧❧s ❛r❡ ✐❣♥♦r❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❚❤❡♥

t❤❡ t♦t❛❧ str✉t ❢♦r❝❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜②

Fs = Fh + Fa, ✭✽✮

✇❤❡r❡ Fh ❛♥❞ Fa ❞❡♥♦t❡ t❤❡ ❤②❞r❛✉❧✐❝ ❞❛♠♣✐♥❣ ❢♦r❝❡ ❛♥❞ ❛✐r s♣r✐♥❣ ❢♦r❝❡✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ❤②❞r❛✉❧✐❝ r❡s✐st❛♥❝❡ ✐♥ t❤❡ s❤♦❝❦ str✉t r❡s✉❧ts ❢r♦♠ t❤❡ ♣r❡ss✉r❡ ❞✐✛❡r❡♥❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤

✢♦✇ t❤r♦✉❣❤ t❤❡ ♦r✐✜❝❡ ❛♥❞ ♣r♦✈✐❞❡s ❛ ✈❡❧♦❝✐t②✲sq✉❛r❡❞ ❞❛♠♣✐♥❣ ❢♦r❝❡✱ ❣♦✈❡r♥❡❞ ❜②

Fh = Adṡs|ṡs|, ✭✾✮

✺



✇❤❡r❡ t❤❡ ❞❛♠♣✐♥❣ ❢❛❝t♦r Ad ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

Ad =
ρAh

3

2CdAn
2
. ✭✶✵✮

❍❡r❡ ρ ✐s t❤❡ ♠❛ss ❞❡♥s✐t② ♦❢ t❤❡ ✢✉✐❞✱ Ah ✐s t❤❡ ❤②❞r❛✉❧✐❝ ❛r❡❛✱ Cd ✐s t❤❡ ♦r✐✜❝❡ ❞✐s❝❤❛r❣❡ ❝♦❡✣❝✐❡♥t

❛♥❞ An ✐s t❤❡ ♥❡t ♦r✐✜❝❡ ❛r❡❛✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣♦❧②tr♦♣✐❝ ❧❛✇ ❢♦r t❤❡ ❝♦♠♣r❡ss✐♦♥ ♦❢ ❣❛s✱ t❤❡ ❛✐r

s♣r✐♥❣ ❢♦r❝❡ ✐s ❡①♣r❡ss❡❞ ❛s

Fa = pa0
Aa(

v0
v0 −Aass

)n, ✭✶✶✮

✇❤❡r❡ pa0
✐s t❤❡ ✐♥✐t✐❛❧ str✉t ❛✐r ♣r❡ss✉r❡✱ Aa ✐s t❤❡ ♣♥❡✉♠❛t✐❝ ❛r❡❛✱ v0 ✐s t❤❡ ✐♥✐t✐❛❧ ❛✐r ✈♦❧✉♠❡ ❛♥❞

n ✐s t❤❡ ❡✛❡❝t✐✈❡ ♣♦❧②tr♦♣✐❝ ❡①♣♦♥❡♥t ❢♦r t❤❡ ❛✐r✲❝♦♠♣r❡ss✐♦♥ ♣r♦❝❡ss✳ ❋✉rt❤❡r ❞❡t❛✐❧s ♦❢ t❤❡ s❤♦❝❦

❛❜s♦r❜❡r ♠♦❞❡❧ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✸❪✳

❆✐r

❋❧✉✐❞

❖r✐✜❝❡

Aa

An

Ah

❋✐❣✳ ✷ ❙❝❤❡♠❛t✐❝ ✈✐❡✇ ♦❢ t❤❡ ♦❧❡♦✲♣♥❡✉♠❛t✐❝ s❤♦❝❦ str✉t ✭✐♥s♣✐r❡❞ ❜② ❬✸✸❪✮✳

❚❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ♦❢ t❤❡ ❧❛♥❞✐♥❣ ❣❡❛r t♦✉❝❤✲❞♦✇♥ ♠♦❞❡❧ ❛♥❞ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ s❤♦❝❦ ❛❜s♦r❜❡r

✉s❡❞ ✐♥ ❬✸✸❪ ❛♥❞ ✐♥ t❤✐s ♣❛♣❡r ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✶✳ ❆ ❢❡✇ ✈❛❧✉❡s ✭♥♦t❡❞ ❜② ✯✮ ✇❡r❡ ♥♦t ❣✐✈❡♥

✐♥ ❬✸✸❪ ❜✉t ❤❛✈❡ ❜❡❡♥ ♣r♦✈✐❞❡❞ ✐♥ ❚❛❜❧❡ ✶ ❜② ♠❛t❝❤✐♥❣ t❤❡ r❡s♣♦♥s❡s s❤♦✇♥ ✐♥ ❬✸✸❪✳

✻



❚❛❜❧❡ ✶ ❚❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✉s❡❞ ✐♥ t❤❡ ❛♥❛❧②s✐s

P❛r❛♠❡t❡r ◆❛♠❡ ❱❛❧✉❡ ❯♥✐t

Aa P♥❡✉♠❛t✐❝ ❛r❡❛ ✵✳✵✺✼✻✶ ft2

Ad
∗ ❉❛♠♣✐♥❣ ❢❛❝t♦r ♦❢ ♦✐❧ ❞❛♠♣✐♥❣ ✸✸✾✳✺ lbF · s2/ft2

g ●r❛✈✐t❛t✐♦♥❛❧ ❝♦♥st❛♥t ✸✷✳✶✽ ft/s2

kt
∗ ❱❡rt✐❝❛❧ t✐r❡ st✐✛♥❡ss ✶✽✺✵✵✳✵ lbF/ft

n P♦❧②tr♦♣✐❝ ❡①♣♦♥❡♥t ❢♦r ❛✐r✲❝♦♠♣r❡ss✐♦♥ ♣r♦❝❡ss ✶✳✶✷ ✲

pa0
■♥✐t✐❛❧ ❛✐r ♣r❡ss✉r❡ ✻✷✻✹ lbF/ft

2

v0 ■♥✐t✐❛❧ ❛✐r ✈♦❧✉♠❡ ✵✳✵✸✺✹✺ ft3

V0 ❉❡s❝❡♥t ✈❡❧♦❝✐t② ✽✳✽✻ ft/s

W1 ❲❡✐❣❤t ♦❢ ✉♣♣❡r ♠❛ss ✷✹✶✶ lbF

W2 ❲❡✐❣❤t ♦❢ ❧♦✇❡r ♠❛ss ✶✸✶ lbF

φ∗ ❘❛❦❡ ❛♥❣❧❡ ✶✷✳✵ ◦

❈✳ Pr♦♣♦s❡❞ ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛

❇❛s❡❞ ♦♥ t❤❡ ❞❡s✐❣♥ r❡q✉✐r❡♠❡♥ts✱ ♥❛♠❡❧②✱ t♦ ❞✐ss✐♣❛t❡ ❛❧❧ t❤❡ ✐♠♣❛❝t ❡♥❡r❣② ✇✐t❤ t❤❡ ❣r❡❛t❡st

❡♥❡r❣② ❛❜s♦r♣t✐♦♥ ❡✣❝✐❡♥❝② ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣ ❣❡❛r ❧♦❛❞✱ ❢♦✉r ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛ ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥

t❤✐s ✇♦r❦✳ ❋✐rst❧②✱ t❤❡ s❤♦❝❦✲str✉t ❡✣❝✐❡♥❝②✱ ηs✱ ✐s ♦❢ s✐❣♥✐✜❝❛♥t ✐♥t❡r❡st ❜❡❝❛✉s❡ ✐t ✐♥❞✐❝❛t❡s t❤❡

❡♥❡r❣② ❛❜s♦r♣t✐♦♥ ❛❜✐❧✐t② ♦❢ t❤❡ s❤♦❝❦ str✉t✳ ❋♦❧❧♦✇✐♥❣ ❬✺❪✱ ηs ✐s ❞❡✜♥❡❞ ❛s

ηs =

∫ ssmax

0
Fsdss

ssmaxFsmax

✭✶✷✮

✇❤❡r❡ Fsmax ❛♥❞ ssmax ❛r❡ t❤❡ ♠❛①✐♠✉♠ str✉t ❧♦❛❞ ❛♥❞ str♦❦❡ ❞✉r✐♥❣ t❤❡ t♦✉❝❤✲❞♦✇♥ ♣r♦❝❡ss✱ ❛s

s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳ ❚❤❡ s❡❝♦♥❞ ❝r✐t❡r✐♦♥ ✐s t❤❡ ♠❛①✐♠✉♠ ❧♦❛❞ tr❛♥s♠✐tt❡❞ ❜② t❤❡ s❤♦❝❦ str✉t t♦ t❤❡

❢✉s❡❧❛❣❡✱ Fsmax✳ ❚❤✐s ✐s ♦❢ s✐❣♥✐✜❝❛♥❝❡ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ♣❛ss❡♥❣❡r ❞✐s❝♦♠❢♦rt ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ ❢♦r

str✉❝t✉r❛❧ ❞❛♠❛❣❡✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ s♣❛❝❡ ❧✐♠✐t ♦❢ ❛ ❧❛♥❞✐♥❣ ❣❡❛r✱ t❤❡ ♠❛①✐♠✉♠ str✉t str♦❦❡ ssmax

✐s ✉s❡❞ ❛s t❤❡ t❤✐r❞ ❝r✐t❡r✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ❛✐r❝r❛❢t ❛t t❤❡ ❡♥❞ ♦❢ t♦✉❝❤✲❞♦✇♥

♣r♦❝❡ss ✐s tr❡❛t❡❞ ❛s t❤❡ ❧❛st ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛✐r❝r❛❢t

✈❡rt✐❝❛❧ ✈❡❧♦❝✐t② ❛t t❤❡ ❡♥❞ ♦❢ t♦✉❝❤✲❞♦✇♥ ♣r♦❝❡ss✱ |Vend|✱ ✐s ✉s❡❞ t♦ r❡♣r❡s❡♥t s✉❝❤ ❝r✐t❡r✐♦♥✱ ✇❤✐❝❤
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✐s ❣✐✈❡♥ ❜②

|Vend| = |ż1(tend)| , ✭✶✸✮

✇❤❡r❡ tend ♠❛r❦s t❤❡ ❡♥❞ ♦❢ t❤❡ ❝♦♠♣r❡ss✐♦♥ str♦❦❡✱ ✇❤❡♥ ż1 − ż2 = 0 ❢♦r t❤❡ ✜rst t✐♠❡ ❛❢t❡r t❤❡

✇❤❡❡❧s t♦✉❝❤ t❤❡ ❣r♦✉♥❞✳ ❊❛❝❤ ♦❢ t❤❡ ✜rst t❤r❡❡ ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛ ✇✐❧❧ ❜❡ ✉s❡❞ ❛s t❤❡ ♦♣t✐♠✐③❛t✐♦♥

♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐t ✐s ❞❡s✐r❛❜❧❡ ❢♦r ηs t♦ ❜❡ ♠❛①✐♠✐③❡❞ ✇❤✐❧❡ Fsmax ❛♥❞ ssmax s❤♦✉❧❞

❜❡ ♠✐♥✐♠✐③❡❞✳
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❋✐❣✳ ✸ ▲♦❛❞✲str♦❦❡ ❝✉r✈❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ♦❧❡♦✲♣♥❡✉♠❛t✐❝ s❤♦❝❦ ❛❜s♦r❜❡r✳

■■■✳ ❖♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ❛♥❞ ❡♥❡r❣② ❛♥❛❧②s✐s

■♥ t❤✐s s❡❝t✐♦♥✱ ❢♦✉r ❝❛♥❞✐❞❛t❡ s❤♦❝❦✲str✉t ❧❛②♦✉ts ❛r❡ ♣r♦♣♦s❡❞✳ ❚❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ ❧❛♥❞✐♥❣

❣❡❛r ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ♥♦♥❧✐♥❡❛r ♦❧❡♦✲♣♥❡✉♠❛t✐❝ s❤♦❝❦ ❛❜s♦r❜❡r ✐s tr❡❛t❡❞ ❛s t❤❡ ❜❛s❡❧✐♥❡✳

❖♣t✐♠✐③❛t✐♦♥s ❛r❡ ❝❛rr✐❡❞ ♦✉t ✉s✐♥❣ t❤r❡❡ ❞✐✛❡r❡♥t ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✱ t❤❡ str✉t ❡✣❝✐❡♥❝②✱ t❤❡

♠❛①✐♠✉♠ str✉t ❧♦❛❞ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ str♦❦❡✳ ❚❤❡ ❜❡♥❡✜❝✐❛❧ s❤♦❝❦✲str✉t ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❜❡♥❡✜ts ❛r❡ ✐❞❡♥t✐✜❡❞✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝✉ss✐♦♥✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥

❵▲✬ t♦ s♣❡❝✐❢② t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♥❡t✇♦r❦ ❧❛②♦✉t ❛♥❞ ❵❈✬ t♦ s♣❡❝✐❢② t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s ✇❤✐❝❤ r❡♣r❡s❡♥t

