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Abstract. In order to calibrate a penalization procedure for model selection, the statistician has to choose a shape for the penalty
and a leading constant. In this paper, we study, for the marginal density estimation problem, the resampling penalties as general
estimators of the shape of an ideal penalty. We prove that the selected estimator satisfies sharp oracle inequalities without remainder
terms under a few assumptions on the marginal density s and the collection of models. We also study the slope heuristic, which
yields a data-driven choice of the leading constant in front of the penalty when the complexity of the models is well-chosen.

Résumé. Une procédure de pénalisation en sélection de modele repose sur la construction d’une forme pour la pénalité ainsi que
sur le choix d’une constante de calibration. Dans cet article, nous étudions, pour le probleme d’estimation de la densité, les pénalités
obtenues par rééchantillonnage de pénalités idéales. Nous montrons I’efficacité de ces procédures pour 1’estimation de la forme
des pénalités en prouvant, pour les estimateurs sélectionnés, des inégalités d’oracle fines sans termes résiduelles; les résultats sont
valides sous des hypotheses faibles a la fois sur la densité inconnue s et sur les collections de modeles. Ces pénalités sont de plus
faciles a calibrer puisque la constante asymptotiquement optimale peut étre calculée en fonction des poids de rééchantillonnage.
En pratique, le nombre de données est toujours fini, nous étudions donc également I’heuristique de pente et justifions 1’algorithme
de pente qui permet de calibrer la constante de calibration a partir des données.

MSC: 62G07; 62G09
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1. Introduction

Model selection by penalization of an empirical loss is a general approach including famous procedures as AIC [1,2],
BIC [24], Mallows C), [19], cross-validation [23] or hard thresholding [14] as shown by [6]. The objective is to select
an estimator satisfying an oracle inequality. In order to achieve this goal, the statistician should evaluate the shape of
a good penalty and the constant in front of it.

In this paper, we study theoretically in a density estimation framework the slope heuristic of Birgé and Massart
[10]. There is two main reasons for this. First, it provides a general shape of the penalty under a few restrictions on
the density s and the collection of models, for example, these models can be of infinite dimension. Then, it gives the
precise behavior of the selected model when the leading constant increases. A remarkable fact is that the complexity
of the selected model is as large as possible until the leading constant reaches some particular point Kpi,. This
complexity decreases then strongly, the selected model becomes more reasonable and the estimator avoids to over fit
the data. Another remarkable fact is that the model selected by a leading constant equal to 2 Ky, is a sharp oracle.
The heuristic can then be used to justify the slope algorithm, introduced in [5], which allows to evaluate in practice the
leading constant in front of a penalty (see Section 2.1 for details). The calibration of this constant is usually an issue
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for the statistician. The upper bounds given in theoretical theorems, when computable, are in general too pessimistic
and some cross-validation methods have been used to overcome this problem in simulations (see for example [16]).
The slope algorithm chooses in general a constant more reasonable than the theoretical one and ensures that the
chosen model is of reasonable size. The first main contribution of the paper is a proof of the slope heuristic for density
estimation, for general collections of models. Theorems 3.1 and 3.2 extend the results of [10] in Gaussian regression
and those of [5] in non-Gaussian heteroscedastic regression over histograms.

The penalty shape obtained in the slope heuristic is not computable in general by the statistician. This is why
we also study in this paper the resampling penalties. These penalties were defined by Arlot [4] following Efron’s
heuristic [15], as natural estimators of the “ideal penalty.” We prove that the selected estimators satisfy sharp oracle
inequalities, without extra assumptions on s or the collection of models. This extends the results of Arlot [4] in
non-Gaussian heteroscedastic regression among histograms. We also prove that they provide sharp estimators of the
penalty shape proposed in the slope theorems. Hence, they can be used together with the slope algorithm in the general
framework presented in Section 2.

Resampling penalties and the slope heuristic can be defined in a more general statistical learning framework, includ-
ing the problems of classification and regression (see [4,5]). Our results are therefore contributions to the theoretical
understanding of these generic methods. Up to our knowledge, they are the first obtained in density estimation.

The oracle approach is now classical in statistical learning in general and in density estimation in particular. Oracle
inequalities can be derived, for example, from ¢ penalization methods [12], aggregation procedures [22], blockwise
Stein method [21] or using T -estimators [8]. Up to our knowledge, none of these methods yield oracle inequalities
without remainder terms and with a leading constant asymptotically equal to one at the level of generality presented
in this paper. For example, our results are valid for data taking value in any metric space and the models can be of
infinite dimension. The results of [8] hold for infinite dimensional models but the estimators are not computable in
practice.

The paper is organized as follows. Section 2 presents the notations and the main definitions. In Section 3, we state
our main results, that is the slope heuristic and the oracle inequality satisfied by the estimator selected by resampling
penalties. In Section 4, we compute the rates of convergence in the oracle inequalities using classical collections of
models. The proofs of the main results are postponed to Section 5. In the Appendix we prove technical lemmas, in
particular all the concentration inequalities required in the main proofs.

2. Notations

Let X1,..., X, be i.i.d. random variables, defined on a probability space (2, .4, P), valued in a measurable space
(X, X), with common law P. Let u be a known measure on (X, X’) and let Lz(,u) be the space of square integrable
real valued functions defined on X. The space L2 (1) is endowed with the following scalar product, defined for all ¢, ¢/
in L2(1) by

(r,t’)zfxt(x)/(x)du(x)

and the associated L?-norm | - ||, defined for all ¢ in L? (1) by |lz]l = +/(t,t). We assume that P is absolutely con-
tinuous with respect to p and we want to estimate the density s of P with respect to ;. We assume that s belongs to
L?(w) and we measure the risk of an estimator § of s by L2-loss, ||s — §||>. For all functions 7 in L{(P), let

1 n
Pt:/th:/tsdu:(t,s), Pntz—Zt(X,-), vpt = (P, — P)t.
X X n

i=1

We estimate s by minimization of a penalized empirical loss. Let (S,,, m € M) be a finite collection of linear spaces
of measurable, real valued functions. For all m in M,,, let pen(m) be a positive number and let §,, be the least-squares
estimator, defined by

S =arg min{|¢|* = 2Pyt }. M
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The final estimator is given by § = §,;, where

i€ arg min {15, 1* = 2Py5n + pen(m)}. 2)

me n

We say that § satisfies an oracle inequality without remainder term when there exists a bounded sequence C,, such that

~ 2 . A 2
Is —slI”<Cy inf {lI5m —sl7}.
nmeMn{ " }

We say that the oracle inequality is sharp, or optimal when, moreover, C,, — 1 when n — 0o0. An oracle minimizes
over M,, the quantity

18 = sI> = 151> = 181> = 2P = 18> — 2P + pensg(m).
In the previous inequality, the “ideal” penalty (see [4]), pen;q(m) is defined by
pen;y(m) = 2v,8y,.

The ideal penalty is the central object in this paper. We will prove that the slope algorithm can be used with a penalty
shape proportional to its expectation and that resampling penalties provide sharp estimators of this expectation.

2.1. The slope heuristic

The “slope heuristic” has been introduced by Birgé and Massart [10] in the Gaussian regression framework and
developed in a general algorithm by Arlot and Massart [5]. Let (A;;) e M, be a collection of complexity measures of
the models. The heuristic states that there exists a constant K, satisfying the following properties.

SH1 When pen(m) < KyinAp, then Ay is too large, typically Ay > C max,,c pm, Am-
SH2 When pen(m) =~ (Kpin + 8) Ay, for some § > 0, then Aj; is much smaller.
SH3 When pen(m) >~ 2 Knin A, the selected estimator is optimal.

