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Abstract

We study optimal liquidity trading in a framework where trade size has a price impact. A liquidity
trader wishes to trade a fixed number of shares within a certain time horizon and to minimize the
mean and variance of the costs of trading. Explicit formulas for the optimal trading strategies show
that risk-averse liquidity traders reduce their order sizes over time and execute a higher fraction
of their total trading volume in early periods when price volatility increases or price sensitivity
decreases. In the presence of transaction fees, numerical simulations suggest that traders want to
trade more frequently when price volatility or price sensitivity goes up. In the multi-asset case,
price effects across assets have a substantial impact on trading behavior, as does continuous-time

trading.



What is the optimal trading sequence of a person who wishes to buy (or sell) a certain portfolio
within a certain time, and knows how trades affect prices? Bertsimas and Lo (1998) show that to
minimize the expected costs of trading a fixed number of shares, a trader should split his orders
evenly over time. They introduce an autocorrelated news process and consider different price
processes to study how the even-split result changes in a risk-neutral world. We extend Bertsimas
and Lo in several other directions by allowing risk aversion, nonstationary price-impact functions,
transaction fees, and continuous trading. We focus exclusively on linear price-impact functions
following Huberman and Stanzl (2000), who argue that in the absence of arbitrage opportunities,
price-impact functions are linear.

The trader wishes to minimize the mean and variance of total trading costs. A time-consistent
solution of this optimization problem exists and is unique if arbitrage opportunities are ruled out.
The most important feature is that the optimal trades are independent of past random shocks such
as the arrival of new information. If the price-impact function is stationary, trade sizes decline over
time. The comparative statics show that lower aversion to risk, lower price volatility, and higher
sensitivity of price changes to trade size all lead to less aggressive initial trading, i.e., to more
evenly distributed trade sizes. If price-impact functions are not stationary, more aggressive trading
is desired when price sensitivity is lower.

In practice, multiple assets are traded simultaneously. In this case, the traded volume of one
asset presumably affects not only its own price but also the prices of other assets. To account for
cross-price impacts, we extend the analysis to allow for trading a portfolio of securities and derive
dynamic trading rules that describe how to optimally rebalance a portfolio.

If the time between trades shrinks to zero, the discrete-time solution of the liquidity trader’s
problem with risk aversion does not exhibit a well-defined continuous-time limit: the trader would

like to trade with infinite speed in the beginning, for he only cares about the variance of his trading



costs when the time between trades is small. However, by incorporating an additional temporary
price impact we obtain a well-behaved convergence of the discrete-time solution to its continuous-
time limit.

Another modification that allows continuous-time modeling is the incorporation of a fixed per-
transaction fee. In the absence of transaction costs, a trader who could select the frequency of
his transactions would trade continuously. In the presence of fixed per-transaction costs, a higher
price volatility or higher price sensitivity with respect to trade size increases the optimal trading
frequency. When the trader transacts more often, he can submit smaller orders in each period,
which lessens the total impact of his trades on the prices. In addition, the more frequent the
transactions, the smaller is the price volatility between trades.

An alternative to the mean-variance minimization is the objective to minimize the mean and the
total (quadratic) variation of the trading costs over time. In this case, the trader cares more about
the instantaneous volatilities of the costs accumulated over the whole trading horizon than only
about the volatility of the total trading costs. Traders who face cash constraints during trading
may prefer this objective to the mean-variance minimization. We prove, however, that the optimal
trading strategy has similar qualitative properties as the mean-variance optimal trading strategy.

The remainder of this paper is structured as follows. The liquidity trader’s minimization prob-
lem is introduced in Section 1, together with examples of speculative and insider trading that boil
down to liquidity trading when the number of shares in the portfolio is fixed. Section 2 estab-
lishes the existence and uniqueness of the liquidity trader’s optimization problem and discusses the
properties of the optimal trading behavior. Section 3 examines portfolio trading. Section 4 studies
the optimal trading frequency in the presence of fixed transaction costs. Section 5 investigates
the convergence behavior of the discrete-time solutions and Section 6 generalizes the discrete-time

framework to continuous time. Section 7 contains concluding remarks. All proofs are in the Ap-



pendix.

1 The Optimization Problem

Consider a market in which a single asset is traded over N periods. At each period, traders submit
their orders simultaneously, and the price change from one period to the next depends on the
aggregate excess demand. (Presumably, there is a market maker outside the model who absorbs
this excess demand.) Orders are placed before the price change is known. Only market orders are
considered.

From the perspective of an individual trader, the total trading volume at time n is given by
Gn + n,,, Where g, denotes the trader’s order size and 7,, is a random variable representing the
unknown volume of the others. (Negative quantities are sales.) We assume that {n,, }°° is an i.i.d.
stochastic process with zero mean and finite variance 0727, defined on the probability space (2, F, ).

The initial price of the asset at time n, p,, which is observed by each trader before choosing
his quantity g, is the last price update computed after the trades in the previous period n — 1.
Given the initial price, an individual trader faces the transaction price p, = pn + A\n(@n + 1,,),
where the real number )\, > 0 measures the price sensitivity with respect to trading volume.
Hence, a trader expects to pay (pn + Angn)qn if he wants to buy the quantity ¢,. After all trades
have been executed at time n, the new price update for the next period is calculated according to
Pnt1 = aPn + (1 — a)pp, + €pt1, where 0 < a < 1 and €,,41 incorporates news into the price.

The updating weight o determines the size of the price updates. The lower the «, the stronger
is the impact. If o = 0, expected price updates and transaction prices coincide, and the price

dynamics reduce to

Pn = DPn-1+ )\n(Qn + 77n) + en. (1)



Trade size has only a temporary price impact if & = 1. The stochastic process {e,}5° ;, defined on
(Q, F, ), is i.i.d. with zero mean and variance o2, and it is independent of {n,,}°;. Note that the
zero-mean assumptions are not made for convenience; if one of the two stochastic processes exhibited
a nonzero mean, then arbitrage opportunities as discussed in Huberman and Stanzl (2000) would
arise.
To define the information set of an individual trader we introduce the vector

H, = [{g; ;:11, {ei}i-1, {nj}?:_ll]T containing the variables known to the trader before he submits
his order in period n, and the sigma-algebra o(H,,) that it generates. Then, the set M(H,,) of all
o(H,)-measurable functions thus comprises all information available to the trader before his trade
at time n. Note that unlike 7,,, the trader does know the news ¢,. Furthermore, the trader can
only choose a trading strategy ¢, that is an element of M (H,,). This setup should best capture real
trading activity where the latest news is known before submitting an order, while others’ trades
are not.

To make later references easier, the price dynamics are summarized by

Dn = QPp—1 + (1 - Oé)pn—1 +én (2)

Pn = Dn + )\n(Qn + nn)7

for n > 1 and given an initial price pg = po > 0, with the special case (1) when a = 0.

The liquidity trader’s optimization problem, then, can be formulated as

N N
R
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n=1



where @ > 0 (Q < 0) denotes the number of shares he wants to buy (sell) and R > 0 is the
risk-aversion coefficient. Expectation and variance are evaluated at time 0 before any of the ran-
dom price elements are realized. The liquidity trader, aware of the price impact of his trades
summarized in (2), minimizes the mean and variance of the total trading costs that must be
incurred to enlarge (reduce) his portfolio by @ shares. Note that the first line in (3) reads
SUD g, eM(H,)}Y., —E[Zivzl Pndn) — %Var[zgzl Pngn] for the seller, i.e., he maximizes revenues
from trading minus its variance. We will refer to E[SY_ | pngn] + %Var[zgzl Pndn] as the loss
function, with (q1,...,qn) being the argument of this function.

Problem (3) can also be employed to study speculative or insider trading as in the Kyle (1985)
framework provided the total trading volume is fixed or announced before trading (e.g., a new
S.E.C. rule on insider trading stipulates that potential insiders have to announce their trades
before they actually trade and that they are obliged to commit to their announced trades). A
speculator (insider) believes (knows) that eventually the security will trade at a price v, and tries
to profit from the discrepancy between that eventual price and the prices at which he can trade
over the next N periods. Assume that in each period the final price, v, becomes public information
with probability 1 — p and that prices stay constant at v thereafter (in Kyle (1985), p = 1 and
the equilibrium price process is given by (1)). Further, no updates on v are made during trading.

