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Abstract — Inthispaper, we continue our study of optimal
linear estimation fusion in a unified, general, and system-
atic setting. We clarify relationships among various BLUE
and WLS fusion rules with complete, incomplete, and no
prior information presented in Part | before; and we quan-
tify the effect of prior information and data on fusion per-
formance, including conditions under which prior informa-
tion or data are redundant.
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1 Introduction

In the previous parts of this series of papers|[9, 6, 8, 7],
we have tackled the problem of optimal linear estimation
fusion in a general, systematic, and unified setting. More
specifically, Part | [9] presents several unified optimal fu-
sion rules in the framework of best linear unbiased estima-
tion (BLUE) and weighted least squares (WLS) and their
underlying unified data model for estimation fusion; Part 11
[6] provides a general discussion and examples of the fu-
sion rules presented in Part |; Part 111 [8] handles the cross
correlation of local estimation errors and presents formulas
for its computation that account for all sources of cross cor-
relation, including those that have been overlooked before
in the literature; Part IV [7] presents theoretical results on
performance efficiency of distributed fusion relative to cen-
tralized fusion and conditions under which distributed and
centralized fusers areidentical.

In this paper (Part V), we continue our investigation on
optimal estimation fusion. More specifically, we clarify re-
|ationships among various fusion rules in the case of com-
plete, incomplete, and no prior information; we quantify
the effects or contributions of prior information and data,
respectively, on estimation fusion; we present conditions
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under which prior information or data are redundant in
that they do not improve optimal estimation fusion perfor-
mance.

The results presented here will enable better understand-
ing of many fusion results available in the literature, such
asthosein[4, 1, 2].

2 BLUE and WLS Fusers

2.1 Unified Linear Data Model

Many results presented in this paper and other parts of
this series assume the following unified data model

y=Hzx+v (1)

where for the centralized fusion, y, H, and v are the ac-
tual observations, its matrix, and observation noise, re-
spectively; for (standard) distributed fusion, they are actu-
aly stacked loca estimates [, ...,4,]", [I,...,I], and
stacked local estimation errors—[z1, . .., Z),]’, respectively.
See Part | [9] for more details. The first two moments are
denoted as
z = E[z], C, =cov(z),

C = cov(v),

Cyy = cOV(z,v)
Y= E[y]a Cy = COV(y)

2.2 Basic Assumptions and Conventions

The following assumptions and conventions are used
throughout the paper. (a) The weight matrix C for opti-
mal WLS is symmetric and positive definite; otherwise the
least squares approach is questionable — zero fitting error
does not imply zero estimation error. (b) Both v and C
for optimal WLS are known for the data model (1). For
the standard distributed fusion, this amounts to assuming
knowing all biases (if any) and cross covariances of the es-
timation errors of local estimates, although we do not ex-
plicitly assume that local estimates are unbiased. (c) For
the datamodel (1), by prior information, we mean that re-
lated to thefirst two moments of the estimatee (i.e., quantity



to be estimated) « directly — z, C,,, and C,, — requiredin
the Bayesian approach; with complete prior information
meansthat z, C,, and C,, are known exactly; with incom-
plete prior information meansthat not al z, C,, and Cy,
areknown or exist; without prior information meansnone
of z, C,, and C,, are known or exist, as in the case of the
classical approach. (c) The H matrix in the unified data
model (1) is nonrandom and known.

2.3 Unified Fusion Rules

We summarize the optimal fusers presented in Part | [9]
for (1) below.

Theorem 2.1 (BLUE fusion given complete prior). Us-
ing data model (1), the (almost surely, i.e., with probability
1) unique BLUE fuser with prior information z, C,,, and
Cpy Of Tis

& = T+ Kly—Hz —17] 2
P = cov(z—2)=C, — KSK' 3
Cy, = HC,H +C+HCy+ (HC) (4)
K = (CH'+Cyy)Cyf ©®)

Intheabove, S+ standsfor the unique Moore-Penrose pseu-
doinverse (MP inversein short) of .S.

Theorem 2.2 (BLUE fusion without prior). For data
model (1) with known v and C', aBLUE fuser without prior
information of z exitsif and only if H hasfull column rank
(i.e, HY = (H'H)7'H'). If exists, it is unique (almost
surely) and given by

t=K(y-v), P=KCK' (6)
where K = HY[I — C(TCT)*]andT =1 - HH™.