In this paper, we prove SHI-SH3 for A,, = E(pen;y(m)), Kmin = 1. Besides the theoretical implications that we
discuss later, the heuristic is of particular interest in the following situation. Imagine that there exists, for all m in M,,,
a quantity A,, computable by the statistician and an unknown constant K, such that, for some § < K,

(Ku—8)Am < ]E(penid(m)) < (Ky+8)An.

In that case, it comes from SH3 that a penalty of the form K A, yields a good procedure if K is large enough. In order
to choose K in a data-driven way, we can use the following algorithm (see Arlot and Massart [5]).

Slope algorithm

SA1 Forall K > 0, compute the selected model 72(K) given by (2) with the penalty pen(m) = K A,,, and the associ-
ated complexity Ay k).

SA2 Find a constant kmin such that A g is large when K < Kmin, and “much smaller” when K > kmin.

SA3 Take the final /1 = 771(2Kpmin)-

The idea is that Igmin ~ Kmin because we observe a jump in the complexity of the selected model at this point (SH1
and SH2). Hence, the model selected by ZIZminAm >~ 2KminAm should be optimal thanks to SH3. By construction,
the slope algorithm ensures that the selected model has a reasonable size. It prevents the statistician from choosing
a too large model which could have terrible consequences (see Theorem 3.1). The words “much smaller,” borrowed
from [5,10], are not very clear here. We refer to [5], Section 3.3 for a detailed discussion on what “much smaller”
means in this context and for precise suggestions on the implementation of the slope algorithm. We refer also to [7]
for a practical implementation of the slope algorithm.
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2.2. Resampling penalties

Data-driven penalties have already been used in density estimation in particular cross-validation methods as in Stone
[25], Rudemo [23] or Celisse [13]. We are interested here in the resampling penalties introduced by Arlot [4]. Let
(W1,..., W) be aresampling scheme, i.e. a vector of random variables independent of X, X1, ..., X, and exchange-
able, that is, for all permutations 7 of (1,...,n),

(W1, ..., Wy,) has the same law as (W;(1), ..., Wrm)).

Hereafter, we denote by W, = >y Wi/nandby E W and £W respectively the expectation and the law conditionally
on the data X, X{,..., X,. Let PnW = Z?:l W;éx, /n, UIXV = PnW — W, P, be the resampled empirical processes.
Arlot’s procedure is based on the resampling heurististic of Efron (see Efron [15]), which states that the law of a
functional F(P, P,) is close to the conditional law £Y (Cw F(W, P,, P”W)). Cw 1is a renormalizing constant that
depends only on the resampling scheme and on F'. Following this heuristic, Arlot defines the resampling penalties as
resampling estimates of E(pen;4(m)), that is

m

pen(m) = ZCWEW(U,‘:V (§W)) where §,};V —=arg mgn{ = 2PnWt}. 3)
1€

We prove concentration inequalities for pen(m) and we compute the value of Cy such that pen(m) provides a sharp
estimator of pen;4(m), we deduce that pen(/m) provides an optimal model selection procedure (see Theorem 3.3).

2.3. Main assumptions

For all m, m’ in M,,, let D, = nE(||s; — $m %),

R R D,
f =E(Is = Sull?) = lls — smll* + 7’”,

2
Uit = sup Var(t(X)),
teSu+S,,,It<1

1 2
€m,m' = — sup ”t”oo
N teSy+S,, <1

For all k € N, let Mﬁ ={meM,, R, €lk,k+ 1)}. Forall n in N, for all k > 0, ¥ > 0 and y > 0, let [k] be the
integer part of k and let

L.y (k, k') = In(1 + Card(M¥1)) +n(1 4 Card(MET)) + In((k + D (k' + 1)) + (Inn)?. )

[V] There exist y > 1 and a sequence (&;,),eN, With &, — 0 such that, for all n in N,

2

2
v ’ e /
sup sup { (( ik ) vV )liy (k, k/)} <&t
(k,k/)E(N*)Z (m,m/)EMﬁfol, Rm V Rm/ Rm Vv Rm/

Comments.

o [V] ensures that the fluctuations of the ideal penalty are uniformly small compared to the risk of the estimator
Sm. Note that for all k,k’, In,y (k, k') > (Inn)Y, thus, [V] holds only in non-parametric situations where R, =
infepm, R —> 00 asn — o0.

[BR] There exist two sequences (h})nens and (h$)yens with (h v h’) — 0 as n — oo such that, for all n in N*, for
all m, € argmin,,e Aq,, Ry and all m* € argmax,,e pm, Dim,

R nlls — sy |2
my < hz’ ” m*” < ]’l:
D, x D,,*
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Comments.

e The slope heuristic states that the complexity Ay, of the selected estimator is too large when the penalty term
is too small. A minimal assumption for this heuristic to hold with A, = Dy, is that there exists a sequence
(Op)nen+ with 6, — 0 as n — o0 such that, for all n in N*, for all m, € argming e, E(lls — §m||2) and all
m* € argmaximept, E(llsm — Smll?).

Dy, <6, Dy
Assumption [BR] is slightly stronger but will always hold in the examples (see Section 4).

In order to have an idea of the rates Ry, ,, A}, hg, let us briefly consider the very simple following example:

Example HR. We assume that s is supported in [0, 1] and that (S;;,)me M, IS the collection of the regular histograms
on [0, 1], withd,, =1, ..., n pieces. We will see in Section 4.2 that D,, ~ d,, asymptotically, hence D, ~ n. More-
over, if s is Holderian and not constant, there exist positive constants ci, ¢y, o1, ety such that, for all m in M,,, see [4],

a1dy, ™ < |Is — smll* < cudy,®.

In Section 4.2, we prove that this assumption implies [V] with &, < C ln(n)n_l/ Boy+4)

Moreover, there exists a constant C > 0 such that Ry, < inf,, c (candy,® +dyp) < Cn'/CotD) thyg Ry, /D) <
Cn=20/QuutD) " Since there exists C > 0 such that n||s — sy« ||>/ Dy < Cd;f‘“ = Cn~%, [BR] holds with h{ =
Cn=2/Coutl) gnd p* = Cn=,

Other examples can be found in Birgé and Massart [9], see also Section 4.

3. Main results
3.1. The slope heuristic
The first result deals with the behavior of the selected estimator when pen(m) is too small.

Theorem 3.1 (Minimal penalty). Let M,, be a collection of models satisfying [V] and [BR] and let €} = ¢, V h.
Assume that there exists 0 < 8, < 1 such that 0 < pen(m) < (1 — 8,) Dy, /n. Let m, § be the random variables defined
in (2) and let
8, —28¢)
Cp=——".
1+ 16¢g,

There exists a constant C > 0 such that, with probability larger than 1 — Ce~(1/2nn)"

Di>caDper s =517 =2 inf |ls —§nll* Q)
Shz meM

n

Comments.

o Assume that pen(m) < (1 — &) Dy, /n, then, for n sufficiently large, D; > ¢ Dy,» is as large as possible. This proves
SH1 with Ay, = Dy /n, Kin = 1.
e The second part of (5) proves also that, in that case, we cannot obtain an oracle inequality.