♦♣t✐♠✐③❡❞ ❧❛②♦✉ts ✇✐t❤ t❤❡ ✈❛❧✉❡ ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ✐❞❡♥t✐✜❡❞✳

❆✳ ❖♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❛♥❞ ❝❛♥❞✐❞❛t❡ ❧❛②♦✉ts

❋♦r t❤❡ ❞❡❢❛✉❧t ❝♦♥✈❡♥t✐♦♥❛❧ ♥♦♥❧✐♥❡❛r s❤♦❝❦ str✉t✱ ✉s✐♥❣ t❤❡ ✈❛❧✉❡s ✐♥ ❚❛❜❧❡ ✶✱ ✐t ❝❛♥ ❜❡ ❝❛❧❝✉✲

❧❛t❡❞ t❤❛t ηsd = 81.5%, Fsmaxd = 6380.3 lbF✱ ssmaxd = 0.53 ❢t ❛♥❞ |Vendd| = 2.09 ❢t✴s ✭t❤❡ ❛❞❞✐t✐♦♥❛❧
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s✉❜s❝r✐♣t ❵❞✬ st❛♥❞s ❢♦r ❵❞❡❢❛✉❧t✬✮✳ ❆♠♦♥❣st t❤❡ ❢♦✉r ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ■■✳❈✱

ηs✱ Fsmax ❛♥❞ ssmax ✇✐❧❧ ❡❛❝❤ ❜❡ ✉s❡❞ ❛s t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t

t❤❛t t❤❡ r❡♠❛✐♥✐♥❣ t❤r❡❡ ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛ ♠✉st ❜❡ ♥♦ ✇♦rs❡ t❤❛♥ t❤❛t ✇✐t❤ t❤❡ ❞❡❢❛✉❧t ❝♦♥✜❣✲

✉r❛t✐♦♥✳ ❋♦r ❛❧❧ t❤❡ ♦♣t✐♠✐③❛t✐♦♥s ❝❛rr✐❡❞ ♦✉t ✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ✇❡ ✉s❡❞ t❤❡ ▼❛t❧❛❜ ❝♦♠♠❛♥❞

♣❛tt❡r♥s❡❛r❝❤ ✜rst ❛♥❞ t❤❡♥ ❢♠✐♥s❡❛r❝❤ ❢♦r ✜♥❡✲t✉♥✐♥❣ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳ ◆♦t❡ t❤❛t ❞✉r✐♥❣

t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss✱ ♥♦ r❡str✐❝t✐♦♥ ❞✉❡ t♦ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ♣❧❛❝❡❞ ♦♥

t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s✳ ■♥st❡❛❞ ✇❡ ❝♦♥s✐❞❡r ✇❤❡t❤❡r t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❛r❡ ♣r❛❝t✐❝❛❧ ❛❢t❡r t❤❡

♦♣t✐♠✐③❛t✐♦♥ st❛❣❡✳

❋✐❣✳ ✹ ✐❧❧✉str❛t❡s t❤❡ ❢♦✉r ❝❛♥❞✐❞❛t❡ s❤♦❝❦✲str✉t ❧❛②♦✉ts✿ ▲✶ ✐s t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ♣❛r❛❧❧❡❧ s♣r✐♥❣✲

❞❛♠♣❡r ❧❛②♦✉t❀ ▲✷ ✐s ❛ ♣❛r❛❧❧❡❧ s♣r✐♥❣✲❞❛♠♣❡r✲✐♥❡rt❡r ❧❛②♦✉t❀ ▲✸ ✐s t❤❡ ❧❛②♦✉t ♦❢ ❛ s❡r✐❡s ✐♥❡rt❡r✲

❞❛♠♣❡r ❛rr❛♥❣❡♠❡♥t ✐♥ ♣❛r❛❧❧❡❧ ✇✐t❤ ❛ s♣r✐♥❣❀ ▲❨ r❡♣r❡s❡♥ts ❛ ❣❡♥❡r❛❧ s❤♦❝❦✲str✉t ❧❛②♦✉t ✇✐t❤ ❛

s♣r✐♥❣ ✐♥ ♣❛r❛❧❧❡❧✳ ▲❛②♦✉ts ▲✶✕▲✸ ❛r❡ ♣r♦♣♦s❡❞ t♦ ❛❧❧♦✇ ❛♥ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ♣❡r❢♦r♠❛♥❝❡

❛❞✈❛♥t❛❣❡s ♦❢ ❧❛②♦✉ts ✇✐t❤ t❤❡ ❧♦✇❡st ❝♦♠♣❧❡①✐t②✳ ◆♦t❡ t❤❛t ❢♦r ❡❛❝❤ ❧❛②♦✉t✱ t❤❡ s♣r✐♥❣ ✐♥ ♣❛r❛❧❧❡❧✱

ks✱ ❡♥s✉r❡s t❤❛t t❤❡ ❧❛♥❞✐♥❣ ❣❡❛r ✐s ❝❛♣❛❜❧❡ ♦❢ s✉♣♣♦rt✐♥❣ t❤❡ ❛✐r❝r❛❢t ❛t t❤❡ r❡st ♣♦s✐t✐♦♥✳ ❚❤❡ ❧♦✇❡r

❜♦✉♥❞ ❢♦r t❤❡ st✐✛♥❡ss ♦❢ t❤✐s s♣r✐♥❣ ✐s s❡t s✉❝❤ t❤❛t t❤❡ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ ❣❡❛r ♠❛t❝❤❡s t❤❛t ♦❢ t❤❡

❞❡❢❛✉❧t ❣❡❛r ✇❤❡♥ st❛t✐❝❛❧❧② s✉♣♣♦rt✐♥❣ t❤❡ ❛✐r❝r❛❢t ✭ss = 0.50 ❢t ❢♦r ❛ ❢♦r❝❡ ♦❢ 2464.9 lbF✮✱ ❣✐✈✐♥❣

ks = 4884.2 lbF/ft. ✭✶✹✮

❋♦r ❡❛❝❤ ❧❛②♦✉t✱ ♦♣t✐♠✐③❛t✐♦♥s ✇✐❧❧ ❜❡ ❝♦♥❞✉❝t❡❞ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ ks = ks ❛♥❞ ❢♦r ks > ks✳

▲✶ ▲✷ ▲✸ ▲❨

❋✐❣✳ ✹ ❋♦✉r ❝❛♥❞✐❞❛t❡ s❤♦❝❦✲str✉t ❧❛②♦✉ts✳

▲❛②♦✉t ▲❨ ❛❧❧♦✇s ❢♦r ❛ ♠♦r❡ ❝♦♠♣❧❡① ♠❡❝❤❛♥✐❝❛❧ str✉❝t✉r❡ t♦ ❜❡ ✉s❡❞ ❢♦r ✐♠♣r♦✈✐♥❣ t❤❡ t♦✉❝❤✲

❞♦✇♥ ♣❡r❢♦r♠❛♥❝❡✳ ■t ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❣❡♥❡r❛❧ ♣♦s✐t✐✈❡✲r❡❛❧ ❢r❡q✉❡♥❝② ❢✉♥❝t✐♦♥ Y (s)✱ ✇❤✐❝❤ ❝❛♥
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❜❡ r❡❛❧✐③❡❞ ❜② ❛ ♥❡t✇♦r❦ ❝♦♥s✐st✐♥❣ ♦❢ s♣r✐♥❣s✱ ❞❛♠♣❡rs ❛♥❞ ✐♥❡rt❡rs ✉s✐♥❣ t❤❡ ♥❡t✇♦r❦ s②♥t❤❡s✐s

♠❡t❤♦❞ ❬✸✺❪✳ ❙✐♠✐❧❛r t♦ ❧❛②♦✉ts ▲✶✕▲✸✱ t❤❡ ♣❛r❛❧❧❡❧ s♣r✐♥❣ ks ✐s ❛❧s♦ ✐♥❝❧✉❞❡❞ ✐♥ ▲❨ t♦ ❡♥s✉r❡ t❤❛t

t❤❡ ❣❡❛r ❤❛s s✉✣❝✐❡♥t st❛t✐❝ st✐✛♥❡ss✳ ❚❤❡ ❢♦r❝❡✲✈❡❧♦❝✐t② r❡❧❛t✐♦♥s❤✐♣ ♦❢ t❤✐s ❧❛②♦✉t ✐s ❣✐✈❡♥ ❜②

F̃s(s) = (Y (s) +
ks
s
) ˜̇ss(s), ✭✶✺✮

✇❤❡r❡ s ✐s t❤❡ ▲❛♣❧❛❝❡ ✈❛r✐❛❜❧❡✱ F̃s(s) ❛♥❞ ˜̇ss(s) r❡♣r❡s❡♥t t❤❡ ❢♦r❝❡ ❛♥❞ t❤❡ r❡❧❛t✐✈❡ ✈❡❧♦❝✐t② ♦❢ t❤❡

str✉t ✐♥ t❤❡ ▲❛♣❧❛❝❡ ❞♦♠❛✐♥✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ r❡❧❛t✐✈❡❧② ❧♦✇✲❝♦♠♣❧❡①✐t② ❧❛②♦✉ts ✇❤✐❧❡

❝♦✈❡r✐♥❣ ❛ r❡❛s♦♥❛❜❧❡ r❛♥❣❡ ♦❢ ♣♦ss✐❜✐❧✐t✐❡s✱ Y (s) ✐s s❡t t♦ ❜❡ ❛ ❜✐q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❤❡

♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❛r❡ s❡❝♦♥❞✲♦r❞❡r ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝❡ ✈❛r✐❛❜❧❡✱

Y (s) =
As2 +Bs+ C

Ds2 + Es+ F
. ✭✶✻✮

❚❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✭A, B, · · · , F ✮ ❛r❡ s❡❧❡❝t❡❞ t❤r♦✉❣❤ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t

t❤❡② ❛r❡ ❛❧❧ ♥♦♥✲♥❡❣❛t✐✈❡✳ ❋♦r ♠❡❝❤❛♥✐❝❛❧ ✈✐❜r❛t✐♦♥ ❛❜s♦r❜❡rs✱ ♠✐♥✐♠✐③✐♥❣ ♥❡t✇♦r❦ ❝♦♠♣❧❡①✐t② ✐s

❝r✉❝✐❛❧ ❞✉❡ t♦ s♣❛❝❡ ❛♥❞ ✇❡✐❣❤t ❧✐♠✐t✳ ❆ s❡r✐❡s ♦❢ ♥❡t✇♦r❦ s②♥t❤❡s✐s r❡s✉❧ts ❤❛✈❡ r❡❝❡♥t❧② ❜❡❡♥

♦❜t❛✐♥❡❞ ♦♥ ❡✣❝✐❡♥t r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ♣♦s✐t✐✈❡✲r❡❛❧ ❜✐q✉❛❞r❛t✐❝ ✐♠♣❡❞❛♥❝❡s ❡①♣r❡ss❡❞ ✐♥ ❊q✳ ✭✶✻✮

✭❬✸✻✕✸✽❪✮✳ ❋♦r t❤❡ ❝❛s❡ ✇❤❡r❡ ks ✐s ✜①❡❞ t♦ ks✱ t❤❡ ❝♦♥str❛✐♥t F > 0 ✐s ✐♥❝❧✉❞❡❞ t♦ ❡♥s✉r❡ t❤❛t Y (s)

❞♦❡s ♥♦t r❡q✉✐r❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♣❛r❛❧❧❡❧ s♣r✐♥❣ t♦ s✉♣♣❧❡♠❡♥t ks✳ ❇❛s❡❞ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ A, B, · · · , F

✐❞❡♥t✐✜❡❞ ✈✐❛ ♦♣t✐♠✐③❛t✐♦♥✱ t❤❡ r❡❧❡✈❛♥t ♥❡t✇♦r❦ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❛♥❞ ♥♦r♠❛❧❧② ❝♦♥t❛✐♥s ❛t ❧❡❛st

✜✈❡ ❡❧❡♠❡♥ts✳ ❚❤❡♥ t♦ ❡①❛♠✐♥❡ ✇❤❡t❤❡r ❛ s✐♠♣❧❡r ❧❛②♦✉t ♠❛② ❜❡ ✉s❡❞✱ ❛ s✐♠♣❧✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s

❡♠♣❧♦②❡❞✳ ❋✐rst❧②✱ ✇❡ st✉❞② ✇❤❡t❤❡r t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❞❡t❡r✐♦r❛t❡s ♥♦t❛❜❧② ✇❤❡♥ t❤❡ ❧❡❛st s✐❣♥✐✜❝❛♥t

❡❧❡♠❡♥t✭s✮ ✐s✴❛r❡ r❡♠♦✈❡❞✳ ❙✐♠✐❧❛r ♣r♦❝❡❞✉r❡s ❤❛✈❡ ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❞❡♠♦♥str❛t❡❞ ✐♥ ❬✶✽✱ ✷✺❪✳

