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We develop an optimal quantization approach for numerically solving nonlinear filtering problems
associated with discrete-time or continuous-time state processes and discrete-time observations. Two
quantization methods are discussed: a marginal quantization and a Markovian quantization of the
signal process. The approximate filters are explicitly solved by a finite-dimensional forward procedure.
A posteriori error bounds are stated, and we show that the approximate error terms are minimal at
some specific grids that may be computed off-line by a stochastic gradient method based on Monte
Carlo simulations. Some numerical experiments are carried out: the convergence of the approximate
filter as the accuracy of the quantization increases and its stability when the latent process is mixing
are emphasized.
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1. Introduction

We address the following nonlinear discrete-time filtering problem. In this paper, all the
random variables are defined on a probability space (Q, F, [?). The signal process is an
R9-valued Markov chain {X;, k € N} with known transition probability Pj(x, dx'), k =1
(i.e. the transition from time k& — 1 to time k). The initial law of X is known and denoted
by u. We have noisy observations { Yy, k € N*} valued in R?, and our aim is to compute at

some time n = 1 the conditional law Ily , of X, given the observations ¥ = (Y1, ..., ¥,).
In other words, we wish to calculate the conditional expectations
HY,nf:[E[f(Xn)‘Yls cees Yn]a (11)
for all reasonable functions f on R¢.
Throughout the paper, we fix the observations ¥ = (Yy, ..., ¥,) at y=(y1, ..., ¥,) and

we write IT, , for IIy ,. The initial value Y, is assumed for simplicity to be non-random,
equal to zero for convenience.

We consider an observation process (or design) where the pair (X, Yi)ren 1s a Markov
chain and such that, for all £ = 1:

(H) The law of Y; conditional on (X;_;, Yi_1, X}) admits a density
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Vo= gi(Xor, Yior, Xi, ).

Notice that the transition probability of the Markov chain (Xy, Yi)ren is then given by
Pi(x, dx")gi(x, v, x', y"dy'.
An example of the observation scheme considered above is the model

X = Fr(Xy-1, €r), k=1,...,n, (1.2)
Vi = Ge(Xi—1, Yie1, Xi, 1), k=1,...,n, (1.3)

where (e;)r and (74)x are independent sequences of independent and identically distributed
(i.i.d.) random variables, and F}, G, are measurable functions. The pair (X, Yi)x is then
Markovian with respect to the filtration generated by (&, 74)r. The basic assumption
concerning G and (1;); is that for each &, x, x' € R?, y € RY, the variable G.(x, y, x’, 17%)
admits a density y' — gi(x, y, X', ).

An explicit solution to problem (1.1) can be found only in very special cases: essentially
when the signal-observation model forms a linear Gaussian system, leading to the well-
known Kalman—Bucy filter. In the general case, the nonlinear filtering problem (1.1) leads
to a dynamical system in the infinite-dimensional space of measures, and we have to search
for approximate solutions.

Actually, approximations to (1.1) have been studied by various authors. We refer for
example to Kushner (1977), Di Masi and Runggaldier (1982) and Di Masi et al. (1985) for
approaches related to the one followed here. In these papers, for an observation scheme in
the particular form

Yi = G(Xk)+ 1 k=1,...,n,

the method consists basically of approximating the signal Markov chain (X); (or, in the
continuous-time problem, the signal diffusion (X,);) by a finite state space Markov chain.
This reduces the nonlinear filtering problem to an approximate resolution by an iterative
finite-dimensional system. In these methods, the space grid is fixed prior to any computation
and regardless of the structure of the Markov chain. So, from a computational viewpoint, they
are effective only for low dimensions of the signal state space. On the other hand, although
some bounds are obtained in Di Masi and Runggaldier (1982) and Di Masi et al. (1985), they
are not sharp. Moreover, they essentially yield the convergence of the approximate filter to
the true filter but do not provide an estimate of the rate of convergence.

We propose in this paper an approximation of the filter based on an optimal quantization
approach. Basically this means relying on a spatial discretization of the dynamics of the
signal (X)<k<, optimally ‘fitted’ to its probabilistic features. Let us be more specific by
considering the case of a single random vector X. If we wish to approximate X by a
random vector taking its values in a finite grid T :={x!, ..., x¥}, we consider its
projection Projr(X) on the grid according to the nearest-neighbour rule. Then the resulting
mean L7 error (p = 1) is || X — Projr(X)||, = ||minj<;<y|X — x'||| ,. This only depends on
the distribution P, of X and the grid I'. For historical reasons, Projr(X) is often called the
quantization of the random variable X by the grid I' and the induced error, the L? mean
quantization error (see Graf and Luschgy 2000). This quantity has been extensively
investigated in signal processing and information theory since the early 1950s. Thus, the L”
mean quantization error is continuous as a function of the grid I' and reaches a minimum
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over all the grids I' with size at most N. Furthermore, following Zador’s theorem (see Graf
and Luschgy 2000),

pmin [IX = Projr()]l, = e(Px, p) % ()N~ 4 o(N19)
as N goes to infinity. If Py has an absolutely continuous component, ¢(Py, p) > 0; its value
is known, whereas that of the universal constant c¢,(d) remains unknown; see Graf and
Luschgy (2000) for bounds and asymptotics.

On the other hand, except in some very specific cases such as the uniform distribution
over the unit interval, no closed form is available for the optimal grids that achieve the
minimal quantization error of a probability distribution. In fact, no rigorous result is
available to describe precisely the geometric structure or ‘shape’ of such an optimal grid.
However, using the integral representation of || X — Projr(X)]] f one derives a stochastic
gradient descent that converges towards some (at least locally) optimal grids. The
distribution of Projr(X) and the resulting quantization error can be obtained as by-products,
especially when in the quadratic case p =2 (see Pages 1997). Simulations like those
carried out in Pagés and Printems (2003) for the two-dimensional Gaussian distribution
confirm what might be expected a priori: the more heavily an area is weighted by the
quantized distribution, the more points it contains.

A first application to numerical probability is proposed in Pages (1997) for numerical
integration: if I'™ = {x*!, ..., x*"} is an optimal grid for the quadratic quantization of X
and if f:RY — R is C' with Lipschitz continuous differential Df, then

EfProjr-(X) = > f(™)pis  with p; = P(Projp-(X) = x'),

IsisN

. . 1
|Ef(Projp-+ (X)) — Ef(X)| < [Df Iuipl|lX — Projp(X)[3 = O ( e /d> :

This shows that weak approximation by quantization can be superior to strong approximation,
so that the quantization method may outperform Monte Carlo simulation at least up to four
dimensions. Numerical experiments carried out in Pages and Printems (2003) even suggest
that this naive approach is in fact pessimistic, in particular for not too large values of N.