Theorem 2.3 (BLUE fusion given incomplete prior).
Given partial prior information: z, a positive semidefinite
symmetric but singular matrix C 1, and C,,,, the BLUE
fuser for data model (1) with known v and C' exists if and
only if H* H = I. If exists, it is given by

2 =VK[V/z),(y—-0)", P=VKCK'V'
where V' = [V, V4] is the orthogonal matrix that diago-
nalizes C,; t: C,; ' = Vdiag(A1,0)V’ such that V; corre-
spondsto A; = diag(Ay,...,Ar) > 0,7 = rank(C, 1), the
optimal gain matrix K is as given in Theorem 2.2 with H
and C replaced by H and C, respectively, given by

R

AT VG
—(V{Cyy)' C
The same uniqueness of & and K as in Theorem 2.2 holds
with H and C replaced by H and C, respectively.
Theorem 2.4 (WLS fusion). The unique optimal WLS

fuser having minimum norm using data model (1) with
knowns and C'is

i, =K,(y—17), P.=KCK,=HCH)T

where the gain matrix is given by
K.=(H'C'H)*H'C™' =pP.HC™!

This minimum-norm fuser becomes the unique optimal
WLSfuserif andonly if H'C—! H isnonsingular, in which
case P, = (H'C tH)™ L.

Theorem 2.5 (Optimal generalized WLS fusion). Given
data model (1) with known @ and C', and prior information
z, C,, and C, such that

~ Cav _va
c=| G, ¢

is nonsingular, the unique optimal generalized WLS fuser
having minimum normis
i=K[@,(y—0)], P=KCK =(HC'H)*
WhgrqH = [I, H']" and the gain matrix is given by K =
PH'C1; this minimum-norm fuser becomes the unique
optimal generalized WLS fuser if and only if H'C~'H is
nonsingular, inwhichcase P = (H'C~'H)~". }
Note that nonsingularity (and positive definiteness) of C
isequivalentto det(C,) # 0 anddet(C — C! ,C71Cyy) #

Tv €T

0 (or det(C) # 0 and det(C, — Cpy C1C2,) # 0).

3 BLUE vs. Least Squares

The following proposition presents their equivalent and
familiar forms of the gain and M SE matrices of the BLUE
without prior (Theorem 2.2) when C' is nonsingular.

Proposition 3.1 (Alternativeform of gain). Thegain ma-
trix and the MSE matrix of the BLUE fuser without prior
given by Theorem 2.2 have the following alternative forms

K=PHC™', P=KCK'=(H'C*H)*"
if and only if C'is nonsingular.

Thisfollows directly from the following lemma.

Lemma 3.1 For any H and any symmetric and positive
semidefinite C, the following holds

HY[I -c(Trocn)t) = (H'C*H)TH'C™'  (7)

if and only if C isnonsingular, whereT =T — HH ™.
This proposition establishes an intimate relationship be-
tween BLUE without prior information and optimal WLS.

3.1 BLUE without Prior vs. Optimal WLS

Both BLUE fuser without prior and WLS fuser use data
to make estimation without prior information. We are inter-
ested in their relationship. Clearly, even the optimal WLS
fuser cannot have an MSE matrix smaller than that of the
BLUE fuser without prior. By definition, the optimal WLS
fuser isthe best fuser in the class of al WLS fusersthat has
the smallest MSE matrix. Asacorollary of Proposition 3.1,



the following theorem states that if exists, it is actually the
best among all linear unbiased fusers.

Theorem 3.1 (Equivalence of optima WLS and BLUE
without prior). Consider linear data model (1) with known
v and C. Assumethat C is nonsingular and H has full col-
umn rank. Then the optimal WL S fuser (given by Theorem
2.4) and BLUE fuser without prior (given by Theorem 2.2)
exist and areidentical.