❙❡❝♦♥❞❧②✱ ❛ ♥❡✇ ♦♣t✐♠✐③❛t✐♦♥ ✐s ❝❛rr✐❡❞ ♦✉t ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ❡❧❡♠❡♥t ✈❛❧✉❡s ❜❛s❡❞ ♦♥ t❤✐s s✐♠♣❧✐✜❡❞

♥❡t✇♦r❦ ❧❛②♦✉t✳

❇✳ ■❞❡♥t✐✜❡❞ ❜❡♥❡✜❝✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s

❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡s ✷ ❛♥❞ ✸✳ ◆♦t❡ t❤❛t t❤❡ s✉❜s❝r✐♣ts η✱ F ❛♥❞

s ❛r❡ ✉s❡❞ t♦ ✐♥❞✐❝❛t❡ t❤❡ r❡s✉❧ts ✉s✐♥❣ ηs✱ Fsmax ❛♥❞ ssmax ❛s t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②❀

v ✐s ✉s❡❞ t♦ s♣❡❝✐❢② t❤❡ ❝❛s❡ ✇❤❡♥ ks ✐s ❛❧❧♦✇❡❞ t♦ ❜❡ ✈❛r✐❛❜❧❡ ✭t❤❡ ks > ks ❝❛s❡✮✳
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❚❛❜❧❡ ✷ ❖♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ✉s✐♥❣ ❧❛②♦✉ts ▲✶✕▲✸†

❈♦♥✜❣✉r❛t✐♦♥s P❡r❢♦r♠❛♥❝❡ ▲❛②♦✉ts ❖♣t✐♠✉♠ ♣❛r❛♠❡t❡r ✈❛❧✉❡s

ηs Fsmax✭lbF✮ ssmax✭❢t✮ ✭lbF/ft✱ lbF · s/ft✱ lbm✮

❉❡❢❛✉❧t ✽✶✳✺✪ ✻✸✽✵✳✸ ✵✳✺✸ ✲ ✲

❈✶ηv ✽✹✳✼✪✭✸✳✾✪✮ ✺✼✽✼✳✹ ✵✳✺✸ ▲✶ ks = 7126.2, c = 796.1

❈✷ηv ✾✵✳✵✪✭✶✵✳✹✪✮ ✺✸✺✸✳✹ ✵✳✺✸ ▲✷ ks = 9159.8, c = 519.5, b = 9.4

❈✸ηv ✾✷✳✽✪✭✶✸✳✾✪✮ ✺✷✹✽✳✺ ✵✳✺✵ ▲✸ ks = 19492, c = 40715, b = 9.4

❈✶Fv ✽✶✳✾✪ ✺✺✽✶✳✵✭✶✷✳✺✪✮ ✵✳✺✸ ▲✶ ks = 9043.9, c = 535.2

❈✷Fv ✾✷✳✹✪ ✺✵✶✹✳✺✭✷✶✳✹✪✮ ✵✳✺✸ ▲✷ ks = 16163, c = 60.21, b = 18.1

❈✸Fv ✾✷✳✸✪ ✺✵✵✸✳✾✭✷✶✳✻✪✮ ✵✳✺✸ ▲✸ ks = 16927, c = 12171, b = 19.2

❈✶sv ✽✶✳✺✪ ✻✸✽✵✳✸ ✵✳✹✸✭✶✽✳✾✪✮ ▲✶ ks = 12109.6, c = 772.6

❈✷sv ✽✽✳✺✪ ✻✸✽✵✳✸ ✵✳✸✼✭✸✵✳✷✪✮ ▲✷ ks = 22794, c = 374.3, b = 19.4

❈✸sv ✽✸✳✷✪ ✻✸✽✵✳✸ ✵✳✸✾✭✷✻✳✹✪✮ ▲✸ ks = 22755, c = 1471.8, b = 33.3

† ✪ ✐♠♣r♦✈❡♠❡♥ts ❛r❡ ❣✐✈❡♥ ✐♥ ❜r❛❝❦❡t ❢♦r t❤❡ ❝r✐t❡r✐❛ ❜❡✐♥❣ ♦♣t✐♠✐③❡❞✳ ❙❛♠❡ ♥♦t❛t✐♦♥s ❛♣♣❧② t♦ ♦t❤❡r

t❛❜❧❡s ✐♥ t❤✐s ✇♦r❦✳

❈♦♥s✐❞❡r✐♥❣ ❧❛②♦✉ts ▲✶✕▲✸✱ ♥♦ ✐♠♣r♦✈❡♠❡♥t ♦✈❡r t❤❡ ❞❡❢❛✉❧t s②st❡♠ ✇❛s ✐❞❡♥t✐✜❡❞ ❢♦r t❤❡ ❝❛s❡

✇❤❡r❡ ks = ks✳ ❍❡♥❝❡ ❚❛❜❧❡ ✷ ♦♥❧② s✉♠♠❛r✐③❡❞ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ks > ks ❝❛s❡✳ ❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥

❈✶ηv ❝❛♥ ♣r♦✈✐❞❡ ❛ ✸✳✾✪ ✐♠♣r♦✈❡♠❡♥t ✐♥ ηs✱ ✇❤✐❝❤ ✐s ♥♦t s✐❣♥✐✜❝❛♥t ❝♦♠♣❛r❡❞ ✇✐t❤ ❝♦♥✜❣✉r❛t✐♦♥s

❈✷ηv ❛♥❞ ❈✸ηv✱ ✇❤❡r❡ ✉♣ t♦ ✶✵✳✹✪ ❛♥❞ ✶✸✳✾✪ ♣❡r❢♦r♠❛♥❝❡ ✐♠♣r♦✈❡♠❡♥ts ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✱ r❡s♣❡❝✲

t✐✈❡❧②✳ ❚❤❡ ❜❡♥❡✜ts ♦❢ ✐♥❝❧✉❞✐♥❣ ❛♥ ✐♥❡rt❡r ❝❛♥ ❜❡ s❡❡♥ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❜t❛✐♥❡❞ ✇✐t❤

❈✷ηv ❛♥❞ ❈✸ηv t♦ t❤❛t ♦❢ t❤❡ ✐♥❡rt❡r✲❢r❡❡ ❈✶ηv✳ ■♠♣r♦✈❡♠❡♥ts ✐♥ ηs ♣❡r❢♦r♠❛♥❝❡ ♦❢ ✻✳✸✪ ❛♥❞ ✾✳✻✪✱

r❡s♣❡❝t✐✈❡❧②✱ ❛r❡ ❛❝❤✐❡✈❡❞✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛♥ ✐♥❡rt❡r✳ ❍♦✇❡✈❡r✱ ✐t s❤♦✉❧❞

❜❡ ♥♦t❡❞ t❤❛t ✐♥ ❈✸ηv ❛ ♠✉❝❤ ❤✐❣❤❡r ❞❛♠♣✐♥❣ ✈❛❧✉❡ ✐s r❡q✉✐r❡❞✱ ✇❤✐❝❤ ✐s ❧✐❦❡❧② t♦ ❜❡ ✐♠♣r❛❝t✐❝❛❧✳

❋✉rt❤❡r ♦♣t✐♠✐③❛t✐♦♥s ❢♦✉♥❞ t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❜❡♥❡✜ts s❡❡♥ ✇✐t❤ ❈✸ηv ✇✐❧❧ ❜❡ r❡❞✉❝❡❞ ✐❢ ✇❡

❛❞♦♣t ❛ s♠❛❧❧❡r ❞❛♠♣❡r✳ ■♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ ✐♠♣r♦✈❡♠❡♥t ✐♥ ηs ❛s ❈✷ηv✱ ✐✳❡✳

✶✵✳✹✪✱ t❤❡ ❞❛♠♣✐♥❣ r❡q✉✐r❡❞ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❈✸ηv ✐s ♥❡❛r❧② tr✐♣❧❡ t❤❛t ♦❢ ❈✷ηv ❛♥❞ t❤❡ ✐♥❡rt❛♥❝❡ ✐s

❞♦✉❜❧❡❞✳ ❚❤❡r❡❢♦r❡✱ ✇❡ t❛❦❡ t❤❡ ✈✐❡✇ t❤❛t ❈✷ηv ✐s ♠♦r❡ ❜❡♥❡✜❝✐❛❧ t❤❛♥ ❈✸ηv ❢r♦♠ t❤❡ ♣r❛❝t✐❝❛❧✐t②

♣❡rs♣❡❝t✐✈❡✳ ❘❡s✉❧ts ✇✐t❤ Fsmax ❛s t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐♥❞✐❝❛t❡ t❤❛t ❈✶Fv ❝❛♥ r❡❞✉❝❡ Fsmax ❜②
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✶✷✳✺✪ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❞❡❢❛✉❧t ♣❡r❢♦r♠❛♥❝❡✱ ❛♥❞ ✷✶✳✹✪ ❛♥❞ ✷✵✳✼✪ ✐♠♣r♦✈❡♠❡♥ts ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞

r❡s♣❡❝t✐✈❡❧② ❜② t❤❡ ♦♣t✐♠✉♠ ❝♦♥✜❣✉r❛t✐♦♥s ❈✷Fv ❛♥❞ ❈✸Fv✳ ❙✐♠✐❧❛r t♦ t❤❡ ❡✣❝✐❡♥❝② ♦♣t✐♠✐③❛t✐♦♥

❝❛s❡✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❛ ❧❛r❣❡ ❞❛♠♣✐♥❣ ✐s r❡q✉✐r❡❞ ❢♦r ❈✸Fv ❛♥❞ ❛ r❡❞✉❝❡❞ ❞❛♠♣✐♥❣ ❧❡❛❞s t♦

❛ r❡❞✉❝❡❞ ♣❡r❢♦r♠❛♥❝❡ ✐♠♣r♦✈❡♠❡♥t✳ ❋♦r t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦✈❡r ssmax✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❈✶sv

❤❡❧♣s r❡❞✉❝❡ ssmax ❜② ✶✽✳✾✪ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❞❡❢❛✉❧t ❝♦♥✜❣✉r❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❈✷sv ❛♥❞

❈✸sv✱ t❤❡ ♣❡r❝❡♥t❛❣❡ ✐♠♣r♦✈❡♠❡♥ts ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❞❡❢❛✉❧t ♣❡r❢♦r♠❛♥❝❡ ❛r❡ ✸✵✳✷✪ ❛♥❞ ✷✻✳✹✪✱

r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ♦♣t✐♠✉♠ r❡s✉❧ts ❢♦r ❧❛②♦✉t ▲❨ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✸✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ s✐♠♣❧❡r ❧❛②♦✉ts

▲✶✕▲✸✱ ✇❤❡♥ ✜①✐♥❣ ks✱ ❛ ✶✹✳✵✪ ✐♠♣r♦✈❡♠❡♥t ✐♥ str✉t ❡✣❝✐❡♥❝② ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❈❨η✳ ❯s✐♥❣

r❡❧❡✈❛♥t ♥❡t✇♦r❦ s②♥t❤❡s✐s t❤❡♦r②✱ ✐ts ♠❡❝❤❛♥✐❝❛❧ ♥❡t✇♦r❦ ✐s r❡❛❧✐③❡❞ ❜② ❛ ❝♦♥✜❣✉r❛t✐♦♥ ❝♦♥s✐st✐♥❣ ♦❢

t❤r❡❡ ❞❛♠♣❡rs✱ ♦♥❡ ✐♥❡rt❡r✱ ♦♥❡ s♣r✐♥❣ ❛♥❞ ks✳ ❍♦✇❡✈❡r✱ t✇♦ ♦❢ t❤❡ ❞❛♠♣❡rs ❝❛♥ ❜❡ r❡♠♦✈❡❞ s✐♥❝❡

t❤❡✐r ✈❛❧✉❡s ❛r❡ s♠❛❧❧ ✭✇❤❡♥ ✐♥ ♣❛r❛❧❧❡❧✮ ♦r ❧❛r❣❡ ✭✇❤❡♥ ✐♥ s❡r✐❡s✮ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ r❡♠❛✐♥✐♥❣ ♦♥❡s✳

❚❤✉s t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❧❛②♦✉t ♦❢ ❈❨η✱ ❧❛❜❡❧❧❡❞ ▲✹✱ ✐s ❛ ❢♦✉r✲❡❧❡♠❡♥t ♥❡t✇♦r❦✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳ ❆

❢✉rt❤❡r ♦♣t✐♠✐③❛t✐♦♥ ♦✈❡r ▲✹ ✐♥ ✇❤✐❝❤ b ✐s r❡♠♦✈❡❞ ✐s ❝❛rr✐❡❞ ♦✉t ❜✉t ♥♦ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞✳

❚❤✐s s✉❣❣❡sts t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♠♣r♦✈❡♠❡♥t ♦❜t❛✐♥❡❞ ❜② ❈❨η ✉s✐♥❣ ▲✹ r❡q✉✐r❡s t❤❡ ✐♥❝❧✉s✐♦♥

♦❢ t❤❡ ✐♥❡rt❡r✳ ❈♦♥✜❣✉r❛t✐♦♥ ❈❨ηv ♣r♦✈✐❞❡s t❤❡ ♠❛①✐♠✉♠ ✐♠♣r♦✈❡♠❡♥t ✐♥ ηs✱ ❤♦✇❡✈❡r ❛ ♠✉❝❤