These ideas can be transferred to Markovian dynamics (X); in order to approximate
efficiently the transition distributions £(X | X4_1) and the joint distributions (X4, Xs_1).
Two different methods can be implemented: one approach gives preference to the
approximation of the marginal distributions of the signal X at every time k=0, ..., n;
the other enhances the preservation of the dynamics, namely the Markov property. In the
first case, one approximates the signal X, at each time k by its marginal optimal
quantization,

Xk = PI‘Ojrk(Xk), kZO, N (B

where the grids I'y minimize the L” quantization error || X — Projr,(Xy)||, among the grids
with size Ny for every k=0, ..., n. The sequence (Xj)o<i<, no longer has the Markov
property. Then one defines the approximate quantized filter by simply replacing in the



896 G. Pages and H. Pham

forward explicit formula for the nonlinear filter the conditional law of X, given X by the
conditional law of X, given X,. This approach was originally introduced in Bally and
Pages (2003) and Bally ef al. (2001) to discretize reflected backward stochastic differential
equations.

In the Markovian approach, and for a signal-observation model of the form (1.2)—(1.3),
one sets

X = Projr, (Fr(Xe-1, €1)), Xo = Projr, (Xo).

Thus, the sequence (X' r)o<k<n remains a Markov chain with respect to the same filtration as
(X ) but is no longer the best L?” marginal approximation of (X)o<i<,. Then one considers
as an approximate quantized filter the nonlinear filter of X, conditional on the process

Y = GeXi1s Yio1s Xio 0)s k=1,...,n

This Markovian quantization approach was introduced in Pages et al. (2004) to approximate
numerically some stochastic control problems for multidimensional Markov chains.

As far as filtering is concerned, both quantization approaches make possible the analysis
of the error under some appropriate Lipschitz continuity assumptions on the underlying
Markov dynamics. The a priori error bounds are expressed using the quantization errors
|Zy — Projr,(Zy)||,, where Z; = X in the marginal approach and Z; = F(Xi_1, &) in
the Markovian approach. Although the methods of proof are significantly different, the a
priori error bounds look quite similar for both methods, suggesting a balance between the
positive and negative features of the two approximation methods. An extensive discussion
and comparison of both quantization methods, marginal and Markovian, is carried out in
Pages et al. (2004b). For a detailed description of the algorithms we refer to Bally and
Pages (2003) and Pages et al. (2004a) in which the methods were originally introduced.

In Section 6, we analyse the practical aspects of the algorithm in terms of complexity.
The most interesting feature of the quantization approach is that, once an optimal
quantization of the signal (X;)o<x<, has been processed and kept off-line, it
instantaneously produces for any set of observations some reproducible deterministic
results. This underlines the fact that the set of observations is reasonably likely since the
approximate filter distribution is structurally supported by the quantization of X. This can
be implemented with multidimensional signal processes, at least up to four dimensions and
possibly higher. This restriction on the dimension comes from the fact that, for a given size
N of the quantization, the error does depend on the dimension d of the signal as for
numerical integration.

In the special case of a stationary signal, the marginal quantization of the whole Markov
chain reduces to that of its stationary distribution, so that the the quantization optimization
phase — which is clearly the most demanding one — is divided by a factor »n in terms of
duration and storage.

In recent years, a technique for approximating the nonlinear filtering problem has
received much attention: it is a Monte Carlo method based on interacting particle systems
(see Del Moral 1998; Del Moral et al. 2001; Florchinger and LeGland 1992; Crisan and
Lyons 1997); this is a typical ‘on-line’ method (the whole process involves the observation
set y and the function f), while quantization is typically an off-line method (the demanding
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part of the computations can be stored, those depending on y and f being instantaneous).
So it is rather difficult to define a comparison protocol since their fields of applications are
quite different.

It may also be interesting to keep the same filter for close observation samples in order
to avoid heavy computations. This can be processed by replacing the observations by some
discrete values. This point of view is investigated for real-valued observations in Newton
(2000a; 2000b): some functional weak convergence results toward the original filter are
given. In a framework where both X and the observation process are quantized, some a
priori error bounds are derived in Sellami (2004).

This paper is organized as follows. Some preliminaries on nonlinear filtering are provided
in Section 2. In particular, we recall the well-known forward inductive formula for the filter,
and also the (less well-known) backward formula. In Sections 3 and 4 we study the
approximate filter by marginal and Markovian quantization respectively, including an
explicit error analysis. In Section 5 the convergence of both quantized approximating filters
is established. In Section 6 we show how to obtain optimal grids for both quantization
methods, and we discuss their respective qualities and drawbacks from a practical
viewpoint, especially concerning the optimization phase. We point out that the marginal
quantization approach can be significantly simplified from a computational viewpoint in the
important case of stationary signal processes. We discuss in Section 7 how our results may
be applied to the case of discretely observed diffusions. Finally, in Section 8 we describe
several numerical experiments. First, we compare our approximate filter with the explicit
Kalman—Bucy filter: on the one hand its convergence — with some rate — as the size of the
quantization increases is confirmed, and on the other hand its stability as » increases. Then
we evaluate the approximate filter by quantization in a state model with multiplicative
Gaussian noise arising in stochastic volatility models: a convergent behaviour is obtained as
the quantization accuracy increases, although no reference value is available.

We close this introductory section with a couple of observations concerning notation.
First, for every Borel function f : R? — R, set

Ifll = sup [f@)| and [fluy = sup LS,
xeR4 vy |x —x |

Second, we use the traditional notation for transition kernels: if P is a bounded transition
kernel and f is a bounded measurable function, we write Pf for the bounded measurable
function Pf(x) := [ f(x")P(x, dx’).

2. Nonlinear filtering: preliminaries and remarks

In this section, we recall some useful facts about nonlinear filtering. Using the Markov property
of the pair (X, Y) and the Bayes formula, one can derive the Kallianpur—Striebel (1968)
formula for the the filter:

@2.1)
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where 7, , is the so-called unnormalized filter defined by

Tynf = Jf Cenpe(dxo) [ gae1s yo-1s s yo) Peore1, dicp), (2.2)
k=1
= E[f(Xn)Ly,nl, (2.3)
with
Lyn:= H (X k=1, Yi—1, Xi» Yi) (2.4)
k=1

(and by convention, y; = 0). Notice that

ﬂy,nl = [E[Ly,n] = ¢u(y), (2.5)
where ¢,(y) is the value of the density function ¢, of (Y1, ..., Y,) with respect to the
Lebesgue measure at the observed values y = (y, ..., y,) € (R)".

