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Abstract—An important goal of bandwidth allocation is to as others. Therefore, by giving varied weights to flows, the
maximize the utilization of network resources while sharing the pandwidth requirement of flows can be differentiated. How-
resources in a fair manner among network flows. To strike a bal- ever, as shown in [8], those traditional max-min bandwidth

ance between fairness and throughput, a widely studied criterion . . N . o
in the network community is the notion of max-min fairmess allocations will often result in significant disparity in the actual

However, the majority of work on max-min fairess has been throughput or performance of a flow, despite a "fair” allocation
limited to the case where the routing of flows has already been of bandwidth. Therefore, to further capture the general and

defined and this routing is usually based on a single fixed routing possibly non-linear relationship between bandwidth allocation
path for each flow. In this paper, we consider the more general and the throughput of a flow, utility functions [27] were

problem in which the routing of flows, possibly over multiple . trod d | f il
paths per flow, is an optimization parameter in the bandwidth 'MrOQUCEd as a general periormance measureu lity max-

allocation problem. Our goal is to determine a routing assignment Min fair allocation [8] was formulated to optimize for the
for each flow so that the bandwidth allocation achieves optimal max-min fairness of flows in terms of their utilities.

utility max-min fairness with respect to all feasible routings of Nevertheless, the majority of work on max-min fairness
flows. We present evaluations of our proposed multi-path utility has been limited to the case where the routing of flows has

max-min fair allocation algorithms on a statistical traffic engi- Iready b defined and thi ting i v based
neering application to show that significantly higher minimum already been aetined an IS routing IS usually based on a

utility can be achieved when multi-path routing is considered Single fixed routing path for each flow. Although this setup
simultaneously with bandwidth allocation under utility max- simplifies the problem by decoupling the complicated flow
min fairness, and this higher minimum utility corresponds to routing problem from bandwidth allocation, the utilities that
significant application performance improvements. can be achieved by flows are unnecessarily hamstrung by
routing decisions that have been fixed, ignoring potentially
better allocations that could be achieved if optimal routing and
Bandwidth allocation is a fundamental problem in variousandwidth allocation were solved together simultaneously, and
areas of networking. In this paper, we consider a geneifithe path diversity can be exploited by splitting traffic over
allocation problem in which a network consisting of linksnultiple paths (e.g. by using MPLS tunnels). Therefore, in
with fixed capacity is given along with a set of flows betweethis paper, we consider the more general problem in which the
source and destination pairs. The problem is to allocate a radeting of flows, possibly over multiple paths per flow, is an
or bandwidth to each flow without exceeding link capacityptimization parameter in the bandwidth allocation problem.
On one hand, we would like to improve the overall networ®ur goal is to determine a routing assignment for each flow
utilization by maximizing the total throughput from all flows.so that the bandwidth allocation achieves optimal utility max-
On the other hand, fairness among flows must be maintainaéh fairness with respect to all feasible routings of flows. We
to guarantee the performance of individual flows. Thereforeall the resulting bandwidth allocation and optimal routing as
an important goal of bandwidth allocation is to maximize tha multi-path utility max-min fair allocation
utilization of network resources while sharing the resources inAs we know, most max-min fair allocation formulations are
a fair manner among network flows. based on some iterative water-filling algorithm [6]. In each
To strike a balance between fairness and throughput,taration, the algorithm aims to maximize the allocation of all
widely studied criterion in the network community is thdlows. The flows whose bandwidth cannot be further increased
notion of max-min fairnes$6]. An allocation of bandwidths or are then identified as saturated and are fixed for the remaining
rates is said to be max-min fair if it is not possible to increaseerations. However, we face several new challenges when
the bandwidth of a flow without decreasing another alreadye consider the multi-path routing of flows as a part of the
smaller flow. While max-min fair allocation treats all flowsoptimization problem. In particular, max-min fair allocation
evenly and tends to allocate them with similar bandwidthalgorithms for the fixed single-path case generally rely on
many variants [19], [8], [25] of max-min fair allocation havesome notion of bottleneck link that determines the maxi-
been proposed to differentiate the bandwidth requirememsm common utility. However, under simultaneous multi-
among flows. One such max-min fair varianteighted max- path routing optimization, the bandwidth allocation of a flow
min fair allocation [6], which assigns a weight to each flow.is not necessarily throttled by a certain link because it may
According to the weights, a flow would receive a bandwidthe possible to re-route flows over different combinations of
allocation proportional to its weight to gain the same fairnessultiple paths to achieve higher utilities. To achieve global

I. INTRODUCTION



optimality, flows may need to be re-routed along differerfor single source flows was first studied by [23]. [20] and
paths at each iteration. Such additional degrees of freedfii] proposed approximation algorithms to find unsplittable
make our more general problem significantly harder. flow routings. The fair bandwidth allocation problem has also