♠♦r❡ ❝♦♠♣❧❡① ♥❡t✇♦r❦✱ ♥✐♥❡✲❡❧❡♠❡♥t ♥❡t✇♦r❦ ❡①❝❧✉❞✐♥❣ ks✱ ✐s r❡q✉✐r❡❞✳ ❚❤❡ s❧✐❣❤t ♣❡r❢♦r♠❛♥❝❡

✐♠♣r♦✈❡♠❡♥t ❝♦♠♣❛r❡❞ ✇✐t❤ ❈❨η ♣r♦❜❛❜❧② ❞♦❡s ♥♦t ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ❞✐✣❝✉❧t② ✐♥ ❞❡s✐❣♥ ❛♥❞

♠❛♥✉❢❛❝t✉r❡ ♦❢ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✱ ❤❡♥❝❡ ✇❡ ❞✐sr❡❣❛r❞ ✐t✳ ■t ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ ❚❛❜❧❡ ✸ t❤❛t ❛ ✷✶✳✻✪

✐♠♣r♦✈❡♠❡♥t ✐♥ Fsmax ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ❈❨F ✳ ❚❤❡ ♥❡t✇♦r❦ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤✐s

tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ✐s ✐❞❡♥t✐✜❡❞ ❛♥❞ s❤♦✇♥ ✐♥ ❋✐❣✳ ✺ ❛s ❧❛②♦✉t ▲✺✳ ■♥ t❤✐s ❧❛②♦✉t✱ ❛♥ ✐♥❡rt❡r ✐s ✐♥

♣❛r❛❧❧❡❧ ✇✐t❤ t❤❡ s✉♣♣♦rt✐♥❣ st✐✛♥❡ss✱ ❛s ✇❡❧❧ ❛s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦ ❞❛♠♣❡rs ❛♥❞ ❛♥ ✐♥t❡r♥❛❧

s♣r✐♥❣✳ ◆♦t❡ t❤❛t ❧❛②♦✉t ▲✺ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ▲✷ ✐❢ c1 ✐♥ ▲✺ ✐s s❡t t♦ ✐♥✜♥✐t②✳ ❚❤❡ s✐♠✐❧❛r✐t✐❡s ♦❢

t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝♦♥✜❣✉r❛t✐♦♥s✱ ❈❨F ❛♥❞ ❈✷ηv✱ ❛r❡ ♦❜s❡r✈❡❞✳ ❚❤❡ ♠❛①✐♠✉♠

♣❡r❢♦r♠❛♥❝❡ ❛❞✈❛♥t❛❣❡ ✉s✐♥❣ Fsmax ❛s t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ❈❨Fv✱ ✇✐t❤ ✉♣ t♦

✷✷✳✵✪ ✐♠♣r♦✈❡♠❡♥t✳ ❚❤❡ r❡s✉❧t✐♥❣ ♠❡❝❤❛♥✐❝❛❧ ♥❡t✇♦r❦✱ ❧❛❜❡❧❧❡❞ ▲✻✱ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✺✳ ◆♦t❡

t❤❛t ❧❛②♦✉ts ▲✺ ❛♥❞ ▲✻ ❝♦♥s✐st ♦❢ ✜✈❡ ♠❡❝❤❛♥✐❝❛❧ ❡❧❡♠❡♥ts ❜✉t ✐♥ ❞✐✛❡r❡♥t ❛rr❛♥❣❡♠❡♥ts✳ ❆s ❢♦r

♦♣t✐♠✐③✐♥❣ ♦✈❡r ssmax✱ t❤❡ ❝❛s❡ ✇✐t❤ ❛ ✜①❡❞ s✉♣♣♦rt✐♥❣ st✐✛♥❡ss✱ ks = ks✱ ❛ ♠❛①✐♠✉♠ ✐♠♣r♦✈❡♠❡♥t

✶✷



♦❢ ♦♥❧② ✺✳✼✪ ✐s ♦❜t❛✐♥❡❞✳ ❆❧❧♦✇✐♥❣ ks t♦ ✈❛r② r❡s✉❧ts ✐♥ ♠♦r❡ ❝♦♠♣❧❡① ❧❛②♦✉ts t❤❛♥ ▲✷ ❛♥❞ ▲✸ ❜✉t

✇✐t❤ ♥♦ ✐♠♣r♦✈❡♠❡♥ts ♦✈❡r t❤❡♠✳ ❍❡♥❝❡ t❤❡ ssmax ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ r❡s✉❧ts ❛r❡ ♥♦t ❧✐st❡❞ ✐♥ ❚❛❜❧❡

✸✳

❚❛❜❧❡ ✸ ❖♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ✉s✐♥❣ ❧❛②♦✉t ▲❨

❈♦♥✜❣✉r❛t✐♦♥s P❡r❢♦r♠❛♥❝❡ ▲❛②♦✉ts ❖♣t✐♠✉♠ ♣❛r❛♠❡t❡r ✈❛❧✉❡s

ηs Fsmax✭lbF✮ ssmax✭❢t✮ ✭lbF/ft✱ lbF · s/ft✱ lbm✮

❉❡❢❛✉❧t ✽✶✳✺✪ ✻✸✽✵✳✸ ✵✳✺✸ ✲ ✲

❈❨η ✾✷✳✾✪✭✶✹✳✵✪✮ ✺✶✽✼✳✵ ✵✳✺✵ ▲✹ ks = 4884.2, c = 5362.9, k1 = 15633,

b = 19.7

❈❨ηv ✾✸✳✷✪✭✶✹✳✹✪✮ ✺✷✻✻✳✸ ✵✳✹✾ ✲ ✲

❈❨F ✾✶✳✷✪ ✺✵✵✹✳✾✭✷✶✳✻✪✮ ✵✳✺✸ ▲✺ ks = 4884.2, c1 = 3817.1, c2 = 404.9,

b = 9.4, k1 = 6874.1

❈❨Fv ✾✷✳✵✪ ✹✾✼✻✳✺✭✷✷✳✵✪✮ ✵✳✺✸ ▲✻ ks = 8049.2, c1 = 8492.6, c2 = 9089.1,

b = 20.6, k1 = 9031.3

▲✹ ▲✺ ▲✻

❋✐❣✳ ✺ ▲❛②♦✉ts ▲✹✕▲✻✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❝♦♥✜❣✉r❛t✐♦♥s ❈❨η✱ ❈❨F ❛♥❞ ❈❨Fv✳

■♥ s✉♠♠❛r②✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♠♣r♦✈❡♠❡♥ts ❛♥❞ ♣r❛❝t✐❝❛❧ ♣❛r❛♠❡t❡r ✈❛❧✉❡s✱ ✇❡ tr❡❛t

❈✷ηv ❛♥❞ ❈❨η ❛s t❤❡ ♦♣t✐♠✉♠ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r t❤❡ ηs ♣❡r❢♦r♠❛♥❝❡✱ ❈✷Fv✱ ❈❨F ❛♥❞ ❈❨Fv ❛s t❤❡

♦♣t✐♠✉♠ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r Fsmax ♣❡r❢♦r♠❛♥❝❡✱ ❛♥❞ ❈✷sv ❛♥❞ ❈✸sv ❛s t❤❡ ♦♣t✐♠✉♠ ❝♦♥✜❣✉r❛t✐♦♥s

❢♦r ssmax ♣❡r❢♦r♠❛♥❝❡✳ ❆❧s♦ ♦❢ ✐♥t❡r❡st ❛r❡ ❈✶ηv✱ ❈✶Fv ❛♥❞ ❈✶sv✱ ❛s ❧✐♥❡❛r ❝♦♥✜❣✉r❛t✐♦♥s ✐♥ ✇❤✐❝❤

♥♦ ✐♥❡rt❡r ✐s ♣r❡s❡♥t✳ ❚❤❡ ❧♦❛❞✲str♦❦❡ ❝✉r✈❡s ♣r♦✈✐❞❡❞ ❜② t❤❡s❡ ❝♦♥✜❣✉r❛t✐♦♥s✱ ❛s ✇❡❧❧ ❛s t❤❡ ❞❡❢❛✉❧t
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♦♥❡✱ ❛r❡ ❝♦♠♣❛r❡❞ ✐♥ ❋✐❣✳ ✻✳ ◆♦t❡ t❤❛t t❤❡ ❝✉r✈❡s ✐♥ ❋✐❣✳ ✻ ❛❧❧ ✜♥✐s❤ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝♦♠♣r❡ss✐♦♥

str♦❦❡✳ ❚❤❡ s❤♦rt❡r ❝✉r✈❡s ✐♥ ❋✐❣✳ ✻✭❛✮ ❛♥❞ ✭❝✮ ✐♥❞✐❝❛t❡ t❤❛t ✇❤❡♥ t❤❡ ✜rst ❝♦♠♣r❡ss✐♦♥ ♣r♦❝❡ss ✐s

✜♥✐s❤❡❞✱ t❤❡ ♠❛①✐♠✉♠ str♦❦❡s t❤❡ str✉ts r❡❛❝❤ ❛r❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ❜❛s❡❧✐♥❡ s②st❡♠✳
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C1sv
C2sv
C3sv

✭❛✮

✭❝✮

✭❜✮

❋✐❣✳ ✻ ❚❤❡ ❧♦❛❞✲str♦❦❡ ❝✉r✈❡s ✐♠♣r♦✈✐♥❣ ✭❛✮ ηs✱ ✭❜✮ Fsmax ❛♥❞ ✭❝✮ ssmax✳

❈✳ ❊♥❡r❣② ❛♥❛❧②s✐s ♦❢ ❜❡♥❡✜❝✐❛❧ ✐♥❡rt❡r✲❜❛s❡❞ str✉ts

❯♣ t♦ t❤✐s ♣♦✐♥t✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❡♥❡r❣② ❛❜s♦r♣t✐♦♥ ❛❜✐❧✐t② ♦❢ t❤❡ str✉t ✉s✐♥❣ ηs✳ ❆ ♠♦r❡

❞❡t❛✐❧❡❞ ✐♥✈❡st✐❣❛t✐♦♥ ✐♥t♦ ❤♦✇ ♠✉❝❤ ❡♥❡r❣② ✐s ❞✐ss✐♣❛t❡❞ ❛♥❞ st♦r❡❞ ❞✉r✐♥❣ t♦✉❝❤✲❞♦✇♥ ♣r♦❝❡ss ✐s

♥♦✇ ♣r❡s❡♥t❡❞✳ ❚❤❡ ✇♦r❦✲❡♥❡r❣② ♣r✐♥❝✐♣❧❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✱ t♦ ❣✐✈❡

∆Ek +∆Ep = Wd +WL, ✭✶✼✮

✇❤❡r❡ ∆Ek ❛♥❞ ∆Ep r❡♣r❡s❡♥t t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❛♥❞ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ✐♥ t❤❡ s②st❡♠✱ Wd

❛♥❞ WL ❛r❡ t❤❡ ✇♦r❦ ❞♦♥❡ ❜② t❤❡ ❞❛♠♣❡r✭s✮ ♦❢ t❤❡ str✉t ❛♥❞ t❤❡ ❧✐❢t✐♥❣ ❢♦r❝❡ L✱ r❡s♣❡❝t✐✈❡❧②✳ ❍❡r❡✱

∆Ek = Ek(tend)− Ek(0), ✭✶✽✮

∆Ep = −W1 · z1(tend)−W2 · z2(tend) + Ept + Eps, ✭✶✾✮

✶✹



WL = −L · z1(tend), ✭✷✵✮

✇❤❡r❡ Ek(0) ❛♥❞ Ek(tend) ❞❡♥♦t❡ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠ ❥✉st ♣r✐♦r t♦ t❤❡ t✐r❡s ♠❛❦✐♥❣

❝♦♥t❛❝t ✇✐t❤ t❤❡ ❣r♦✉♥❞ ❛♥❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝♦♠♣r❡ss✐♦♥ str♦❦❡ r❡s♣❡❝t✐✈❡❧②✳ Ept ❛♥❞ Eps ❛r❡

t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② st♦r❡❞ ✐♥ t❤❡ t✐r❡s ❛♥❞ t❤❡ s❤♦❝❦ str✉ts ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦❝❡ss✱ r❡s♣❡❝t✐✈❡❧②✳

❙✉❜st✐t✉t✐♥❣ ❊qs✳ ✭✶✮✱ ✭✷✮✱ ✭✶✽✮✱ ✭✶✾✮✱ ❛♥❞ ✭✷✵✮ ✐♥t♦ ✭✶✼✮ ❣✐✈❡s

Ek(0) = Ek(tend) + Ept + Eps −Wd +W2 · ss · cosφ, ✭✷✶✮

✇❤✐❝❤ ♠❡❛♥s t❤❡ ♦r✐❣✐♥❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠ ✐s tr❛♥s❢♦r♠❡❞ ♣❛rt✐❛❧❧② t♦ t❤❡ st♦r❡❞ ♣♦t❡♥t✐❛❧

