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1 Introduction

In a continuous-time framework, we consider the problem of defined con-
tribution pension funds contracts in the presence of a minimum guarantee.
The problem of the fund manager is to invest the initial wealth and the (sto-
chastic) contribution flow into the financial market, in order to maximize
the expected utility function of the terminal wealth, which should exceed the
minimum guarantee. In exchange, the fund manager keeps back a percentage
of the surplus. Since we are interested in a long-term investment problem of
typically 30 or 40 years, it is crucial to allow for a stochastic term structure
for the interest rates. We investigate the case in which interest rates follow
the affine dynamics of Duffie & Kan (1996), which includes as special cases
the CIR (Cox, Ingersoll and Ross 1985) model and the Vasicek (1977) model.

Optimal consumption-investment problems are studied in the literature
since a long time (see e.g. Merton 1971 where the interest rates are constant).
Afterwards, many authors have introduced a stochastic term structure for the
interest rates.

On one hand, some papers like Karatzas, Lehoczky and Shreve (1987),
Karatzas (1989) or El Karoui and Jeanblanc-Picqué (1998) do not specify the
stochastic process which leads to very general results. However, the general
feature of the interest rates does not permit to test the results of those papers
by comparing them with reality, since their solutions are not explicit.

On the other hand, papers by Bajeux-Besnainou, Jordan and Portait
(1998, 1999) or Lioui and Poncet (2000) choose a Vasicek specification of the
term structure. This choice permits to obtain a closed-form solution, and to
analyse its behaviour.

In Deelstra, Grasselli and Koehl (2000), we investigated the case where
interest rates follow the Cox-Ingersoll-Ross dynamics. Assuming complete-
ness of the markets and power utility function, we obtained by the use of
the Cox-Huang methodology closed-form solutions for a utility maximization
problem of terminal wealth, without considering contributions or a positive
guarantee.

In this paper, we stress the pension fund problem and we therefore include
a contribution flow and a minimum guarantee. Moreover, we concentrate on
the affine term structure model in order to include both the CIR model and
the Vasicek model. To the opposite of the Vasicek one, the CIR specification
does not permit negative interest rates. This is the main reason why Rogers
(1995) recommends to choose the CIR rather than the Vasicek specification.



However, the literature on pension funds or long-term investment problems
only considers the Vasicek model.

Boulier, Huang and Taillard (2001) study the optimal management of a
defined contribution plan where the guarantee depends on the level of interest
rates at the fixed retirement date. Jensen and Sgrensen (1999) measure the
effect of a minimum interest rate guarantee constraint through the wealth
equivalent in case of no constraints and show numerically that guarantees
may induce a significant utility loss for relatively risk tolerant investors. Both
the papers by Boulier, Huang and Taillard (2001) and Jensen and Sgrensen
(2000) choose a Vasicek specification of the term structure in the spirit of
Bajeux-Besnainou, Jordan and Portait (1998, 1999).

The paper is organized as follows: in Section 2, we define the market
structure and introduce the optimization problem under consideration. We
show also how this problem is related to the pension fund management. In
Section 3, we transform the initial problem into an equivalent one, which
we solve explicitely in the power utility case. In Section 4, we come back
to the solution of the initial problem and we find it explicitely by specifying
the form of the contribution process in some interesting cases. Section 5
concludes the paper.

2 The model

In this section, we present:

(1) the financial market, that is the assets available and their equilibrium
dynamics, given exogenously,

(ii) the optimization program, that is the characteristics of the agent and
his optimization criteria.

We interpret also this modelization in terms of our pension fund problem.

2.1 The financial market
Randomness is described by a 2-dimensional Brownian motion
2(t) = {(2(t), 2 (t))'; t € [0, +o0[}

defined on a complete probability space (€2, F, P), where P is the real world
probability. The filtration F = (F;)i>0, represents the information struc-



ture generated by the Brownian motion and is assumed to satisfy the usual
conditions.