Henceforth, we shall write, for notational convenience,
gyk(x, X)) = gr(x, Yi—1, X', Vi), k=1.

The unnormalized filter can be written using a family of bounded transition kernels H ,
k=1, ..., n, defined on bounded measurable functions f : RY — R by

Hy i f(x) = E[f(X0)gya(x, Xp)|Xp1 =x] = Jf(X’)gy,k(x, x")Pi(x, dx'), xR
For convenience we also define
Hyf () i= 70 = ELF K0 = [ fou@a), xR,

Then, one can show that the unnormalized filter at time &, 7, := E[ /(X )L, ], satisfies the
inductive formula
Tyrf =Tyk—1Hyrf, k=1,...,n (2.6)
so that
Tyn=HygoH, 10 oH,,. 2.7

Equation (2.6) is called the forward expression for the filter. One can also derive from the
‘symmetric’ expression (2.7) a backward expression for the filter which will turn out to be
useful for our proofs, namely

”y,nf = “y,—l(f)a

where u, _1(f) is defined as the final value of the backward induction

Uy n(S)x) = f (),
upi—1(f) = Hygupi(f),  k=0,...,n (2.8)
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Note that in fact u,;f = H, s_1j0---oH,,f.

We shall replace the true filter by a computable approximate filter. This will follow from
a spatial discretization of the signal process (X); based on optimal quantization. We will
propose two types of quantization — marginal and Markovian — leading to different
approximations H y,k of the transition kernel H,; both based on (2.6). Then we will
compute in both cases an approximate distribution 7, , of the unnormalized filter 7, ,
using a quantized form of the forward expression (2.6), 7, f = fty,k,lﬂ vif

3. Approximate filter by marginal quantization

3.1. Method

In this section, we consider a marginal quantization of the Markov chain (X);, in temporal
sequence, that is,

X1 = Projr, (Xy), 0<rk=<n, (3.1)

where Ty, k=0, ..., n, are grids consisting of Ny points x} in RY i=1,..., Nt to be
optimized later, and Projr, denotes the nearest-neighbour projection on I';. Notice that the
process (X;)x is not a Markov chain. We construct an approximate filter based on an
approximation of the transition probability Pi(xy, dxgi1) of Xy given X by the transition

probability matrix Py := [P]] of X;;1 given X;:

Pl =P[X; = x| Xi1 =xi ], i=1,..., Ny, j=1,..., N (3.2)

In other words, we approximate the transition kernel /, ; by the quantized transition kernel

H, ; given by

H, = ﬁk: HY, 0. k=1,...,n, (3.3)
j=1
with
HY | = g, 1(x} . X)P, i=1,...,Nei,j=1,..., Ny, (3.4)
for k=1, ..., n, so that, for every function f : I'; — R,
Hyf (i) o= Eg (Koo, X0/ (X0 Xl k=1,...,n.

Finally, we set
A NO A A ~ .
Hyo=Y Py,  with Pj:=P[Xo=x(], i=1,..., No.
i=1

We then define the approximate unnormalized filter 7, , = va:ﬂff;,néx; by

Tyn = Hygo---oH),.
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This is easily computed by the following forward induction:

fry,O = Hy,y,
Ni-1
. gy T i —
Fyk = Tpur1 Hypoi= | Y HY A, Jk=1,...,n (3.5)
i=1 J=1,..,Ny
The approximate filter II, , is then given by
N”
I,, =Y I 0.
i=1
with
A
yn
I, , = - s i=1, , N,
~i
Tyn

3.2 Error analysis

In this subsection, we will estimate the accuracy of the approximate filter fIy,,, in terms of
the marginal quantization errors on the signal ||Ak||,, k =0, ..., n, defined by

A = Xy — Projr (X ). (3.6)

Note that the process ()2 %) 1s not a Markov chain. We shall impose some Lipschitz
conditions on the Markov transition of X; and on the conditional law Y, given
Xi—1, Y1, Xi. We first recall some definitions. We say that a transition probability P on
R? is C-Lipschitz for some positive real constant C if, for every Lipschitz function ¢ on
R? with ratio [@lLip, Pe is Lipschitz and [Po]ii, < C[@]iip. Then we may define the
Lipschitz ratio

[PeolLip
[o]Lip
(A1) The Markov transition operators Py(x, dx’), k =1, ..., n, are Lipschitz, so that

, ¢ a non-zero Lipschitz continuous function} < 4o00.

[P]Lip = Sup{

,,,,,

(A2) (i) For every k =1, ..., n, the functions g; are bounded on RY X RY X RY X RY
and we set Ko = maxs—i,__n| Qx| cc-
(il)) For every k=1,...,n there exist two Borel functions [g}(]up,

[23]Lp : R X R? — R, such that, for all x, x', %, ¥ € R? and y, y' € RY,

\gi(x, y, X'y ¥') — gi(®, p, X, ¥ < [ghlp(ys ¥)Ix — % + [g7lup(y, »)Ix — .

An essential device for the proof of Theorem 3.1 below is to introduce the sequence of
functions  (#,4(f))-1<k<, Which is the quantized counterpart of the sequence
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(ur(f))—1=k=n defined in (2.8) as the backward expression of the filter: mimicking this
backward dynamic formula, we recursively define the @, (f) on I'r, k=0, ..., n, by

Uy u(f) =1, on the grid [,
uy ;1 (f) = yk+1uyk+1(f) onthe grid 'y, k=—-1,...,n—1.

The approximate unnormalized filter 7, , is then given by
f[y,nf = ﬁy,—l(f)a
so that |7y, f — 7y f| = [uy,-1(f) =ty 1 ().

Theorem 3.1. Assume that (A1) and (A2) hold. Then, for every bounded Lipschitz continuous

function f on R? and each n-tuple of observations y = (yy, ..., yn), we have, for every
r=1
Iy, =T,/ < K—nZ BI(f. y. PIIAI,- 3.7)
PNV u() 4=
with
Pu(y) =7y, (3.8)

A1l
Kg

By(f, y, p)i =2~ 52,p)[P]ﬁ;k[f]Lip + 2( ([ghi LoV Yis)) + (g3 Lip(Ve—1, ¥0))

+2-0; p)”f I Z[ V- <k+‘>([g}]Lip(yf_1,y;)+[P]Lip[g§]Lip<yj_l,y»))

Lip
g Jj=k+1
3.9
(By convention, go = gnt1 =0, and 0, , is the usual Kronecker delta.)