❡♥❡r❣② ✐♥ t❤❡ t✐r❡s ❛♥❞ t❤❡ str✉t✱ t❤❡ ✇♦r❦ ❞♦♥❡ ❜② t❤❡ ❣r❛✈✐t②✱ ❛s ✇❡❧❧ ❛s ❞✐ss✐♣❛t❡❞ ❜② t❤❡ str✉t✳

❚❛❜❧❡ ✹ ❊♥❡r❣② ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❜❡♥❡✜❝✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s

❈♦♥✜❣✉r❛t✐♦♥s Ek(tend)✭lbF · ft✮ Ept✭lbF · ft✮ Eps✭lbF · ft✮ (−Wd)✭lbF · ft✮ W2 · ss · cosφ✭lbF · ft✮

❉❡❢❛✉❧t ✶✼✷✳✺ ✷✸✵✳✶ ✸✺✸✳✼ ✷✶✺✼✳✺ ✻✼✳✽

❈✶ηv ✶✺✶✳✽ ✹✵✵✳✽ ✾✺✺✳✹ ✶✺✷✺✳✼ ✻✼✳✽

❈✷ηv ✶✽✳✸ ✺✼✻✳✺ ✶✶✼✵✳✸ ✶✷✻✽✳✷ ✻✼✳✽

❈❨η✭▲✹✮ ✶✹✻✳✼ ✺✾✺✳✷ ✶✾✹✶✳✻ ✸✺✸✳✹ ✻✼✳✽

❈✶Fv ✼✸✳✾ ✻✹✺✳✾ ✶✷✶✷✳✺ ✶✶✵✵✳✾ ✻✼✳✽

❈✷Fv ✶✼✷✳✺ ✺✶✼✳✺ ✷✶✺✻✳✹ ✶✽✻✳✼ ✻✼✳✽

❈❨F ✭▲✺✮ ✵✳✷ ✼✷✷✳✽ ✶✷✷✺✳✵ ✶✵✽✺✳✶ ✻✼✳✽

❈❨Fv✭▲✻✮ ✶✺✻✳✵ ✺✻✶✳✸ ✷✶✺✸✳✺ ✶✻✷✳✸ ✻✼✳✽

❈✶sv ✶✺✻✳✹ ✼✻✵✳✷ ✶✵✻✹✳✸ ✶✵✻✺✳✶ ✺✹✳✾

❈✷sv ✼✳✵ ✶✵✼✻✳✼ ✶✹✻✸✳✽ ✺✹✵✳✵ ✹✻✳✽

❈✸sv ✵✳✷ ✶✵✾✹✳✶ ✶✻✻✺✳✷ ✷✾✷✳✷ ✹✾✳✹

❚❛❜❧❡ ✹ s✉♠♠❛r✐③❡s t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❡♥❡r❣② ❞✐str✐❜✉t✐♦♥s ❜② t❤❡ ❞❡❢❛✉❧t ♥♦♥❧✐♥❡❛r ❛♥❞ ♦♣t✐♠❛❧

s❤♦❝❦✲str✉t ❝♦♥✜❣✉r❛t✐♦♥s✳ ◆♦t❡ Ek(0) ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❚❛❜❧❡ s✐♥❝❡ t❤✐s t❡r♠ ✐s t❤❡ s❛♠❡

❢♦r ❛❧❧ ❝♦♥✜❣✉r❛t✐♦♥s✱ Ek(0) = 3100.5 lbF · ft✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ t❡r♠ W2 · ss · cosφ ✐s s♠❛❧❧

❝♦♠♣❛r❡❞ ✇✐t❤ Ept✱ Eps ❛♥❞ −Wd✳ ❚❤❡r❡❢♦r❡✱ ❚❛❜❧❡ ✹ ✐❧❧✉str❛t❡s t❤❛t t❤❡ r❡❞✉❝❡❞ ❦✐♥❡t✐❝ ❡♥❡r❣② ✐s

♠♦st❧② tr❛♥s❢♦r♠❡❞ t♦ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②✱ st♦r❡❞ ✐♥ t❤❡ t✐r❡s ❛♥❞ s❤♦❝❦ str✉ts✱ ❛s ✇❡❧❧ ❛s t❤❡ ❡♥❡r❣②

❞✐ss✐♣❛t❡❞ ❜② t❤❡ ❞❛♠♣✐♥❣ ❡✛❡❝ts ♦❢ t❤❡ s❤♦❝❦ str✉t✳ ■t ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ t❤❛t t❤❡ ♠❛①✐♠✉♠ ✇♦r❦
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❞♦♥❡ ❜② t❤❡ ❞❛♠♣❡rs −Wd ✐s ❛❝❤✐❡✈❡❞ ❜② ❈✷ηv✱ ✇❤✐❝❤ ✐s st✐❧❧ s✐❣♥✐✜❝❛♥t❧② ❧❡ss t❤❛♥ t❤❛t ❛❝❤✐❡✈❡❞

❜② t❤❡ t❤❡ ❞❡❢❛✉❧t str✉t✳ ▼♦r❡♦✈❡r✱ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❞❡❢❛✉❧t ❝♦♥✜❣✉r❛t✐♦♥✱ ♠♦r❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②

✐s st♦r❡❞ ✐♥ t❤❡ s❤♦❝❦ str✉t✱ ❛s ✇❡❧❧ ❛s ✐♥ t❤❡ t✐r❡ ❝♦♠♣❧✐❛♥❝❡✳ ❚❤✐s ✇✐❧❧ ♣♦s❡ ❝❤❛❧❧❡♥❣❡s ❢♦r t❤❡

❞❡s✐❣♥ ♦❢ t❤❡ str✉t ❡❧♦♥❣❛t✐♦♥ ♣r♦❝❡ss ❛♥❞ ♠❛② ❡✈❡♥ ❧❡❛❞ t♦ ❛ r❡❜♦✉♥❞✳ ❍❡♥❝❡ ❛♥ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥

❝♦♥str❛✐♥t ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

■❱✳ ❖♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ✇✐t❤ ❛♥ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❝♦♥str❛✐♥t

❋✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s ✇✐t❤ ❛♥ ❡①tr❛ ❝♦♥str❛✐♥t ♦♥ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ t❤✐s s❡❝✲

t✐♦♥✳ ■t ✇✐❧❧ ❜❡ s❤♦✇♥ t❤❛t ✇✐t❤ t❤✐s ❝♦♥str❛✐♥t✱ ❧✐♠✐t❡❞ ✐♠♣r♦✈❡♠❡♥ts ❝❛♥ ❜❡ ♣r♦✈✐❞❡❞ ❜② t❤❡

❧❛②♦✉ts ♣r♦♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥ ■■■✳ ❚❤❡ r❡❛s♦♥ ❢♦r r❡❞✉❝❡❞ ✐♠♣r♦✈❡♠❡♥ts ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞✳ ❈♦♥✜❣✲

✉r❛t✐♦♥s ✇✐t❤ ❛ ❞♦✉❜❧❡✲st❛❣❡ s✉♣♣♦rt✐♥❣ s♣r✐♥❣ ❛r❡ t❤❡♥ ♣r♦♣♦s❡❞✱ ✇❤✐❝❤ ❝❛♥ ❛❝❤✐❡✈❡ s✐❣♥✐✜❝❛♥t

♣❡r❢♦r♠❛♥❝❡ ❛❞✈❛♥t❛❣❡s✳

❆✳ ■❞❡♥t✐✜❡❞ ❜❡♥❡✜❝✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ✇✐t❤ ❛ ❧✐♥❡❛r s✉♣♣♦rt✐♥❣ s♣r✐♥❣

❚♦ ❡♥s✉r❡ ❣♦♦❞ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❝❛♣❛❜✐❧✐t②✱ t❤❡ ❝♦♥str❛✐♥t t❤❛t t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ✐s ♥♦ ❧❡ss

t❤❛♥ t❤❛t ❜② t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ str✉t✱ 2157.5 lbF✱ ✐s ✐♠♣❧❡♠❡♥t❡❞✳ ❍♦✇❡✈❡r✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥s ❢♦✉♥❞

♥♦ r❡s✉❧ts ✐❢ ❝♦♥s✐❞❡r✐♥❣ 2157.5 lbF ❛s t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ❞✐r❡❝t❧②✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❛

❧✐♥❡❛r s♣r✐♥❣ ✇✐t❤ ks ≥ ✹✽✽✹✳✷ lbF/ft ✐s ✉s❡❞ ❛s t❤❡ st❛t✐❝ s♣r✐♥❣ ❤❡r❡✳ ❙✉❝❤ ❛ s♣r✐♥❣ st♦r❡s ♠♦r❡

♣♦t❡♥t✐❛❧ ❡♥❡r❣② ❛t t❤❡ ❡♥❞ ♦❢ t♦✉❝❤✲❞♦✇♥ ♣r♦❝❡ss t❤❛♥ t❤❛t ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r s♣r✐♥❣ ✐♥ t❤❡ ❞❡❢❛✉❧t

s②st❡♠✳ ❚❤❡♥ ✇✐t❤ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❝♦♥str❛✐♥❡❞ t♦ ❜❡ ♥♦ ❧❡ss t❤❛♥ ✷✶✺✼✳✺ ❧❜❋✱ t❤❡ t♦t❛❧ ✇♦r❦

❞♦♥❡ ❜② t❤❡ ❧✐♥❡❛r str✉t ✐s ✐♥❡✈✐t❛❜❧② ♠♦r❡ t❤❛♥ t❤❡ ♥♦♥❧✐♥❡❛r s②st❡♠✱ r❡s✉❧t✐♥❣ ✐♥ ❡✐t❤❡r Fsmax ♦r

ssmax ❡①❝❡❡❞✐♥❣ t❤❡✐r ❝♦♥str❛✐♥ts✳ ❚✇♦ ❛♣♣r♦❛❝❤❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ t♦ ♦✈❡r❝♦♠❡ t❤✐s✱ ✜rst❧② t❤❡

❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❝♦♥str❛✐♥t r❡q✉✐r❡♠❡♥t ✐s r❡❧❛①❡❞ ❜② ✶✵✪ t♦ 1941.8 lbF✳ ▲❛t❡r✱ ✐♥ ❙❡❝t✐♦♥ ■❱✳❇✱

❛ ❞♦✉❜❧❡✲st❛❣❡ st❛t✐❝ s♣r✐♥❣ ✐s ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ str✉t ❡✣❝✐❡♥❝② ❛♥❞ t❤❡ ♠❛①✐♠✉♠ str✉t ❧♦❛❞ ✇✐❧❧

❜❡ ✉s❡❞ ❛s t❤❡ ♦❜❥❡❝t✐♦♥ ❢✉♥❝t✐♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ ks ✐s ✜①❡❞ t♦ ks t♦ ♠✐♥✐♠✐③❡ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②

st♦r❡❞ ✐♥ t❤❡ s✉♣♣♦rt✐♥❣ s♣r✐♥❣ ❛t t❤❡ ❡♥❞✳ ◆♦t❡ t❤❛t t❤❡ ♠❛①✐♠✉♠ str♦❦❡ ✇✐❧❧ ♥♦t ❜❡ ♦♣t✐♠✐③❡❞

s✐♥❝❡ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ■■■✳❇ t❤❡ st❛t✐❝ st✐✛♥❡ss ✐s ✜①❡❞ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ✐♠♣r♦✈❡♠❡♥t ✐s

❧✐♠✐t❡❞ t♦ ✺✳✼✪ ✭❢r♦♠ ssmax ❡q✉❛❧s 0.53 ❢t t♦ 0.50 ❢t✮✳

✶✻



❚❛❜❧❡ ✺ ❖♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ✇✐t❤ t❤❡ ❧✐♥❡❛r ks ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❝♦♥str❛✐♥t

❈♦♥✜❣✉r❛t✐♦♥s P❡r❢♦r♠❛♥❝❡ ▲❛②♦✉ts ❖♣t✐♠✉♠ ♣❛r❛♠❡t❡r ✈❛❧✉❡s (−Wd)

ηs Fsmax✭lbF✮ ✭lbF/ft✱ lbF · s/ft✱ lbm✮ ✭lbF · ft✮

❉❡❢❛✉❧t ✽✶✳✺✪ ✻✸✽✵✳✸ ✲ ✲ ✷✶✺✼✳✺

❈✹η ✽✾✳✸✪✭✾✳✻✪✮ ✻✵✼✵✳✶✸ ▲✹ ks = 4884.2, c = 1286.1, k1 = 43351, ✶✾✹✶✳✽

b = 24.7

❈✺η ✽✾✳✸✪✭✾✳✻✪✮ ✻✶✶✶✳✽ ▲✺ ks = 4884.2, c1 = 1317.6, c2 = 2.4 × 10−11, ✶✾✹✶✳✽

b = 25.1, k1 = 43927

❈✹F ✽✽✳✼✪ ✺✽✵✸✳✺✭✾✳✵✪✮ ▲✹ ks = 4884.2, c = 1043.2, k1 = 42033, ✶✾✹✶✳✽

b = 21.8

❈✺F ✽✽✳✼✪ ✺✽✵✸✳✼✭✾✳✵✪✮ ▲✺ ks = 4884.2, c1 = 1042.4, c2 = 0.04, ✶✾✹✶✳✽

b = 21.9, k1 = 41706

❋♦r t❤❡ ♦♣t✐♠✐③❛t✐♦♥✱ ▲✹✕▲✻ ✐♥ ❋✐❣✳ ✺✱ ✇❤✐❝❤ ❝❛♥ ♣r♦✈✐❞❡ ♣❡r❢♦r♠❛♥❝❡ ❛❞✈❛♥t❛❣❡s ✐♥ ηs ❛♥❞