To the best of our knowledge, our combined optimal multbeen studied in the online setting where a route is assigned
path routing and bandwidth allocation problem under utilitto each flow when it arrives. [9] proposed a heuristic routing
max-min fairness has not been solved previously. Specificalffgorithm which selects the best single route for a new flow
the main contributions of this paper are as follows: First, weased on link congestions, such that the max-min bandwidth
present a global optimization algorithm that is guaranteed &tlocation is maximized after the flow is added. [12] developed
find an optimal routing and bandwidth allocation that caan approximation algorithm that could achieve a max-min fair
achieve optimal utility max-min fairness with respect to all feaallocation with O(log® nlog' ™ U /¢)-competitive ratio. This
sible routings of flows, including multi-path routings. Secondyound was further improved in [7]. Finally, multi-path routing
we propose a fast fully polynomial iterativeapproximation under fair bandwidth allocation has been studied [3], [13],
algorithm that can be efficiently implemented using a linegt7], [22] as well. But majority of works [17], [22] consider
program solver. Finally, we apply these algorithms to a statissuting as input rather than an optimization parameter. While
tical traffic engineering application [10] in which historicalwe consider [3] and [13] have the closest problem formulation
traffic distributions are used as utility functions to modei us, both works only considered the weighted max-min case
expected future traffic demands. We evaluated this statisticadtead of the more general utility max-min problem with
traffic engineering application on the actual network topologarbitrary utility functions. As shown in [8] and Figure 1, utility
and traffic trace data of a public Internet backbone networkinctions simply cannot be capture as a linear line, and it is
namely the Abilene network. Our evaluations show that signifiton-trivial to extend the solution from weights to nonlinear
cantly higher minimum utility and lower excess demand can lienctions.
achieved when multi-path routing is considered simultaneously
with bandwidth allocation.

The remainder of this paper is organized as follows. First, In this paper, we consider a network consists\dofnodes

I11. BACKGROUND

Section Il reviews related work. We next briefly provide irconnected byM links ¢ = (4o, ¢1,...,¢p—1) with link
Section 1l background material on max-min allocation, utilitcapacity ¢(¢;) for any link ¢;. Given n commoditiesT" =
functions, and multi-path routing. After we give the formalCy, C4,...,C,_1) WhereC; represents the flow from node

definition of our multi-path utility max-min fair allocation s; to ¢;, our objective is to decide an allocation vectavhose
problem in Section IV, we present new algorithms for solvingomponent-; is the rate for commodity’;. Notice, the terms
this problem in Section V. Then Section VI evaluates owf flow and commodity are used interchangeably in the paper.
multi-path utility max-min allocation algorithms on a statisti- ) , ) i

cal traffic engineering application, with results demonstratiﬁ%‘ Max-Min Fair Bandwidth Allocation

significant improvements in utilities that can be achieved. Max-min fair is one of the most widely-used fairness criteria

Finally, Section VIl concludes the paper. in bandwidth allocation. Its general definition is as follows:
Definition 1 (Max-min fair bandwidth allocation)An al-
Il. RELATED WORK location vectorr = (rq,71,...,r,—1) iS Max-min fair when

Max-min fairness has been a widely-studied measure afly component; of » cannot be increased without decreasing
fairness in the network community. However, the vast majorigome already smaller or equal component(r;, < ;).
of work on max-min fairness has focused on the problemIn previous works, commodities were restricted to use
where routing decisions have already been fixed, often basedyiven routing path. Thus, the set of feasible bandwidth
on a single fixed routing path per flow. Several centralizeallocations is defined as follows:
solutions based on global knowledge of the network have beerDefinition 2 (Feasible bandwidth allocation)A feasible
developed [1], [6], [16]. Distributed algorithms [2], [4], [5], bandwidth allocation- = (rg,r1,...,7,—1) assigns rate; to
[14] have also been proposed to achieve max-min fairness cgmmodity C; such that no link in the network is congested:
adjusting flow rates based on limited link states and local
flow information. In addition, several max-min fair variants Z ri < (), Ve € 4 @)
have been studied, such as proportional max-min fairness [19]
and utility max-min fairness [8]. In particular, utility max-Section IlI-C provides the definition of feasible allocation
min has been applied to several application-oriented allocationder the more general setting where the routing of flows is
problems, such as flow control [21], link resource [24], etc.not known and a flow can be routed over multiple paths.

As discussed in Section I, the simultaneous optimal multi- ]
path routing and bandwidth allocation problem under tH Utility Functions
general setting of utility max-min fairness has not been solvedUtility functions were first introduced into the bandwidth
before. Even the routing problem in the context of traditionalllocation problem by [27] to capture the performance of
(weighted) max-min fair bandwidth allocation is rarely disapplication flows. For example, elastic applications, including
cussed in the previous literature. The fair bandwidth allocatigraditional data applications like emails and file transfers, are
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Fig. 1. Utility functions for different application classes.
where ET (k) and E~ (k) represent the set of incoming and
best described by a convex utility function. In contrast, a reautgoing links at nodeé:.
time _application cou!d be qu_eled by a n_early sin_gle-step V. MULTI-PATH UTILITY MAX-MIN ALLOCATION
function because of its sensitivity to bandwidth requirement. o
As shown in Figure 1, from those application flows, theif Motivation
performance simply cannot be capture by a weight or linearWe start with an example to illustrate the difference in

function. bandwidth allocation when considering utility functions and
Therefore, utility max-min faimess based on a set of utilitfiulti-path routing. Figure 2 shows a network with four nodes
functionse = {¢o, 1 én_1} was introduced as an alter-Interconnected by 10-units bandwidth links. The network has

native performance measure. Each funciigre ¢ computes three commodities(A, D), (B, D) and (C, D), and their
the utility for commodity C; delivered under its allocated utility functions corresponding to a given bandwidth alloca-
bandwidthr; as tion r are ¢1(r) = r2/100, ¢2(r) = (r* + 12r)/100 and
¢s(r) = (3r +40)/100, respectively. Notice that some of the
wi = ¢i(r;),Vi €n (2) utility functions given are non-linear. In this example, both
commodities(B, D) and (C, D) have only one possible rout-

. . ) . ing path each. However, commodify, D) has two possible
In this paper, we assume utility functions are St”CﬂYouting pathsA — B — D andA — C — D.