For linear datamodel (1) with known o and C' but without
prior information, alinear unbiased fuser existsif and only
if H has full column rank. When H does not have full
column rank, the WLS criterion with weight W = C ! is
still meaningful. Its solution, however, is not unique any
more. The one with minimum norm is given by

t=Ky, P=KCK', K=(HC'H"™HC™*
By Proposition 3.1, the formulas given in Theorem 2.2
when C~! exists reduce to this minimum-norm solution.
Asaresult, these formulas can be thought of giving agener-
alization of the minimum-norm optimal WLS fuser, which
is biased when H does not have full column rank.

3.2 BLUE with Prior vs. Optimal General-
ized WLS

Similarly, we are interested in the relationship of BLUE
and WL Sfusersthat use prior information. Aswith the case
without prior, while any WL S fuser using prior cannot have
an M SE matrix smaller than that of the BLUE fuser, the op-
timal WL S fuser (i.e., the best fuser in the class of all WLS
fusers) is actually the same as the BLUE fuser and thusis
optimal among all linear unbiased fusers, as the following
theorem states.

Theorem 3.2 (Equivalence of optima WLS and BLUE
given prior). Consider linear data model (1) with known v
and C' and complete prior information (z, C',, and C,.).
Assume that C' of Theorem 2.5 is nonsingular. Then the
optimal generalized WL S fuser (given by Theorem 2.5) and
BLUE fuser with complete prior (given by Theorem 2.1)
exist and areidentical.

Since optimal generalized WL Sis actually optima WLS
with prior mean treated as extra data (see Proposition 4.2),
this theorem follows directly from Theorem 4.1, which
states that BLUE with complete prior for linear data model
can always be converted to BLUE without prior by treating
prior mean as extradata.

3.3 Remarks

BLUE without prior exists when optimal WLS exists,
but optimal WLS may not exist when BLUE without prior
exists. Likewise, BLUE with complete prior exists when
optimal generalized WLS exists, but optimal generalized
WLS may not exist when BLUE with complete prior ex-
ists. These two theorems state that they are identical when
they both exist.

4 Effect of Prior Information

4.1 BLUE: With Prior vs. Without Prior

What is the relationship between BLUE fusion with and
without prior? Can one be converted to the other? The
following theorem states that for alinear data model BLUE
fusion without prior is more general than BLUE fusion with
complete prior in that any latter problem can be converted
to aformer problem.

Theorem 4.1 (Conversion of BLUE with prior to BLUE
without prior). For the linear data model (1) with known
v and C', BLUE with complete prior information (z, C,
and C,) can always be converted to BLUE without prior
information by treating the prior mean z as extradatain the
linear model: z = = + (z — z). More specifically, BLUE
with complete prior information (z, C,, and C,,) for the
linear data mode! (1) with known v and C' aways coincides
(almost surely) with BLUE without prior information for
the linear datamodel § = Hz + @ with

(]
E[)] = {2] =

whichis given by

& = K(j - El#),

I
| —
@ 8

P=KCK', K=[I-KHK]

€)
where K is the gain matrix of the BLUE fuser with com-
plete prior, given by Theorem 2.1.

Note that in this case, the gain matrix of BLUE without
prior does not involve MP inverse.

Albeit close, Theorem 4.1 does not imply that Theorem
2.1 can be derived from Theorem 2.2, which should be true
but has not been shown explicitly here because we have not
derived the specific formulas given in Theorem 2.1 from
those of Theorem 2.2. What Theorem 4.1 shows is that
prior information can always be completely embedded into
alinear data model with prior mean as data. In fact, The-
orem 2.2 is valid no matter if the estimatee « is random or
not. It can be thus viewed as a unification of classical and
Bayesian linear estimation fusion. For random z, it ismore
precise to state Theorem 2.2 as giving the BLUE fuser for
the case with unknown z (i.e, regardlessif C', or C,, is
known or not), rather than without prior. In other words,
the BLUE fusion formulas in this case are invariant with
respect to C, and C,, (evenif they are known) provided z
is unknown—the possible effect of C', and C,,,, comesonly
through other quantities, e.g., C. For example, Theorem
2.2 isvalid whether C,,, of the data model (1) is known or
not.

Theorem 4.1 is the foundation of an approach to optimal
linear update with out-of-sequence measurements[11].

The following theorem states that BLUE without prior
can also be converted to BLUE with complete prior.