Buying ¢,, at price p, thus yields a profit of E[p"(v — pn)gn]. The objective is therefore

N

Q=  sup  E[D p"(v—pa)an) (4)
{aneMH)N_, =1

N
subject to an = @ and (2).

n=1
Since the revelation of the value v is assumed to be independent of all random price elements in

(2), B[N 0" (v—pn)gn] = Eo[>°N_ | (v—pn)gn] holds after an appropriate change of the probability



measure (E, is the expectation with respect to this measure). Hence, 7(Q) = sup E[>.N_, p*(v —
Pn)qn) subject to SN g, = Q is equivalent to L(Q) = inf E,[SN | pngn] subject to SN g, = Q,
and m(Q) = vQ — L(Q). But this is, apart from the underlying probability measure, the liquidity
trader’s minimization problem in (3) if R = 0. Hence, speculators or insiders who fix the number

of shares they trade are risk-neutral liquidity traders.

2  Minimizing the Mean and Variance

of the Trading Costs

This section formulates a recursive version of the problem in (3), provides proofs for the existence
and uniqueness of the solution, and presents explicit formulas for the optimal trading policy. The
optimal trading path is independent of the resolution of uncertainty, and the traded amounts decline
with time. To provide the basic intuition, we begin with a stripped-down version of (3), with o = 0

and two periods. The focus is only on the buyer’s problem, because the seller’s problem is similar.

2.1 The Two-Period Problem

With the price process pp, = pn—1 + An(qn + 1,,) + €n, 7 = 1,2, the costs of trading ¢; in period 1

and g2 = QQ — ¢1 in period 2 amount to

Co = [po+ Mg +m1) +e1]a

+[po + A1(qr +11) + X2(Q — q1 +12) + 1+ 2)(Q — q1). (5)

The pair (g1, ¢2) that minimizes E[Co] + £Var[Cy) is
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The stochastic term €7 is a sunk cost by the time the first (and only) decision is made, and therefore
does not affect the optimal trades in (6).

To understand how optimal trading is affected by risk aversion, set A\; = Ay = A for the moment.
Then, ¢ = ¢ = Q/2 if R = 0, i.e., the risk-neutral trader splits his total quantity evenly across
the two periods. These amounts are not optimal for a risk-averse trader, because the marginal loss
at these quantities is —1/ 2}2()\20727 +02)Q < 0. In other words, the risk-averse trader is willing to
incur higher expected costs in return for a lower variance. In fact, he always wants to equate the
marginal change in the expected value of the trading costs, A\(2¢; — @), to the marginal change in
its variance weighted with the coefficient R, R()\2O% +02)(Q — q1). Thus, optimality requires that
¢1 > q2 and that a buyer purchases shares in each period. (Note that the trader chooses ¢1 = @ if
he aims at minimizing the variance only.)

The ratio q1/q2 = 2X2/M1 — 1 + R()\%a% + 02)/\1 enables us to perform comparative statics.
The optimal trade size at time 1 increases when \; decreases, or when \s, R, 0727, or ag rises. Hence

the trader purchases less in price-sensitive periods and shifts his trading volume in the first period

when price volatility or the level of risk aversion goes up.

2.2 Existence and Uniqueness of Optimal Trading

To solve problem (3) we define a recursive version of (3) and apply dynamic programming arguments

to find a time-consistent solution. Again, we consider here only a = 0; the Appendix tackles the



more general case 0 < a < 1.

The state at time n consists of the price pp—1 = pn_1 + &, which is to be paid for zero quantity,
and @),, the number of shares that remain to be bought. The control variable at time n is g,, the
number of shares purchased in period n. Randomness is represented by the ;’s (n+1 < k < N)
and the n,’s (n < k < N). The objective is the weighted sum of the expectation and variance of
the trading costs, and the law of motion is governed by (1) and the following state equations which

describe the dynamics of the remaining number of shares to be purchased:

Q1= Q, Qn+1 = Qn — qn, and QN+1 =0 (7)

for 1 <n < N. Note that @1 = @ and Qn1 = 0 represent the restriction that ) shares must be
traded within the next N periods.

Since the objective function in (3) is not additive-separable, it is not obvious at first sight
whether there exists an equivalent dynamic program for (3). (A dynamic program is equivalent to
(3) if it produces the same solutions as (3).) In what follows, we show that an equivalent dynamic

program indeed exists. Consider

Ln ~’VL* ,Un) = i f ETL nin L’rL ~TL’ n
(Pr—1, Qn) qne%\l;—[l(Hn) [Prdn + Ln+1(Pny Qnt1)]
R -
+5 Vara[padn + Lot1 (n; Q) (8)

subject to (1) and (7). E, and Var, denote the conditional expectation and variance in period
n. Beginning at the end in period N and applying the recursive equation above and the price-
impact curve (1) and (7), the functional equation can be solved backwards as a function of the

state variables. The procedure ends when we reach the first period in which we know the whole



optimal trading sequence and the value of its loss.

The equivalence of (3) and (8) can be demonstrated by looking at the case N = 3, where the
main ideas of the proof can be illustrated. (For the general case consult the Appendix.) Let us begin
by solving the recursive problem in (8). In the last period the trader has no choice but trading the

Ro2 | o
1 2
2 )‘3 Q3

amount g3 = Q3 = Q — q1 — q2. Further, his loss is given by L3(p2, Q3) = (P2 +A3Q3)Q3 +
because uncertainty, represented by £3, has been resolved before the order Q3 is submitted. In the

second period, the trader faces the loss function

La(p1,Q2) = H(gn Es[pago + L3 (P2, Q3)] + ?Varz [p2g2 + L3(p2, Q3)] 9)

which he minimizes with respect to ga. It is not hard to verify that the optimal g2’ satisfies
2X3 + R(Ajo2 + 02)]gy’" — [2A3 — A2 + R(Ajo7 + 02)]Q2 = 0. (10)

Note that q2D P does not explicitly depend on the random shock e5. History only enters through
()2, the remaining shares to be traded. This fact can be interpreted as follows. The total costs of
trading in periods 2 and 3 can be written as the difference between p3@Qs2, the costs of buying all
the remaining shares in the last period, and (ps — p2)q2, the “cost savings” of trading at time 2
(ps > p2 always holds). From (1), however, it follows that the conditional expectation and variance
of the price differential, p3 — ps, are not a function of 9, and that (J2e2 is the only term contained
in Ea[p3sQ2] and Vara[psQ2] that includes e5. Therefore, the shock e2 has no impact on the optimal
"

Finally, at time 1, the liquidity trader computes Li(po, Q) = ming, E1[p1q1 + L2(p1,Q — q1)] +

%Vam [p1g1 + L2(p1,@ — q1)] where all uncertainty is captured by the terms 7; and €3, which are



contained in p;q; and La(p1,Q — ¢1). The optimal qlD P is obtained from

(2D + Ro%)q1 — (2D — M\ + Ro?)Q =0, (11)

where

4A3 — Ao 4+ 2R(\202 4 o2
D&y, |23 2( 37y 0% + 02
2[2X3 + R(A302 + 02)] 2

The same decomposition argument used to explain that qé) P is independent of €5 can be applied
to verify that qf) P is not affected by 1. Furthermore, the residual trades enter the optimal solution
only through their variance, because they are unknown before orders are submitted and have a zero

conditional mean. Thus, the whole optimal trading sequence, {g”F}3_,, is deterministic. Observe

n n=1»

that this is also true for any arbitrary N > 3 (see Propositions 2, 3, and 4 below). Consequently,

the variance formula (50) in the Appendix can be used to derive

N N
. . R
Ln(pnfla Qn) =  mn En[zijj] + Evarn[zp]‘%] forn =1,2, (12)
{g; j=n j=n j=n
proving that {¢P?F}3_, constitutes a time-consistent solution to (3).

On the other hand, a time-consistent solution to (3), {q}}2_;, satisfies
¢5 = argming, EQ[ZEL:2 pnqn]—i—]—; Vary [Zi:Q Pngn), which implies ¢5 = ¢PF and ming, F [ZE’LZQ Prdn]+
%Var[ZizQ Pngn] = La(p1,Q2). Thus, from ¢f = argming, E [Zizl Pndn] + %VWI [Zi:l Pndn] it
follows that ¢f = ¢P¥" and that the value of the minimal loss induced by ¢} coincides with L1 (fg, Q).
Hence, we conclude the equivalence between (3) and (8) for the case N = 3, and that, due to (10)
and (11), the solution must be unique.