Remark 3.1. Note that
~ Ny
$u) =7y m1 =S &
i=1

is the normalizing factor of the approximate filter distribution so that (3.7) produces a
completely computable error bound.

Remark 3.2. The interesting case for the general L” bounds is the case p =2 where the
coefficients B’;( f, v, p) are smaller than in the L' case (other bounds are trivial since the L?
norm is non-decreasing as a function of p).
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Remark 3.3. If we introduce

[gluip == max sup (gklLip(r, ¥V Ity ¥)),
AAAAA 7y cRY

then Bi(f, y, p) is upper-bounded by the simpler coefficient

[ ]L1p+1

[P] Lip — ( P]Llp )>

BY(f, p) =2~ %»Whﬁﬂm+2wmﬁdm@+e 8, p a0 T

with the usual convention

1
—lx(u”’—l):m, when u =1 and m € N.
" —

Remark 3.4. Suppose the Lipschitz condition (A2)(ii) is weakened into a local Lipschitz one:

(A2) (ii") For every k=1,...,n there exist two Borel functions [g}f]Liplom
[gi]Liploc : R? X R? — R, such that, for all x, x', x, X’ € RY,

lgkCx, v, X', ¥') — gi(® v, %', YD) < [g3]uiploc (s ¥+ |x| + [x'| + |%] + 2'|)|x — %]

+ [g%(]Liploc(J/s YA A+ x| + x|+ %] + [ — %]

Then we may state an estimate for the approximate filter similar to that in Theorem 3.1: for
every p =1 and every p’, ¢’ €(1,00), 1/p'+1/q' =1,

‘Hy,nf - I_AIy,nf| =

£ Bi(p, pa’s HIAK s
¢n( )k:0 k . H ||PP

with
By(p. 7, f) = 2= 02 PN [ f 1y

[P]Llp +1

||f||oc
[@w@+@ 2D e

(mm—40MNL

My(r) = 1+2||X], +2[|X]|,, r=1.
Here we have set
[g]Llploc = kmax Sup ([gk]Llploc(ys v [gk]Llploc(ya ),
,,,,, 7,y €R

1Xllg = max [|Xlg, 1Xllg= n ax ||Xk||q

,,,,,,,,,,

Furthermore, when X is an optimal quadratic quantization it can be shown (see Graf and
Luschgy 2000, or (B.7) in Appendix B) that X, = E(X4|X,) so that || X||, < || X, for
every r = 1. Hence, one may take

My (r)=1+4|X|,, r=1.
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We will see in Section 7 (and Appendix A) that assumption (A2) is satisfied by the
conditional density of certain discretely observed diffusion models.

To obtain the announced error bound, three steps are required. The first one, in Lemma
3.1, makes an abstract connection between errors in the unnormalized world and the
normalized world (it is used in next section too). The second one, in Lemma 3.2, yields
a bound for the Lipschitz coefficient of the functions u, ;(f) defined in (2.8). In the
third step — which is the proof of the theorem itself — we will bound
ety . (WX k) — 1y 1( X ©)l|, by a backward induction, bearing in mind that

T ynf = Fynf | = |ty 1 ()X k) = dhy 1 ()UK )]
Lemma 3.1. Let (u,) and (v,) two families of finite positive measures on a measurable space

(E, £). Assume that there exist two symmetric functions R and S defined on the set of positive
finite measures such that, for every bounded Lipschitz function f,

< /Il Ry, vy) + [, Sy, vy). (3.10)

“fduy - Jran,

Then

1

Jdu, _ Jfdv, < (
Uy(E)V vy (E)

Hy(E)  vy(E)

2||f||ooR(/‘ya v,) + [f]LipS(#ya Vy))-

Proof. We have

Jduy [ fdvy <|fd/‘y_ffdvy| d 1
B B |- wEm J 1| B~ v
||f||xR(ﬂy> Vy) + [f]LipS(lLty’ 1/y) 1/y(E) ‘
S -1
wE) W@
- A1l Ry, vy) + [ 1, Sy, vy) + I f] [V (E) — uy(E)]
//‘y(E) '

Now |u,(E) — v, (E)] <1 X R(uy, vy), so that

ffdﬂy_ffd’/y < 1
;uy(E) Vy(E) //ty(E)

A symmetry argument completes the proof. ]

(2||fHocR(ﬂya vy) + [f]upS(ﬂya Vy‘))-

Lemma 3.2. Assume that (Al) and (A2) hold. Let (yi)i=1...n be a generic observation.
Then, for every bounded Lipschitz continuous function f, the functions u,i(f) defined by
(2.8) are bounded Lipschitz continuous as well, with Lipschitz coefficient [u, i( f)]Lip

satisfying
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[y k(NIuip < [PriaIuip (Kg[uy,kJrl(f)]Lip + H“y,k+1(f)||oc[gi,k+1]up)

+ ||”y,k+1(f)||oo[gly,k+|]up, k=0,....,n—1,
and
luyi(Olloe < K25 f e k=0,..., 1.

In particular, for every k € {0, ..., n},

n—k
[0k (N1iip < ([Pl K )" [ Tip + L K0 IPY, (Lgh i + [Pluipl gl dui)-
/=1

For notational convenience, we will temporarily drop the dependency in the function f
and in the observation sequence y in the proofs below.

Proof. One can derive the first two formulae from the recursive definition (2.8) of the uy:
up(x) = E[grs10x, XppDupr1(X )| X = x] = Jgk+1(x: X1 (X") Py (x, dx”)

and from the Lipschitz property of the transitions P(x, dx’):

[uiliip < [Pr+1lLip SUPd[X' = @1 (6 XDt () ip + [ttt oo [ €t Iip-
xeR

Now [[unlloc = [|flloc and [[ulloc < Kgllirilloo so that [Juxle < Kz_k”f‘lov Hence,
[uiliip < Alunlup + B K" Vgh Jup + CK 5 Vgl I

with 4 =[PlLipK,, B :=[Plipllfll~K; and C:=|f|x~K% Standard computations
complete the proof. O

Proof of Theorem 3.1. To obtain an upper bound for ||u;(X ;) — ix(X})| 5, we proceed by
induction. Temporarily set, for every k < n — 1 and every xj, X1, Xjp1 € RY,