Theorem 3.2. Let M, be a collection of models satisfying [V]. Assume that there exist 5T >8§_ > —1and0 < p’ < 1
such that, with probability at least 1 — p’,

D R D R
27 45 <pen(m) <22 4572, (6)
n n n n
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Let m, § be the random variables defined in (2) and let

1+ 8- —46¢ -
+ _ n
Cn(3-.9 )_(1+8++268,, VO)

There exists a constant C > 0 such that, with probability larger than 1 — p’ — Ce~(1/2)(nm)”

Dy <Cy(8—,8M) Ry, lIs =351 < Cu(8-,8") inf [Is —Sull® @)

meM,

Comments.

e Assume first that pen(m) = (2 + 8) Dy, /n with § close to —1, then, for n sufficiently large, (7) ensures that Dy =
O(Ry,,). Hence, Dy, jumps from D« (Theorem 3.1) to Ry, . This proves SH2, with A,, = Dy, /n and Kuyin = 1.

o Assume then that §_ = 8T =0, so that the penalty term pen(m) = 2Kmin Ap,. The second part of (7) ensures that §
satisfies a sharp oracle inequality. This proves SH3. In general, the rate of convergence of the leading constant to
1 is given by the supremum between 5_, 81 and ,,.

e The second part of (7) proves also that, if pen(m) = K A, with K > 2Knin, then, we only loose a constant in the
oracle inequality. This is why it is better to choose a too large penalty which only yields a loss in the constant in the
oracle inequality, than a too small one that may lead to an explosion of the risk.

e Dy, /n is unknown in general and cannot be used in the slope algorithm. We propose two alternatives to solve
this issue. In Section 3.2, we give a resampling estimator of D,,, it can be used for every collection of models
satisfying [V]. This estimator satisfies (6) with —§_ =87 = O(e,,). In Section 4.2, we will also see that, in regular
models, we can use d,, instead of D,, and the error is upper bounded by CR,, /R,y , thus Theorem 3.2 holds with
(8-V8T) < C/Rpn, < &n, p' = 0. In both cases, we deduce from Theorem 3.2 that the estimator § given by the slope
algorithm achieves an optimal oracle inequality. In Example HR, for example, we obtain &, = Cn~ "/ @1+ 1np.

e Let us notice here that the constant Ky, = 1 is absolute when we choose A, = Dy,. This is not true in general
and Kpin can even depend on s. In order to see that, let us consider the collection of regular histograms on [0, 1].
In that case, we have (see (9)) D,, = (F(1) — F(0))dy, — |lsm||%, where F(x) = ffoos(t) du(t). Hence, the slope
heuristic holds for A,, = d,,, but the associated constant Knin = (F (1) — F(0)) is not absolute if s is not supported
on [0, 1].

3.2. Resampling penalties

Theorem 3.3. Let X1, ..., X, be i.i.d. random variables with common density s. Let M,, be a collection of models
satisfying [V]. Let Wy, ..., W, be a resampling scheme, let W, = Z?:l Wi /n, v%v = Var(W; — Wn) and Cy =
2(1}%,[,)*1 . Let § be the penalized least-squares estimator defined in (2) with pen(m) defined in (3). Then, there exists a
constant C > 0 such that

IP’<||s — 52 < (14100, inf |s— §m||2) > 1 — Ce(1/2Mnn)" (8)
meM,

Comments. The main advantage of this result is that the penalty term is always totally computable. It does not depend
on an arbitrary choice of a constant K yin made by the observer, that may be hard to detect in practice (see the paper of
Alot and Massart [5] for an extensive discussion on this important issue). However, Cy is only optimal asymptotically.
It is sometimes useful to overpenalize a little in order to improve the non-asymptotic performances of our procedures
(see Massart [20] and the remarks after Theorem 3.2) and the slope heuristic can be used to do it in an optimal way.

4. Rates of convergence for classical examples

The aim of this section is to show that [V] can be derived from more classical hypotheses in two classical collections
of models: the histograms and Fourier spaces. We obtain the rates ¢, under these new hypotheses.
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4.1. Assumption on the risk of the oracle

Recall that R, = infj,c A1, Ryn. In this section, we make the following assumption.

[BR’] (Bounds on the Risk) There exist constants Cy > 0, ay > 0, ¥ > 1, and a sequence (6,),en With 6, — 00 as
n — oo such that, for all n in N*, for all m in M,,

62(Inn)? < R, < Ry < Cyn®.

Comments. Let (S,,, m € M) be the collection of regular histograms of Example HR. Assume that s is an Holderian,
non-constant and compactly supported function, then there exist positive constants c;, cy, ¢, oy such that (see for
example Arlot [3])

cidy,™ <5 —smll < cud,, ™.
We have also, see (9), Dy, = dyy — ||Sm ||2. Hence,

R, > c,,d illl (nd,;z“" —|—dm) > ¢, n /Gt
= n

m=1,...s

For all m in M,,, we also have R,, < (cy+ 1)n. Hence, [BR'] holds for all y > 1 with 6, = c,n"/ 442 (Inn) =2 . It is
also a classical result of minimax theory that there exist functions in Sobolev spaces satisfying this kind of assumption
when M, is the collection of Fourier spaces that we will introduce below.

We also make the following assumption on the collection (S,,, m € M,,).

[PC] (Polynomial collection) There exist constants c o > 0, @ oq > 0, such that, for all #n in N,
Card(M,,) < cpn“M.

Under Assumptions [BR] and [PC], for all m € M,,, R, < Cyn®v, thus for all k > Cyn®, Card(MElk]) =0.In
particular, we only have to take into account in [V] the integers k and k’ such that k < Cyn® and k' < Cyn*v and there
exists a constant ¥ > 0 such that In[(1 4+ k)(1 + k")] < «x Inn. Moreover, under [PC], In(1 + Card(MLk])) <«lnn,
hence, there exists a constant ¥ > 0 such that, forall ¥y > 1 andn > 3,

2

2
Uon,m’ Cm,m’ 2 ’
: \% . l k,k
sup sup {((Rm v Rm’) Ry v Rm/> n,y( )

(kK" e(N*)2 (m,m’)eMLk] xME{"]

v o 2 e
= sup {( e ) v }K(lnn)27’ .
(m,m’)e(M,)? Ry V Ry Ry, VvV R,y

4.2. The histogram case

Let (X, X') be a measurable space. Let (Py;),ep, be a growing collection of measurable partitions P, = (I3)rem
of subsets of X such that, for all m € M,,, for all A e m, 0 < u(l,) < co. Let m in M,,, the set S, of histograms
associated to P, is the set of functions which are constant on each I, A € m. §,, is a linear space. Setting, for all
rem, Py = («/y,(l)»))_1 17, the functions (¥)e, form an orthonormal basis of S,,.

Let us recall that, for all m in M,,,

D=y Var(y,(X)) =Y P(y3) = (Pyn)* =

rem rem rem

P(Xel))

_ 2
() llsm 117 )

Moreover, from Cauchy-Schwarz inequality, for all x in X, for all m, m’ in M,,

1 1
2 2

sup 1°(x) < E Yy (x), thusey,»=— sup .
teBm,m/ * o n yemum’ M(]A)

(10)

remUm’
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Finally, it is easy to check that, for all m ,m’ in M,

P(XeL)(1—P(Xel))
v = sup Var(Ya(X))= sup . (1)
' AemUm’ remUn/ w(lr)

We will consider two particular types of histograms.

Example 1 ([Reg]: p-regular histograms). For all m in M, P, is a partition of X and there exist a family
(dm)mem, bounded by n and two constants ¢, Cn such that, for all m in M,,, for all A € M,

Crh Crh
— < I < —
4 = u(l) < a,

The typical example here is the collection described in Example HR, where ¢, = C, = 1. Remark that a collection
satisfying [Reg] can be of infinite dimension.