The question of the existence of a solution to (3) and (8) is closely related to whether arbitrage

as studied in Huberman and Stanzl (2000) is possible. In an environment like here, where prices are

10



unknown when trades are submitted, Huberman and Stanzl require expected costs, E [27{2[:1 Pndnl,
to be nonnegative for any N when Zﬁle gn = 0 to rule out arbitrage. They show that the price

process (1) is arbitrage-free if and only if the matrices

200 A Ay .o Ao
Ao 23 A3 ... A3

Ay < Ao A3 224 ... M (13)
A A3 A4 ... 2)\N

are positive semidefinite for all N € N.

Now, the existence of a solution to (3) and (8) is guaranteed by (1) being arbitrage-free whenever
traders are risk-averse. In the case of risk neutrality, a slightly stronger condition is needed to ensure
the existence of a solution. The proposition below, which is a special case of Corollary 2 in the

Appendix, documents these facts.
Proposition 1 Suppose one of the following conditions is met:
i. R >0 (trader is risk-averse) and the price process (1) is arbitrage-free or
i. R =0 (trader is risk-neutral) and the matrices {An}%_, are all positive definite.

Then, the liquidity trader’s problem (3) has a unique, time-consistent solution for all N € N

that can be derived by solving the dynamic programming problem in (8).

To give an example of arbitrage-free A,,’s where (3) is inextricable in the case R = 0, consider

N =3,Q >0, \; = A2, and \,, = A\2/4 for n > 3. Expected costs become

2
Cs(q2,43) = M[g3 + %3 + @203 — Qg2 + q3)]

11



due to the constraint Zi:l gn = Q. Clearly, all {A,}n>2 are all positive semidefinite, but C3
attains no minimum on R?, even though it is bounded from below.

Obviously, if the price-impact slopes are constant and positive, then the Ax’s are positive defi-
nite. Thus, according to Proposition 1, a solution to the liquidity trader’s problem exists, regardless
of the trader’s type. If the A,’s change over time, the Ay’s have to be evaluated numerically to
apply Proposition 1. Huberman and Stanzl (2000) derive a recursive formula for the determinant of
AN that can be used for this computational evaluation. Note that empirical studies imply varying

price-impact slopes (for example, see Chordia et al.).

2.3 Optimal Trading Behavior

Having established the equivalence between (3) and the corresponding dynamic program, we turn
now to the optimal solution itself. If & = 0 and the price-impact function is time-stationary, i.e.,

the A,’s are constant, then the solution to (3) is summarized as follows:

Proposition 2 If the price-impact sequence is constant, then the optimal trading quantities of a

risk-averse trader are given by
0 =D (A+7«N 2-n A,rN—Q—") Q (14)

for1<n<N-1, and

gy = DN (rp —7r-)Q

where

i—l—i——[Roi\/W] (15)

A 2 N2 +3\Ro? + R*0%ry — A\ + Ro?),

12



_1Arf_3—1 PN 9 9
D& Ay - T A_+ (3X\+ Ro®) (\+ Ro?) (ry —r-) >0,

and o2 & )\20727 + o2, All quantities are strictly positive and the sequence of trades is strictly

decreasing. If R =0, then q, = % for1<n<N.

Therefore, it is optimal for a buyer to purchase shares in each period. The intuition behind
declining trade size is as in the two-period example. Due to the price dynamics (1), the variance
of the trading costs at time n depends only on the remaining shares to be traded, @), — ¢, and is
increasing in @, — q,. Given the risk-averse utility, the variance that is produced by distributing
trades evenly across time is too high. Thus, the risk-averse trader wants to reduce the variance by
submitting a larger order in period n than in n 4 1. The formulas in (14) and (15) also show that
the optimal trades are not directly a function of the n,,’s and the ¢,,’s, a property explained in the
three-period example above.

To illustrate the shape of the solution to (3) given in Proposition 2, we conduct some numerical
analysis. Figures 1-3 show the form and the basic comparative-static properties of the formulas.
In the simulations we divide a trading day into 30-minute intervals to get 13 trading periods (the
NYSE is open from 9:30am to 4:00pm). The amount to be traded is 100,000 shares and the
initial price of the financial asset is $40. A reasonable value for A is 0.00001 (see Hausman et al.
(1992) or Kempf and Korn (1999)); if 1,000 shares are traded, then the price moves by one cent
(provided that the price is measured in dollars). The range for the risk-aversion coefficient, R, is
assumed to be between zero and five percent. Randomness is quantified by the magnitudes of the
variances of the news revelation and the residual trades, which are set at one percent and 1,000
shares, respectively. The graphs below show that the trajectory of the optimal trades is typically

a geometrically decreasing function of n.

13



Figure 1a computes the sequence of optimal trades for different values of the risk-aversion factor.
The horizontal line (at 7692 =100,000/13) shows the strategy of a risk-neutral trader. As can be
seen from this figure, higher risk aversion causes the trades to be shifted to early periods. For
example, if R = 0.01, then almost all of the 100,000 shares are bought in the first two periods. The
smaller R becomes, the more closely it approaches the risk-neutral horizontal. The sensitivity of
trades to R is also reflected in the price changes. Figure 1b illustrates that volatility varies more

in the early periods when trading strategies differ significantly for different levels of R.

2
P

Figures 2a and 2b look at the reaction of optimal trades to various levels of the variance o
Like larger values of R, a higher o2 causes traders to redistribute their trades from later to earlier
periods (Figure 2a). The change in price is very sensitive to the level of 02 (Figure 2b). Besides
the direct effect of variance on the price dynamics, it also alters the optimal trades. This further
increases the price fluctuation. Different levels of 0727 show the same effect; a numerical illustration
is therefore omitted here.

Figures 3a and 3b consider different values of A\ (price sensitivity to trading volume). The higher
the A, the smaller are the orders in the first periods (Figure 3a). When A is big, large trades in the
beginning of trading would drive up prices too much, so that the succeeding purchases would take
place at too high a price. Figure 3b demonstrates the sensitivity of price changes to different levels
of A.

If the price slopes, A,, are time-dependent, then one cannot derive a closed-form solution to

(3), but at least a recursive solution can be obtained by solving the dynamic program in (8).

Proposition 3 For an integer N > 0, let Ax in (13) be positive semidefinite if R > 0 and positive
definite if R = 0. The optimal trading sequence of (3) is given by

An

M 16
2Mn+1+RO—g “ ( )

gn =

14



for1 <n<N-1, and

gv = QN

where
= Mn |1+ gAnag 5 2%3’; ) (17)
with initial condition
py = An(1+ g)\Nafl),
and the Qs satisfy (7). The minimal loss evolves according to
Ln(Pn-1,Qn) = Pn-1Qn + 11 Qr (18)

for 1 <n <N, and L(Q) = E[L1(po, Q)]

Figure 4 demonstrates that nonincreasing optimal trades like in Proposition 2 need no longer
occur. Again the simulations are for a whole trading day and with A, constant but at different
levels for even and odd periods. In odd periods where the slope is higher, fewer shares are traded
than in even periods. Note that if the price slopes in odd periods are increased sufficiently, a
buyer will even sell in these periods (not shown in Figure 4). Other than these two differences, the
qualitative properties of the solution given in Proposition 3 is the same as that in Proposition 2; a

further discussion of the recursive solution is thus unnecessary.

2.4 Trading under a Price Rule with Convex Updating

The focus of this subsection is on (3) with a positive updating weight « in (2). In this case, the
transaction price is higher than the price update after a trade, i.e., trades also have a temporary

price impact.

15



Consider the two-period problem with A\; = A2 = A. Trading costs are given by

Ca = [po+ Maq1 +n1) + (1 — a)ei]q

+p1 + MQ — g1 +12) —aXq1 +m) + (1 — a)e2(Q — q1).

Minimizing the loss function L(Cy) = E[C3] + £V ar[Cs] yields the ratio of the unique optimal

solution

@y N R(1— a)z()\20727 + ag). (19)
q2 (1+a)A+ Roz)?a%

The effect of a on the optimal trades is now easily seen from (19). More trading is postponed to the
second period when « increases, with the right-hand side of (19) decreasing in «. This is because
the variance of the trading costs is declining in . However, ¢1 > ¢o always.