Hereafter E; stands for E(. | F;), the conditional expected value under
the real world probability.

The market is composed of three financial assets, that the agent can
buy or sell continuously without incurring any restriction as short sales con-
straints or any trading cost.

The first asset is the riskles asset (i.e. the cash). Its price, denoted by
So(t),t > 0, evolves according to:

dSo(t)
Solt)

= Ttdt, S[)(O) = ]_,

where the dynamics of the short rate process r; are described by the following
stochastic differential equation:

th = (CL — b?”t)dt — /Tt + ngdz'r(t)u t Z 07 (1)

T0, @, b,m; and n, being positive constants.

These dynamics have been studied by Duffie and Kan (1996). Their paper
shows that, under these dynamics, the term structure of the interest rates is
affine. Moreover, the converse is true under a regularity hypothesis.

Note that these dynamics recover, as special cases, the Vasicek (1977)
(resp. Cox-Ingersoll-Ross 1985) dynamics, when n; (resp. 7,) is equal to
zZero.

The second asset is the stock, whose price is denoted by S(¢),¢ > 0. The
dynamics of S(t) are given by:

%(tt)) = rydt+ 01 (dz(t) + Mdt) +ooy/m7e + 05 (d2e(t) + Aan/myre + n5dt)

(2)
with S(0) = 1 and A\j, A2 (resp. o1,02) being constant (resp. positive con-
stants).

Notice that Merton (1971) considered in a constant interest rate frame-
work only the first volatility term in the risky asset. As the stock prices also
will be influenced by the stochastic interest rates, we introduce the term with
the Brownian motion of the short-term interest rates with the corresponding
affine market price of risk (see Deelstra et al. 2000 in a Cox-Ingersoll-Ross
framework). This is equivalent to assuming that the market price of risk

vector equals A = (A1, Aa/my7e +175)".
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The third asset is a zero-coupon bond with maturity 7', whose price at
time ¢ is denoted by B(t,T), t > 0.

The following proposition fixes the dynamics of the zero-coupon bond
price.

Proposition 1 Let us denote B(t,T) the price at date t of the zero coupon
bond maturing at date T'. Then:

t, T
—CT) = T’tdt + O'B(T — t, T’t) (dZT<t) + )\2 mre + T]zdt) s B(T, T) =1
(3)

op(T —t,1:) = M(T —t)\/1m17¢ + 19

2(e — 1)
- > 4
SOR R ey s W T ety v S @)

6 = \/(b - 771)\2)2 + 21);.

The proof of this proposition is based upon the following Lemma, which
will be crucial in the sequel:

Lemma 2 If the interest rates follow (1), then there exist two deterministic
functions K{*(a, B, T —t), KJ*(v, 8, T — t) such that fora € R,3 >0

E, efochfﬂ ftT reds| _ Kih (CM, Bu T — t)emegl (a,ﬂ,Tft). (5)
Proof See Appendix. B

Proof of the proposition

It is well-known that the dynamics of the bond follow a SDE of the
form (3), where (dz,(t) + Ao\/my7¢ + 15dt) forms a Brownian motion under
the risk-neutral measure and where we have to specify the volatility term.
Stressing the Brownian motion under the risk-neutral measure, we see that
the dynamics of the short term interest rates are given by

dry = (a+ Xany — (b — Xamy)re) dt — /myre + o (dze(t) + Aoy /myre + madt)
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Noticing that the bond price is given by

B(t,T) = E? [e_ftT ’“Sds} = K"(0,1,T — t)e—T‘tKgl(O,l,T—t)7

we find that
dB(t,T
ﬁ = rdt + KJ'(0,1,T — t)\/mre + 0y (dz,(8) + Aan/myre + ndt)
et .
where KJ'(0,1,t) = 57(b7n1)\§§+85t8+b7771)\2) = h(t) with § = /(b — 1m;A2)2 + 21),.
|

At last, we assume that the parameters are such that the financial market
is arbitrage-free and complete. Then, for any ¢ > 0, we can define the deflator
price process

)~ e { - | s [ Ko - [ a0 s ©

with A'(s) = (A1, Aey/mi7s + 112)-

2.2 The optimization program

We consider a financial agent who is the manager of (and is confounded with)
a pension fund.