Increasing f/unctlcl)n over the domain ‘ranga 1J; that is,  First we consider the traditional max-min allocation prob-
¢i(k) < ¢4(k'), VK" > k and0 < p; < 1,Vi. Thus, the inverse o \where commodities are routed over a single path, and
of a utility function is also well-defined as we assume the path specified for commodity, D) is A —
B — D. Under the single-path max-min allocation defined
ri=¢; (), Vi €n (3) by Definition 1 and Definition 2, the max-min fair allocation

vector is(5, 5, 10). This arises by assigning a common 5-units
. - . . . of bandwidth to all three commodities in the first iteration,
Accordingly, a utility max-min allocation corresponding tq, ik would saturate both commoditiesy, D) and (B, D)
a given set of utility functions is defined as follows: respectively. The third commodityC’, D) i7s increasec] to, a
Definition 3 (Utility max-min bandwidth allocation)A full 10-units of bandwidth in the second iteration. Corre-
utility max-min allocation is a feasible bandwidth allocatiosponding to this max-min allocation, the resulting utilities for
vectorr = (ro,71,...,7n—1) Where any component; of r  commodities(A, D), (B, D), and (C, D) are ¢, (5) = 0.25,
cannot be increased without decreasing some components, (5) — 0.84, and ¢5(10) = 0.70, respectively.
with equal or smaller utility ¢ (r1.) < ¢:(r:)). On the other hand, under the single-paitility max-
min allocation defined by Definition 3, the utility max-min
fair allocation vector i5(6.8,3.2,10), and the corresponding
C. Multi-Path Routing utilities achieved areg;(6.8) = 0.47, ¢2(3.2) = 0.47,
and ¢3(10) = 0.70, respectively. This arises by allocating
In this paper, we consider the bandwidth allocation problegandwidth to achieve the maximum common utility for all
under multi-path routing where a commodity can use arbitrafifree commodities in the first iteration, which in this example
routing, and its traffic can be split over multiple paths. As 0.47. However, to achieve this maximum common utility,
general formulation for an arbitrary routing assignmenRis more bandwidth for example needs to be allocated to the first
whereR;; is the fraction of traffic from commodit¢’; routed commaodity (A, D) than to the second commodity3, D).
on link ¢;, and we say a routing assignmdRy; is feasible if Again, the bandwidth allocation can be further increased

and only if it satisfies the following constraint. for the third commodity(C, D) to achieve a higher utility.
Definition 4 (Feasible multi-path allocation)A feasible Comparing with the traditional max-min allocation, clearly the
multi-path bandwidth allocation vecter= (rg,r1,...,7,—1) utility max-min allocation achieves better fairness with respect

assigns rate; to commodityC; wherer can be realized by to the given utility functions since utility max-min allocation
a feasible routing assignmei without violating the flow specifically aims to do so. In particular, the minimum utility
conservation and/or overloading the network, such that is increased fromy;(5) = 0.25 to ¢1(6.8) = 0.47.



Commodities: Definition 5 (Local multi-path utility max-min allocation):

C:=(A,D): C,=(B, D): Cs;=(C,D): - . ) . X X
Paths: A>B->D Path: B>D Path: C>D A local multi-path utility max-min allocation is a feasible
| A>C>D multi-path allocation vector = (rg,71,...,m,—1) Where
Utility functions: ; ;
ou(1) = 121100 2o(r) = (F2 +12r) 1100 (1) = (3 + 40) /100 any cqmponentri of r cannpt be increased Wlt.hout
. ! 1 decreasing some component with equal or smaller utility
[ [ C . .
g = S (¢x(rk) < ¢i(r;)) under some routing assignmeRt
= = = Definition 6 (Utility-ordered allocation vector):Given a
allocationr = (rg,r1,...m,—1), we define a corresponding
0 BW 10 0] BW 10 0 BW 10 - . __
- _ utility-ordered allocation vectorr = (ry, 7y, -7, 1)
N‘*WO";: % POSS:'ef“::'"tV;aX'T”'”Vecm’s{r. such thatp;, (r;,) < Giy,, (ri,,,) for k =0...n — 2, where
paths of C, ocation utilities . -re - .
A @D | A>BSD | (68,32 10)| (047,047, 0.70) fils the_ _ut|I|ty fungtlon of commodlt}Ci. _
0 .4 A>C>D |(7.0,5.7,30) | (0.49, 1.00, 0.49) Definition 7 (Utility order (>,)): Given allocation vec-
C Both (8.0,4.0,8.0)| (0.64,0.64, 0.64)

tors a, b and their utility-ordered allocationa =
Fig. 2. Multi-path utility max-min example. (@ig, @iy e vain—_l) and b = (bjo jys -+, bj, 1), we say
a >, b if only if there is somem such thatg;, (a;,) =

_ N _ _ ji (bj,) for 0 <k <m and¢;,, (ai,) > ¢;,(bj,,)-

When we further consider utility max-min allocation under pefinition 8 (Optimal multi-path utility max-min allocation):
multi-path routing there could be three possible allocationhe optimal multi-path utility max-min fair allocation is a
results, depending on the choice of routing paths availableftsible multi-path allocation vector that is the largest among
commodity (A, D). If we choose the path — B — D gl |ocal multi-path utility max-min allocations under the
to route commodity( A, D), then the allocation would be theordering defined bys,,. In other wordsy = (rg, 71, ..., 7n_1)
same as the previous utility max-min aIIocation._ However, i§ an optimal multi-path utility max-min vector if any
we choose the path — C' — D to route commodity 4, D),  commodity C; cannot be increased without decreasing the
then the Ut|||ty max-min fair allocation would b€,577 3), rate of anotheCj, such thatu] < L Whereuj — ¢j (T‘]) and
and the corresponding utilities would H@.49,1.00,0.48). i = ¢;(r;) under any routing assignment.