Fsmax✱ ❛r❡ ✉s❡❞ ❛s t❤❡ ❝❛♥❞✐❞❛t❡ ❧❛②♦✉ts ✭s✉❜s❝r✐♣ts ❵η✬ ❛♥❞ ❵F ✬ ❛r❡ ✉s❡❞ t♦ s♣❡❝✐❢②✮✳ ❙✐♥❝❡ t❤❡

❧❛②♦✉t ▲✻ ❡①❤✐❜✐t❡❞ ♥♦ ✐♠♣r♦✈❡♠❡♥ts ✐♥ t❤❡ t✇♦ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ❛r❡

♥♦t ♣r❡s❡♥t❡❞ ❤❡r❡✳ ❈♦♥s✐❞❡r✐♥❣ ❧❛②♦✉ts ▲✹ ❛♥❞ ▲✺✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ❧❛❜❡❧❧❡❞ ❈✹

❛♥❞ ❈✺✳ ❚❛❜❧❡ ✺ s✉♠♠❛r✐③❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❜❡♥❡✜ts ❛♥❞ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❢♦r t❤❡s❡ ❝♦♥✜❣✉r❛t✐♦♥s✳

■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ηs ✐s ✐♥❝r❡❛s❡❞ ❜② ✾✳✻✪ ✉s✐♥❣ ❡✐t❤❡r ❈✹η ♦r ❈✺η ♦✈❡r t❤❡ ❞❡❢❛✉❧t ❝♦♥✜❣✉r❛t✐♦♥✳

❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❣✐✈❡s c2 = 2.4 × 10−11 lbF · s/ft ❢♦r ❈✺η✱ s✉❣❣❡st✐♥❣ t❤❛t r❡♠♦✈✐♥❣ c2 ✐s ♣♦ss✐❜❧❡

t♦ s✐♠♣❧✐❢② t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✳ ❍❡♥❝❡ ❈✹η ✭r♦✇ ✷✮ ✐s t❤❡ ♠♦st ♦♣t✐♠✉♠ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r t❤✐s ❝❛s❡✱

❛♥❞ ✐ts ❧♦❛❞✲str♦❦❡ ❝✉r✈❡ ✐s ♣❧♦tt❡❞ ✐♥ ❋✐❣✳ ✼✭❛✮✳ ❈♦♥s✐❞❡r✐♥❣ Fsmax✱ ✐t ✐s ❢♦✉♥❞ t❤❛t t❤❡ ♠❛①✐♠✉♠

❜❡♥❡✜t ♦✈❡r t❤❡ ❞❡❢❛✉❧t ❝♦♥✜❣✉r❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ❈✹F ✱ ✇✐t❤ ❛ ✾✳✵✪ ✐♠♣r♦✈❡♠❡♥t✳ ❆❣❛✐♥ ✇❡

✜♥❞ t❤❛t t❤❡ ❈✺F ❝♦♥✜❣✉r❛t✐♦♥ s✐♠♣❧✐✜❡s t♦ ❈✹ ✭❛s c2 ✐s s♠❛❧❧✱ s❡❡ r♦✇ ✺ ♦❢ ❚❛❜❧❡ ✺✮✳ ❚❤❡ ❧♦❛❞✲

str♦❦❡ ❝✉r✈❡s ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ str✉t ❛♥❞ ❈✹F ✭r♦✇ ✹✮ ❛r❡ ♣❧♦tt❡❞ ✐♥ ❋✐❣✳ ✼✭❜✮✳ ◆♦t❡ t❤❛t ✐♥

t❤✐s ♦♣t✐♠✐③❛t✐♦♥ ❝❛s❡✱ ▲✶✕▲✸✱ ❛♥❞ ▲✹ ✇✐t❤ t❤❡ ✐♥❡rt❡r ❡①❝❧✉❞❡❞✱ ❞♦ ♥♦t ♣r♦✈✐❞❡ ❛♥② ✐♠♣r♦✈❡♠❡♥t

✐♥ ηs ♦r Fsmax ❝♦♠♣❛r✐♥❣ ✇✐t❤ t❤❡ ❜❛s❡❧✐♥❡ s②st❡♠✳ ❚❤✐s s✉❣❣❡sts t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❜❡♥❡✜ts

✉s✐♥❣ ❧❛②♦✉t ▲✹ ❛r❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ✐♥❡rt❡r✳ ❋♦r ❜♦t❤ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✱ t❤❡

✐♠♣r♦✈❡♠❡♥ts ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✺ ❝♦♠♣❛r❡❞ t♦ ❚❛❜❧❡ ✸ ❛r❡ r❡❞✉❝❡❞✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ✐❢ ✇❡ ❝♦♥s✐❞❡r

✶✼



t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❝♦♥str❛✐♥t✱ ♥❛♠❡❧②✱ (−Wd) ≥ 1941.8 lbF · s/ft✱ t❤❡ t♦t❛❧ ✇♦r❦ ❞♦♥❡ ❜② t❤❡

♦♣t✐♠✐③❡❞ s❤♦❝❦ str✉t ❤❡r❡ ❡①❝❡❡❞s t❤❛t ♦❢ t❤❡ ❝❛s❡s ✇✐t❤♦✉t t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❝♦♥str❛✐♥t✳ ❚❤✐s

♠❛② ❧❡❛❞ t♦ ❛ ❤✐❣❤❡r Fsmax ❛♥❞ ❛❧s♦ ❛ ✇♦rs❡ ηs ♣❡r❢♦r♠❛♥❝❡✳ ❘❛t❤❡r t❤❛♥ ❝♦♥s✐❞❡r✐♥❣ ❛ ♠✐♥✐♠✉♠

❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ♦❢ 1941.8 lbF ✭✶✵✪ ❧❡ss t❤❛♥ t❤❡ ❞❡❢❛✉❧t✮ ✐❢ ✇❡ ❝♦♥s✐❞❡r 2157.5 lbF

✭✺✪ ❧❡ss✮✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ ηs ✇✐t❤ t❤❡ ❧❛②♦✉t ▲✹ ✐s r❡❞✉❝❡❞ t♦ ✺✳✻✪✱ ❜✉t ✇✐t❤ t❤❡

❛❞✈❛♥t❛❣❡ t❤❛t t❤❡ ❡①t❡♥s✐♦♥ str♦❦❡ ✐s ❧✐❦❡❧② t♦ ❜❡ ✐♠♣r♦✈❡❞✳
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✭❛✮ ✭❜✮

❋✐❣✳ ✼ ❚❤❡ ❧♦❛❞✲str♦❦❡ ❝✉r✈❡s ♦❜t❛✐♥❡❞ ✇✐t❤ ✭❛✮ ❈✹η ❛♥❞ ✭❜✮ ❈✹F ✳

❇✳ Pr♦♣♦s✐♥❣ ❞♦✉❜❧❡✲st❛❣❡ s✉♣♣♦rt✐♥❣ s♣r✐♥❣

❘❡❝❛❧❧ t❤❛t t❤❡ ♠✐♥✐♠✉♠ s♣r✐♥❣ st✐✛♥❡ss ks = ks ✇❛s s❡❧❡❝t❡❞ s✉❝❤ t❤❛t t❤❡ s♣r✐♥❣ ❞❡✢❡❝t✐♦♥

♠❛t❝❤❡❞ t❤❛t ♦❢ t❤❡ ❛✐r s♣r✐♥❣ ✇❤❡♥ s✉❜❥❡❝t❡❞ t♦ t❤❡ ❛✐r❝r❛❢t st❛t✐❝ ❧♦❛❞✳ ❚❤✐s ♣♦✐♥t ✐s ✐♥❞✐❝❛t❡❞ ❜②

❛ r❡❞ ❞♦t ✐♥ ❋✐❣✳ ✽✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s t❤❡ ❢♦r❝❡✲❞❡✢❡❝t✐♦♥ r❡❧❛t✐♦♥s❤✐♣ ❢♦r t❤❡ ❢✉❧❧ ❝♦♠♣r❡ss✐♦♥ str♦❦❡

✭✉♣ ✉♥t✐❧ ssmax = 0.53 ❢t✮✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❞✉r✐♥❣ t❤❡ ❝♦♠♣r❡ss✐♦♥ ♦❢ t❤❡ s♣r✐♥❣ t❤❡ st♦r❡❞

❡♥❡r❣② ♦❢ t❤❡ ❧✐♥❡❛r s♣r✐♥❣ ❢❛r ❡①❝❡❡❞s t❤❛t ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❞❡✈✐❝❡✳ ❲❤❡♥ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥

❝♦♥str❛✐♥t ✐s ❝♦♥s✐❞❡r❡❞✱ t❤❡ ❧✐♠✐t❛t✐♦♥ ♦❢ ♣❡r❢♦r♠❛♥❝❡ ❜❡♥❡✜ts ✐s ✐♥❡✈✐t❛❜❧❡ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥

■❱✳❆✳

❆ s✉♣♣♦rt✐♥❣ s♣r✐♥❣ ✇✐t❤ ❛ ❞♦✉❜❧❡✲st❛❣❡✱ ♦r ♣r♦❣r❡ss✐✈❡✲r❛t❡✱ s✉♣♣♦rt✐♥❣ st✐✛♥❡ss ✐s ♥♦✇ ✐♥tr♦✲

❞✉❝❡❞✳ ❚❤❡ ❢♦r❝❡✲str♦❦❡ r❡❧❛t✐♦♥s❤✐♣ ♦❢ t❤❡ ❞♦✉❜❧❡✲st❛❣❡ s♣r✐♥❣ ✐s ❣✐✈❡♥ ❛s

Fk =





ks1ss ✐❢ ss ≤ ssx

ks2(ss − ssx) + Fsx ✐❢ ss > ssx

✇❤❡r❡ Fk ✐s t❤❡ s✉♣♣♦rt✐♥❣ s♣r✐♥❣ ❢♦r❝❡✱ ks1 ❛♥❞ ks2 ❛r❡ t❤❡ t✇♦ s♣r✐♥❣ r❛t❡s✳ ❍❡r❡ ssx ❛♥❞ Fsx ❛r❡

✶✽



t❤❡ str♦❦❡ ❛♥❞ s♣r✐♥❣ ❢♦r❝❡ ✇❤❡r❡ t❤❡ t✇♦ r❛t❡s ✐♥t❡rs❡❝t ✐♥ t❤❡ ❢♦r❝❡✲str♦❦❡ ❝✉r✈❡ ❛♥❞ ❛r❡ tr❡❛t❡❞

❛s ♣❛r❛♠❡t❡rs t♦ ❜❡ ♦♣t✐♠✐③❡❞✳ ❆s ✇✐t❤ t❤❡ ❧✐♥❡❛r s♣r✐♥❣ ks✱ t❤❡ ❞♦✉❜❧❡✲st❛❣❡ ♦♥❡ ✐s ❞❡s✐❣♥❡❞

t♦ s✉♣♣♦rt t❤❡ ❛✐r❝r❛❢t ✉♥❞❡r t❤❡ s❛♠❡ st♦❦❡ ✇✐t❤ t❤❡ ♥♦♥❧✐♥❡❛r ❛✐r s♣r✐♥❣✳ ❆♥ ❡①❛♠♣❧❡ ❢♦r❝❡✲

❞✐s♣❧❛❝❡♠❡♥t r❡❧❛t✐♦♥s❤✐♣ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✽✳ ❋r♦♠ t❤❡ ✜❣✉r❡ ✐t ❝❛♥ ❜❡❡♥ s❡❡♥ t❤❛t t❤❡ ❞♦✉❜❧❡✲st❛❣❡

s✉♣♣♦rt✐♥❣ s♣r✐♥❣ ♣r♦✈✐❞❡s t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t ✐ts st♦r❡❞ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ✭r✐❣❤t✲s❧❛♥t❡❞✲s❤❛❞✐♥❣

r❡❣✐♦♥ ✐♥ ❋✐❣✳ ✽✮ ❝♦✉❧❞ ❜❡ ❧❡ss t❤❛♥ t❤❛t ❜② t❤❡ ♥♦♥❧✐♥❡❛r s♣r✐♥❣ ✭❧❡❢t✲s❧❛♥t❡❞✲s❤❛❞✐♥❣ r❡❣✐♦♥ ✐♥