On one hand, the pension fund is endowed with a strictly positive initial
wealth Wy, and receives a non-negative, progressive measurable and square-
integrable process, at a rate denoted by c(t),t > 0, which represents the
contributions elarged at any time by participants to the pension fund.

On the other hand, the pension fund must in any case (and thus ignoring
death) provide at date T', at least the minimum guarantee G, a strictly
positive square-integrable Fr—measurable random variable; it can be the
value at time T of a benchmark portfolio or an annuity.

We denote by W (t) the wealth of the fund at date t € [0, T7.

From now on, we assume that

E[H(T)Gr] < Wy + E [ /O TH(t)ctdt], (7)

which means that the manager can always choose a strategy such that, at
date T, the surplus W(T') — Gr is (strictly) positive.
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We assume moreover that the manager is controlled by a regulator and
will effectively choose a strategy such that W(T) — Gy > 0 almost surely.
The surplus is then shared according to the following rule:

- the manager takes 5 (W (T') — Gr), where (3 (.) is a strictly increasing
concave function such that §(0) =0,

- the contributors receive W(T') — Gr — 8 (W(T') — Gr).

The manager’s preferences are described by a CRRA utility function de-
fined by:

v(y) = % v € (—o0, \{0}, (8)

The program of the manager is then to maximize the expected utility of
his terminal wealth under feasibility constraints, namely:

max  BU (W(T) — Gr) 9)

(ug)eefo,) €A

where:

- U := v o [ is strictly increasing, strictly concave and satisfies the Inada
conditions U'(4+00) = 0 and U’(0) = +o0,

- the wealth process {W(t)},., is defined by the following dynamics (re-
member that (c;);>o is the contribution process):

AW (t) = W(t)ujdiag [S(t)] " dS(¢) + cidt (10)
— W)l —uf — uf)dssoo(%) + W(t)uf% + W(t)uf%g) o,

W(O) = Wy>0,

with u, = ((1 —uf —uf),uf,u)" and S(t) = (So(t), B(t,T),S(t)),
- A is the set of admissible controls, that is

A= {(w)ecpor) : w € Fr, W(t)u, is square integrable, and W(T') — Gy > 0 a.e.}

(11)
From equation (7), it is easy to see that A # ().
The quantity (1 —ul —u? ) , (resp. u?, resp. u?) denotes the proportion
of wealth invested into the riskless asset, (resp. the bond, resp. the stock).



3 Transformation of the initial problem

Since the wealth process (10) is not a self-financing process, the optimization
program (9) has no standard solution method. In this section, we introduce
an auxiliary process in order to obtain an equivalent program which turns
out to be easier. Indeed, we define the surplus process and we prove that it
is self-financing.

Definition 3 The surplus process Y (t), t > 0 is defined by:

Y(t) =W(t) + D(t) — G(t), (12)
where
D(t) = B, /t Z((j; cods, G(t) = E, E%) GT} .

This process can be interpreted as a surplus process, in the sense that, at
date t, it is equal to:

e the value of the portfolio W (t)

e plus the discounted value of the future engagements coming from the
contributor D(t),

e minus the discounted value of the pension fund future engagement (that
is the guarantee) G(t).