Theorem 4.2 (Conversion of BLUE without prior to
BLUE with prior). The problem of BLUE without prior
using data y = Hz + v can adways be converted to
that of BLUE with complete prior z = H; 'y, C, =
H'cov(vy)(HY)', and C,, = —H; 'cov(vy,vs) using
data yo = Hsx + vy (i.e., the two BLUE estimators are
identical amost surely), where H; is nonsingular, formed
by proper rows of H such that

|ow-[]
U2

Ay=| ® AH =
o=\ =]

with Au denoting some row-interchanging version of vec-
tor u.

The key in the application of this theoremisto find H,
for the problem at hand.

H,
Hy

4.2 Contribution of Prior to BLUE

For the same linear data model, BLUE fuser without
prior clearly can never have a smaller MSE matrix than
BLUE fuser with complete prior information since the lat-
ter uses more information optimally. The questions are: (a)
how much worse? (b) can they be the same? Clearly, they
arethe sameif and only if the prior information turns out to
be redundant given the datafor the problem. Thefollowing
theoretical results answer these questions.

Lemma 4.1 (Redundancy condition of prior for BLUE).
Let #1 and 22 = K»(y — v) be BLUE with complete prior
and without prior information, respectively, using the same
data y with known mean error . Then a necessary and
sufficient condition for ¢, = &, almost surely is K»C\y =
Cyy, WhereCy = cov(y) and Cy,, = cov(z,y).

Note that this theorem is valid regardless if y islinear or
nonlinear in the estimatee 2 provided BLUE without prior
isgivenintheform &, = Ko(y — ©). By Theorem 2.2, z,
is always of this form for linear data model (1). For linear
data, we have the following stronger results.

Theorem 4.3 (Redundancy conditions of prior for
BLUE). Consider linear data model (1) with known v and
C. Let z; and Z» be BLUE with complete prior and with-
out prior information, respectively, using the same data y.
Then the following statements are equivalent.

(@ #; = &2 admost surely (i.e., prior information is re-
dundant for BLUE)

(b) Thegain matrix K, of 2, satisfies K»,Cy = Cyy.
(c) Thegain matrix K, of &, satisfies K»,C\, = 0.
(d (I -C,,Cy,)H hasfull column rank; that is,
[(I = CoyCL)H]TI(I = CoyCIHH] =1 (9)

where Cf, isthe MPinverse of '\, = cov(v,y).

(e) Thefollowing condition holds

[ - C.,Cy HI[(I — C,CN)H]T[(I - C,Cy ) H]
= I-CyCiH (10)

Note that by Theorem 2.2, BLUE without prior existsif
and only if H hasfull column rank.

The redundancy conditions given in Theorem 4.3 are
genera—it holds whenever BLUE without prior exists for
the model (1) with known v and C. With additional as-
sumptions, we have stronger results, as stated in the foll ow-
ing corollaries.

Corollary 4.2 (Sufficient condition for redundancy of
prior for BLUE). Consider linear data model (1) with
known v and C. Then prior information is redundant for
BLUE if rank[Cy, H] = rank(C}y) and I — C,,C;f H = 0.

This corollary follows from Theorem 4.3, in particular,
(10), immediately since rank[C',, H] = rank(C,) is equiv-
denttoC,C,fH = H.

Corollary 4.3 (Contribution of prior to BLUE). Consider
linear data model (1) with known 7 and C'. Assume that C
of Theorem 2.5 is nonsingular. Then the contribution of the
prior information (z, C,, and C,,) to BLUE fusion in the
sense of Fisher is given by

P1_1 - P2_1 =(I+ vac_lH),(Cx - szc_lcalcv)_l
(I + CyuC™'H)

where P, and P, are the MSE matrices of BLUE fusers
with complete and without prior information, respectively.
In particular, the prior information is redundant for BLUE
fusion—BLUE fuser with complete prior information is
(amost surely) identica to BLUE fuser without prior
information—if and only if
I+C,,C'H=0 (12)

Corollary 4.4. Consider linear data model (1) with
known ¢ and C. AssumeC > 0, C, > 0, and C,, = 0.
Then the prior information (z, C) is useful for BLUE
fusion—BLUE fuser with complete prior information has
a smaller MSE matrix than BLUE fuser without prior
information—and the contribution of the prior information
isPTt - Pyt =C

This corollary indicates that in the usual case (C' > 0,
C,; > 0,and C,, = 0), the optimal use of the prior mean
and covariance does improve the performance of BLUE fu-
sion; and the prior information and the data information are
additive because they are uncorrelated (“independent”).