The previous analysis follows through. In particular, analogues of Propositions 1, 2, and 3 can be
derived, although with more complicated expressions (see Theorem 1, Proposition 9, and Corollary
2 in the Appendix). Since the results are qualitatively the same, only the analogue of Proposition

3 is presented here. For convenience, we will use the more general definition p, £ p, + (1—a)ent1-

Proposition 4 Under an arbitrage-free price process (2) (case R > 0), or for positive definite

{AR}X_, as defined in (47) (case R =0), the optimal trades are

An(l+a+ Roz)\nag)
¢ Q@n

dn = 1-—

for1<n<N-—1, and

gv = QN

16



where the Qs obey (7) and Qo £ 0,

_ 2y — 2a(1 4+ a)A\n, + R(1 — a)?0? R

2 2
Mn §n 2 )‘ngn
N 1+ — m (21)
" 28,
for1<n < N —1, with
R 2
UN = oz)\N_l + )\N(l + 504)\]\]077),
and
&n =21 + R [0PNo02 + (1 — @)?0?]
for 1 <n < N —1. The minimal loss is given by
L (Pr—1, @n-1,Mn_1) = [Pn-1 — 0An—1(Qn-1 + 7p_1)]Qn + 11, Q2 (22)

1<n<N,ny20. If R=0 and all \,’s are constant, then g, = TC\),*— for all n.

Note that Proposition 4 boils down to Proposition 3 when o = 0. In addition, as in the case
« = 0, the optimal trades depend on the history only through the deterministic state variables Q.
Past random shocks do not enter the formulas.

Figures 5a and 5b depict numerical evaluations for these equations. With the numbers from the
original example in the section above: Q = 100,000, py = 40, A = 1075, and R = 0.01. Figure 5a
shows the optimal trading sequence for different levels of the updating weight «, including the case
a = 0. As the figure illustrates, higher «’s postpone trading to later periods. The result for the
two-period example is thus confirmed by the general case. Trading volume appears to be sensitive

to the updating weight. The bigger a gets, the flatter becomes the trading curve. In the limiting
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case where @ = 1 and volume has a temporary but not a permanent effect on the price, trades are
split evenly across all periods. The reason is clear: since today’s quantity has no impact on future
prices, the optimal trading policy must require that the same be done in each period. Figure 5b

shows the corresponding price fluctuations.

3 Portfolio Trading

In most applications, portfolio managers trade whole portfolios. In fact, in many cases they merely
rebalance a portfolio and the aggregate value of their purchases is approximately equal to the
aggregate value of their sales. To examine optimal portfolio trading we extend the setup in a
straightforward manner. Individuals are now allowed to trade a portfolio of at most M > 1
securities. Prices, trades, and the stochastic variables in (2) and (3) then become M-dimensional
vectors. Note that although the 7,’s are i.i.d., the components of 7, can be intratemporally
correlated; the same applies to €,,. We consider here only a = 0, where trades have only a permanent
price impact. The price-impact slopes A\, are replaced by M x M, positive definite matrices &,

that incorporate all prices and cross-price impacts. The price dynamics are thus described by

Pn = Pn—1 + Pulgn +1,) + €n, (23)

and the liquidity trader’s problem (3) reads

L%  inf an W)+ > Var an ) (24)

{gn€M(H,,)

N
subject to an = Q¢ RM and (23).

n=1
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The vector () summarizes the number of shares to be traded for each asset. It can include both
purchases and sales. The covariance matrices of ¢, and 7,, are 3. and ¥, respectively, and Ipsx
is the M x M identity matrix.

Similar to the single-asset case, sufficient conditions for the existence of a time-consistent solu-
tion to (24) can be found; the solution is unique when it exists and can be obtained by solving the
dynamic program in (8). For the risk-averse case, the absence of arbitrage guarantees the existence
of a solution, while a more technical condition is required for the risk-neutral case, whose details

are not presented here.

Proposition 5 The optimal trading sequence of (24) (if a solution exists) is

an = [T — (2Uni1 + RE) 710, Qn (25)
for1<n<N-—1, and
gv = QN
where
R 1 _1
U, =®, [Ipxm + 527,@” — 5(2\11714_1 + RY.) ", (26)

with wnitial condition

R
Uy =PI pxm + E(I)Nzn)y

and the Qy,’s satisfy (7). The minimal loss evolves according to

Ln(ﬁnfla Qn) = ﬁg—lQn + QE;\IJTLQTL (27)

for1 <n <N, and L(Q) = E[L1(po, Q)].
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Again, as for the single-asset case, the optimal trades are a deterministic function of the history.
Evidently, the optimal trading strategy for one security depends on the parameters and state
variables of all the other securities, unless the ®,’s and the covariance matrices are all diagonal.
Diagonal ®,,’s mean that trading one asset has no impact on the prices of the other assets, and
diagonal covariance matrices imply that the stochastic terms are uncorrelated.

If the price-impact matrix in (23) is time-stationary, any sequence of N portfolio trades can be
replicated by splitting the individual amounts of the assets in the portfolio over M N periods with
no change in the expected trading costs. For example, if the price-impact matrix is also diagonal,
then trading the portfolio (9]\71, QN—2, cen QNM) in each period minimizes expected costs. The same
costs would be incurred by trading QN—l in each of the first NV periods, —Qﬁz in each of the next NV
periods, ..., and QNM in each of the last IV periods. Hence, a risk-neutral trader will be indifferent
between portfolio trading and trading the assets individually if he has M N periods. It is only the
time constraint that induces him to prefer portfolios. A risk-averse trader, on the contrary, has in
addition a time preference (more trades imply higher volatility of the costs) which makes portfolio
trading even more favorable.

The formulas (25)-(27) can be conveniently used to do comparative statics to assess how the
sign and the magnitude of the cross-price impacts affect the optimal portfolios and what optimal
portfolio rebalancing looks like if the number of shares to be bought and sold changes. We do not

present numerical simulations here, but only note that risk aversion causes trades to diminish over

time for each individual security, as in the single-asset case.

4 Optimal Frequency of Trades

With fixed, positive transaction costs, the frequency of trades emerges endogenously. For simplicity,

assume that the price-impact sequence, A, is constant and set a = 0, and consider only a single
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asset. Calendar time is a fixed number 7 and trades are equally spaced in time. Hence, if the trader
chooses to transact N times, the time between trades is 7/N.

The arrival of news (represented by {e,,}2° ;) and other people’s trades (represented by {n,,}>° ;)

2

are both i.i.d. processes. Their per-unit-of-time variances over the whole trading intervals are o7,

and o2

ET)

respectively. Therefore, the per-interval variances, o2(N) and 02(N), satisfy o2(N) =
To2, /N and 02(N) = 702 /N.

The risk-aversion coefficient, however, is not assumed to change with the trading frequency.
The trader’s dislike of price volatility is independent of how short the time between trades is. This
is a reasonable premise, since the declining variance per period already decreases the risk part of
the trader’s utility function, taking into account the desired effect that volatility matters less to
the trader if the time between trading becomes smaller.

When the trader has to pay a fixed fee for each of his orders, not only does he decide on the
quantity but also on how often he trades within a certain time interval. Without fixed costs the
trader would always want to trade at any instant in time. This is because total costs are decreasing
in the number of trades, as verified below.

The loss function L;(N), originally given by (18), is now an explicit function of NV, the number
of transactions. Moreover, the per-transaction fee is k& > 0; thus, the total loss is the sum of the
losses induced by the variable trading costs and the total fixed costs, kN.

For the risk-neutral trader the loss function takes a simple expression, namely Li(N) = é\[:l (Po+

ne
)\n%)% + kN = poQ + )\%Cf + kN. The unique optimal solution for this problem is N* =
%. Hence, the optimal frequency of trades increases in () and A, and decreases in k. The more
sensitive the price reaction to trades (the higher the \), the more often the trader chooses to trade.

For the risk-averse case, the loss function is considerably more complicated. The difference

equation given in (17) is a Riccati equation when all \,,’s are constant. By solving (17) (see (55)
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2
in the Appendix), we obtain a closed-form expression for the total loss Lq (N, —&—==), namely,

EN + poQ
Mo +o2 \aN— Aol +o2,
A 0'7277_ T+(Na%N7/TJ)2N 17T+(Na%N7/TJ) 2
+§ 2+R)\N/ — oz oz Q (28)
T ry (N, —3—)2N 1

N/t

where r is defined in Proposition 2. Both r and L; are functions of N as well as of the total

. A202_ 402
variance, —&——.

N/t
It is easily checked that the third term in (28) is decreasing in N and that it tends to % as
N — oo. It can then be seen that (28) cannot be minimized with respect to N unless k > 0 (fixed

costs are introduced).