Example 2 ([Ada]: Adapted histograms). There exist positive constants cy, Ca, such that, for all m in M,,, for all

rem, u(ly) > ern~ Y and
P(Xel
u S Cah'
wn(ly)

[Ada] is typically satisfied when s is bounded on X. Remark that the models satisfying [Ada] have finite dimension
d,, < Cn since

12 P(Xeh)=Can) L) = Cancrdnn™

AEm rem

The example [Reg]
It comes from Eqgs (9)—(11) and Assumption [Reg] that

—1 2
Crh dm — ”Sm“ <Dp = Ch dm = llsm I,

dy V dy _

—19m m 2 1/2

emm S —— =1 U = sup tlloolltllisll < ¢, P11y N dir.
teB

m,m’

Thus

emat o o1 (R v Ru) + s
RV Ry — MG TR VR,

<cnl.

If D,y V D,y < 62(Inn)%,

2

mw _ fen oty OV D) 12 €
R \/R / h Rmo Gn(lnn)y.

If D,y V D,y > 62(Inn)%,

</Jc _M(Dva DHlsi?_ €
R,V R, —V&me Do V' Dy 0,(Inn)r "’

There exists ¥ > 0 such that 92(lnn)27/ < kn since for all m in M,,, R, <n|ls — smll*> + Con 4, < (IslI> + C YHn.

Hence Assumption [V] holds with y given in Assumption [BR’] and ¢, = C6, -l 2
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The example [Ada]
It comes from inequalities (10), (11) and Assumption [Ada] that, for all m and m’ in M,,

1 2
and v w = Cah.

emm =C, m

Thus, there exists a constant « > 0 such that, for all m an m’ in M,,,

2 2
Um,m’ Cm,m’ K
sup \Y <= 5
(m.m" e(M,)? Ry VvV Ry Ry, vV R,y 0;(Inn)=r
Therefore Assumption [V] holds also with y given in Assumption [BR’] and &, = k60, 12,

4.3. Fourier spaces

In this section, we assume that s is supported in [0, 1]. We introduce the classical Fourier basis. Let 1: [0, 1] - R,
x — 1 and, for all k € N*, we define the functions

Yi1.k:00, 1] = R, X — v/2cos(2mkx), Yok :[0,1] = R, X = /2sin(2mkx).
For all j in N*, let
mj={0U{G, k),i=1,2,k=1,...,j} and M,={mj, j=1,....n}

For all m in M,,, let S,,, be the space spanned by the family (V3 )acm- (¥2)rem is an orthonormal basis of S, and for
alljinl,....n, dy; =2j+ 1.
Let jin1,...,n, forall x in [0, 1],

j
Z vix) =1+ 220052(231106) +sin®(Qmkx) =1+ 2j = dp,.
AEmM k=1

Hence, for all m in M,,,

Dy = P( > wf) — s l* = do — s> (12)

kem]-

It is also clear that, for all m, m’ in M,,,

dn vV d,y
emm = ———=. Vo S ISIVd V. (13)

n
The collection of Fourier spaces of dimension d,, < n satisfies Assumption [PC], and the quantities D,, e, , and

vfn , Satisfy the same inequalities as in the collection [Reg], therefore, [V] comes also in this collection from [BR].
We have obtained the following corollary of Theorem 3.3.

Corollary 4.1. Let M,, be either a collection of histograms satisfying Assumptions [PC]-[Reg] or [PC]-[Ada] or
the collection of Fourier spaces of dimension d,, < n. Assume that s satisfies Assumption [BR'] for some y > 1 and
0, — 00. Then, there exist constants k > 0 and C > 0 such that the estimator § selected by a resampling penalty
satisfies

P(lls =517 = (14 k6, 1%) inf fls =5, 17) = 1 = Cem /200",

meM,
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Comment. Assumption [BR'] is hard to check in practice. We described in the beginning of this section some examples
where it holds. In more general situations, following Arlot [4], we use our main theorem only for the models with

dimension d,, > (Inn)**2 | they satisfy [BR'] with 6, = (Inn)?, at least when n is sufficiently large, because

IsI> + R > |Is]I> + D > cdp > c(Inn)*(Inn)*

With our concentration inequalities, we can control easily the risk of the models with dimension d,, < (In )2 py

k (Inn)3+t5Y/2 with probability larger than 1 — Ce~ (/2"

We can then deduce the following corollary.

Corollary 4.2. Let M,, be either a collection of histograms satisfying Assumptions [PC]-[Reg] or [PC]-[Ada] or the
collection of Fourier spaces of dimension d,,, < n. There exist constants k > 0, n > 3+ 5y /2 and C > 0 such that the

estimator § selected by a resampling penalty satisfies

1 n
P(”S _§||2 S (1 +K(1nn)l)( H}\f/‘l ||S _§m”2+ (nn) )) 2 1 _Ce*(]/z)(ll’l}’l)y'

me n n

5. Proofs of the main results
5.1. Notations

Let us recall here the main notations. For all m, m’ in M,,, let

p(m) = lsm —3mll>, Dy =nE(p(m)) = nE([15m — smll?),

Ry =nE(ls = $ul?) = nlls — s> + Dy, 8(m,m') = vy (sm — smr)-
Forall n e N*, k > 0, k' > 0, y > 0, let [k] be the integer part of k and let

L,y (k, k') = n((1 + Card(M¥)) (1 + Card(ME))) +In((1 + k) (1 +&')) + (nn)” .
Recall that Assumption [V] implies that, for all m, m" in M,,,

Vi by (R Ry) < 67 (Ryy v Ry),

emm (In.y Rons Ru))’ < 62(Rin v Ryr).

Let (¥)1em be an orthonormal basis of S,,. Easy algebra leads to

sm= Y (PYDYa.  Sw= D Py, thus [lsm —Sul® =Y (va(¥))”.

rem rem rem

Therefore, §,, is an unbiased estimator of s, and
penid(m) =20, 8m) =20, S — Sm) + 20, (5m) = 2|8 — Sm ||2 + 20, (Sm).
By definition, 72 minimizes ||s — S, ||% + pen(m) — pen;4(m). Hence, for all m in M,,,

lls = 513 < s — 8 lI3 + (pen(m) — 2p(m)) + (2p (i) — pen(i)) + 8 (i, m).

(14)

s)
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5.2. Proof of Theorem 3.1

If ¢, <0, there is nothing to prove. We can then assume that ¢,, > 0, this implies in particular that
28e, <8, < 1.

We use the notations of Lemma A.10. From Lemma A.10, inequalities (5) will be proved if, on 27, D; > ¢, D,,» and
Is =512 =~ inf s — $ull*

- Shz meM,

Let m, € argming a1, Ry, 1t minimizes over M,, the following criterion.

Crit(m) = [|$ 1> — 2 PuSm + pen(m) + [Is[1* 4 2, (sm,)
= |Is — s> — p(m) + 8(m,, m) + pen(m).