Finally, if we choose to use both paths to route commodity pefinition 9 (c-approximation to the optimal allocation):
(4, D), then the utility max-min allocation would b@®, 4,8), et y = (rg,ry,...,r,_1) be the optimal multi-path utility
where commodity A, D) would be allocated 6 units of band-max-min vector, and® = (FigsTiys--->74,_,) is its utility-

width along the patd — B — D and 2 units of bandwidth ordered vector. We say another utility max-min allocation
along the pathd — C' — D. As a result, the correspondingyector ' = (r)),r},...,r/,_,) with its utility-ordered vector

utilities to the allocation would bé0.64, 0.64,0.64). o= ’)”ijsle-approximation to the optimal
Comparing the three utility allocation results, not only dogsti-path utility max-min allocation if there is somem

the last allocation fully utilize available capacities along ali;;ch thate;, (r, )(1 + €) > ¢;,(r;,) for 0 < k < m and

links, it also achieves better fairness than the allocation resqj;jsm ) > @m'@im).

using a single routing path because no one commodity can ™"

increase its utility by decreasing another one. In fact, by V. OPTIMAL MULTI-PATH UTILITY MAX-MIN

considering.multi—path routing, it. guarant.ees to achieve equalIn this section, we first provide a general problem formula-
or better fairness than the traditional single-path bandwi n to achieve the optimal multi-path utility max-min alloca-

allocation because the solution space with single-path routiﬁgn' We then provide a linear programming (LP) formulation

is only a sub_s_et of the s_olut|on space with mult_l-path rou'{.'ngolution to achieve an approximate optimal solution. Table V
Therefore, utility max-min allocation under multi-path routing, | marizes all the variables used in these algorithms
provides a more powerful and general fair allocation frame- '

work, but it is also a much more complicated problem because TABLE |

it Coup|es flow routing and bandwidth allocation together_ VARIABLES USED IN MULTI-PATH UTILITY MAX -MIN ALGORITHMS.
o Y a set of linksly, ¢1, ..., ¢ —1 With capacityc(?)

B. Definitions T set of commoditie<y, C1,...,Cn_1

whereC; is a flow from nodes; to ¢;
utility function for commodityC';

As shown by the example in Figure 2, a utility max Y

min allocation exists for each given routing assignment. We— bandwidth allocated to commodity;

define a local multi-path utility max-min allocation as the R ?fg_aS;ble routing ajftsi%nmentt Wh@‘fli_jlizthe fraction of
HH _mi H : H : rafmic from commodityC’; routes on linke;

ut|I|Fy max-min alloqa_upn with respect to. a given I‘Ol.!t.ln o Uity achieved by commodiy;

assignmenfR in Definition 5. Then according to the utility d; a temporary rate assignment fo%

order defined in Definition 7, we define the optimal multit ™ a iteration counter starts from 1

path utility max-min allocation as the largest one among all '&ar | Set of commodities identified as saturated at iteratron
local allocations in Definition 8. Finally, we say an allocation FggSAT ;%Nm S({mjrgzynf;;g nrﬁ{lm?t“ ~chieved af fterafien

is ane-approximation to the optimal solution if it satisfies th Y

requirement defined in Definition 9.
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A. OPT. MP_UMMEF The last step is to assign the bandwidth allocation for the
The basic idea to solving a utility max-min allocatioewly saturated commodities and move them into the saturated
problem is to iteratively increase the utility of all commoditie§et I'54r. Once commodities are in the saturated set, their
and determine the maximum common utility that can peandwidth allocations and utilities will not be changed, but
achieved in each iteration. Commodities that reached th#i€ir routing paths still could be altered to better utilize resid-
maximum utilities are tagged as saturated and removed fréi@l capacities and achieve higher utilities for the remaining
the water-filling process by fixing their corresponding utilityUnsaturated commodities in later iterations.
To formulate our problem into an iterative form, we have Next, we prove the correctness of the above optimal algo-
an iterative optimization algorithm, OPMP_UMMF, which fithm.
consists of the following steps. The algorithm starts with Theorem1: The allocation vector » returned by
initializing = = 1, 1'% ,» = , and stops when all commoditiesOPT_MP_UMMF is optimal multi-path utility max-min.

are identified as saturated (i.€5 ygar = 0)- Proof: According to Definition 8, we have to prove that
Step 1 Find the maximum common utility.™, . that can the rate of any commodity’; cannot be increased without
be achieved by all unsaturated commodities. decreasing the rate of anoth€}, such thatu; < p; where
maximize 1.7 7 M= ¢;(r;) and u; = ¢;(r;) under any routingR..
. e To prove by contradiction, we assume commodity €
subject to . ®) I't 47 is identified as saturated at iteratiorand its bandwidth
T . 1k can be increased without decreasing the bandwidth of any
di = ¢ (1), VCi € U Usar ©) commodityC; which has less or equal utility thaf;.
. k=0 & First of all, according to the OP"MP_UMMF algorithm,
i = ;" (Hmaz),VCi € Ponsar 10) it the utility of some commodityC; € T'T,, is less than or
> Ryj-di <c(ty), VL €L (11) equal to the utility of commodity’;, thenC; € Uj_o T 47
vC This is because their utilities are assigned to be the maximum