The first-order condition of minimizing the loss function with respect to the number of trades

renders
Nop tol aN— Nop o2,
d ) o2, 7“+(N,J”V—/T)2N 1*7“+(Na}(;—/7) 2k (29)
dN |7 N/t r (N, Azojvm/wﬁf)m_l A2

This inequality is met by an appropriate /N unless k is too small. If this inequality holds for all NV,
then the loss function is increasing in IV, implying that trading once is optimal. On the other hand,
if there exists a number N such that the left-hand side of (29) is strictly smaller than the right-hand
side, then there exists a number N* that equates the two sides. This follows from the smoothness
of all functions involved in (29) and the mean-value theorem. It can therefore be concluded that a
solution to the loss-minimization problem above always exists when the transaction fee k is large
enough.

However, the uniqueness of the solution cannot be determined. Depending on the parameters
there can be multiple solutions. Only if R is small enough is the loss function strictly convex,

providing a global minimum. In general, we have to take a stance on numerical values for the
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parameters to evaluate the first- and second-order conditions. The Appendix contains the details
of the numerical analysis. We summarize here only the main findings.

First, for all the computations find local convexity of the loss function for the periods under
consideration, thereby ensuring a local unique solution for the risk-averse trader. This suggests
numerical analysis to be a powerful practical tool to determine the optimal number of trades.
Second, the optimal frequency of trades is increasing in the level of risk aversion. The more the
trader dislikes volatility, the more often he wants to split his orders: smaller trades move the price
less and a higher frequency of trades reduces the price volatility between trades. Third, the optimal
frequency also goes up when the price sensitivity rises. If the price-volume elasticity is large, the

trader wishes to submit smaller orders in each period, resulting in a higher trading frequency.

5 Convergence Behavior

This section asks where the discrete-time solution of (3) converges when the time between trades
tends to zero. We prove that the discrete solution does not have a well-defined continuous-time limit
when trades have only a permanent and time-stationary price impact. Only when a temporary price
impact of trades is introduced, does the discrete-time solution have a proper limit in continuous
time. However, the main challenge of going to continuous time is to find a reasonable definition
of the trading costs. We address this issue in the next section and propose how continuous-time
liquidity trading can be approached in a more general context.

At the start, some new terminology must be introduced. To make continuous-time variables
clearly distinguishable from discrete-time ones, we denote the former with a tilde, while the latter
keep their notation from the previous sections. In this sense, Qt represents the remaining shares
to be traded at continuous time ¢, and —d—g—t is the rate of trading. More precisely, Qt is assumed

to be a continuously differentiable function from [0, 7] X 2 to R with boundary values Qo = Q and
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Q, = 0. The set of all these functions shall be denoted by O/0,7(Q). For convenience, only the
single-asset case is tackled here; the extension to the multi-asset case is straightforward. Moreover,
a in (2) is set to zero throughout.

We now study the limiting behavior of the solution to (3). If |x] denotes the smallest integer

greater or equal to x, then the asymptotics of the optimal trades given in Proposition 2 is as follows:

Corollary 1 Suppose that the price-impact sequence is constant. Letting N — oo gives

qtn; — 0 for R>0, and

Q\_LNJ

T

T/N

— o0 for R>0, foralltel0,7].

In the risk-neutral case, R =0, we trivially have qu/xJ = g for all N € N and t € [0, 7].

Hence, optimal behavior requires the trading sequence to converge to zero if the number of
trading opportunities increases to infinity, what ever the risk type of the trader. In contrast, the
difference between the trade pattern of a risk-neutral trader and that of a risk-averse one becomes
more pronounced when N goes up. While the trade size per unit of time stays constant throughout
for the risk-neutral case, it rises without bound in the case of risk aversion.

This result suggests that in the limit the risk-averse trader only cares about the volatility of
trading costs. The mean of trading costs does not matter, because continuous trading allows the
trader to split his trades in such tiny pieces that the total price impact is a fixed number. To
see that this is so, consider the loss function {((Cy) £ E[Cyn] + £Var[Cy] with the trading costs
Cy = ij:l Pndn. Due to the price dynamics in (1) this loss function is

N R)\202 + o2
UCN) = poQ + A Z Qn(Qn — Qn+1) + TN il Z Q2. (30)
n=1
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For sufficiently large N, I[(Cy) can be approximated by
A Ao Boo o 2 T A2
Z[O,T}(Q) = po@ + 5@ =+ 5()‘ Onr + UET) 0 Qt dt, (31)

¢ — a.e. (v almost everywhere), where Q; € O[0,-(Q) approximates the Qs (the last part of the
proof of Proposition 6 in the Appendix shows that such a function can be found; in particular see
equations (64)-(66) there). Then, as is evident from (31), the expected trading costs play no role in
the limit; only the variance does. The approximation /[y ;) (@) also explains why risk-averse traders
want to trade an infinite amount per unit of time, as documented in Corollary 1. To minimize
ljo,71(Q) on the set O ,)(Q), one would like to choose L-shaped functions with steeper and steeper
negative derivatives at zero. Hence, no minimum exists and the continuous-time limit of problem
(3) is not well defined.

In the following we sketch how to change the price dynamics to obtain a well-defined relation
between the discrete-time and the continuous-time solution of the liquidity trader’s problem. For

this purpose, we introduce the price process

ﬁn = ﬁnfl + )\Qn +en (32)
R dn
fd 0—
Pn = Pnt T7/N’

where p,, denotes the transaction price and p,, the quote. The first equation in (32) describes the
quote dynamics reflecting the permanent price impact of a trade. More formally, this equation
resembles (1) with the difference that, for convenience, the residual trades and news are subsumed
in one variable, €,. This can be done if news occurs at the same time that trades take place. The

second equation in (32) shows the temporary price impact of a trade. It penalizes high trading
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volume per unit of time. The temporary price impact is the driving force for Proposition 6 stated

below.

Proposition 6 Consider the problem

lo,7(Q) =
it Q3@ [ B+ 0k 02 | dr (33)
Qt€00,71(Q) 2 0 dt 2

The solution to the (discrete) liquidity trader’s problem (3) with the price dynamics in (32),

{gu}N_,, converges to the solution of (33), Qq, in the sense that the optimal rate of trading,

G 2 iy oo -3k, satisfies G = —99¢, for t € [0,7]. The eplicit formulas for the risk-averse
trader are
. N+1l-—n] N—n
0 = sinh [wNT_N. ] — sinh [ 755" for1<n <N, (34)
sinh(¢y7)
where
N 72 R(N?0% +02))
_ N hfl nrt ET
Un = N T g A | .
and
R(\%02_+02))
- nTt ET
q = 20 202 102 Q fortelo,]. (36)
sinh < (—”025L”)T>

The risk-neutral trader again splits trades evenly: qn, = % for allmn, and ¢ = g for all t. Further-

more, we have [[077}(62) = limy_—oo L(Q, N).

This proposition proves that the liquidity trader’s problem always has a well-defined continuous-
time limit when trades have permanent as well as temporary price impacts. To see why (33) is

the right problem to look at for finding the continuous-time limit, just add the costs caused by the
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temporary price impacts

N N -
g Gt — On o [TAQr
Z‘)T/Nqn—e;l @ Qn)~0/0 L)

n=1

to ljp -(Q) in (31).

The solution to the liquidity trader’s problem (3) using the price process (32) has basically the
same shape and properties as the solution given in Proposition 2. In particular, the optimal trading
strategy is deterministic and trade size is reduced over time. (Note that (34) and (35) give the
same optimal trades as Proposition 2 when 6 = 0.) Therefore, a further discussion of the formulas

in Proposition 6 is unnecessary.

6 Liquidity Trading in Continuous Time

In this section we introduce a general continuous-time version of the liquidity trader’s problem
in (3). The first step is to define the price dynamics and the cost function. The multi-asset,

continuous-time analogue to (1) is
dp, = NG, + TdB,, po > 0, (37)

where G : [0,7] x Q — RM is the instantaneous rate of trading, A is a M x M-dimensional positive
definite matrix, I' is a M x M-dimensional, instantaneous variance matrix, and B: [0, 7] xQ — RM
is M-dimensional Brownian motion that represents news and residual trades.