Recall that 0 < pen(m) < (1 —8,)D,,/n. On 27, for all m in M,,, since R, > Ryy,,,
D R D
Crit(m) > |5 — sm > — == — 168, — > —(1 + 168,) —,
n n n

R D D
Crit(m) < |Is — s |* + 26sn7"’ — anT’" = (1426ex)lls — smll> — 8y — 268,,)7’”.
When D,, < ¢, Dy,
m*

nlls — spm#|?
(1 4 16&,) Dy, < Dy | (8, — 266,) — (1 +268n)D7 )

Thus Crit(m) > Crit(m™). This implies that Dy, > ¢, Dy,.
Moreover, on 27, we also have, for all m in M,,

5 R . D, R,
Is — 5% =~ + (p(m) - —’") > (1 —20g,) 2,
n n n

and

: . .. R R,
inf lls — Sl < inf, 7"’(1+108n)s ™Mo (1 + 108,).

me n m n n
Thus
R; Dj; Dy
s — 512 = (1 —208,) = > (1 — 20g,) —= > (1 — 20e,)cp ——
n n n

. l—20£,,Rm0>c_,,1—208,, inf s — § ”2
=" R n T RS 14 10s, meM, e

We conclude the proof, saying that ¢, < 1/28 implies that (1 — 20e,)(1 + 108,,)’1 >8/38>1/5.
5.3. Proof of Theorem 3.2

If §_ — 46¢, < —1, there is nothing to prove, hence, we can assume in the following that §_ — 46¢, > —1. We keep
the notation §27 introduced in Lemma A.10. Let

2D R 2D R
$2pen = ﬂ { m+57mfpen(m)57m+5+7m},

n
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2 = Q271 N §2pen and m,, € argmin,, e Aq, Ry Recall that P(£2pen) > 1— p’ and that, /% minimizes over m the following
criterion.

Crit(m) = |8 1> — 2Py ($) + pen(m) + [IslI* + 2, (sm,)
= |Is — s> — p(m) + 8(m,, m) + pen(m).
Therefore, on §2, for all m in M,,, since R, > Ry, ,

R D
Crit(m) > (1 48_)— + < =
n n

Ry
- p(m)) — 6¢,
n

2 Dy,
> (I4+8- —16g,)lls —spmll” + (1 +6- — 16¢,) ;

Dy,
>({1+6_ —16g,)—,
n
. + Rm
Crit(m) < (1 +8% +26¢,) —.
n
If Dy > Cp(8—,8T) Ry,

Crit(m) > (1 +8_ — 168,) —2 > (1 + 5_ — 46g,) —=
n n

R
> (14681 4 26e,) —2 > Crit(m,).
n
Hence Dj; < C, (85—, 8) Ry, . Moreover, from (15), for all m in M,,,
lls =517 < lls = 811 + (pen(m) — 2p(m)) + (2p(h) — pen(i)) + 8 i, m)

R

m
n

A 2 Dm + Rm N D’;‘,l
<|ls=Smll”+2 T—p(m) + (s +6sn)7+2 p@i) — + (=8_ + 6¢,)

n

. R
< lIs = Smll* + (4684 + 5+)7’” + (268, —5) .
For all m in M,,, on 27,
R R D R
lls — Smll* = == + (p(m) - —’”) > (1 —20e,)—.
n n n

Hence, for all m € M,,,

5 . 46e, + 81\ 266, — 5 -
s =512 < lls — $mlI* 1+ —= - lls — 5117,
1 —20¢g, 1 —20¢g,
i.e.,
1—46s, —§_ . 14+26e, +68F R
— s =5 < — e |Is — $nl*
1 — 20¢, 1 — 20¢,

This concludes the proof of Theorem 3.2.

5.4. Proof of Theorem 3.3

We keep the notation §27 introduced in Lemma A.10. Recall that ]P’(.Q;) < Ce W/ 2)(1“”)y, and that, on 27,
VmeM,, (1- 208,1)11—"1 <lIs —$mll®,

R, vV R,,
Vm,m/eM,%, 5(m,m’)§68nu.
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Let £2, be the event defined in Lemma A.13 and let £2 = £2, N 227, from Lemma A.10, P(2°¢) < Ce~(1/2(nm7”
Recall that pen(m) = 2D,Ylv /n (the notation D,y is introduced in Proposition A.12). On £2, from (15), for all n such
that 20¢,, < 1, for all m in M,,,

y . R R,
s =502 < lIs — $mll* + 266, —= + 166, —2
n n
26¢ 6¢e
<lls =85 1124+ =" qg—3. 12 n —512.
<|ls = Sm| +1—208,,”S Sml +1—2Osn”S s

Hence, for all n such that 20g,, < 1, on £2,

(1 =36¢&,)|s — 5”2 <(1+6g,) inf |s— §m||2.
meM

n

For all n such that 1 — 36¢, > 0 and 42/(1 — 36¢,) < 100,

42¢, . ) . R
||s—§||2§(1+i) inf ||s—sm||25<1+1008n>mmf lls — Sl

1—36¢, ) meM, eM,
Hence (8) holds for sufficiently large 7, it holds in general provided that we enlarge the constant C if necessary.
Appendix
This appendix is devoted to the proof of the concentration inequalities that we used in the main proofs.
A.1. Probabilistic tools
The main tool is Lemma A.5 based on Bousquet’s version of Talagrand’s inequality. It is a concentration inequality
for the square of the supremum of the empirical process over a uniformly bounded class of functions. Recall first

Bousquet’s [11] and Klein and Rio [18] versions of Talagrand’s inequality.

Theorem A.1 (Bousquet’s bound). Let X1, ..., X, be i.i.d. random variables valued in a measurable space (X, X)
and let S be a class of real valued functions bounded by b. Let v> = sup; s Var(t (X)) and let Z = sup;cg Vnt. Then

2 bx x

Vx>0, P|{Z>E(©Z)+, =(v?>+20E2))x+ 3]s
n n

Theorem A.2 (Klein and Rio’s bound). Let X1, ..., X, be i.i.d. random variables valued in a measurable space

(X, X) and let S be a class of real valued functions bounded by b. Let v? = sup; g Var(t (X)) and let Z = sup, g vnt.

Then

2
Vx >0, IP(Z <E(Z) - \/— (v2 +2bE(Z))x — 8;&> <e ™.
n n

Let us now also recall Bernstein’s inequality.

Proposition A.3 (Bernstein’s inequality). Let X1, ..., X, be i.i.d. random variables valued in a measurable space
(X, X) and let t be a measurable real valued and bounded function. Then, for all x > 0,

P<vnm> [2VarGX)x ||t||oox>§e_x_
n 3n

We derive from these bounds the following useful corollary.
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Corollary A.4. Let S be a symetric class of real valued functions upper bounded by b, v* = sup, g Var(t (X)), Z =
sup; e vat, nE(Z%) = D, ey = b*/n and

nEn =225¢, + (2.1 + vV21)V 02D + V15D e,/

then
E(Z*1zsm(2)) < (E(Z)) P(Z = E(Z)) + En. (16)

In particular,
E(2))* <E(2%) < (E(2))” + En. (17)
(E2))

Proof. Since S is symetric, we always have Z > 0. We have

00 00
E(ZZIZZE(Z)) = /0 IP(ZZIZZE(Z) > x) dx 2/(; IP(ZIZEIE(Z) > ﬁ) dx
00

— (E(2))’P(Z = E(2)) + / P(Z > /) dx

(E(2))?

Take x = (E(Z) + \/2(112 +2bE(Z))y/n+by/(3n))? in the previous integral, from Bousquet’s version of Talagrand’s
inequality,

o0 2 o g~y 20° + 14bE(Z)/3 [
/ P(Z>ﬁ)dx51E(Z),/—(v2+2b1[<:(2))f € gy 4 2R/ / eV dy
(E[2])? n 0 Y n 0
b [2 o0 2% [
—/ = (vV2+2bE(Z / eV ydy+ — e Vdy.
+—y = (02 + ())O Vydy+ oo | yeTdy
Classical computations lead to

00 o= 00 )
—dy= 2/ eV /ydy ==, / e’ dy:[ ye Vdy=1.
0 Y 0 0

Therefore, using repeatedly the inequalities

a®b' " <aa+ (1 —a)b (18)

and va + b < /a + +/b, we obtain, for all > 0,

VIGE(Z) = 2 +—”e,‘/“(f B2) (ViE@) e < Tt (Vi) + 325’%.
Thus
/(;;DZP(Z > /x)dx < (21}2 + %eb + u*/zz?) R E(Z (et
+ (13—4@ + vm) @ + 2/ WE(Z);/2(€”)U4
<2+ \/j_n) . +\/§UE(Z)+ (§+i__; §§+ )—

3/2¢,.\1/4
+<n(@+§)+2ﬁ) (ﬁE(Z),)q (en)/*
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Therefore, taking n = 0.088, we obtain

o 2 3/2,, \1/4
/ B(Z > VE)dx =215 4152 4 Vo YD) | s WE@) ) 7
( n n n n

E[Z])?