In the formulation, the first two constraints give the bandzommon utility of the iteration when they are identified as a
width requirement of each commodity. In particular, Equaaturated commodity, and,,... is a non-decreasing vector.
tion 9 sets the bandwidth for the saturated commodities &BUS, if 11; < p;, thenn’ < m andC; € Up_o Téar-
their previously assigned utility, while Equation 10 sets the Then in Step 2 of the OPTMP_UMMF algorithm, at
bandwidth of the unsaturated commodities to the current maierationr, when we test for commoditg’;, we set the rate of
imum common utility. Finally, there must be a feasible routingny commodityC;; € J;_, ' 47 to be their final allocation
assignmenR that can carry the bandwidth requiremehby 75 and the rate of any commodity; ¢ (J;_, %47 to be
satisfying the constraint in Equation 11. the maximum common utility at iteratiom, u7, ..., which

Step 2 Identify newly saturated commoditie§} ,,,, by is also the same as; becauser; = sy, ... However, we
testing each unsaturated commodity € T'}; v 4 With the still cannot increase the bandwidth of commodity by any
following optimization problem such that commodity; is feasible routing. Therefore, we cannot increase the utility of
saturated if its utility cannot be increased by any routing. commodityC; by decreasing the bandwidth of any commodity

maximize (12) C; with greater utilityC;. In other words, we have to increase
the utility of commodityC; by decreasing the bandwidth of

subject to ) (13) some commodityC’; with less or equal utility tharC;, and
_ T that is in contradiction to our assumption. [ ]
d; = 671 (1),¥C; € | Thar (14) P
k=0 B. e-OPT_MP_UMMF

_ =10 7 T
dj = ¢; (Hmaz ), VCj € Linsar\Ci (19) The OPT MP_UMMEF algorithm is a non-linear optimiza-
di = 7 (Ul +7) (16) tion problem because the utility functions used in Step 1 can

R;; - d; < c(l;),9¢; € ¢ 17) be non.-line'ar. Thergfore, we propose a fast fu.IIy polynomial
vl approximation algorithme-OPT_MP_UMMEF, which uses a

inary search formulated as linear programming to find the
aximum common utility. In addition, we re-formulate the
I(%timization problems ir-OPT_MP_UMMF such that they
Ban all be solved as a well-defined Maximum Concurrent Flow
(MCF) [18] routing problem. Given set of commodi€y with
its demand functiond(C), and a set of linkg with capacities,

The above optimization problem fixes the rates of
commodities in Equations 14 and 15, except the commod
C; being tested. It then finds the maximum utility that cal
be increased for commoditg; in Equation 16 while there
still exists some feasible routinB. to carry all commodities.

Thereforg, ifr < 0, we cannoEr |ncrea7sre the utlity Ofc(é), a MCF solver finds a routind® to maximize\, which

corsnmodltyCi .by any routing and’g ,p =L5ar Uai. is the common fraction of demand for each commodity that
tep 3 Assign the utlllt)7/r and bandwidth for each newlyCan be routed with the given link capacities.

saturated commodity’; € I'5,7- The modified Step 1 of the-OPT_MP_UMMEF algorithm

Wi = o> Ti = &7 (Hima) is as follows.



Step 1 Binary search the utility domain to achieve theannot be increased by more thawith any feasible routing,
maximum common utility.” . for unsaturated commodities.and therefore the commodity should be identified as saturated.
The initial values of variables ang, g, = 1, ftiow = 0,A = 0. Notice, the difference betweefi and ¢ is that 6 means
increasing limit for common utility of unsaturated commodi-
ties, while e represents the increasing limit of the utility of
individual unsaturated commaodities. Thus, if we can increase

while fihigh — piow > 6 and A < 1
M?—naz = (Mhigh + IU/lOUJ)/Q

-1 T—1
di = ¢11(“Q’V0i < U’f:(jr Lsar the common utility bys, it does not mean the utility of each
‘(i;\ :R?— (]VM[%]?)(’(,Y% ZE (SUN SAT unsaturated commodity cannot k_)e increased byherefore,
i ’>\< 1 T 0 has to be chosen carefully with respectetdo guarantee
- that there is at least one commodity whose utility cannot be

Hhigh = Pmag increased by when the common utility cannot be increased
else . by 4. We construct such based ore in Lemma 1.