The costs are more subtle to define. As mentioned above, the limit of the discrete-time trading
costs is not a good candidate for the costs in continuous time because the mean of the trading

costs is a fixed number under the constraint [ gsds = Q. Following Back and Pedersen (1998) and
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defining costs here as ng + fg d@?dﬁs does not work either, because the missing volatility term
in dQ; = —gdt lets [} dQT dp vanish.

In contrast, the cost function we propose is
~ ~ 1 A~ to t .
G2 1§(@- Q0 +510780Q - QfAQ) + | Aquds+ [ QITdB. (39)

The definition in (38) can be justified as follows. Straightforward computations reveal that the
trading costs in discrete time are given by

n n—1 n n n n
Co=pgY ai+D ajh D gi+) qjhg+) & > g
j=1 j=1 j=1 =1 i=j

i=j+1

up to period n when the price obeys (1). This motivates to define the trading costs by
R t t ~ t t ~
Co=of [ st [ @AQuds+ [ dfaqds+ [ QFrab.
0 0 0 0

in continuous time. The last expression, however, reduces to (38) because of Qt =Q- f(f gsds and
fo cngQsds = %[QTAQ — QgAQt] In view of (38), the total costs of trading, C,, are decomposed
of pI'@, the costs of trading the portfolio @ if price impacts were absent, and the costs of the
accumulated price impacts of the trades.

Denote by M [010,71(Q)] the set of all ¢ —a.e. continuous M (H;)-Markov controls ; that satisfy
Qr=Q — f; dsds € Oy (Q). In this case {ét}te[o,ﬂ is a semimartingale. The continuous-time
version of (3) for an arbitrary loss function V : RO7 x (RIOTHM — R (RI7] is the set of all

functions mapping from [0, 7] into R) then becomes

IZ(Q) £ inf : E {V ({ét, Qt}tE[O,T])} (39)

qteM[G[O,T] (Q
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subject to (37).

The state variables here are Q; and C, (the price is impounded in the costs and therefore need not
be considered here explicitly), whereas the control variable at time ¢ is G;.

The analysis of (39) for general loss functions is quite difficult. Note that (39) falls into the
category of finite-fuel stochastic control problems (see Benes et al. (1980), Karatzas and Shreve
(1986), or Karatzas et al. (2000)). Unfortunately, none of the techniques in the stochastic control
literature can be applied to (39) for general V. Perhaps, extensions of the convex duality methods
as described in Cvitanic and Karatzas (1992) will lead to a general solution of (39). However, (39)
can be solved for specific loss functions V. We present two examples in the following.

The first example is V(f,g) = f() for all f € R%7 and g € (ROHM . In this case, (39)
becomes L(Q) = infqteM[G[o,T](Q)} E[C,] subject to (37). This is the objective of a risk-neutral

liquidity trader.
Proposition 7 Let V(f,g) = f(7) for all f € RO and g € (RONM (risk-neutral preferences).
Then the solution to (39) is given by
- 1
i=1q fortcinr] (40)
and
7 T L 17
L@ =pQ+[5+-]1Q"AQ (41)

We have thus obtained the same solution as for the discrete-time liquidity trading problem (3).
Since Q; = (1— %)Q, optimality implies that the remaining shares to be traded decline linearly with
time for all assets, or equivalently, that the aggregate trading volume for each asset rises linearly

with time.
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As second example we could study the (mean-variance) problem L(Q) = inf . N[O, (Q)] ElC-+
g 2] subject to (37), which is implied by the loss function V(f,g) = f(r) + £f(r)% Since
the analytical solution of it’s first-order conditions is unknown, we propose a different risk-averse
objective. The main motivation for our approach is the fact that the quadratic variation process

<é>t€[oﬁ] of the semimartingale {ét}tE[O,T] satisfies

(G = Tim Z(Ctn Gy

for all ¢ € [0, 7], in probability (for example, see Protter (1990)). Hence, the quadratic variation
is a measure of the volatility of the trading costs. Moreover, <é>t has a simple expression, namely
fg QTT2Q,ds.

Unlike hitherto we allow now the trader to have an infinite horizon. After having defined

Coo 2 limy_,oo C; and <C’>Oo = limt_>oo<é>t, let us investigate the problem
LQ2: _mf & [coo ; —<c>oo] (12)
7 )]

subject to (37), where M[@[07oo)(Q)] denotes the set of all ¢ — a.e. continuous M (H;)-Markov
controls ¢ that satisfy fooo Gidt = @, and R > 0 is a risk-aversion coefficient. Since Coo + %(C’)w =
limy .00 Cy + % I )TT2Q,dt the loss function V representing the objective in (42) is V(f,g) =
limy o f(t)+ £ o ] (t)TT2g(t)dt for suitable f € R0 and g € (RI%*))™ The liquidity trading
problem in (42) implies that the trader cares about the instantaneous volatilities of the costs
accumulated over the whole trading horizon. This constrasts the mean-variance objective where
the risk-averse trader is concerned about the volatility of the total trading costs. Traders who face
cash constraints during the trading period may compute (42). They appreciate a smooth dynamics

of the trading expenditures, because they prefer to have smooth cash outflows.
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Proposition 8 The optimal trading behavior of a risk-averse trader who solves (42) is

G = \/gA_lFAl/Q exp [—\/gz\—lml/% Q, (43)
Q; = exp [—\/gz\—lml/% Q, (44)
for t € [0,00), inducing the loss function
~ 1
L(Q) = p; Q + 5QT[A + V2RTAY?Q. (45)

Hence, a risk-averse liquidity trader diminishes his trade sizes over time to minimize the mean
and the total volatility of the trading costs. This perfectly reproduces the results given in Propo-
sitions 2 and 6. We thus arrive at the conclusion that optimal liquidity trading requires the same

behavior in discrete and in continuous time.

7 Concluding Remarks

This paper studies the optimal behavior of a trader who wishes to buy (or sell) a given quantity
of a security within a certain number of trading rounds. He is constrained to submit only market
orders and his trades affect current and future prices of the security. He therefore breaks up his
trades into a sequence of smaller orders. Risk neutrality implies that these smaller orders are equal.
If the trader is risk averse, though, the magnitude of his trades declines over time.

On the theoretical level, this paper does not study the optimal policy of a trader who can
submit limit orders in addition to market orders, nor does it study the circumstances under which
the intertrading intervals are chosen in a continuous-time setup. It would be desirable to empirically

estimate the price-impact function.
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In addition, liquidity, which is measured by the price-impact slopes, may be random. One way
to take into account the uncertainty of the market’s liquidity is to model the price-impact slopes

as stochastic process and study the optimal trading behavior in the same spirit as in this paper.
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Appendix

A.1 Existence of a time-consistent Solution

We first establish a theorem that states a sufficient and a necessary condition for the existence
of a solution to problem (3). We then characterize the absence of arbitrage as defined in Huberman
and Stanzl (2000) for the price process (2). This characterization constitutes a generalization of
Huberman and Stanzl’s no-arbitrage condition for linear, time-dependent price-impact functions.
The absence of arbitrage implies the existence of a time-consistent solution to (3) if R > 0. In
the risk-neutral case, a slightly stronger condition than the absence of arbitrage can be imposed to

guarantee the solvability of (3).

Theorem 1 A sequence of trades {q,}_; is a time-consistent solution to the liquidity trader’s
problem (8) if and only if it solves the dynamic program in (8). If a solution exists, then it is

unique and the N — 1-square matriz,
?\7 + R [TN + (a)\lan)2IN,1xN,1] , (46)

is positive semidefinite, where

aAl + 21 fn=m
(AR nm = : (47)

(1 - O‘>)‘min(n,m)+1 ifn#m

[TN]n,m =

X103+ (1= a)? | Y] p(No? + 02) + 02| ifn=m "

min(n,m

(1-a) )\iﬁn(n’m)ﬂa% +(1—a)o+ 300 )()\]2-0,27 + ag)} if n #m

formom=1,... N —1, and In_1xn_1 s the N — 1 identity matriz. On the other hand, if the
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matriz given in (46) is positive definite, then a time-consistent solution to (3) always exists.