Finally, we use Cauchy—Schwarz inequality to obtain that /nE(Z) < (nE(Z*)H/2 = (D)Y/2. Since vZ < D, we
get (16). O

We deduce from this result the following concentration inequalities for Z2.

Corollary A.5. Let e, = b*/n. We have, for all x > 0,

2 D Dep(190H)* 4+ 3V Dulx + 3vx + ¢, (19x)° .
P\ Z > <e
n

IP’(22 D __ 8D *(epx )4 +7.61vv2Dx + eb(40.25x)2) i
n n -

Proof. From Bousquet’s version of Talagrand’s inequality and from (E(Z )2 < E(Z?%), we obtain that, for all x > 0,
with probability larger than 1 —e™, Z2 — D/n is not larger than

4D (epx )4 + /D14y epx? )3 + 24/ 202x) + 4D V4 (epx2)3/* )3 + 3v%x + epx?2 /3

n

We use repeatedly the inequality a®b' =% < aa + (1 — )b to obtain that, with probability at least 1 —e ™, Z> — D/n
is not larger than

(44 321/9) D34 (epx®)/* + 24/24/ Dv2x + 3v%x + (3 + 14/n% + 8/ /Mepx? /9
. .

For n = 0.07, this gives

D D3%ep(19x))'/* + 24/2/ Dv2x + 3v%x + ¢ (19x)2
- — > .

n n

ZZ

For the second one we use Klein’s version of Talagrand’s inequality to obtain, for all x > O such that r(x) =
V22 4 2bE(Z))x/n + 8bx /3n < E(Z),

P(2? < (B(Z) — r(x))) <e ™.

We have (E(Z) — r(x))? = (E(Z))? — 2E(Z)r(x) 4+ r(x)? = (E(Z))? — 2E(Z)r (x), thus
P(22 < (E(2))” = 2E(Z)r(x)) <e ™.

From the previous corollary, (E(Z))? > E(Z?) — E,,, thus
P(z* <E(Z%) — Ey — 2E(Z2)r(x)) <e™".

Remark that

4D3*(epx®)V/* + 3¢/ Dv2x + 161/ Depx? /3
n
_ U+ 321/9)D3/*(epx2)V/* 4+ 3+ Dv2x 4 16/ (9n%)ep x>
< - .

2E(Z)r(x) <
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For n =0.0357, we obtain

D_ o D3¢, (V15 + 4.127/%) + VV2D(4.61 + 3/%) + 225¢,(6.2x2 + 1) (19
n - n '

In order to conclude the proof, we remark that the inequality is trivial when x < 1, thus we only have to use (19) for
x> 1 and then \/x > 1 and x> > 1. O

We will use this lemma to obtain a concentration inequality for totally degenerate U -statistics of order 2. The
following result generalizes a previous inequality due to Houdré and Reynaud-Bouret [17] to random variables taking
values in a measurable space.

Lemma A.6. Let X, X1, ..., X,, be i.i.d. random variables taking value in a measurable space (X, X) with common
law P. Let [ be a measure on (X, X) and let (1y)ye 4 be a set of functions in L*(1). Let

={t=2a1u,2a%§1}, D:]E(sup(t(X)—Pt)2>’

reA reA 1€B

2
v? = sup Var(r (X)), b=sup|tlleo and e,=—.
teB teB n

Let

n(n_l) Z D (1 (Xi) = Pi) (1a(X ) — Py).

i#Zj=1reA

Then the following inequality holds

5.31D3*(epxH)V/* + 33/ v2Dx + 302 19.1x)2
Vi >0, ]P’<U> (epx?) 7+ 3V 1x+ vx +ep(19.1%) )526", (20)
P
9D3/*(epx?)1/* +7.61vv2D 40.3x)2
Vx >0, P<U<— (epx®) 7+ 1” x + e (40.3%) )53.8ex. Q1)
P

Proof. Remark that, from Cauchy—Schwarz inequality,
2 2
sup(va (1)) = ( sup Zamm)) = (w(w)".
teB Yal<ljyea red

For all x in X, from Cauchy—Schwarz inequality,

sup (7 (x) — Pt)2 = Z(tk(x) - Ptk)z,

teB A

in particular, D = ) rea Var(¥, (X)). Moreover, easy algebra leads to

3 (va(0)’ = ZZZIA(X)—PIA +— Z Y (X)) = Pu) (X)) — Py)

reA i=1)eA i#j=1reA

= iz(Z(tk_PtA) >+—U

reA
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Let Z2 = sup,c s (n (1)), Ta = 35 o4 (6. — P13)2,
1 D

E(z?) =E<—P,,TA> =—.

n n

Hence

n

1
U=—7 (22 ~E(z%) - ;v,,(TA)).

From Corollary A.5, for all x > 0,

n—

2 D Dep(190)H)* 4+ 3vv2Dx 4 3v2x + ey (19x)> .
Pl Z > <e™*,
n n

IP’(ZZ _Db__ 8D3* (e, (x)2)V/* +7.61vv2Dx + eb(40.25x)2) -
n n

Moreover, from Bernstein inequality, for all x > 0,

— s

P(—vnTA > +/2Depx + %) <e*

IP’(V,,TA >+/2Depx + %) <e N
We apply inequality (18) with a = D3/*(e,x?)/4, b = e)/x, a = 2/3 and we obtain

24/2 2
P(_U”TP Tf D3/4(ebx2)1/4+eb(% W))Ee—x,

2+/2 V2
P(vnTA > %_DS/“(ehxz)l/4 + eh()%)) <e™ .

Therefore, for all x > 0,

5.31D3*(epx®)1/* + 337/ v2Dx + 3v%x 4+ €, (19x)% + (x ++/2x)/3) .
PlU > 1 <2e ",
" —

9D *(epx?)!/* +7.61Vv2Dx + €, ((40.25x)% + (x ++/2x)/3) .
PlU < — I <3.8¢".
n_

These inequalities are trivial when x < 1. We only use them when x > 1 and we obtain (20) and (21) since x < x2
and \/x < x> when x > 1. O

Let us now state the following corollary of Bernstein’s inequality.