It should be clear from these results that the performance
“limits” discussed in [1, 2] are valid only in the sense that
prior information is either unavailable or redundant, which
is, however, not the usua case for steady-state filtering
(e.g., a-p filtering), where C; := limy_, o Pyjp—1 > 0.



4.3 BLUE: Partial Prior vs. No Prior

In practice, it is sometimes more desirable to define a
singular C; 1 and thus the corresponding covariance C',
does not exist!. This would be the case if prior informa-
tion about some but not all components of z were avail-
able. For example, when tracking an aircraft just taking
off from an airport, it is easy to determine the prior velocity
vector (it must be within acertain velocity range) with a co-
variance, but not the prior position vector (it can be over a
much larger region). A practical means of specifying such
knowledge is to set the corresponding elements (or eigen-
values) of C,, to infinity (or more appropriately, set C ;! to
zero). Such an incomplete prior problem can be converted
to a problem without prior information, as the following
lemma states.

Proposition 4.1. Given partial prior information: z, a
positive semidefinite symmetric but singular matrix C';*,
and cross covariance C',.,,, the corresponding BLUE fusion
for data model (1) with known @ and C' can be converted
to BLUE without prior information (Theorem 2.2) with H
and C replaced by H and C' of Theorem 2.3.

Theorem 2.3 is actually an immediate consequence of
this proposition. In fact, the proof of Proposition 4.1 is em-
bedded in the proof of Theorem 2.3, asfoundin [9].

4.4 Optimal WLS: Role of Prior

The WLS method isusually limited to the case where the
estimatee z is unknown and there exists no prior informa-
tion. As supported by Theorem 4.1, the optimal general-
ized WLS fusion treats prior mean as extra data optimally.
The following proposition states that the optimal general-
ized WLS fuser is actually a specia case of the optimal
WLS fuser by embedding prior information into a linear
data model with prior mean asdata: 7 = x + (z — z).

Proposition 4.2. Given prior informationz, C',, and C,,
and datamodel (1) with known @ and C suchthat C' of The-
orem 2.5 isnonsingular, the corresponding optimal general-
ized WLS fuser (given by Theorem 2.5) exists and isiden-
tical to optimal WLS fuser (given by Theorem 2.4) with H
and C replaced by H and C' of Theorem 4.1, respectively.

The optimality of this prior information embedding by
themodel z = = + (Z — «) for WL S follows from the fact
that after embedding the optimal WL Sisidentical to BLUE
with complete prior (Proposition 4.2 and Theorem 3.2).

The optimal WLS can never have a smaller MSE matrix
than that of the optimal generalized WLS fusion since the
latter uses prior information optimally. However, they can
have the same MSE matrix when the prior information is
redundant. The following theorem presents the improve-
ment of the optimal generalized WL S over optimal WLSin
terms of MSE matrix, including a necessary and sufficient
condition for them to be the same.

1o Visjust asymbol here, not the inverse of any matrix, although it
is meant to be the inverse of C if it exists.

Theorem 4.5 (Contribution of prior to optimal WLS).
Consider linear data model (1) with known o and C. As
sume that C' of Theorem 2.5 is nonsingular. Then the con-
tribution of the prior information (z, C,., and C,,) to opti-
mal WLS fusion in the sense of Fisher is given by

PGTNL — PW_Li = (I 4+ Cp,C H)'(C, — CpCtCL )H
(I +CyCH)

where P,  and P, . arethe M SE matrices of optimal gen-
eralized WL S and optimal WL Sfusers, respectively. In par-
ticular, the prior information is redundant for optimal WLS
fusion—optimal generalized WL S and optimal WL S fusers

areidentical (almost surely)—if and only if

I+CpC H=0 (12)

Note that C, > C,,CC!, whenever C' of Theo-
rem 2.5 is nonsingular and thus this theorem follows from
Corollary 4.3, Proposition 4.2, and Theorem 3.2.