❋✐❣✳ ✽✮ ✇❤❡♥ r❡❛❝❤✐♥❣ t❤❡ ♠❛①✐♠✉♠ str♦❦❡✳

❋✐❣✳ ✽ ❋♦r❝❡✲❞❡✢❡❝t✐♦♥ r❡❧❛t✐♦♥s❤✐♣s ✇✐t❤ t❤❡ ❛✐r s♣r✐♥❣ ❛♥❞ t✇♦ ❦✐♥❞s ♦❢ ks✳

❈✳ ■❞❡♥t✐✜❡❞ ❜❡♥❡✜❝✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ✇✐t❤ ❛ ❞♦✉❜❧❡✲st❛❣❡ s✉♣♣♦rt✐♥❣ s♣r✐♥❣

■❢ ✇❡ ✉s❡ t❤❡ ❞♦✉❜❧❡✲st❛❣❡ s♣r✐♥❣ ✐♥ t❤❡ ▲✶ ❧❛②♦✉t✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❝❛♥ ✐❞❡♥t✐❢② ❝♦♥s✐❞❡r❛❜❧❡

✐♠♣r♦✈❡♠❡♥ts ✐♥ ♣❡r❢♦r♠❛♥❝❡✱ ✇❤✐❝❤ ❛r❡ ✼✳✻✪ ✐♥ ηs ❜② ❈✶η2 ❛♥❞ ✶✹✳✶✪ ✐♥ Fsmax ❜② ❈✶F2✳ ❍♦✇❡✈❡r✱

✇❡ ❝❛♥ ♥♦t r❡❣❛r❞ t❤❡s❡ ❝♦♥✜❣✉r❛t✐♦♥s ❛s ❜❡♥❡✜❝✐❛❧ ♦♥❡s s✐♥❝❡ t❤❡ ❧♦❛❞✲str♦❦❡ ❝✉r✈❡ ♣r♦✈✐❞❡❞ ❜②

❈✶η2 ♦r ❈✶F2 ❡①♣❡r✐❡♥❝❡s ❛ s✉❞❞❡♥ ❝❤❛♥❣❡✳ ❲❡ t❛❦❡ ❈✶η2 ❛s ❛♥ ❡①❛♠♣❧❡ ❤❡r❡✳ ❚❤❡ ♣❛r❛♠❡t❡r

✈❛❧✉❡s ♦❢ ❈✶η2 ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✻ ❛♥❞ t❤❡ ❧♦❛❞✲str♦❦❡ ❝✉r✈❡s ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❞❡❢❛✉❧t ❛♥❞

❈✶η2 ✭❜❧❛❝❦ ❧✐♥❡✮ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✾✭❛✮✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r

♠❛ss❡s ✇✐❧❧ ❛❧s♦ ✉♥❞❡r❣♦ s✉❞❞❡♥ ❝❤❛♥❣❡s ✐♥ t❤❡✐r ❛❝❝❡❧❡r❛t✐♦♥s t♦✇❛r❞s t❤❡ ❡♥❞ ♦❢ t❤❡ str♦❦❡✱ ✇❤✐❝❤

✇✐❧❧ ❧❡❛❞ t♦ ♣❛ss❡♥❣❡r✴❝r❡✇ ❞✐s❝♦♠❢♦rt ❛♥❞ ❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❛❧ ❧♦❛❞✐♥❣✳ ❙✐♠✐❧❛r ❝♦♥❝❧✉s✐♦♥s ❝❛♥

❜❡ ♦❜t❛✐♥❡❞ ❢♦r ❈✶F2✱ ❛s ✇❡❧❧ ❛s t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ✉s✐♥❣ ▲✷ ❛♥❞ ▲✸✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇✐❧❧ ♥♦t ✐♥❝❧✉❞❡

t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♦♣t✐♠❛❧ ❈✶✕❈✸ ✇✐t❤ ❛ ❞♦✉❜❧❡✲st❛❣❡ s♣r✐♥❣ ❤❡r❡✳ ■♥st❡❛❞✱ s✐♥❝❡ t❤❡ ❧❛②♦✉t ▲✹ ✐s

r❡❣❛r❞❡❞ ❛s t❤❡ ♠♦st ♦♣t✐♠✉♠ ❧❛②♦✉t ✐♥ t❤❡ ♣r❡✈✐♦✉s ♦♣t✐♠✐③❛t✐♦♥✱ t❤✐s ❧❛②♦✉t ✇✐❧❧ ❜❡ ✉s❡❞ ❛s ❛♥

✶✾



❡①❛♠♣❧❡ ❧❛②♦✉t t♦ ✐❧❧✉str❛t❡ t❤❡ ❜❡♥❡✜ts ♦❢ t❤❡ ❞♦✉❜❧❡✲st❛❣❡ s✉♣♣♦rt✐♥❣ s♣r✐♥❣✳ ◆♦t❡ t❤❛t t❤❡ ❡①❛❝t

❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❝♦♥str❛✐♥t✱ (−Wd) ≥ 2157.5 lbF · s/ft✱ ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ❝❛s❡✳ ❚❤❡ r❡s✉❧ts ♦❢

♦♣t✐♠✐③❛t✐♦♥ ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❚❛❜❧❡ ✻✳ ❚❤❡ s✉❜s❝r✐♣t ❵✷✬ ✐s ✉s❡❞ t♦ s♣❡❝✐❢② t❤✐s ❝❛s❡✳ ■t ❝❛♥ ❜❡

s❡❡♥ t❤❛t ✉♣ t♦ ✶✶✳✾✪ ✐♠♣r♦✈❡♠❡♥t ✐♥ ηs ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ❈✹η2✳ ▼♦r❡♦✈❡r✱

t❤❡ ❧❛②♦✉t ✇✐t❤ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡r ✈❛❧✉❡s✱ ✐✳❡✳ ❈✹F2 ❝❛♥ ❛❧s♦ r❡❞✉❝❡ Fsmax ❜② ✷✵✳✵✪ ❝♦♠♣❛r✐♥❣

✇✐t❤ t❤❡ ❞❡❢❛✉❧t ❝♦♥✜❣✉r❛t✐♦♥ ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ✾✳✵✪ r❡❞✉❝t✐♦♥

❛❝❤✐❡✈❡❞ ✇✐t❤ t❤❡ ❧✐♥❡❛r s♣r✐♥❣ ✭❈✹F ✱ ❚❛❜❧❡ ✺✮✳ ❚❤❡ ❧♦❛❞✲str♦❦❡ ❝✉r✈❡s ❢♦r t❤❡s❡ t✇♦ ❝♦♥✜❣✉r❛t✐♦♥s

❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✾✳ ❲❡ ♥♦t❡ t❤❛t ❢♦r ❜♦t❤ ❝❛s❡s t❤❡ ✜rst st❛❣❡ st✐✛♥❡ss ✐s ♥❡❣❧✐❣✐❜❧❡✳

❚❛❜❧❡ ✻ ❖♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ✇✐t❤ t❤❡ ❞♦✉❜❧❡✲st❛❣❡ ks ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❝♦♥✲

str❛✐♥t

❈♦♥✜❣✉r❛t✐♦♥s P❡r❢♦r♠❛♥❝❡ ▲❛②♦✉ts ❖♣t✐♠✉♠ ♣❛r❛♠❡t❡r ✈❛❧✉❡s (−Wd)

ηs Fsmax✭lbF✮ ✭lbF/ft✱ lbF · s/ft✱ lbm✮ ✭lbF · ft✮

❉❡❢❛✉❧t ✽✶✳✺✪ ✻✸✽✵✳✸ ✲ ✲ ✷✶✺✼✳✺

❈✶η2 ✽✼✳✼✪✭✼✳✻✪✮ ✺✹✽✷✳✵ ▲✶ ks1 = 520.1, ks2 = 78344, c = 975.9 ✷✶✺✼✳✺

❈✹η2 ✾✶✳✷✪✭✶✶✳✾✪✮ ✺✷✸✵✳✼ ▲✹ ks1 = 0.9, ks2 = 22011, c = 1060.7, ✷✶✺✼✳✺

b = 15.4, k1 = 43697

❈✹F2 ✾✵✳✶✵✪ ✺✶✵✶✳✺✭✷✵✳✵✪✮ ▲✹ ks1 = 3.1, ks2 = 36899, c = 985.1, ✷✶✺✼✳✺

b = 10.4, k1 = 53305
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❋✐❣✳ ✾ ❚❤❡ ❧♦❛❞✲str♦❦❡ ❝✉r✈❡s ♦❜t❛✐♥❡❞ ✇✐t❤ ✭❛✮ ❈✶η2✱ ❈✹η2✱ ❛♥❞ ✭❜✮ ❈✹F2✳

✷✵



❱✳ ❈♦♥❝❧✉s✐♦♥s

❚❤✐s ♣❛♣❡r ❤❛s ✐♥✈❡st✐❣❛t❡❞ t❤❡ ♣♦t❡♥t✐❛❧ ❛✐r❝r❛❢t t♦✉❝❤✲❞♦✇♥ ♣❡r❢♦r♠❛♥❝❡ ❜❡♥❡✜ts ✇✐t❤ ✐♥❡rt❡r✲

✐♥t❡❣r❛t❡❞ s❤♦❝❦ str✉ts ❢♦r ❛ ❧❛♥❞✐♥❣ ❣❡❛r✳ ❇❛s❡❞ ♦♥ ❛ ✷❉♦❋ ♠♦❞❡❧ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ♦❧❡♦✲

♣♥❡✉♠❛t✐❝ s❤♦❝❦ ❛❜s♦r❜❡r✱ t❤❡ ❜❛s❡❧✐♥❡ t♦✉❝❤✲❞♦✇♥ ♣❡r❢♦r♠❛♥❝❡s ❛r❡ ♦❜t❛✐♥❡❞✳ ●✉❛r❛♥t❡❡✐♥❣ t❤❛t

t❤❡ ♦♣t✐♠✉♠ s❤♦❝❦ str✉ts ❛❜s♦r❜ ❛t ❧❡❛st t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ ❦✐♥❡t✐❝ ❡♥❡r❣② ❛s t❤❡ ❜❛s❡❧✐♥❡ s②st❡♠✱

t❤❡ ♦♣t✐♠✐③❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t✳ ❯s✐♥❣ t❤r❡❡ ❞✐✛❡r❡♥t ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✱ t❤❡ str✉t ❡❢✲

✜❝✐❡♥❝②✱ t❤❡ ♠❛①✐♠✉♠ str✉t ❧♦❛❞ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ str✉t str♦❦❡✱ ✉♣ t♦ ✶✹✳✵✪✱ ✷✷✳✵✪ ❛♥❞ ✸✵✳✷✪

✐♠♣r♦✈❡♠❡♥ts ❛r❡ ♦❜t❛✐♥❡❞ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛♥ ✐♥❡rt❡r ❤❛✈❡ ❛❧s♦ ❜❡❡♥

✐♥✈❡st✐❣❛t❡❞✳ ❆♥ ❡♥❡r❣② ❛♥❛❧②s✐s s❤♦✇s t❤❛t ❢♦r t❤❡ ❜❡♥❡✜❝✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✱ ♠♦r❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②

✇✐❧❧ ❜❡ st♦r❡❞ ✐♥ t❤❡ str✉t ❛♥❞ ✈✐❛ t✐r❡ ❝♦♠♣❧✐❛♥❝❡ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ str✉t ❝♦♠♣r❡ss✐♦♥ ♣r♦❝❡ss✳ ❍❡♥❝❡

❛♥ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ t❤❡ ❜❡♥❡✜❝✐❛❧ ❧❛②♦✉ts ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s

♦♣t✐♠✐③❛t✐♦♥ ❛r❡ ✉s❡❞ ❛s t❤❡ ❝❛♥❞✐❞❛t❡ ❧❛②♦✉ts✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ str✉t ❡✣❝✐❡♥❝② ❛♥❞

t❤❡ ♠❛①✐♠✉♠ str✉t ❧♦❛❞ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♠♣r♦✈❡♠❡♥ts ❛r❡ r❡❞✉❝❡❞ t♦ ✾✳✻✪ ✐♥

t❤❡ str✉t ❡✣❝✐❡♥❝② ❛♥❞ ✾✳✵✪ ✐♥ t❤❡ ♠❛①✐♠✉♠ str✉t ❧♦❛❞✳ ■t ❤❛s t❤❡♥ ❜❡ ♣r❡s❡♥t❡❞ t❤❛t t❤❡ ❧✐♠✐t❛t✐♦♥

♦♥ ♣❡r❢♦r♠❛♥❝❡ ❜❡♥❡✜ts ❧✐❡s ✐♥ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ❛♥❞ t❤❡ ❧✐♥❡❛r s✉♣♣♦rt✐♥❣ st✐✛♥❡ss