O(Xky X 15 Xkr1) i= a1t (ks X 1) Ugr1 (Xfig1)-

Then,

(X e) — ar(X Ol p = IE@X ks X 1o Xir) | Xi) — E(grt Xy X Vit (X i) | X[ -
Using the fact that [E(. |X' k) is an L? contraction, we obtain, for every k € {0, ..., n — 1},

Nlur(X 1) — a XDl < IE@(X g, Xir1, Xio1) | Xi) — E@(X 5, Xir1s Xio) | X0
+ (X ks Xiots Xis1) = gt (Koo X))ot (X i)
< [|E(@(X ks Xis1s Xix) | Fi) — B@(X ke, X1, Xir) | X

+ Kglluei1 (X es1) = a1 (X s )|l - (3.11)
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Now
IE(@(X ks Xir1s Xir) | Xi) — E(@(X b, Xty Xien) | X
< [Jur(X 1) — Ee(X0) | Xl p + 1 E@e(X0) | X0) — E@(X ks Xir, Xir) | X[ p- (3.12)
Then
(X ) = Eui(X )| Xll p < Nus(X ) = e X p + | EuiX i) — ur(X ) | X0l
< 2[|ur(X %) — up(Xp)||
since conditional expectation is an L” contraction. When p = 2,

Jur(X5) — Eue(X 1) | X)|l2 = min{ [|ug(X o) — p(Xi)ll2, p(Xi) € L2} < [Jur(X i) — ur(Xp)|2-
Now X, being o (X y)-measurable, E(uy(Xy) | X)) =EoXk, Xis1, Xis1) | X 1), so that
B (X )| X0) = B@(X ks Kivr, Xew) | X p < 0K ks X1, Xir1) = 0K, Xirs X))l

< Nk llsoll @11 (X ks Xie1) = ht (K ies Xy )| -
Consequently, substitution into (3.12) yields
IE@(X ks Xit, Xiew) | Xn) = E@(K s Xier, Xew) | Xl
<2 - 0, )ueliipl Xk — Xkl
+ kst oo (T84t Juipll X 6 — Xell p + (€51 Tip 1 X k1 — Xiiall p)-

Since we are dealing with marginal quantization A, = X; — X, substitution into (3.11)
yields the following induction: for every k € {0, ..., n — 1},

ur(X 1) — k(X )l p < Kgllurr1t(Xis1) — it (XDl p + il Akl p + Bra | Ak || s
with
o = (2 = O p)urliip + || tart ool €kt Iips O0sk=sn-1,
Bi =& ipllurllor 1 < k< n.

For notational convenience, we set a, := (2 — 8 ,2)[ flLip (in fact a, = [ fILi, would always
be suitable) and f3y := 0. Then, standard computations using Lemma 3.2 yield

‘ny,nf - f‘y,nf| = |Juo( f)(Xo) — ﬁO(f)(XO)Hl
< [|uo( /)(Xo) = do( X, < Y Ch(f> 3> PIAI
k=0

where, for every 0 < k < n,
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Ci(fs ¥y p)
= K’;l(ang —|—ﬂk)

=2- 52,p)K];[uk]Lip =+ K";l ||f||00([g}(+1]Lip + [gi]Lip)

< K4[@ = 02 )IPY T i

e ([gm]uﬁ[gk]up - azp)Z[P] ([8henin + [P]Lip[g@,,,]Lip))

4 m=

An application of Lemma 3.1 concludes the proof. U

4. Approximate filter by Markovian quantization

4.1. Method

This method is based on the Markovian quantization developed in Pages et al. (2004a). We
assume that the signal-observation model is given by (1.2)—(1.3). At each time

k=0,...,n we are given a grid I'; consisting of N, points x iI} [RdN, i=1,..., Ny,

to be optimized later on. We then consider the Markovian process (X, Y;); defined by
‘?k — Projrk (Fk(h"XAk*l’ ek))’ k - 1) M) n’ (4'1)
Yi=Gi(Xio1, Yior, Xiwmi), k=1,...,n, (4.2)

with Xo Projr,(Xo) and fo = Yy =0. Here Projr, still denotes the nearest-neighbour
projection on I'y. The idea is now to approximate the filter II,, by the discrete conditional

law Hy,, 9fX given that the observations ¥ = (Y, ..., Y,) are ﬁxed at y=01, ..., Vo)
Since X, is valued in the finite grid I', consisting of N, pomts X =1, ..., Ny, the
discrete probablhty measure H n 1s characterized by its welghts Hy = P[X n=xLY =y,

i=1,..., N, for any bounded measurable function f on R?, we have
I,/ = Zf(x;)ﬁ;,,,
i=1

In other words, TT yon = Zl | (3)6‘ where 0, is the Dirac mass at x. By same arguments as
in Section 2, using the Bayes rule and Markov property of (X4, Y)r, we have

~ ‘ﬂ:vn .
I, =—2"—,  i=1..,N, (4.3)

N,
> #
i=1

N

where

I, =E[lg y Lo =1 N, (4.4)
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in which
Lyn =[] esXi1s ye-1, Xio y0). (4.5)

k=1

From an algorithmic viewpoint, the unnormalized approximate filter m,, may be
computed either in a forward or backward induction in view of (2.1) or (2.2). We describe
here the forward procedure which is less costly in terms of complexity. We denote by

,,,,,

by (Pi)w k=1, ..., n, the transition probability matrix of the finite state space Markovian
process (X ), that is,
Pl =P[X; = x}| X1 = x,_|], i=1,..., N, j=1,..., N (4.6)
We introduce the transition matrix A ),k given by
HY | = g,1(x} . X)P, i=1,...,Ne,j=1,..., Ny, 4.7
for k=1, ..., n. We then compute explicitly 7, , = Zfi”lfr;’néxi” by the following forward
algorithm:
f[y,O = P(),
. Nkfl ~ e .
a%fy,k=ZHg,kley,k71, j=1,..., Ny, k=1,..., n. (4.8)
=1

4.2. Error analysis

In this subsection, we estimate the quality of the approximate filter ﬁy,n in terms of the

Markovian quantization errors on the signal ||Ak|l,, k=0, ..., n, defined by
Ay = Fi(X i1, &) — Projr, (Fi(X4_1, €1)), k=1 (4.9)
Ao = Xo — Projr, (Xo) (4.10)
We make the following Lipschitz assumptions on the model (1.2)—(1.3):
(A1) For each k=1, ..., n, there exists a positive constant [F;]r;, such that
Vx, £ €RY, |Fr(x, ex) — Fr(X, ex)ll1 < [Filriplx — %|.