5 Contribution of Data

Given aparticular piece of random data, we may ask sim-
ilar questions: Will the optimal use of it improve BLUE fu-
sion? If the answer is yes, how much is the improvement?
The following theorem answers these questions.

Theorem 5.1 (Contribution of datato BLUE). Consider
thelinear datamodel (1) with known o and C'. Assume that
C of Theorem 2.5 is nonsingular. Then the contribution of
thedatay to BLUE fuser having M SE matrix P inthe sense
of Fisher is given by

P—l _ Ca:_l — (H + Cl C—l)l(c _ Cl C_lczv)_l

Tv €T Tv T

In particular, data y carries no useful information beyond
the prior informationif and only if HC, + C%, =0
Note that the above condition becomes

pt-Ct=HC'H="P"

if Cpy = 0, where P, isthe MSE matrix of BLUE fuser
without prior information.

It is intuitively correct that data would not help BLUE
fusion if it is uncorrelated with the estimatee (i.e., C, =
0), which aso follows rigorously from MSE(z) = C, —
CWCJ C;:y. Thefirst part of the theorem thus followsfrom
the fact that C,,, = C, H' + Cy, for linear datamode! (1).

6 Summary

In this paper, we have clarified the following: (a) the
relationships between BLUE and WLS fusion; (b) the re-
lationships between BLUE fusion with complete, incom-
plete, and no prior information; (c) the relationships be-
tween WLS fusion with and without prior information; (d)



the contribution of prior information to BLUE and WLS
fusion, in particular, conditions under which prior informa-
tion is redundant for BLUE and WLS fusion; (€) the con-
tribution of data to BLUE and WLS fusion. In addition,
we have also shown the following: (@) treating prior mean
as extra data in a linear model that accounts for the prior
covariance does not lose the optimality of BLUE and WLS
fusion; (b) BLUE with complete prior and without prior can
be mutually converted.

In our opinion, the results presented in this series of pa-
pers, along with existing results in the literature, form es-
sential ingredients of a basic theory of linear estimation fu-
sion. These results also have wide application in state es-
timation fusion, as evidenced by the fact that they include
most existing linear fusion formulasfor distributed filtering
as specia cases. Nevertheless, fusion for estimation of a
process does have its own problems and emphases, which
will be handled in several forthcoming papers.

A Appendix

A.1 Proof of Lemma 3.1

The following lemmais needed in our proof.
Lemma. The following holds for any H and any sym-
metric and nonsingular R:
(R*H)* = H'R[I — (TR)" (TR)]

whereT =1 - HHT.

Proof: It suffices to show that X = HTR[I —
(TR)*(TR)]istheMPinverseof A = R~'H. Notefirst
thaa TH = 0 and (B™B)' = B* B forany B. Then

AXA=R'HH'R[I - (TR)*(TR)]R 'H
=R 'HH"H-R 'HH'R(TR)"TRR'H
=R 'HH"H=R'H=A
XAX =HYR[I - (TR)Y(TR)|JR"'HH'R
I = (TR)*(TR)]
= HHTHR[I — (TR)" (TR)]
=H'R[I - (TR)"(TR)] = X
AX = R"'HHTR[I — (TR)"(TR)]
=R '(I-T)R[I - (TR)"(TR)]
= ([ - R 'TR)[I - (TR)"(TR)]
=I—-R'TR—- (TR)*(TR)
+R'TR(TR)"(TR)
=I1-(TR)"(TR)
(AX) =[I - (TR)*(TR)] =1 — (TR)*(TR) = AX
XA=H'R[I - (TR)"(TR)R™'H
=H'RR'H=H'H
(XA) = (HYH) =H"H=XA
Thus, the lemma follows since al the four Penrose condi-
tions are satisfied. |

The proposition is meaningless if C is singular. As
sume that C' is nonsingular. Let C''/? be the positive-
definite symmetric square-root matrix of C, which al-
ways exists and is in fact unique since C > 0. Since
Bt = (B'B)*B' = B'(BB')"™ and it can be shown that
(TCT)T =T(TCT)" = (TCT)*T, we have
(CY?myt = (Tct*erPTytTet? = (TeT)tTet?