Lemma A.7. Let X, X1, ..., X, be i.i.d. random variables taking value in a measurable space (X, X) with common
law P. Let u be a measure on (X, X) and let (y;))en be an orthonormal system in LZ(M). Let L be a linear
functional in L*>(u) and let B = {t = Yoaea® L), Y ca a)% <1}, v2 = sup, . Var(t (X)), b = sup,c lI|loo and
ep = b%/n. Let u be a function in S, the linear space spanned by the functions (Y;)rea and let n > 0. Then the
following inequality holds

(22)

202 2/9
Vx> 0, ]P’(v,,(L(u)) > g||u||2+ x t e’/ ) <e .
n
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Proof. From Bernstein’s inequality,

N P(yn (Lw) » /2Var(Lf1u)(X))x N ||L(1/;31||oox) -

Since t = L(u/||u]|) belongs to B,

2
[2VarL e (x| L)oo =||u||( [2Vart GOy ||r||oox> SQ”u”2+i( /2v2x+b_x> |
n 3n n 3n 2 2n n 3n

We conclude the proof using the inequality (a + b)? < 2a* + 2b°. (]

A.2. Concentration of the ideal penalty

Let us remark that, for all m in M,, p(m) is the supremum of the centered empirical process over the ellipsoid
By, ={t € Si, |lz]| < 1}. From Cauchy—Schwarz inequality, for all real numbers (by)em,

2
be = ( sup debx) . (23)
rEmM Z“%Sl rEmM
We apply this equality with b, = v, (1,). We obtain, since the system (1 )yem is orthonormal,
2 2 2 2
> (@) = sup (Z am(%)) = sup (vn (Zcmh)) = sup (va())".
rem Za%gl rem 20%51 rem 1€Bn

Hence, p(m) is bounded by a Talagrand’s concentration inequality (see Talagrand [26]). This inequality involves
Dy = nE(||Sm — sm||?) and the constants

m = Sup Var(t (X)) (24)

teBy, teBy

1
em=—sup |£]|2, and o2

More precisely, the following proposition is a straightforward application of Corollary A.S.

Proposition A.8. Let X, X1, ..., X, be i.i.d. random variables with common density s with respect to a probability
measure (1. Assume that s belongs to L*>(i) and let S,, be a linear subspace in L*>(j1). Let s, and §,, be respectively
the orthogonal projection and the projection estimator of s onto Sy,. Let p(m) = ||sy — $m||%, Dm = nE(p(m)) and
let vy, e, be the constants defined in (24). Then, for all x > 0,

Dy (enx)' " 4+0.7/Dyvpx +0.150)x + emx2>
n

<e /%, (25)

Dy,
P(p(m) - 7 >

(26)

1.8D; (emx®) V4 +1.71/ D2 x + 4.06emx2) 5 gamt/20
<2.8e .
n

D
P(—m — p(m) >
n
A.3. Computation of the union bounds
Let us prove a simple result

Lemma A.9. Forall K > 1,

(k]
keNme Mk
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For allm in M, let 1, =1, , (R, Rm), then, for all K > 1/\/5,

Z e Kol — 2(2K2)e*K2(ln")y. (28)
meM,

Forallm, m" in My, let Ly py =1y (R, Ry), then, for all K > 1,

S e K = (5(K)) e K 29)
(m,m’)e(_/\/l,l)z

Proof. Inequality (27) comes from the fact that, when K > 1,

[k]
VkeN, Y e KInCad M) < gng Y7 Kk <o,
me MK keN*

For all integers k such that /\/l,[,k] #+ &, for all m in M,[,k], Ly > 2[In(1 + Card(/\/lLk])) +1In(1 + k)] + (Inn)Y, thus, for
all K > 1/+/2, it comes from (27) that

Z oK Se—Kz(lnn)V Z Z e—2K2[ln(1+Card(/\/l,[,k]))+ln(1+k)] < E(ZKZ)e—KQ(lnn)V'
meM, keNme./\/l,[ik]

Finally, for all integers (k, k') such that MLk] X ./\/l,[,k L #*J,
L > In(1 4 Card(M¥)) +1n(1 + &) + In(1 + Card (M) +1n(1 + &) + (nn)? .
Thus, from (27),
2
Z e K lww — (Z Z eKz[ln(l+Card(MLk]))+1n(1+k)]> o~ K2y
(m,m")e(M?2) keNme Mk O

Lemma A.10. Let M,, be a collection of models satisfying Assumption [V]. We consider the following events.

Rvam/}

25 = {V(m,m’) € ./\/li, S(m, m’) < 6¢g, -

D R D R
2= ) {2 <i0e ) o 2222, |
n n n n
meM,

and 27 = §25s N §2,. Then there exists a constant C > 0 such that
P(‘QSC) < Ce—(lnn)y7 P(Q;) < Ce—(l/Z)(lnn)V’ P(.Q%) < Ce—(]/Z)(lnn)V.

Proof. Let K > 1 be a constant to be chosen later. We apply Lemma A.7 to u = s, — Sy, S = Sy + Sy, L =id,

X = Kzl,,,y (R, Ryy). For all n > 0, for all m, m’ in M,,, on an event of probability larger than 1 — e_Kzl"vV(Rm’Rm’),

202 K2y (R Ruy) + € (K21 (Rin, Rip))? /9

Ui 2 m,
) S ! < — — ’ +
(m m ) = 2”sm S || o

(30)

From [V], for all m, m’ in M,,,

emm' (K, (R, Rip))?
9

207 Ky (R Ryy) +

4

n
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Moreover, for all m, m’ in M,,,

lsm — smrl1* < 2(11s = smlI* + s = S/ 12) < 2(Rm + Ryr) < 4(Ry V Ryr).

Let e, (K) = /(Ken)? + (Kg,)*/18. In (30) we take 7 = e, (K) and we obtain
R, VR,
P<8(m, m') > de, (K) ——"- ) < e Ky Ru-Ryr) @31)
n
From (29), for all K > 1,
R,, vV R,
P(V(m, m') e M2, 8(m,m') > 4e,,(1<)u> < (Z(K))Pe K0,
n
Let K = 1.1 and take n sufficiently large so that K 483 /18 < 1, then 4e,(K) < 6¢,. Hence, the first conclusion of
Lemma A.10 holds for sufficiently large n, it holds in general, provided that we increase the constant C if necessary.
We apply Assumption [V] (see (14)) with m = m’, let l,, = I, (R, Ri), for all K > 0, for all n such that

4.06(Ke,)3 <2,

Dy (em (K2 L,))V* + 0.7/ Dy v2 K 2 + 0.1502 K21 + e (K21,)>
n

R R
< (1.7Kep +0.15(Ken)? + (Ken)*) — < 3K e, —,
n n

1.8D; (em (K2 1m))Y4 + 171 Dy v2 (K21) + 4.06€, (K 21,)?
n

R R
< (3.51Ke, +4.06(Key)*) == < 6Ke,—.
n n

It comes then from Proposition A.8 applied with x = K2I,, that, for all m in M,,

D R
P(p(m) _zm 3K€n_'") < o (K*/20)lm
n n

Thus, from (28), for all K > \/m, and for all n sufficiently large,

IP’<Vm eM,, p(m)— % > BKEni_m> < E(Kz/lo)e—(l(z/zo)ann)y_
We use the same arguments to prove that

P(Vm € My, p(m) — % < 6[(8”%) < E(KZ/IO)e_(KZ/ZO)(I“”)V,

Fixe K = 4/10.5, then for all n sufficiently large, the conclusion of Lemma A.10 holds. It holds in general provided
that we increase the constant C if necessary. (]

A.4. Concentration of the resampling penalty

Lemma A.11. Let (;)5.ca be an orthonormal system in L*>(u) and let L be a linear functional defined on L2(w).
Let p(A) =), c(vy (L(Y)))2. Let (Wq, ..., Wy) be a resampling scheme, let Wy, = Yy Wi/n and let v%v =

Var(W| — W,,). Let

DY =n(vy) " YEY () (L)),

reA
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T=3ealL®W) — PL(W))%, D= PT and

n(n_ 5 Z S (LX) = PLO) (LW)(X ) — PL(Y))
i#j=1ieA
then

1 -1 DY
p(A)=—P,T + " : pY=pP,T-U  pA)-—-H4L=U,
n n

E(DY)=D, DY -D=v,T-U.