✉s❡❞✳ ❚❤❡♥ ❝♦♥✜❣✉r❛t✐♦♥s ✇✐t❤ ❞♦✉❜❧❡✲st❛❣❡ s✉♣♣♦rt✐♥❣ s♣r✐♥❣s ❛r❡ ✐♥tr♦❞✉❝❡❞✳ ■t ❤❛s ❜❡❡♥ s❤♦✇♥

t❤❛t ✉♣ t♦ ✶✶✳✾✪ ❛♥❞ ✷✵✳✵✪ ✐♠♣r♦✈❡♠❡♥ts ✐♥ t❤❡ str✉t ❡✣❝✐❡♥❝② ❛♥❞ t❤❡ ♠❛①✐♠✉♠ str✉t ❧♦❛❞ ❝❛♥

❜❡ ♦❜t❛✐♥❡❞✱ r❡s♣❡❝t✐✈❡❧②✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤❡ ❛✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦ ❛❝❦♥♦✇❧❡❞❣❡ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❊P❙❘❈ ❛♥❞ t❤❡ ❈❤✐♥❛ ❙❝❤♦❧❛rs❤✐♣

❈♦✉♥❝✐❧✿ ❙✐♠♦♥ ◆❡✐❧❞ ✐s s✉♣♣♦rt❡❞ ❜② ❛♥ ❊P❙❘❈ ❢❡❧❧♦✇s❤✐♣ ❊P✴❑✵✵✺✸✼✺✴✶ ❛♥❞ ❨✉❛♥ ▲✐ ✐s s✉♣♣♦rt❡❞

❜② ❛ ❈❤✐♥❛ ❙❝❤♦❧❛rs❤✐♣ ❈♦✉♥❝✐❧ st✉❞❡♥ts❤✐♣✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❲❛♥❣✱ ❳✳✱ ❛♥❞ ❈❛r❧✱ ❯✳✱ ✏❋✉③③② ❈♦♥tr♦❧ ♦❢ ❆✐r❝r❛❢t ❙❡♠✐✲❛❝t✐✈❡ ▲❛♥❞✐♥❣ ●❡❛r ❙②st❡♠✱✑ Pr♦❝❡❡❞✐♥❣ ♦❢

t❤❡ ✸✼t❤ ❆■❆❆ ❆❡r♦s♣❛❝❡ ❙❝✐❡♥❝❡s ▼❡❡t✐♥❣ ❛♥❞ ❊①❤✐❜✐t✱ ❘❡♥♦✱ ◆❱✱ ❆■❆❆ P❛♣❡r ✶✾✾✾✲✷✻✺✱ ✶✾✾✾✳

❬✷❪ ◆✐✉ ❈✳✱ ✏❆✐r❢r❛♠❡ ❙tr✉❝t✉r❛❧ ❉❡s✐❣♥✿ Pr❛❝t✐❝❛❧ ❉❡s✐❣♥ ■♥❢♦r♠❛t✐♦♥ ❛♥❞ ❉❛t❛ ♦♥ ❆✐r❝r❛❢t ❙tr✉❝t✉r❡s✱✑

❈♦♥♠✐❧✐t Pr❡ss✱ ❍♦♥❣ ❑♦♥❣✱ ✶✾✽✽✳

✷✶



❬✸❪ ❏❡♥❦✐♥s✱ ❙✳ ❋✳ ◆✳✱ ✏▲❛♥❞✐♥❣ ●❡❛r ❉❡s✐❣♥ ❛♥❞ ❉❡✈❡❧♦♣♠❡♥t✱✑ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■♥st✐t✉t✐♦♥ ♦❢ ▼❡❝❤❛♥✐❝❛❧

❊♥❣✐♥❡❡rs✱ P❛rt ●✿ ❏♦✉r♥❛❧ ♦❢ ❆❡r♦s♣❛❝❡ ❊♥❣✐♥❡❡r✐♥❣✱ ❱♦❧✳ ✷✵✸✱ ◆♦✳ ✶✱ ✶✾✽✾✱ ♣♣✳ ✻✼✕✼✸✳

❬✹❪ ❍✐t❝❤✱ ❍✳ P✳ ❨✳✱ ✏❆✐r❝r❛❢t ●r♦✉♥❞ ❉②♥❛♠✐❝s✱✑ ❱❡❤✐❝❧❡ ❙②st❡♠ ❉②♥❛♠✐❝s✱ ❱♦❧✳ ✶✵✱ ◆♦✳ ✹✲✺✱ ✶✾✽✶✱ ♣♣✳

✸✶✾✕✸✸✷✳

❬✺❪ ❈✉rr❡②✱ ◆✳ ❙✳✱✏❆✐r❝r❛❢t ▲❛♥❞✐♥❣ ●❡❛r ❉❡s✐❣♥✿ Pr✐♥❝✐♣❧❡s ❛♥❞ Pr❛❝t✐❝❡s✱✑ ❆■❆❆ ❊❞✉❝❛t✐♦♥✱ ◆❡✇ ❨♦r❦✱

✶✾✽✽✳

❬✻❪ ❍♦✇❡❧❧✱ ❲✳✱ ▼❝●❡❤❡❡✱ ❏✳ ❘✳✱ ❉❛✉❣❤❡rt②✱ ❘✳ ❍✳✱ ❛♥❞ ❱♦❣❧❡r✱ ❲✳ ❆✳✱ ✏❋✲✶✵✻❇ ❆✐r♣❧❛♥❡ ❆❝t✐✈❡ ❈♦♥tr♦❧

▲❛♥❞✐♥❣ ●❡❛r ❉r♦♣ ❚❡st P❡r❢♦r♠❛♥❝❡✱✑ ◆❆❙❆ ❚▼ ✶✵✷✼✹✶✱ ✶✾✾✵✳

❬✼❪ ❍♦rt❛✱ ▲✳ ●✳✱ ❉❛✉❣❤❡rt②✱ ❘✳ ❍✳✱ ❛♥❞ ▼❛rt✐♥s♦♥✱ ❱✳ ❏✳✱ ✏▼♦❞❡❧✐♥❣ ❛♥❞ ❱❛❧✐❞❛t✐♦♥ ♦❢ ❛ ◆❛✈② ❆✻✲■♥tr✉❞❡r

❆❝t✐✈✐t② ❈♦♥tr♦❧❧❡❞ ▲❛♥❞✐♥❣ ●❡❛r ❙②st❡♠✱✑ ◆❆❙❆ ❚P ✷✵✾✶✷✹✱ ✶✾✾✾✳

❬✽❪ ❈❤♦✐✱ ❨✳❚✳✱ ❛♥❞ ❲❡r❡❧❡②✱ ◆✳▼✳✱ ✏❱✐❜r❛t✐♦♥ ❈♦♥tr♦❧ ♦❢ ❆ ▲❛♥❞✐♥❣ ●❡❛r ❙②st❡♠ ❋❡❛t✉r✐♥❣ ❊❧❡❝✲

tr♦r❤❡♦❧♦❣✐❝❛❧✴▼❛❣♥❡t♦r❤❡♦❧♦❣✐❝❛❧ ❋❧✉✐❞s✱✑ ❏♦✉r♥❛❧ ♦❢ ❆✐r❝r❛❢t✱ ❱♦❧✳ ✹✵✱ ◆♦✳ ✸✱ ✷✵✵✸✱ ♣♣✳ ✹✸✷✕✹✸✾✳

❞♦✐✿✶✵✳✷✺✶✹✴✷✳✸✶✸✽

❬✾❪ ❑rü❣❡r✱ ❲✳✱ ✏❉❡s✐❣♥ ❛♥❞ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❙❡♠✐✲❛❝t✐✈❡ ▲❛♥❞✐♥❣ ●❡❛rs ❢♦r ❚r❛♥s♣♦rt ❆✐r❝r❛❢t✳✑ ▼❡❝❤❛♥✐❝s

♦❢ ❙tr✉❝t✉r❡s ❛♥❞ ▼❛❝❤✐♥❡s✱ ❱♦❧✳ ✸✵✱ ◆♦✳ ✹✱ ✷✵✵✷✱ ♣♣✳ ✹✾✸✕✺✷✻✳

❬✶✵❪ ❙♠✐t❤✱ ▼✳ ❈✳✱ ✏❙②♥t❤❡s✐s ♦❢ ▼❡❝❤❛♥✐❝❛❧ ◆❡t✇♦r❦s✿ t❤❡ ■♥❡rt❡r✱✑ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❆✉t♦♠❛t✐❝

❈♦♥tr♦❧✱ ❱♦❧✳ ✹✼✱ ◆♦✳ ✶✵✱ ✷✵✵✷✱ ♣♣✳ ✶✻✹✽✕✶✻✻✷✳

❬✶✶❪ ❏✐❛♥❣✱ ❏✳❩✳✱ ▼❛t❛♠♦r♦s✲❙❛♥❝❤❡③✱ ❆✳❩✳✱ ●♦♦❞❛❧❧✱ ❘✳▼✳✱ ❛♥❞ ❙♠✐t❤✱ ▼✳❈✳✱ ✏P❛ss✐✈❡ ❙✉s♣❡♥s✐♦♥s ■♥❝♦r♣♦✲

r❛t✐♥❣ ■♥❡rt❡rs ❢♦r ❘❛✐❧✇❛② ❱❡❤✐❝❧❡s✱✑ ❱❡❤✐❝❧❡ ❙②st❡♠ ❉②♥❛♠✐❝s✱ ❱♦❧✳ ✺✵✱ ◆♦✳ s✉♣✶✱ ✷✵✶✷✱ ♣♣✳ ✷✻✸✕✷✼✻✳

❬✶✷❪ ❏✐❛♥❣✱ ❩✳✱ ▼❛t❛♠♦r♦s✲❙❛♥❝❤❡③✱ ❆✳❩✳✱ ❩♦❧♦t❛s✱ ❆✳✱ ●♦♦❞❛❧❧✱ ❘✳✱ ❛♥❞ ❙♠✐t❤✱ ▼✳❈✳✱ ✏P❛ss✐✈❡ ❙✉s♣❡♥s✐♦♥s

❢♦r ❘✐❞❡ ◗✉❛❧✐t② ■♠♣r♦✈❡♠❡♥t ♦❢ ❚✇♦✲❛①❧❡ ❘❛✐❧✇❛② ❱❡❤✐❝❧❡s✱✑ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■♥st✐t✉t✐♦♥ ♦❢ ▼❡❝❤❛♥✲

✐❝❛❧ ❊♥❣✐♥❡❡rs✱ P❛rt ❋✿ ❏♦✉r♥❛❧ ♦❢ ❘❛✐❧ ❛♥❞ ❘❛♣✐❞ ❚r❛♥s✐t✱ ✷✵✶✸✳

❬✶✸❪ ❙❝❤❡✐❜❡✱ ❋✳✱ ❛♥❞ ❙♠✐t❤✱ ▼✳❈✳✱ ✏❆♥❛❧②t✐❝❛❧ ❙♦❧✉t✐♦♥s ❢♦r ❖♣t✐♠❛❧ ❘✐❞❡ ❈♦♠❢♦rt ❛♥❞ ❚②r❡ ●r✐♣ ❢♦r P❛ss✐✈❡

❱❡❤✐❝❧❡ ❙✉s♣❡♥s✐♦♥s✱✑ ❱❡❤✐❝❧❡ ❙②st❡♠ ❉②♥❛♠✐❝s✱ ❱♦❧✳ ✹✼✱ ◆♦✳ ✶✵✱ ✷✵✵✾✱ ♣♣✳ ✶✷✷✾✕✶✷✺✷✳

❬✶✹❪ ❏✐❛♥❣✱ ❏✳ ❩✳✱ ❙♠✐t❤✱ ▼✳ ❈✳✱ ❛♥❞ ❍♦✉❣❤t♦♥✱ ◆✳ ❊✳✱ ✏❊①♣❡r✐♠❡♥t❛❧ ❚❡st✐♥❣ ❛♥❞ ▼♦❞❡❧❧✐♥❣ ♦❢ ❛ ▼❡❝❤❛♥✐❝❛❧

❙t❡❡r✐♥❣ ❈♦♠♣❡♥s❛t♦r✑✱ ❚❤❡ ✸r❞ ■♥t✳ ❙②♠♣✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s✱ ❈♦♥tr♦❧ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ✭■❙❈❈❙P✮✱

✷✵✵✼✱ ♣♣✳ ✷✹✾✕✷✺✹✳

❬✶✺❪ ▲✐♠❡❜❡❡r✱ ❉✳✱ ❙❤❛r♣✱ ❘✳✱ ❊✈❛♥❣❡❧♦✉✱ ❙✳✱ ❛♥❞ ❙♠✐t❤✱ ▼✳✱ ✏❆♥ ❍∞ ▲♦♦♣✲❙❤❛♣✐♥❣ ❆♣♣r♦❛❝❤ t♦ ❙t❡❡r✐♥❣

❈♦♥tr♦❧ ❢♦r ❍✐❣❤✲P❡r❢♦r♠❛♥❝❡ ▼♦t♦r❝②❝❧❡s✱✑ ▲❡❝t✉r❡ ♥♦t❡s ✐♥ ❈♦♥tr♦❧ ❛♥❞ ■♥❢♦r♠❛t✐♦♥ ❙❝✐❡♥❝❡s✱ ❱♦❧✳
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