=T(rcT)tet/? = (Tt
Taking transpose of the last equation above leads to
(et = (ret*)rr = o3 (rer)t
It thus follows that
(H'C*H)"H'C!
— (ch—l/Qc—l/QH)+(ch—l/2)c—l/2
— (0_1/2H)+C_1/2
— H+01/2[I _ (T01/2)+T01/2]071/2
— H+01/2[I _ (T01/2)+Cl/2]071/2
= HT[I - CV*(1CY*)*) = HY[I — C(TCT)*]

where use has been made of the above lemma. When C'is
nonsingular, K is unique and the above shows that

K=H"I-C(TCT)|=(H'C'H)*H'C™*

Finally,
P=KCK'
=[(H'C'H)TH'C|]C[(H'C'H)tH'C™Y]
=(H'CT'H)"

A.2 Proof of Theorem 4.1
Treat the prior mean z as data, that is,

<[] [ 4[] e

Clearly, H hasfull column rank and thus BLUE fuser with-
out prior always exists. Consider a particular gain matrix
K = [I-KH, K], where K isthegain matrix of the BLUE
fuser with complete prior, given by Theorem 2.1. Since

- - I

KH =[I-KH, K] [ H } =1
& = K(j — E[0]) isalinear unbiased fuser without prior,
which is not necessarily BLUE. On the other hand, how-
ever, we have

4= K(j—E[f]) = - KH, K] {yfv}

=(I-KH)z+K(y—7)



whichisequal to the BLUE fuser with complete prior (The-
orem 2.1) and thus it minimizes MSE matrix. Therefore, it
must be the BLUE fuser without prior due to the unique-
ness of this BLUE fuser (Theorem 2.2), although the gain
matrix is not necessarily unique.

A.3 Proof of Theorem 4.2

Note first that by Theorem 2.2, BLUE without prior ex-
istsiff H hasfull column rank and thus the nonsingular H
dways exists. Asaresult, y; = Hyz + v, and H 'y, =
x + H;'w, areequivalent. Treating y, = Hox + v, asthe
data model for BLUE with prior and H; 'y, as the cor-
responding prior mean #, we have # = = + H, 'v; =
z + (z — z) and thus C, = H,; ‘cov(vy)(H; '), and
Cyy := Cyyy = —H, *cov(vy,v2). Notethat z so defined
is actually random and possibly correlated with y- or v,
but BLUE with complete prior (Theorem 2.1) is still valid
in these cases because more fundamentally it is valid for
estimating the random variable z = = — Z. By Theorem
4.1, this BLUE with prior coincides almost surely with the
BLUE without prior using datay = Hx + v.

A.4 Proof of Lemma 4.1

Let u = 2, — Zo. Itiswell known that ; = z, almost
surdly iff a = 0 and C', = 0. Here

i = E[#) — &) = E[#,] — E[#s]) =% -2 =0

sinceboth £, and z5 areunbiased. It isasowell known that
BLUEwith priorisgivenby &, = 2+ K1 (y—9),VK; € K,
where K istheset of K = C,,, Cf + A(I — C,C;f) forall
compatible matrices A. Since &, = K»(y — @), we have

Cu =cov[Z + Ki(y — ) — Ka(y — 9)]
= CoV[(K1 — Ka)y] = (K1 — K3)Cy (K1 — K>)'

Hence, C,, = 0iff (K — K»)Cy = 0, that is, K1C,, =
K,C, or [C.yCf + A(I — C,CH)C, = K)Cy, or
CuyCfCy = K»C,, whichis equivalent to C,,, = K»C,
since C,, Cf Cy = Coy.

A.5 Proof of Theorem 4.3

(& = (b): It follows from Lemma4.1.

(b) = (c): SinceCy = HC,y + Cyy, condition (b) (i.e.,
K,C, = C,) becomes

KoHCyy + KoCyy = Chy
or equivalently C,, + K2Cyy = Cyy because Ko H = 1
holds for al BLUE without prior, which is K>C,,, = 0.