Proof. It is easy to check that

n 2
1
pA) =Y (; D LX) - PL(%))

reA i=1
n

1 1
== Z LX) = PLWD) + — D > (LWX) = PLEW)(LW)X) = PLWY))

i#j=11eA
1 n—1

Recall that v = PW — W, P,. For all A in A, since Y 7_;(W; — W,) =0,

vy (L) = Z(W W) L) (X)) = Z(W W) (L) (Xi) = PL(Y)).

11 tl

Thus, if E;,; = E(W; — W) (W; — W) /va,,

2
- ZEW(( Z(Wl ML) (Xi) — PL(%))) )
reA

BAW; = W)
Z

i=1 W

(L) (X)) — PL(Y))°

1
+- Z D Ei (LX) — PLO)) (L) (X)) — PL(Y)).

n
i#j=11eA

Since the weights are exchangeable, forall i =1, ..., n, E(W; — W,,)?) = Var(W; — W,,) = v‘z,[, and forall i # j =
1,..., n,

vy Eij = E((Wi = W) (W) — W) = E((W1 = W) (W2 — Wy)).
Moreover, since Y 1 (W; — W,,) =

|:(Z(W, W,,) } ZIE (W; — W)? Z vl Ei |

i#j=1
nE((W) — Wy)?) +n(n — DE((Wy — W) (Wa — W,)).
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Hence, foralli # j=1,...,n, E; j =—1/(n — 1), thus
w
pY=p,T-U.

The last inequalities of Lemma A.11 follow from the fact that E(U) = 0. Finally,

DY 1 n—1 1 1
p(A) — 4L =-P,T+ U-(-P.T--U)=U. O
n n n n

n
Proposition A.12. Let (Wy,..., W,) be a resampling scheme, let S,, be a linear space, B,, = {t € S;u, |It]| < 1},
p(m) =sup,cp (vn (t))z, D,, = nE(p(m)) and let DXIV be the resampling estimator of Dy, based on (Wy, ..., W),
thatis DY =nC3EY (v (S)V)), where v3, = Var(W; — W,,) and C3, = (v},) ™"

Then, for all m in M, IE(D,X,V) = D,,. Moreover, let ey, vy, be the quantities defined in (24). For all x > 0, on an
event of probability larger than 1 — 7.8e™*,

4x  (40.3x)° D4 (e, x2)\/* +7.61 /02 Dy
Dnv:/_DmS\/m-Fem(?-i-(n_l))_'_ (em )n 1 \/7m 32)
4 19102\ 531D *(enx®)'/* + 3,02 Dyx + 302
DY — D, > —/8enDpx — ey 4 (9107 o Hemx)V4 43,02 Dyx + v -
3 n—1 n—1
For all x > 0,
3/4
P(p(m) _ D_n‘;V - 5.31Dm/ (emx2)1/4+3\/W+3v,2nx+em(]9‘1x)2> et ",
n —_—
3/4
P(D_"‘;V —p(m) < 9Dm/ (emx2)1/4 +7'61\/fr2nme+em(40.3x)2) et s
n P

Proof. The exchangeability property ensures that IEW(an) =n! Z?:l E(W; W,) = E(W; W,). We deduce that
EY (P = Wi Pa) (W) = ZEW (Wi = W) W) (Xi) = 0.

Let us recall that §V = arg min, g, { )12 — 2Pt} = erm(PnWWA)WA- Hence
BY (4 () =B (2 G — W) = 3B ()
LEM

We apply Lemma A.11 with L =id and A = m. By definition of p(m) and Dnvl’

DW
plm) — = = ——— Z D (W (X0 = Pyi) (¥ (X)) — PY).

n n
( 175] 1xem

Thus, from Lemma A.6, for all x > 0,

o DY 5.31D,3n/4(emx2)1/4+3~/v31Dmx +3v2x + €, (19.1x)2 e
pum n n—1 - ’
3/4
P(% oy~ 9D (x4 +7.61‘/;)3anx +em(40.3x)2) S
n n—

This proves (34) and (35).
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In order to obtain (32) and (33), we introduce, for all m in M,, the function T,, =), _,,(¥» — Pv;)? and the
random variable

1 n
Un = s 30 (02X = PU) (2 (X)) = PYs).
i#j=1iem
We apply Lemma A.11 with L = id, we obtain
D"vy — Dy = v, (Ty) — Uy,

From Bernstein’s inequality (see Proposition A.3), for all x > 0 and all £ in {—1, 1},

P<§W(Tm)> [2Var (T, () ||Tm||oox>fex.
n 3n

From Cauchy—Schwarz inequality, T;, = sup;ep, (F— P1)2, thus T lloo/n = 4em and Var(T,, (X)) /n < | Tilloco P T/
n = 4e,, D,,, therefore, for all x > 0 and all £ in {—1, 1},

4
P(Evn(Tm) > /8¢, Dyx + %) <e N

Moreover, from Lemma A.6, for all x > 0,

3/4
P(ym § 531D/ (emxz)1/4+3/@+3vfnx+em(19.1x)2) e,
P

9D (emx®) 4 +7.61 /02 Dyx + em (40'3)6)2) <3.8¢"

P(Um<—
n—1

We deduce that, for all x > 0, with probability larger than 1 — 4.8e™*,

2 3/4 2\1/4 3
DY D = Ben Do+ e 02 S0 Lent) +7.61/02 D

n—1 n—1

Moreover, for all x > 0, on an event of probability larger than 1 — 3e™*,

3/4
DY — Dy = —Bem Do — e (2 4 UOLOTY _ 531D (ena®) 4 33/, Do 4+ 30
3 n—1 n—1 O
Lemma A.13. Let
DY R
2y = ﬂ {_m —pim) < ]Osnl}y
n n

meM,

DY R
Q= ) | =% - pm) = —12¢,—
n n
meM,

and S~2p = 4 N 2. There exists a constant C > 0 such that IP’(.(Z;) < Ce~1/Dnn)"
Proof. From Assumption [V] applied with m = m' (see (14)), if [, =15, (R, R), for all K > 0,
Dy (e (K21n)") " < KeuRu,  \JU2, D (K2n) < KR,

V2 (K2ln) < (Ken)* Ry em(Kln)* < (Ken)* Ry
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We apply Proposition A.12 with x = K2/, and we obtain

DW 2 2 4 Rm K2l
P<—m — p(m) > (831K e, +3(Ken)? + (19.)%(Kep)?) 1) <2eKIn
n n—

Thus, for all K > 1/(v/2), if e,(K) =n(8.31K e, +3(Ken)? + (19.1)2(Ke,)*) /(n — 1), from (28)

DV R
IP’(Vm € My, =2 — p(m) > en(lo—'") <25 (2K?)e K
n n

Take K = 8/8.31 and n > 10 sufficiently large to ensure that 3K28,, + (19.1)2K4e,31' <1, then

10
en(K) < E(Sgn + &) < 10g,.

We deduce that, for sufficiently large n,

P({) <25 (2k2)e K M

We also apply Proposition A.12 with x = K?I,,, and we use the same arguments to prove that, for K = 16/16.61, for
all n > 10 sufficiently large to ensure that (40.3)2K 483 <2

D,/ R 2\~ K2(Inn)"
P{Vm e M,,— — p(m) < —20¢,— | < 3.82(21( )e .
n n

Hence, the conclusion of Lemma A.13 holds for sufficiently large n. It holds in general, provided that we increase the
constant C if necessary. ]
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