Proof. We start by proving that a solution to the dynamic program in (8), {gn, Ln}_;, also
represents a time-consistent solution to (3). Thus we need to show that {q,, L, })_;, satisfies the

equations

L, = inf Diqil + = Varn piq;i] for1<n<N-—1. (49)
{aeM(H)},, Z” Z”

This can be easily accomplished through backward induction. In the last period N, the trade qn
has to be chosen such that gy = Q — Zn 1 Qn. Hence, substitute Ly = Enx[pngn] +§VarN [DNGN]
into

. R
Ly_1 = inf En_1lpN—1qnv—1 + Ln] + =Varn_1[pN—19n—1 + Ln]
gN-1€EM(HNn_1) 2

to obtain

N
Ly = inf En_ Prdn]
aN-1EM(Hy 1 n§1 o

N
Vary_1 |En[ Y pntal +VaTN[quN]]}
n=N-1
N R N
= inf En_ nGn] + =Vary_ nln,
aN—1EM(HN-1) " 1[n§\f:1p ! ] 2 N 1[n§1p ! ]

by taking into account the underlying price process (2). The solution to the dynamic program,
{qn, Ly }N_,, therefore satisfies equation (49) for n = N — 1.
Now, suppose that {gn, L»})_; meets the equations in (49) for n +1 < j < N. In this case

{qn, Lo}, satisfies equation (49) for j = n as well, completing the induction argument. This can
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be seen as follows. Note that

N N N
Vary[y pjgj) = Vary | Enaa[>_pigi] | + Varnn[ Y pigsl, (50)
Jj=n j=n j=n+1

because ¢; is a linear function of @; for all n +1 < j < N, as can be seen from the formulas

(20)-(21). But this fact, together with the induction hypothesis, already implies

. R
N
= inf En[)_ pjas]
(g, €M(H;)}Y, "; o

N N

R

t5 |Vara En—l—l[zquj] +Varn+1[‘¥lquj]
j=n j=n

N

N
R
= inf En[g p-q-]+—Va1“n[E Pjg;l-

Proceeding in a similar manner as above, one readily derives that any time-consistent solution
to (3) also constitutes a solution to the dynamic program in (8), proving the first assertion of this
theorem.

Since the recursive solution (20)-(22) can only be iterated in a unique way, a time-consistent
solution to (3) must be unique, too. Furthermore, given that a solution to (3) must be deterministic
(gn, =linear function of @,, 1 <n < N), (3) can be rewritten as

L(Q)=  inf { [po + A <1 + §>\10727> Q] Q

gn,—1€ERN-1

-\ [(1 +a) + Ra)qa??] lej\}_qu’,l
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1
+§QJ:,\},—1 [A% + R[Yn + (ahoy) 2 In—1xn-1]] QN,—l} : (51)

where 1 _1 is the N—1-dimensional vector containing only ones and q%,fl 2 [q2,...,qn]. From (51)
and static optimization theory it follows that the matrix given in (46) must be positive semidefinite,
establishing the second claim of this theorem.

To show the last statement requires only to take the first- and second-order conditions in (51).

Proposition 9 The price process (2) is arbitrage-free if and only if the matriz A%, is positive

semidefinite for all N € N.

Proof. If (2) is arbitrage-free, then Zle ¢n = 0 implies expected costs

N
1
E[ E ann] = §QJ1:7771A?VQN,—1
n=1

to be nonnegative for all g 1 € RY"1and N € N, i.e., A% has to be positive semidefinite for all
N e N.

To prove the reverse, note that (3) and (51) for Q@ = R = 0 imply

N
1
inf FE = inf - Tﬁ A& N 1.
{gn€M(Hn)}IY_, [nz_:lp”q”] ax._1ERN-1 2‘1N, 1ANGN,—1

If all {A%}R_; are positive semidefinite, then expected costs are globally minimized at ¢, =
0 for all 1 < n < N, because the function gy 1 — qﬁ’_lA‘j‘VqN,,l is convex on RV~! and
qu;‘lﬂ {qﬁ’_lA‘j‘VqN,,l] (0) = 0. Hence, expected costs are always nonnegative if 22[:1 Gn = 0,

implying an arbitrage-free market. [J

Since the matrix Ty + (a)\lUn)2IN—1xN—1 is positive definite, due to the definition of the
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variance, Theorem 1 and Proposition 9 have the following corollary as consequence.

Corollary 2 Suppose one of the following conditions holds:

i. R >0 (trader is risk-averse) and the price process (2) is arbitrage-free or

i. R=0 (trader is risk-neutral) and the matrices {A}}3%_, are all positive definite.

The liquidity trader’s problem (8) then has a unique, time-consistent solution for all N € N

that can be obtained by solving the dynamic program in (8).
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A.2 Proofs of Section 2

Proof of Proposition 2. Writing out the first-order conditions of (3) with price process (1)

yields
Mgz — @A+ RoH)gny1 +Agn =0 for1<n<N-3 (52)
(A2 4+ 3\Ro% + R20Y)qn_1 — M\ + Ro)gn_2 =0 (53)
N-3
(BA+ Ro®)an 1+ A Y ¢n = AQ, (54)
n=1

where 02 £ )\20727 + o2

Solving the difference equation (52) subject to the boundary conditions (53) and (54) gives (14)
and (15).

The proof that the optimal trades are positive and strictly decreasing can be easily verified by

looking directly at the formulas in (14) and (15). O

Proof of Proposition 3. The proof of this proposition uses only the principle of induction.
In period NN, the optimal loss function, as a function of the two state variables py_1 and Qu,
is given by

- R
Ln(pn-1,QN) = Enlpngn] + EVGTN[pNQN]
- R
= En[(pN-1 + AN(QN +1n))QN] + EVCWN[)\NWNQN]
. R . 5 0
=PpN-1QN + AN(1+ EAN%)QM

since in the last period gn = Qx must be traded. Let us define juy = An(1+ L;)\NU%).

Next, suppose that (16)-(18) hold for n+1. We will show that this is also true for n, completing
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the induction argument. Keeping the price process (1) in mind, one can write
Ln(ﬁn—la Qn) = 1;1f En[(ﬁn—l + )\n(Qn + 77n>)Qn + Ln—l—l(ﬁn: Qn—l—l)]

R - -
+5varn[(pn—1 + )\n(Qn + 77n>)CIn + Ln—l—l(pna Qn+1)]

Using the induction hypothesis, this can be rewritten as

- . - R R
Ly (pn—1,Qn) = 1§1f (Pn—-1 + Angn)@n + (Hpy1 + Eag)(Qn - Qn)2 + EU%A%Qi

Taking the first-order condition for this expression yields (16). With (16), one can compute

Ln(ﬁnflv Qn) to be

An )
2(2)un+1 + RO’%) "

- R
pn—lQn + A |1+ 5)\710'727 -

which completes the proof. [J

A.3 Numerical Analysis: Optimal Trading Frequency

To begin, the model parameters are sliced into equidistant plausible intervals specified below,
and the loss function is then evaluated at all endpoints. We proceed by looking at first differences
of the loss function to verify its convexity. Specifically, for R the interval [0.001, 0.05] is sliced into
ten subintervals of the same length, and similarly for A the interval [107%, 107°] is divided into

2

2
100 sub-intervals. The variance functions take the forms 0727(]\7 ) = U]’\’,T and 0727(]\7 ) = %F, where

for o7, the interval [500, 5000] is chosen and for o2, the interval is [0.01,0.05], both split into 20
sub-intervals of same length. In all cases, we look at 130 trading rounds, equivalent to trading
every 15 minutes in a week at the NYSE (the NYSE is open six and a half hours a day, five days
a week; hence trading every 15 minutes produces 130 transactions). One week is a reasonable time

horizon for a liquidity trader (see Bertsimas and Lo (1998)).
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For all computations, we find local convexity of the loss function for the periods under consider-
ation, thereby ensuring a local unique solution for the risk-averse trader. Therefore, the numerical
analysis is a powerful practical tool to determine the optimal number of trades.

To illustrate the sensitivity of the loss function and the optimal frequency of trades to the
underlying parameters, we do some comparative statics, shown in Figures 6a-6¢. The trading time
is again sliced into 130 periods. The block to be traded consists of 10,000 shares of the asset and
the initial price is $40.

Figure 6a shows the loss function for different levels of risk aversion. The optimal frequency of
trades is decreasing in the level of risk aversion, R. In the example depicted, N* = 26 for R = 0.001,
N* =170 for R=0.01, and N* =128 for R = 0.05. Risk aversion has thus a substantial impact on
the frequency with which traders submit their orders. Also note here how the risk coefficient affects
the curvature of the loss function: it becomes more convex as the level of risk aversion declines.

The parameter A is varied in Figure 6b. As in the risk-neutral case, N* is increasing in A. In
particular, for A = 107%, N* = 27; for A =5%107°, N* = 60; and for A = 10~%, N* = 80. The loss
function gets more convex the lower is the slope A.