Note also that the value of the process at date T is equal to the surplus
W(T) — Gr, while

Y (0) = Wy —HE/T H(s)csds — E[H(T)Gr] =Yy > 0. (13)

Proposition 4 i) The surplus process is self-financing, that is there exists
a progressive measurable random process (y¢)iep.r) = (1 —y? — y7), v2, y7)
denoting the proportions of Y (t) invested into resp. (So(t), B(t,T),S(t)),
such that

AY(t) = Y(t)y'diag[S()]dS(t) (14)
Y(0) = Y



ii) Let AY = {(&)te[QT] (Y € Fi, Y (t)y: is square integrable and (14) holds
almost surely} denotes the set of admissible controls of the problem

max EU (Y/(T)) (15)

(y,)tefo, 1) €AY
Then the problem (9) is equivalent to (15).
Proof. i) For a given process K; let denote [?t = H,K;. Then:
dY, = dW, + dD, — dG,
From (2), (6), and (10), easy computations lead to:

d (Wt) — W, (@o(t,m) — N (1)) dz, + Gt

0 OB (T —t T’t)
where w0, = (u?,u?) and o(t,r,) = ’ :
B = (o) o oftr) = (G, 2E2E
Using the martingale representation theorem for the Brownian motion,
(Karatzas and Shreve 1990), it turns out that there exists a unique square

integrable process (¢, )iejo,r) With ¢, = (¢, ¢})’, satisfying

T
/O ¢, [P dt < +00 P—ae. (16)

such that B
d <Dt> — —Gdt + (/dz, (17)

Analogously, there exists a unique square integrable process (&)te[O,T]
with p, = (py, pr)’, satisfying

T
/ \ P, > dt < +00 P —a.e. (18)
0

such that _ -
d (Gt> =d (Et [GT]) = p, dz(t)

Finally, we get:



and therefore the process Y (t) is self-financing. Indeed, in order to prove
(14), it suffices to define g, = (y2, ;) as follows:

Y (), = WG, + (D — G [o(t. )| Mt) + B0 [otr) ) (¢~ )
(19)
which ends the proof of i).

ii) Since all terms in the right hand of (19) are square integrable, it follows
that the strategy (yi)icp,r) (resp. (ui)icjo,r)) defined in (19) is admissible for
(15) (resp. for 9). This in turns implies that the optimal values of (9) and
(15) are equal.

If we explicit the expression (14), we obtain

ay (t
Y(i)) = rdt + nyB(T —t,1¢) (er(t> + )\2\/mdt) +

yp [o1 (dz(t) + Midt) + oa\/mre + 1y (dze(t) + Aan/mire + madt)]

Y(0) = Yy>0, (20)
where (&)te[O,T} = ((1 - yig - Z/Eg)7 tha yig) is linked by (19) with (ﬂ)te[O,T}-

4 Explicit solution in the power utility case

We noticed in equation (19) that the optimal strategies (us)cpo,r) of the initial
optimization progam (9) are linked with the controls (y:):co,r] of program
(15). In this section, we therefore derive the explicit expressions of (Ye)teo,1)
of program (15) with a CRRA utility function U as defined in (8). In the
following section, we will fully determine the optimal strategies (u;);cjo,r for
different choices of contributions and guarantees.

In order to determine the solution (1 ):c(o,7] of program (15), we first need
the explicit expression of the following quantity:

(o))

which will be done by using Lemma 5.

t

1+ 20— agb) <
0, then there exist two deterministic functions ki1 (t,c), ka(t, c) such that

E, K%)] = k(T —t,¢) exp {—roka(T — t,)} . (21)

Lemma 5 Suppose that c is a real number such that cn, (
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Proof. We adapt the reasoning of Deelstra et al. (2000). For ¢ = 0 the
statement is obvious, so we concentrate on ¢ # 0. From (6) it turns out that

o K%)? = B [eXp {C/tT <7“s + % (AT + 23 (s + 772))) ds
+e /tT Adz(s) + c/T Az\/md%(s)}}

t

T
= f(T—t,r,c) By {exp —Qry — ﬁ/ rsds} ) (22)

where

AN A3n
f(T—t,r,e) = expc{(T—t) <c?1+?1+)\2a+ 222)‘1‘)\27}}(23)

2
= —c (1 + A"’an — A2b> >0, (24)

a = ch. (25)

We now apply Lemma 2 to (22) and obtain:

H(t)\°
B | () | = AT — b, KT (06, — £) exp—ruK3 (0, 5.7~ 1).
H(T)
(26)
From (26) and (23) we obtain the result, with
AN P¥:
ki(t,c¢) = K" (o, B, 1) ech{ (071 - 71 + Xoa + 22"2) t} , (27)
]{32(ta C) = _)‘20 + Kgl (aa ﬁ: t) . (28)
|
Notice that with ¢ = —1 we obtain the bond price. In the sequel we will

use that indeed

ka(t,—1) = h(2),

with h(t) as defined in (4).
Equipped with (21), we are now able to solve the purely investment prob-
lem (15).