/él.}’“’ = Hmaz Lemmal: For a givene, there exists somé such that

en dwr?ilne ! there is at least one commodity identified as saturated at every

iteration in thee-OPT_MP_UMMEF algorithm.
The binary search procedure starts with guessing the maxi- Proof: The basic idea is to construétbased ore. The
mum common utility as a value in the utility domain range detailed proof is given in the appendix. ]
to 1. Then with a given common utility, we verify if x can Finally, we show that the--OPT_MP_UMMEF algorithm
be achieved by finding a feasible routing to carry the correchieves am-approximation allocation to the optimal solution,
sponding bandwidth allocation; that is, the required bandwid#émd the algorithm eventually terminates as following.
to reach common utility: for unsaturated commodities and to Theorem2: ¢-OPT_MP_UMMF achievesc-approximation
satisfy previously assigned utilities for saturated commoditie®. the optimal multi-path utility max-min allocation.
According to the Maximum Concurrent Flow (MCF) problem,  Proof: Let p77  and p7, .. be the maximum common
by assigning the demand of commodities as the requiratllity achieved by the optimal and-OPT_MP_UMMF al-
bandwidth for the common utility:, there exists a feasible gorithm,respectively. We say-OPT_MP_UMMEF algorithm
routing to achieve the common utility if the X\ returned achieves approximation to the optimal if there exist some
by the MCF solver is> 1.0. Because utility functions are such thatu?, . - (14¢€) > piT Vo <mandul,. > pim .
strictly increasing, we fingk as the maximum common utility ~ We prove by induction. After first iteration, clearly, . -
when there is no feasible routing to achieve an even greatér+ ¢) > u;l,., because otherwise it would contradict the
common utility z-+J, wheres can be an arbitrarily small value condition of saturation test. After second iteration g, . be
depending on the selected by the approximation algorithm.the optimal maximum common utility can be achieved when
Since the maximum common utility in found Step 1 ishe utility of commodityC; € I'k , - is assigned to be.! ..
approximated, the utility of a saturated commodity could BEheny/?,, > 2, . becauses) .. < uil...Sinceu?,, . -(1+

further increased. Thus, we must change Step 2 according)y> u/2,, and i/, > 2, ., 12, - (L+¢€) > p2 .

m

to guarantee the utility of a saturated commodity can only beAfter = iterations, if 7! 1 we findm = .

max > :U’max '

increased by at most a fraction eto its current utility. Otherwise, we knowuk, = < u:k vk < 7. Let uT,..
Step 2 Identify newly saturated commoditi¢¥; ,,» by ver- be the optimal maximum common utility can be achieved
ifying if each unsaturated commodity; meets the following when the utility of commodityC; € T% ,, is assigned to

saturation test in whict®; € I'T .. if and only if the utility be u* ., Vk < 7. Thenp/T, . > u*" ., because the utility

of C; cannot be further increased b6 of its current utility. assignment for any saturated commoditye (J;_, I'% ,, is
- =1k less than its optimal utility.*, .. Again, since the saturation
dj = ¢; ' (15),YC; € UiZo T ar P Wimaa: 10

AP pd test guaranteeg, ... - (1 +¢€) > p7 . and we already know
2 g5 hae): 10 € TAT\C Kl > B 10 (146) > 7 holds for at any iteration
(;\ R) r J\'Li/%(’l;(c 4.0.0) 7 as long asik,,, < pik VE <. . _ ]
i ’)\< 1 [ Theorer_n3: e_—OPT_MP_UMMF algorithm terminates _a.fter
rT. =1, UG at mostn iterations, where: is the number of commodmgs.'
endﬁ‘AT SAT ’ _ I_D_roof: According to Lemma l_, at Ie_ast one commodlty_ is
identified as saturated after each iteration. Since the algorithm
In the above Step 2, we determine a commodity as saturatedminates after all commodities are saturated, it has at most
if its utility cannot be increased by a fraction ©fo the current n iterations, where: is the number of commodities. |
utility under any feasible routing assignment. Again, we use Conclude all, the overak-OPT_MP_UMMF algorithm is
a MCF solver to verify if there exists a feasible routing t@lso polynomial time solvable with respect to the size of
increase the utility of a commodity by assigning its demamktwork because (1) there can be at modterations, (2) the
to the required bandwidth for achieving an additionfibction number of binary searchers at each iteration is a constant with
of its current utility. If the \ returned from a MCF solver is respect toe, and (3) each binary search step involves a MCF
less than 1, then we know that the utility of the commoditgroblem that can be solved in polynomial time.



V1. EVALUATION gSeattle

To demonstrate the improvements possible when path selec-

. . . .. . | \ Chicago New:¥ork
tion is considered as part of the optimization problem, we use a Iss o9

g .. . . . ;Sunnyvale . Denver e
specific statistical traffic engineering problem, COPLAR [10], &% —¢—mdampais F
as an example application. We note that the focus of this work ®.LosAngdes Ka”’?c”y \/ Wasnington
is on the multi-path utility max-min fair allocation algorithms o~ [ _~"atana
and on their optimality that can be analytically proven, not on T~
this example traffic engineering problem per se. We emphasize flousion
that the proposed optimization framework can be applied to a
number of other network applications as well. Fig. 3. Abilene network topology.

In the following, we first briefly introduce the example

statistical traffic engineering application, COPLAR [10], angnich corresponds to the probability the bandwidth allocation
our evaluation setup. We then compare our multi-path utility s o fficient to satisfy the actual traffic demad To maxi-

max-min allocation results with existing max-min allocationi,e the acceptance probability that the bandwidth allocations
solutions to demonstrate the improvements of our approacyy, satisfy the actual traffic demands for all commodities in a

o _ . _ ~ max-min fair manner, the problem become exactly the same as
A. COPLAR - A Statistical Traffic Engineering Application finding a a multi-path utility max-min fair bandwidth alloca-