We then set [F]Ljp = max;—;
for some models that

n[FilLip- Note that [Py]rip < [Fi]Lip- In fact it may happen

,,,,,

[Pk]Lip <oo= [Fk]Lip

which means that the field of application of the marginal quantization is wider than that of
Markovian quantization, at least in theory. For example, set

Xy = sign( Xy — e41)G( X, €541),
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where (/) is an i.i.d. sequence, P, (du) = g(u)A,(du) (1, being Lebesgue measure on R?)
and (x, u) — G(x, u) is Lipschitz continuous in x uniformly in u with ratio [G]ri,. Then, it
can easily be shown that

[P]Llp [G]Llp < +o0

whereas x — F(x, €1) = sign(x — €;)G(x, ) is not even continuous so that (Al’) is not
satisfied in general (e.g. when &, has atoms).
We also rely on assumption (A2) introduced in Section 3 for the marginal quantization.

Remark 4.1. Beyond natural discrete-time dynamics, we notice that assumption (Al’) is
satisfied by a Gaussian diffusion discretization scheme such as the Euler scheme. On the
other hand, assumption (A2) often needs to be slightly strengthened to encompass diffusion
discretization schemes. This is the aim of Remarks 4.3 and 3.4 which provide a setting often
fulfilled by the Euler scheme of non-degenerate diffusions.

Theorem 4.1. Assume that (Al') and (A2) hold. Then, for every bounded Lipschitz
continuous  function f:R? =R and any sequence of observed  values

y=0U1,---, ¥n) € (RN", we have the a posteriori estimator
m,,/—1II ,nf‘ =—2 N ANS, p)ll A (4.11)
’ ’ mmvmm;;k
with
Pu(y) = Ayial, (4.12)
||f||oo

ANS, ») = [F1" [ flup + 2

Lip

[g7Lin(Vk—15 V&) (4.13)
&

Sl
+2 H Hg Z FY 1( 2lip(-1 ) + [Fluipl & lLip(yj-1, yj)),
J=k+1

(with the convention that the sum in (4.13) is zero for k = n).

Remark 4.2. By introducing

[glLip := max - sup ([gilLip(r, ¥V [gi1Lin(ys ¥)),
..... Vo' eR

we obtain that A}( f, y) is bounded by the simpler quantity

2||f||oc[ I [Fluip + 1
Ky P\[Flup — 1

A = FY L Dip + (Wﬂ*—n+0

Lip

with the usual convention that

1(u’”—l):m if u=1and me N.
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Remark 4.3. Suppose that the Lipschitz condition (A2)(ii) is weakened into (A2)(ii") as in
Section 3 and that (A1) is strengthened into the following slightly more stringent condition
than (Al'):

(Al},) For each k=1, ..., n, there exists a positive constant [F;]r;, such that
[ Frx, x) — Fi(X, )|l p < [Frluiplx — ],
for all p € (1, o) and x, X € R?.
Then we may state a similar estimate for the approximate filter as in Theorem 4.1: for each

pe(l,0) (and I/p+1/g=1),

I’l n

s A" , A ,
; (y)v¢> (mzo 1(a, NIIA,

M, -1, nf‘

with

Wl g, (ot

n k—l
% A =D )Nn(q),

Ay(q, ) =[F15 T T +

Nu(g) = 1+ 4 X]lg + (1 + [Flip)([Flup V D" Al
=0

Here we have set

[g]Lip ‘= max SUP ([gk]Llploc(ya Y ) \ [gk]Llp]OC(y9 y ))
k=0, y, yreRa

.....

In order to prove Theorem 4.1, we need the following two lemmas.

Lemma 4.1. Assume that (A2) holds. Then, for all y, ..., y, € R?, we have

Ly = Lyl < K27 Leklipe1s vOIX k1 = Xiot| + [5 (k-1 01Xk — Xol.
P

Proof. For notational convenience, we omit the dependence of L, and ﬁn on yi, ..., ¥n-
From (2.4) and (4.5), we have, for all k=1, ..., n,

Li— Ly = (ge(X i1, Yi1s Xio y1) — &K1, yie1» Xio y0)) Lic

+ @ Xi 1, Y1, Xi» y)(Li—1 — Li—y).

From the boundedness condition (A2)(i)) on g4, we have L; | < K’;‘
Assumption (A2)(ii), we obtain

|Li — Li| < K];l (Ll dLipi—t, YOI X i1 — Xiot| + [giiipVi—t, ¥ Xk — X
+Kg|Lk,1 — lik,1|.

. Hence, by
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Noting that Ly = Lo = 1, we obtain the required result by induction. O

Lemma 4.2. Assume that (A1") holds. Then, for each k =0, ..., n, we have

Lip

k
Xk = Xelh = Y _IFIE /1A
=0

Proof. From the definitions (1.2) and (4.1) of X; and Xy, and (4.9) of Ay, we obviously
obtain, for each k =1,

X6 — Xilli < | FiCXis £0) — FeXaor, en)lli + A1
By assumption (A1’) and since & is independent of X;_; and X r—1, we then obtain
X% — Xl < [FiluipllXemr — Xaotlln + Al

Recalling that || X, — Xo||; = ||Ao||1, we conclude by backward induction. O

Proof of Theorem 4.1. From expressions (2.3) and (4.4), we derive that
T ynf = #ynf | = [ELA(X ) Lyn] = ELS(X )Ly
= Hme[E‘Ly,n - i’y,n| + [f]up[EHXn - Xn‘i'y,n]

< AU ElLyn = Lyl + Lf 1 K gl X0 = Xl

Lemmas 3.1, 4.1 and 4.2 complete the proof. O

5. Convergence of the quantized filters

In both the marginal and Markovian approaches the error analysis leads to a priori error
bounds (4.11) and (3.7) with the same structure, from which one derives a slightly looser
upper bound given by

R Kn n
|Hy,nf - Hy,nf| = Hf”oo \ [f]Lip —E£ E DZ(J’, p)”Aka,
¢n(y) =0

for all p €[l, c0), where Ay = Z; — Projr,(Z;) is the difference between a simulated
random variable Z; and its projection by the nearest-neighbour rule onto the grid I'y with
size |T'x| = Ny (in the marginal quantization method Z; = X/, in the Markovian quantization
approach Z; = F(Xy_,, €;)). Here

Bi(fo, ¥, p), for the marginal quantization,

Di(y, p) =
g Ay fo, »), for the Markovian quantization (p = 1),

where fo(x) = [x|/(1 + |x|) (so that ||fo|l. = [folrip = 1). If one assumes that, at every time
k=0,1, ..., n, the grid I'; is L? optimal, that is, minimizes the mean L? quantization error
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among all grids with size Ny, then the asymptotic behaviour of the optimal quantization
stated in Zador’s theorem (see Theorem B.1 in Appendix B) implies that, for every
k=0, ..., n, there is a positive real constant 6; := 0(p, Pz,, d) such that

1A, < 0N,

so that

. K"
Ly f = T f1 < /oo V [ fTup 55 > 04 Dy, pN, . (5.1)
@n(») k=0

Theorem 5.1. Let n = 1. In both marginal and Markovian settings, the optimally quantized
approximate filters converge toward the true filter as min|<y<, Ny goes to infinity.