11



Proposition 6 Under the hypotheses of Lemma 5, the trading strategy which
solves (15) is given by

y' = 1-y’ —y),
B kZ(T_t’l_—%) 1 01dy — o9\

= 29
& WT—1) 1=~ oh(T—10) (29)
1A
3
— 701

Proof. Following Deelstra et al. (2000), the optimal surplus process is given
by
H(T)
Y(t)=E I(0H(T

where I(z) = (U')"! (z) = 277, while  is determined by Yo = E[H(T)I (0H(T))].
By applying the previous Lemma, we obtain

vl = osmE, [Hr))
()|
= ) (1o o {onm (1022 ) )

Now we differentiate both sides and by grouping the locally deterministic
factors into [.]dt, we have

dY (t) 1 dH(t)™? Y
Tt) = m H(t)_ —]{32 (T—t,m) d?”t—F Hdt

1
B 1 dH(t)™! ~y
= 1= S HD + ko (T — 1, E /e + nydz(t) + [ dt

_ ! dH(t)_lJer(T—t v )“B<T‘t’”)dzr<t>+[-]dt

— 07 TH(t)7TE,

1—~ H(t) ! "1—~) WT —1t)
1 dH() R (T —t 1—'_%) dB(t,T)
S TS HnT T hT - Beo (30)

which says that there exists a (dynamic) combination of the processes H(t)™!,

. .
B(t,T) and Sp(t) with weights resp. ﬁ, haT-ty) %,

g~ and 1—%—

12



which allows to replicate Y (t) P — a.e. In fact, in (30), since the diffusion
terms are equal, then also the drifts are, for arbitrage arguments. Finally, it
is easy to see that the strategy which replicates the process H(t)~! is given by

((1 - 2—1 — %) : 2—1, %), and we obtain the statement (29). B

5 Solution of the initial problem: examples

The solution (y)cor; = (1 —y2 —v7),y?,y;) of the auxiliary problem
(15), given by (29), is linked with the solution (u;):cjo,77 of the initial problem
(9) by (19).

The aim in this section is to come back to the solution (u;):cjo,r7, given
by

W)E, = Y (1), ~ (Di=G) [o(t,r)] 7 A= H(t) [o(tm)] 7 (¢ —py)s (31)

and to show a methodology for finding explicitly the solution of the pension
fund problem (@,)iwcior) = (uf,w)) 0.7y when the contribution process c;
and the guarantee G assume some interesting stochastic features. This will
permit the fund manager to quantify the impacts on his investment strategy
due to variations of the contribution policy and guarantee.

In order to find (%@, )scjo,r) = (uf ,uf it suffices to find the processes

(92161) . 00 (600)

€[0,7] tefo,1]
Let us consider the following quite general (stochastic) contribution process:

t t t

c; = Coexp {/ (a1(s) + agrs) ds + / azdz(s) + | au\/myre + 772dzr(s)} ,
0 0 0 (32)
with a4 (.) being a deterministic function and as, ag, oy being real constants.
Notice that the specific form of the contributions is similar to the one of the
risky asset: this is quite natural, since in this complete market model contri-
butions must be generated by the market. That is, we make the hypothesis
that the contributions at time ¢ can depend on the entire past salary history.
Moreover, let us consider an interest rate guarantee (see e.g. Jensen and
Serensen 2000): the pension fund assures a deterministic positive interest

rate (g¢)icjo,r], SO that the guarantee G becomes

T T T
Gr = Wyexp {/ gtdt} + / Ct eXp {/ gsds} dt. (33)
0 0 t

13
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Obviously, there must be some admissibility constraint on (g¢):cjo,r] in
order to avoid arbitrage opportunities: for notational reasons we will show
this condition at the end of the section.