COPLAR [10], which stands for [cloarse [op]tica]l] cir-tion. Therefore, we could apply our algorithms to find a set of
cuit switching with [a]daptive [rle-routing, is a new networkoUting paths or circuit configurations for the COPLAR static
paradigm for optical networks. As Internet traffic continues t6affic engineering application to minimize excess demand.
grow unabated at an exponential rate, it is unclear whether§r
not the existing packet routing network architecture based on , . )
electronic routers will continue to scale at the necessary pace'Ve €valuated our bandwidth allocation solutions on the
To reduce work load at electronic routers and take advantdgellene network using actual network topology and traffic
of the abundance of optical fiber capacity, the central idea BRCe data. As shown in Figure 3, the Abilene network has 11
COPLAR s to route traffic on coarse optical circuit switch0des interconnected by 10 Gbrs links. The traffic trace data
ing by default and only adaptively re-route exceeding ov&Rn Pe found in [28] as a set of traffic matrices. Each traffic
spare circuit capacity when necessary. Since circuit switchifffAlfix contains the demand rate between an OD pair at a 5-
doesn'’t require the participation of any intermediate electrorfidinute time interval, and it is computed based on the actual
routers, COPLAR relies on a bandwidth allocation aIgorithrﬂaCket samplmg information collected from_ network_ _routers.
to find a set of static or coarse grind provisioned circuits that N the evaluations, we compare our multi-path utility max-
can cover majority of the network traffic. min aII(_)_cat|0n resm_JIts with t_he traditional _welghted max-min

To provision a circuit configuration that can maximize th@"d utility max-min allocations under single-path problem

likelihood of having enough bandwidth, COPLAR uses histo Qrmlulati;)n. IIZQr sirrr]wpliﬁﬁty, we use M—?MMF to dﬁlnote the
ical traffic distributions as utility functions to model expectetﬁesu ts of multi-path utility max-min a ocatlon, w |e.L.JMMF
future traffic demands. As observed in [26], historical traffi@r?d WMMF_represent the_smgle-path aIIocann_o_f utility max-
demands during a particular time of day (e.g. 11am-Noon Jully and weighted max-min, respectively. Specifically, for the

a weekday) are a good indicator of expected future traffi© Single-path max-min allocation scenarios, we fixed the
demands over the same time of day. The flows consider@4ting path of each commodity to its shortest path between

are at the level of OD (Origin-Destination) pairs where traffi € source gnd destination node.'We determine the vyelght and
wiility function of each commodity based on the historical

between each pair of ingress and egress nodes of the net - .
is considered as a commodity. traffic measuremenfcs over 2 morjths perlqd from 3/;/04 to
In particular, historical traffic demands can be explicitl /2.1/04' Ll we|g.hte-d max-min allocation scenario, the
captured by means of demand distribution functions e_|ght of a commodity is the average demand over |ts_h|s-
torical traffic measurements. On the other hand, as mentioned
F = (fi(z)), in Sectio_n_ VI-A, we d_etermin_e th_e utility c_Jf a co_mmpdity_ as
the empirical cumulative distribution function of its historical
with eachf;(z) corresponding to the probability distribution ofdemands, so that the utility value is directly corresponding
traffic demands for commodity;. For eachf;(z), we have tO the acceptance probabilityi.e., the probability of having
a corresponding cumulative distribution function (CDF) thegufficient bandwidth allocation for a commodity). The allo-
describes the probability distribution of a random variableation of both single-path max-min allocations can be solver
X that represents that actual traffic demand. kebe the by the traditional water-filling algorithm [6], while our multi-
bandwidth allocation. Then the CDF &f is given by path utility max-min allocation is computed by solving the
e-OPT_MP_UMMEF algorithm with the linear programming
@i(x) = PriX <z, optimization tool CPLEX [15].

Setup
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Fig. 4. The utility of individual commodities Fig. 5. The minimum utility of max-min alloca- Fig. 6. The excess demand of max-min alloca-
under different max-min allocations when link tions when link capacity (10 Gb/s) is scaled downtions when link capacity (10 Gb/s) is scaled down
capacity is 1 Gbl/s. by a factor of 10 to 20 with every 100 Mb/s apart. by a factor of 10 to 20 with every 100 Mb/s apart.

C. Max-Min Fair Allocations Comparison 2) Minimum Ultility: Figure 5 plots the minimum utility
under varied degrees of resource contention when we scale

Here, we compare the allocation results of NMMF, d ; ; ;
- own the link capacity by a factor of 10 to 20 with every
UMMF and WMMF. As we know, current backbone Ne100 Mbis apart. For all allocations, the minimum utility

works are over-built to accommodate fluctuations in traﬁi%ecreases as the degree of resource contention increased
To emphasize the importance of bandwidth allocation wh(?_| wever, MP UMMF consistently achieves the highest utility

link capacity is relatively scarce, we adjusted the degree ong all allocations, especially when the degree of resource

resource contention in our evaluations by scaling down the Iila R i ;
_ ) ntention is higher. This is because the allocation becomes
capacity (10 Gb/s) by a factor of 10 to 20. In the following g

. o2 . o . rucial as the link capacity is limited. For example, when link
we first show the utilities of individual commodities ach|eve§ pacity P

) ) o apacity is 500 Mb/s, the minimum utilities of MBMMF,
by each of the allocations when link capacity is 1 Gb/s. Th%‘MMF and WMMF are 56.84%, 37.87% and 19.12%, respec-