Finally, Figure 6¢ shows the impact of the fixed costs on the optimal number of trades. Not
surprisingly, N* is decreasing in the transaction costs. In numbers, for a commission fee k = 5,
N* =89; for k =15, N* =48; and N* = 36 is chosen if k = 25.

For a > 0, the same qualitative results are obtained, and so this case is not analyzed.

A.4 Proofs of Section 5

Proof of Corollary 1. This proof makes use of the following facts: ry = r-!, ry — 1,
rf — 00, and Ay — 0 as N — oco. They are applied below without explicit reference.

To show that g — 0, for all t € [0, 7], due to Proposition 2, it suffices to prove that g1 — 0

as N — oo.
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For this purpose write

[Ay — A_r?M9)]
q1 = WN T XN Qv
where
1—,N-3 2(N-3) _  N-3
Wy2—1= 4 = = 4
1—r_ 1—ry
and

No2 o2 No2 o2
Xy & N3 (3)\+R—}7\T7/T =l )\—i-R—?\T[/T T (ry —7r).

2(N—3)

Obviously, the numerator of ¢q;, Ay — A_r , and X both converge to zero. On the other

hand, Wy converges to A2, because

{_N-3
1 j;__ Ap =1 -7

2 2 2 g 2 2 2 22
A UZZT+UET A UﬂT+JET

# [ N2y + ARGy — 1) —~— ¢ Ry — 2T )2
1—1r_ 1—1r_
and
rE(N‘?’) —pN=3 ry_Z(l — rJ_V_?’) rN=2
— — 0,
1—ry 1—r_ I g

as N — oo. This proves the first fact in Corollary 1. Another way to see this is to consider the

formulas (16) and (17). Since the solution to the Riccati equation in (17)

1 [2 e 2(N—n) Lets
= 2 magE] e+ TR+ RARE ) 1))
Hon = 2 [TQ(anJrl) 1 (55)

=1t
converges to % as N — 0o, ¢ — 0 in (16).

The second assertion is proved in a similar way and can be left to the reader. [
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Proof of Proposition 6. Let us begin by solving problem (33). The necessary conditions for
a minimum require Qt to meet

d?Q,

20
dt?

= R(\02, +02)Q; with Qo = Q and @, = 0. (56)

It is easily checked that this boundary-value problem has the solution

2
) sinh [ BN oy, todr) ng—wgf) (1 — t)]
Qr = . TR Q fortel0,T] (57)
sinh < —’720—T>

Clearly, the function Q; given in (57) is an element of O0,7(Q)-
Next, we tackle the discrete-time problem (3) for the price dynamics (32). The loss function,

[(Cn), for this case becomes

N )\2 2 N
PQ+AY Qu(Qu — Quir) + 22 ””ZQ% S @@ )
n=1 n=1

Minimizing I(Cy) with respect to the sequence {Q,}Y_, yields the first-order conditions

72 R(\02, + 02,)

L forl<n<N+1,
N2 20+ 0% Q orl <n<N+ (59)

Qn+1 2Qn + Qn 1=

Q1 = Q, and QN1 = 0. Some algebra reveals that the solution to the difference equation (59) has

the form
sinh [¢n7(1+ =

)]
Sinh (7] Q forl1<n<N, (60)

Qn:

where
T2 R()\QU%T +02)
2N?2 20 + A%

cosh( ¢N) =1+
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Hence, as g, = @Qn — Qn+1 by definition, the formulas in (34) and (35) constitute the solution to
problem (3) under the price rule (32).

We are now prepared to show that both limNﬂooQL i) and limy_ qﬁ—NNJ exist, and that
they equal Q; and —chzt, respectively, where Q) is given as in (57). As a first step, we study the

convergence behavior of ¥,. The Taylor expansion

T > ™"
o (§ow) =1+ Ly () ok (%)
indicates that for large N (neglecting terms with degree four or larger) equation (61) becomes

(T)2¢2 72 R(Noy, +02,)
N/ TN T2N? 20+ AL

N =

This, in turn, has

R(\’02. +02,)
Yy — \/ 29 (63)

for N — 0o as a consequence. By virtue of (57) and (60), Q; = limy oo Q-

To find limy_,00 q—s%, use (34) to calculate

9tN] ¢y cosh(En)
7/N — sinh(¢y7)

for £y € (¢NT (1 — L%{;”) SUNT (1 =+ % — L%\]fw )) Clearly, qﬁ—NNJ converges to the expression ¢
given in (36), which is the negative of the first derivative of Q; in (57).
Thus, [[077}(62) = limy 00 L(Q, N) remains to be proved. Employing Q,, and Q; as in (60) and

(57), respectively, it follows that

N T 2
> Qu(@n = Quit) [ Quide = (64)
n=1
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)\202 + o2 N

= ”ZQ? — (A2, 102, ZQ 5= Wt o) [ Qi (65)
T 0
and

T T/N

n=1

N vl 2
Sl (Qn— Qni1)* =0 Z Dnt1 = @ (Qnt1—Qn) — 9/0 (%—%) dt (66)

as N — oo. But this shows that L(Q, N) — lN[O,T](Q) and the proof is complete. [

A.5 Proofs of Section 6

Proof of Proposition 7. To solve (39) for V(f,g) = f(7) we only need to consider the

problem

L(Q) = inf E{ / (jtTAq}dt} (67)
GEM[O0,,1(Q)] 0

subject to (37). This is due to the constraint Q- = 0 and the equality F { fOT QZFdBt} = 0. The
solution of (67) can be obtained by applying the following Lagrange approach. Solve for all k € RM
L(Q,k) = inf E / Gl Agydt + HTQT:| (68)

0

Gt is continuous
M (H¢)-Markov control

subject to (37). Note that the optimal policy of (68) may not satisfy the constraint [; Gdt = Q.
However, any deviation from this constraint would alter the objective I:(Q, k) through the term
/@TQT, where £ has the interpretation of a Lagrange multiplier. If we are able to determine a vector
K* such that the solution G;(x*) of (68) satisfies [ G:(x*)dt = Q, then we have also found a solution
of (67).

The Hamilton-Jacobi-Bellman equation for (68) entails

. T N P
inf | (1+60)3s Ads + 6, = 6505 + 50T Qs | =0, (69)

€ [0,7], for a smooth candidate function ¢ : [0,7] x R® x R — R, where ¢;, béy daes and
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qﬁ = (qﬁQl, ¢Q2, e ,qﬁQM) denote the partial derivatives of ¢ with respect to time and the state

variables, repectively. By virtue of (69), the optimal trading rate is given by

1

= 20T og)

Al (70)

Hence, by substituting (70) into (69), we obtain that the candidate function ¢ must solve the

boundary value problem

T T %6Me + 5 1012006 = 0 (71)

¢ ) @

with

o(T, Q, C~') =kTQ forallQ e RM and C € R.

It can be easily verified that ¢(t,Q,C) = AT R(E— 1) + kT Q solves (71) and therefore
gs(r) = %Afln. As a consequence, the unique x* that implies fOT Gi(k*)dt = @ equals k* = %AQ.
The solution of (39) for V(f,g) = f(r) is thus found: ¢s(x*) = 1Q as stated in Proposition 7.
The value function I~/(Q) can be calculated from (38) and the equality ¢*(0,Q,0) = %QTAQ, which

completes the proof. [J

Proof of Proposition 8. Consider the problem

[Qe E[ / @ AG+ 2aTr20 a] | (72)
GHEM[O[0.00)(Q)] 0 2

It is easy to see that a solution of (72) also solves (42). So we only need to study here (72). From
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its Hamilton-Jacobi-Bellman equation

inf | (1+ 06)af Ads + 6, — 05 + 3 (R + 060)Q1T?Qu | =0 (73)

qs

we derive that a solution ¢ : [0,00) x RM x R — R has to satisfy

¢ — T oAb + (R+¢éé)QsTF2Qs =0 (74)

(¢)

and

tllglo d)(ta Qta ét) =0

Straightforward computations show that ¢ as given in (70) solves (73) and that the function

o(t,Q,C) = @QTI‘AVQQ meets both equations in (74). In view of the state equations dQ; =

th _ \/7QTFA1/2Q

The solution of this differential equation system yields at once (43) and (44). Finally, note that

—qdt, we conclude that

the loss function in (45) follows from ¢(0,@,0) = @QTPAU?Q 0
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