First, let us consider the problem of finding <Dt, (Qt)> o’
2t" ) telo,r

Proposition 7 Suppose that the contribution process is given by (32) and
that the following relation holds:

1
M (1 + 5)\%771 —ay + (g — )\2)5) > 0. (34)

Then there exist two deterministic functions A1(t, s), As(t, s) such that
1 T
Dy, = —E H(s)csd
C= ), s

= Ct/t Aq(t, s) exp {—As(t, s)r } ds. (35)

Proof. From (6), by independence of z(t) and (74, 2,(t))it results that

g ’ Lo 10y )\3771
Dy = & [ E|exp ar(u) — 5)‘1 - 5)\2772 +ry a2 —1— 5 du+
t t
+/ (a3 — A\1)dz(u) +/ (g — Az)\/mdzr(u)” ds
t t

= cqexp{(as— Ao)ry}

./tT {exp {/t <a1(u) - %A% - %Ag% + (g — Ag)a + M) du}
E, [exp {—(a4 o) — <1 + %”1 + bl — Ag) — a2) /t ruduH } ds.

We apply now (5) and we obtain the result, with

Ai(t,s) = K*(afB%s—t) (36)
exp {/ts (al(u) - %)\f - %)\3772 + (g — A2)a + L;q)z) du} ,

As(t,s) = KJ'(af (% s —1t) — (ag — Ao, (37)
gC = 1+ %A%nl + (g — Xo)b — g, (38)

af = ay— Ay, (39)

and € = /b + 26°. W
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Proposition 8 Under the hypotheses of the previous proposition, the process
(C )tE[OT (e Ct) is given by

G = H()Di(as — A1), i
o= H(t)\/m{Dt(a4—)\2)+ct < /t Av(t, 5) As(t, 8) exp {— Ao, s)rt}ds)}.

Proof. From (35) it turns out that ¢, (resp. (;) is the coefficient of dz(t)
(resp. dz,(t)) in the development of dD; = d (H(t)D;), so that we can group
the (locally) deterministic factors into [.]d¢ and focus on the others:
dD, = []dt+ H(t)dD, + D,dH(t)
= [Jdt+ H(t)dD, — H(t)D:X'(t,r;)dz(t)

Now we have

d T
dD; = [|dt+D; Ct+Ct (/ Ax(t, s)Aa(t, s) exp {—As(t, s)r:} d3> Ve + nydz,(t)

t

so from (32), we obtain

th = Hdt‘i‘Dﬂ)&gdZ(t)

T
+ [Dta4+0t </ A (t,5)As(t, s) exp {—Aa(t, s)r:} ds)} /117 + madz, (1)
t

Finally,
dD, = [dt + H(t)Dy(os — A\ )dz(t) + H(t)Dy (s — M) /1171 + 12d 2 (¢)

T

+H(t)e </ Ay (t, s)Aa(t, s) exp{—Aa(t, s)r} ds> /e + 1ydz (1)
t

which proves the result. B

By the same methodology, we can determine the processes (Gt, (pt)> o
=" ) tefo,T

for the guarantee G given by (33):

Proposition 9 Suppose that the guarantee Gr is defined by (33) and (34)

holds. Then there ezist two deterministic functions Ai(t,s,T) and As(t, s)
such that

T t T
G, = {WO exp {/ gtdt} —i—/ Cs €XP {/ gudu} ds] B(t,T)
0 0 s

e /t AL (ts. T) exp { / " gudu — Ayt 5)r } ds, (40)
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while the process (p )eelo,r) @5 given by
T T
Py = H(t)cta:),/ Aq(t,s,T) exp{/ gudu — Ay(t, s)r }ds— H(t)GiA,
t ) T t T
pr = /mre+nyH(t) {B(t,T) [Wo exp {/ gtdt} +/ Cs €XP {/ gudu} ds] hT —t)
0 0 s