(c) = (d): K»C,, = 0 aways has a solution and the
genera solutionis

K, =A( - vaC;gl)

where A is any matrix of the same dimension as K». Since
I=KyH = A(I - Cy,, G )H
the condition becomes
A(I - CpCf)H =1

A necessary and sufficient condition for this equation to
have asolution for A is

(I = Coy Co ) H]T[(I = Coy Oy ) H] = T

(b) = (e): Itiswell knownthat the equation K »C,, = Cyy
has a solution iff C,,C;C, = C.,, which aways holds
true. Its general solutionis

Ky = CoyCF + A(I - C,C))
where A is any matrix of the same dimension as K ». Since
I=K,H=C,,CfH+A(I - C,CHH
condition K»C\y = C,, becomes
CoyCf H+ A(I -C,CHH =1

or
A(I-C,CHH =1—-CyCfH

A necessary and sufficient condition for this equation to
have a solution for A is

[I = Coy Oy HI[(I = C,C)H]T[(I = C, Oy H]
=1-C,,C/H

In essence, the conditions in this theorem are al equiv-
alent to the condition that the gain matrices Ky and K, of
BLUE with prior and without both belong to K, where K is
theset of K = C,,C,f + A(I — C,C,}) for al compatible
matrices A.

A.6 Proof of Corollary 4.3

It can be shown that Corollary 4.3 followsfrom Corollary
4.2. However, we provide a more direct proof here. Note
that by Proposition 3.1, the MSE matrix of BLUE without
prior is P, = (H'C~'H)~'iff C > 0, while by Theo-
rem 4.1 and Proposition 3.1, the BLUE fuser with complete
prior when C~! exists is actually the optimal generalized
WL S fuser and thusits MSE matrixis P, = (H'C—1H) .
Using Schur’sidentity on theinverse of a partitioned matrix
and thefact that C' > 0 <= {C > 0,C, > C,,C~'C",}
(see, eg., Theorem 7.7.6 of [5]), it is straightforward to
show the following identity

H'C™VH = (I + CpoC H) (Cy — CpuC™1C" )™
(I+CepC*H)+ HC'H



Note also that C' > 0 <= det(C) # 0 since C isacovari-
ance matrix. Hence

Pfl - P271 =+ szc_lH)l(Cz - vac_lcé:v)_l
(I +CyyC™ H)

The BLUE fuser with complete prior information is (almost
surely) identical to BLUE fuser without prior information
iff P, = P». Since C, — C,,C~1C!,, is positive definite
under the stated assumption, P, = P, (i.e, H'C 'H =
H'C'H)iff I + C,,C~'H. This completes the proof.
Infact, the sufficiency that I + C,,C ' H' implies P, =
P; can be shown under the weaker assumption that P, =
(H'C—'H) ! asfollows. (4) and (11) imply that

(H'C~'*H)y"*H'C~'C,
D o H + (H O H)TH + O,
HH'CH) 'H'CCL H'
W o1+ Cpy = Cy
Then we have

P = C,—CyyCrCl,
= C,—(H'C'H)'H'C~'C,C™'H
_(ch—lH)—l
e, —1C.+HCH) " +CuC T H
(H'CT'H)' +(H'C'H)*H'C'(C!,]
Y _wotm)yt yomce B = Py

A.7 Proof of Proposition 4.2
Treating prior mean = as extra data in the model z =

z + vo with cov(vg) = cov(z — z) = C,. Letg, H,
E[#] = [0,7"]", and C be as defined in Theorem 4.1. Then,
by Theorem 3.1, for datamodel j = Hx + o BLUE with-
out prior becomes optimal WLS if C is nonsingular. In
other words, the original optimal generalized WLS prob-
lem of estimating arandom variable with prior information
becomes an optimal WLS problem without prior informa-
tion.

A.8 Proof of Theorem 5.1

It followsfrom MSE(z) = C, — C,, Cf C}, and Cyy =
C.H' + C,, for linear datamodel y = Hz + v that y is
not useful for BLUE fusion if C, H' + C,, = 0. Using
Schur’s identity on the inverse of a partitioned matrix and
thefactthat C > 0 <= {C, > 0,C > C.,C;'Cyy} (Se8,
e.g., Theorem 7.7.6 of [5]), it is straightforward to show the
following identity

HC'H=(H+C.,,C;Y(C-C.,Co C) ™"

v T

(H+cCL,Cc;h+0t

Note also that C' > 0 <= det(C) # 0 since C' isacovari-
ance matrix. Hence

PloCt = (I +CpC tH) (Cy — CpuCiCL,)
(I + CyuC ' H)
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