we compare the minimum utility and excess demand ur‘dtWer. In other words, the MPFUMMEF is able to further in-
varied degrees of resource contention. crease the minimum utility of UMMF and WMMF allocations
1) Utility of Individual Commodities:We take the alloca- by a factor of 1.50x (56.84/37.87) and 2.97x (56.84/19.12),
tion results when link capacity is 1 Gb/s as an example to Sh%‘spectively. As shown from the figure, although UMMF
the utility achieved for each com_modity. The results Und_%fptimizes for the same utility functions as MBMMF, it is
other dggrees of resource contention are discussed Iater._Smg@ame to efficiently utilize bandwidth by adjusting routing.
the Abilene network has 11 nodes, there are 110 OD pairsAg j result, it clearly achieves much less utility than the multi-
total. We plot the utility of each commodity in Figure 4 frompath gllocation. Furthermore, the minimum utility of WMMF
the commodity with th(—?‘ lowest utilifcy to the highest utility,is ever smaller than UMMF because it is difficult to use
and we have the following observations. a single weight value to capture or approximate the actual
First, the results of utility max-min allocations appear agon-linear utility function. Therefore, only MRIMMF can
step functions because all commodities identified as saturagghsistently achieve the best results by considering both multi-
in the same iteration have the same utility/acceptance probath routing and nonlinear utility functions.
blllty But, in Welghted max-min allocation, the commodities 3) App”cation PerformanceFina”y, we compare the per-
saturated at the same iteration could have different Utiliti%rmance of our statistic engineering app"cation by Showing
because its linear utility function is only an approximation tghe excess demand under varied link capacity. Under a given
the actual non-linear utility function of acceptance probabilityink capacity, we determine the excess demand of the traffic
Second, we found MRJMMF achieves much greater utility offering during 5-days period from 4/22/04 to 4/26/04 which is
than UMMF and WMMF for most of the commodities, espedifferent from the traffic datasets for computing our bandwidth
cially for the ones with smaller utility. For example, the mini-allocations. Figure 6 plots the average excess demand over
mum utility of MP_UMMF, UMMF and WMMF are 87.63%, the results at all time intervals within the 5-days period. As
75.99% and 69.89%, respectively. In other words, MRIMF  shown in the figure, we have lower excess demand with greater
increases the minimum utility of UMMF and WMMF by alink capacity because each commodity can be allocated more
factor of 1.15x (87.63/75.99) and 1.25x (87.63/69.89), respasandwidth and less traffic demand would excess the bandwidth
tively. In addition, the result of UMMF is also higher thanallocation. But, again MPUMMF is still able to achieve the
WMMF by a factor of 1.10x (87.63/69.89). lowest excess demand among the three. For example, when
As defined by the utility order in Definition 7, the allocatiorink capacity is 1,000 Mb/s, the excess demand of MRIMF,
results with higher minimum utility are fairer. Therefore, ouUMMF and WMMF is 15.56%, 24.69% and 32.48%, re-
multi-path utility multi-path allocation appears to improvespectively. In other words, MRJIMMF substantially reduces
both the fairness and total utility of bandwidth allocationthe excess demand of UMMF and WMMF by 36.98% and
Accordingly, we further investigate the minimum utility ands2.09%, respectively. Therefore, our improvement on the
actual excess demand under varied resource contentionuiitities shown previously also transfers to better performance
Section VI-C2 and VI-C3, respectively. for our statistic traffic engineering application.



VIl. CONCLUSION

parameter in the bandwidth allocation problem. Our goal is
to determine a routing assignment for each flow and allocate
bandwidth to them such that the allocation of flows achieve¥!
optimal utility max-min fairness with respect to all feasible
routings of flows. We presented, for the first time, an algorithni?l
that finds the global optimal utility max-min fair allocation 4
where the multi-path routing of flows is simultaneously de-
cided. We also presented a fast approximation algorithm that
can be efficiently implemented using a linear program solver.
Finally, we apply these algorithms to a statistical traffic engi{s]
neering application to show that significantly higher minimum
utility can achieved when multi-path routing is consideredg
simultaneously with utility max-min fair allocation, and this [7]
higher minimum utility translates to significant performance
improvements of our statistical traffic engineering application[.s]

APPENDIX

Proof of Lemma 1: For a given, there exists somé such
that there is at least one commodity identified as saturateollfﬂ
every iteration in the-OPT_MP_UMMF algorithm.

Proof: The basic idea is to construét based one. If [11]
we can find a routing to increase the utility for each previoys
unsaturated commodity by there must exist a routing which
can increase the utility of all previous unsaturated commoditiﬁfsi]
by §. Thus, we prove the lemma by contradiction because’l
all previous unsaturated commodities in Step 2 can increase
its utility by more tharnc and remain as unsaturated, then ther A
must exist a routing to increase the utility of all previous unsat-
urated commodities by more thénwhich clearly contradicts
to the termination condition of the binary search in Step 1.[121

Now we construct such @&as the following. At any iteration ]
m, we know the current maximum common utility is7,,... [17]
For each commodityC, € I'fygar, if it is identified as
unsaturated, there must exist a routR§ to carry the addition (18]
bandwidthAd; for commodity C; where [19]

Adk = ¢I;1(#’7ﬂ7’1ax(1 + 6)) - d):l(:u’;ruzx) [20]
Therefore, if allC, € I'[ygur are identified as unsat-
urated commaodities, we can construct a feasible rouRig
to carry an additional bandwidti\d), for each commodity
Ck € I'T xsar Dy combining all routingR* where

Nd Z RE;

k
UNSAT VEETE Nsar

El

[22]

Ady, [23]

| Tonsar |
(24]

Accordingly, letA§; be the utility can be increased corre—25
sponding to the additional bandwidihd) VCj, € I'[; ygar- [23]

Then we choosé as the minimum value of all\§;, so

(26]

[27]

As a result, if we can increase the utility of eaCh € [2g]
' nvgar DY € there must exist a feasible routing to increase

the utility of all C; € I'f; g4 DY 6. Therefore, at least one
In this paper, we considered routing as an optimizatigifPmmodity is identified as saturated by theve found.
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