T _ T _
+cry (/ Ai(t, s, T)exp {/ Gudu — As(t, s)rt} ds>
Tt~ ~ S . ~
+c; (/ As(t, s)Ar(t, s, T) exp {/ gudu — As(t, s)rt} ds) - )\th} .
t S

Proof. We have

G — E {H(T)

70 GT}

_ [WO exp {/OT gtdt} + /Ot - {/T gudu} ds} Bt T)
+ /tT exp {/T gudu} B, [%c} ds.

o [10] - [t

— Bk 01T = en{- [ (n+ 50w )du - [ Xwiz(w

s

—l—/ (o1 (u) + aa(nyry +15)) du + / azdz(u Qgr/MTu + Nodz (u
t

—rsh(T — )}

° Lo 1, (a3 — )‘1)2
= K (0,1, T — s)exp / ag(u) — 5)\1 — 5)\2772 + — 5 du
¢

cexp{a(ag — ) (s —t) + (g — Ao)ry}
B exp {—acrs - ﬁc/ rudu} ,

a = a4+ h(T—5s)
= ag— N+ h(T—5),

with
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where 3° is given by (38). We apply (5) and we obtain the result, with
Ay (t,s,T) and Ay(t, s) defined by analogy with (36) and (37) with a“ replaced
by a“:

Ai(t,s,T) = KM (@6 s—t)KM(0,1,T —s)
s )2
exp {/ <a1(u) — l)\f — 1)\3772 + (g — Ag)a + M) du} ,
' 2 2 2
12{2“7 S) = Kgl (acvﬂca s — t) - (0[4 - )‘2)

Finally, in order to find the process (Bt)te[oﬂ, it is enough to differenziate
the process H(t)G;. R

Remark 1 For the particular case of deterministic contributions (i.e. with
ag = az = ay =0), it turns out that:

T
dD; = —c,dt +/ cs (dB(t, s)) ds
t

and that the process (Qt)te[o,T] = (¢,, ¢} is given by
Ct - —H(t)Dt)\l,

T
(= / csB(t,s)op(s —t,1¢)ds — H(t) Didar/ny1e + 13,
t

while, when the guarantee G is a strictly positive constant, it is easy to check
that the process (p, )iep.r) = (4, P5) is given by

Lat
p, = —HOGrB(t, T\,
pr = (UB(T —t,1) — Ao/ + 772) H(t)GrB(t,T).

As mentioned above, we end this section by showing the admissibility
condition on the interest rate g;: from (7) it follows

T
WoefoT gtdtB<07 T) + / @ftT gsdsTg, le,H(t)B(t, T)] dt < Wy + Dy,
0
then
. T . _
Woefo gtdtB(O,T) + CO/ A1(07t’T>eft gsdszz(O,t)rodt < Wy + Dy,
0

which defines an upper bound for the possible values of the deterministic
process (gt)te[o,T]-
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6 Conclusion

We considered a model for a Defined Contribution Pension Fund: we studied
the problem of a fund manager to invest some given initial wealth and a
contribution flow into the financial market in such a way that the expected
utility of the terminal wealth is maximized and a minimum guarantee is
satisfied at the final date. We investigated the case of affine interest rates
and we supposed the markets to be complete. By introducing an auxiliary
process, called surplus process, we reduced to a purely investment-problem.
This problem has been explicitly solved under the assumption that the utility
function of the fund manager belongs to the CRRA family. Finally we came
back to the solution of the initial problem by specifying the contribution
process and the guarantee.

There are several directions for future research.

First, it would be interesting to extend our approach to the case of in-
complete markets, since the contribution process is not necessarly generated
by the market.