5.1. Application to optimal dispatching

If some numerical bounds d; and ) are available for D/(y, p) (locally) uniformly in the
observations y = (yy, ..., v,) and for 0; (which requires some information on the density
of Zj), then one may easily solve numerically the optimal allocation problem

n
min > 0pdy(n, )N, (5.2)
k=0

No+...+N,=N

to optimally dispatch the N points among the n + | time steps. For more details we refer to
Bally and Pages (2003) and Pages et al. (2004a) in which this phase has been carried out in
different settings.

In some situations, such as the marginal quantization of a stationary signal, it may
happen that alternative approaches turn out to be more efficient: optimizing only one huge
grid and its transition parameters and then replicating it at every time k produces better
results.

5.2. Application to discretized diffusions

We now discuss the convergence of the quantized filter when n also goes to infinity. This
asymptotic behaviour is relevant especially when the signal (X;)o<i<, 1S a time
discretization with step 2= T/n of a continuous-time signal (X,)o<,<7. For example, if
X, follows a diffusion process

dX, = b(X )dt + o (X, )dW,

with W a standard Brownian motion, one may discretize it by an Euler scheme

T T
Xip1 = F(Xy, exq1) = X + b(Xk);‘*‘ O(Xk)\/;gkﬂ,
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where (€;); is a Gaussian white noise process. Standard computations show that when b and
o are Lipschitz, condition (Al") is satisfied with

¢
[Flup =1+—,
n

for some positive constant independent of n. We can then easily see that Dj(y, p),
k=0, ..., n, is bounded by a constant independent of k, n. Therefore if one simply assigns
Ny =N := N/(n+1) points at each grid T, k=0, ..., n, (5.1) provides a rate of
convergence for the approximate filters of order
K% n+1
Pu(y) N4~

This has to be compared with the rate of convergence obtained by particle Monte Carlo
methods using N interacting particles (see Del Moral et al. 2001):

i)
Pu(y)) N2

6. On practical implementation

6.1. General features and complexity

At this stage, it is important to mention when and how a quantization method can be
implemented. First, one must bear in mind that it is an off-line method: a significant part of
the computations can be carried out and kept off-line. In fact, things need to be done that
way to make the method fully competitive.

A natural framework for implementing the quantization approach is to assume that the
probabilistic features of the state process (X;) do not change too fast or too often. This is
not a real restriction in typical applications such as sea surge prediction, satellite tracking,
and financial modelling based on stochastic volatility.

Moreover, the more functions f* one needs to estimate for a given set of observations, the
more efficient the method becomes. This can be easily understood when one describes in
more detail the three phases of the filter approximation.

1. Off-line optimization. This phase is devoted to the construction of the weighted
optimal quantization tree of the Markov process (X), given that it contains a total of N
points. This means

e specifying the sizes Nj of the grids Iy, 1 =< k =< n (a priori dispatching);
e optimizing every grid [y :={x}, 1 <i=< Ny}, 1<k=n, that is, solving the
optimization problem

in ||X; — Projr, (X1)|lo:
\rlkﬂlgzlvk” x — Projr, (X 1)|]2;
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e computing the transition weights P’ P(X; = x/ |Xk 1 =xt ), 1<is< Ny
l1<j<Ni1, k=0,1,...n

The dispatching is done a priori, based either on the minimization of the theoretical error
bounds (see Bally and Pages 2003; or Pages et al. 2004b) by solving (5.2) or on more
specific features of the state process (see the stationary case below). The optimization of the
grids results from a stochastic gradient descent called competitive learning vector
quantization based on Monte Carlo simulations of the (X}). The computation of the
transition weights and of the quantization error is carried out either simultaneously or by a
new Monte Carlo simulation (see Bally and Pages 2003). This has been extensively
investigated in earlier papers, to which we refer for a precise description of the procedure
(see Bally and Pages 2003; Pages et al. 2004b). This optimization phase is computationally
the most demanding, requiring nearly 10 minutes of CPU time to compute the whole
quantization tree (‘height’ n = 20, size N = 20000) of an (asymptotically) non-stationary
four-dimensional process using a 1 GHz microprocessor.

However, in many cases this phase can be significantly shortened: when (X;) is a
stationary process only one grid is necessary (see Section 6.2), which drastically reduces the
procedure by a factor n. Furthermore, if X is a Gaussian process, a library of optimal grids
with various sizes is now available for the d-dimensional normal distributions N (0; 1) (see
Pages and Printems 2003; the files are available at www.proba.jussieu.fr/pageperso/
pages.html or www.univ-paris12.fr/www/labos/cmup/homepages/printems). The crucial fact
is that the optimization phase does not depend on the observations, which explains why its
results can be kept off-line.

2. Computation of the quantized filter distribution. One computes the weight vector
(n 1=j=n, by plugging the observation vector y = (y1, ..., y) and the transition weights
Pk into the forward representations of the approximate filter, that is, (3.5) or (4.8).

The theoretical complexity of the quantization tree descent is > ;_ oN «Nki1, which is at
least nN?/(n+ 1)* =~ Nz/n (when Nk N/(n+1), k=0,...,n). In practice, many
transitions are 0 (when x, , and x) are remote) and every node xt of the tree has
approximately the same number v of ‘active connections’ with nodes at time k + 1. The
resulting complexity, after an appropriate pruning of the quantization tree, is thus
approximately v X n X N, where N = N/(n+ 1) is the average number of points per time
step. In all our numerical experiments, this phase is almost instantaneous (less than
0.1 second with N =20000 points in dimension d =4 with the same 1 GHz
microprocessor). This distribution approximation phase does not depend on the function f.

3. Computation of l:[y,,, f. One computes for every (required) function f
Na
oot =3 s,
i—1
The complexity of this phase is proportional to N, and is negligible (although dependent on f).