We further notice that the constraint on the surplus does not imply that
the wealth at date ¢, W,, is positive almost surely. In fact, closed-form
solution can be negative with a strictly positive probability. It would be
interesting to study also the constrained case (W(t) > 0, V¢t > 0). In
a consumption-investment framework such problem has been solved by El
Karoui and Jeanblanc-Picqué (1998). In a pension fund context, however,
the fund manager could be more interested in constraints on the surplus
process or he could be interested in ways to diversify the risk that the global
wealth becomes negative over the fund population. It would therefore be
interesting to find some actuarial hypotheses on the fund population under
which this implication is valid for the global fund wealth.
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Appendix

In this appendix, we give the proof of Lemma 2. For the reader’s convenience,
we recall Lemma 2:

Lemma 2 If the interest rates follow

dry = (a — bry)dt — \/mdzr<t)v

with n; > 0,15 > 0, then there exist two deterministic functions

K7 (0, 3, ) and K}'(a, 8,T — 1)

such that for a € R, 3 > 0

B, [emerr 8] = K, 5,T — t)er 8T,
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Proof. Let us consider first the case n; = 0, i.e. the Vasicek dynamics
dry = (a — bry)dt — \/nydze(1).
Since I(o, B, T —t) := —ary — ﬁftT reds is Gaussian, it follows that

E, [e—arT_ﬁ ftTrsds:| — Bl B T—+3Ve[I(,BT—1)]

For s > t,

G a/ e b= gy — \/77_2/ etV dz, (u),
t t

then
a
Eilrr] = re @79 4 7 (1—e®T0),
2 _ob(T—
Vie = B2 (1o ),
while from
T
/ reds = Tt/ b(Stds—l—a/ / S“duds—\/_/ / b= dz, (u)ds
3 t
1 — (T B e b(T—w)
= Tner(T -1 (1= ) \/—/ 0z (u),
we obtain
T 1 — e—bT-) a a
B /t rsds} = (T =) 5 (1),

T T 1— —b(T—u) 2
V. [/ rsds} = 772/ (6—> du,
t t b
T T 1— —b(T—u)
CO’Ut <7”T,/ 7”st> = 772/ €_b(T_u) (—eb ) du.
t t

Finally
E, [efarTfﬂftT'rsds] _ efaEt['rT} ﬂEt[f rsds]+ Vt[rT]JrB Vt[f 'rsds]JraﬂCovt('rTf rsds)

- K][.)(a7 ﬂ) T - t)e_TtKg(O‘nB7T—t)7
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with

KYa,3,T —t) = exp{% <§ — Oz> (1 — e_b(T_t)) —6%(T—t)

a?n, 5277 T /1 _ o=b(T—u) 2
1 — —2b(T—t) 2 / d
—I——4b ( e ) + >/, b U

T _ ,=b(T—u)
1
‘1‘@5772/ e o) <—eb > du} ;
t

KJ(o, 8, T —t) = e b=t 4 % (1 _ e*b(Tft)) .

On the other hand, for n; > 0, let us consider the process

Rt =M + UpbY

with
th = (anl + b772 — bRt>dt — MV thzr(t)

From Pitman and Yor (1982) (see also Lamberton and Lapeyre 1991), it
follows

Et [eiaTTiﬂ ftT 7"st:| — ez_f(a“rﬁ(T—t))Et [e_%RT_% ftT Rads
= K{a,B,T — t)e ke (@810,
with

K@ AT 1) = oo B0t 5T~ )~ (n, + by o (T =0 = m¥e (T 0},
1

n1’n1 n1’ M1

K;h(oz,ﬁ,T—t) = 771\1/& -@(T_t)v

n1’ M
where
2 27613_%
o = —l
rult) n? t (nf)\ (e —1)+vy—b+e(y+1D)
Ay +b+e™(y—=0b)+2u(e’™ —1)
\I/)HH(U) = 2 ” ” )
mA(e" —1) +y—=b+em(y+b)
v o= 0+ 2
|
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