In particle methods, at every time step, one needs to simulate N new particles following
a (weighted) empirical measure (with a support of size N). This requires one first to
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compute the weights of the empirical measure, secondly to generate N random numbers and
then to simulate by an inverse distribution function method N appropriately distributed
numbers. The average complexity of the last phase cannot be lower than O(Nlog(N))
comparisons (see Devroye 1986) — indeed, a naive approach yields the almost surely worst
possible complexity, which is O(N?) — which makes an average total of (n + 1)Nlog(N)
comparisons and O(N) multiplications.

It may happen for some observation vectors that the optimal filter and the prior
distribution of the process X assign some masses to significantly different areas of the
space, making the algorithm less efficient. One way to prevent this problem is to quantize
the observation process to evaluate the likelihood of an observation vector (see Sellami
2004).

6.2. A special case: marginal quantization of a stationary signal

In the case where the signal (X )o<i<, iS a stationary Markov chain with distribution v, the
optimal L” quantization of the whole chain clearly amounts to that of its stationary

distribution v. Let I := {x!, ..., JE]V} be an N := N/(n + 1)-optimal grid, that is, such that
X = Proje(X), = min _[LX — Projr(X)]l,.
I'CRY, |T|<N

Then the Iy := I, 0 < k < n, make up the optimal quantization of the chain. The companion
parameters are the quantization of the distribution v induced by I, that is, Py = Projp(Xo),
and a single transition matrix

Pl =P} :=PX, =% | X, =), 0<i j<N.

The size of the parameters to be stored is obviously divided by a factor n (or the possible
quantization size for the distribution v and the transition matrix is multiplied by n). This
ability to take into account the stationarity of the signal process is an interesting feature of
the optimal quantization approach which seems not to be shared by other numerical methods.

7. Discretely observed diffusions

In this section, we discuss how our previous results can be applied when the signal-

observation process evolves according to a stochastic differential equation of the form
dX, = b(X)dt +o(X)dW,, Xou, (7.1)
dY, = (X, Y)dt + y(X,, Y)dB,, Yo =0, (7.2)

where W is a d-dimensional Brownian motion independent of the g-dimensional Brownian
motion B, u is a known distribution, and b, 5, o, y are known functions. We set
Y (x) =o(x)o(x)T and A(x, y) = y(x, y)y(x, ). We assume that x+— > (x) and
(x, y) — A(x, y) are uniformly non-degenerate functions and we denote by x +— 3 '/2(x)
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and (x, y) — A2(x, y) their square roots functions' which are clearly uniformly non-
degenerate. The process (X, Y) is Markov with a transition semigroup denoted by (R;)..

We suppose here that the sample path (Y,) is observed at n discrete times with regular
sampling interval, say 1. Our aim is then to compute the filter IT, , of X, conditional on
the observations (Y, ..., ¥,) set at y = (i, ..., V)

The sequences (X, Yi)ren and (Xp)ren are (homogeneous) Markov chains with
transitions R;(x, y, dx’, dy') and P(x, dx") = R|(x, y, dx’, R?). Under suitable conditions on
the coefficients of the diffusion (7.1)—(7.2), for example if the functions b, o, f3, y are
twice differentiable with bounded derivatives of all orders up to 2, the transition
Ri(x, y, dx', dy") admits a density (x', y') — r(x, y, x', »'). Hence, we are in the situation
of (H): the law of Y, conditional on (X;_, Ys_1, Xx) = (x, y, x’) admits a density
Y= g(x, y, x', y') given by

b Ty X YY)
g(xayaxry)_i/

p(x, x7)
where p(x, x') = [ r(x, y, x, y")dy’ is the density of the transition P(x, dx’).

But we do not know explicitly the density » (and so g) and we have to approximate it by
an Euler scheme. We follow closely here the arguments of Del Moral ef al. (2001). For a
step size 1/m, and given a starting point (x, y) € R X R, we define by induction the
variables

X" = x

X7 = X" + b)) 4 (K™ L

Vm’
Yix, p)" =

Y0, 9 = Y0, 9™ + X", Y, y)<m>) + XM, T, y)gm)m_\/%l ’

for i =0, — 1, where the (¢;); and (7;); are 1ndependent sequences of i.i.d centred
Gaussian Vectors with unit covariance matrices. We denote by R (x v, dx', dy") the law of

(X(x)"™, Y(x, »)\™). Then R{"(x, y,dx’,dy’) has a density (x',y')— r('”)(x v, x', )

m

explicitly given by
m—1
Py, X',y = J I oG xic)wi, yin yien)dx . dxpoidyy - dymer,
i=0
with (xo, y0) = (%, ¥), (X, ym) = (x", y') and

! Every non-negative symmetric § matrix admits a unique square root S'/2 which is non-negative, symmetric,
satisfies $'/2§'/2 = § and commutes with S.
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m/? m ., b(x) 2
exp —;‘(E‘/%x» ‘(x —x—7) ,

(2m)d/2det(3°1/2(x))
q/2 2
Y, ) = = expl_rzn‘<z\1/2<x))l<y’—y%;y) ) ]

(2m)9/2det(A2(x, y))
The density " (x, y, x’, ') is an approximation of the density r(x, y, x’, y'). More
precisely, we have from (Bally and Talay 1996) the existence of constants C and C’
depending only on the coefficients b, 5, o, v such that

P(x, x') =

r(x, v, X', ¥+ r"(x, p, Xy < Cexp (=C'(Ix —X'[F + [y — ¥'[), (7.3)

! ! 2 ! ! ’ !
|x_x|+|y_y|>%:>|r(x:y»xay)_r(M)(xayzx’yN

C
< —oxp(=Cllx —x'[ + [y = '), (7:4)

The law P (x, dx') of X(x)!™ has a density x' — p"™(x, x') = [ r"(x, y, x', y")dy". We
then have an approximation of g(x, y, x', ') given by

M, y, x', y')

(e 1) (7.5)

g, y, ¥, ) =
We then approximate II, , by H(’") defined by the marginal quantization algorithm in

Section 3, where we replace the unknown function g by g™. The estimation error is
measured via

~(m —(m) (m) m
Iy, =T f| < |, =T f| + [T, f =T, (7.6)

where H( " s the filter given by formulae (2.1)—(2.2), with the transition probability
distribution P(x, dx’) = p(x, x)dx’ replaced by P")(x, dx’) = p"(x, x')dx’ and the
conditional density g replaced by g(". Actually, from the preliminaries in Section 2, we
recall that the true filter IT, , is given in an inductive form by

Hy,O :/’t:
M, H

Hy,k:M, k=1,....n,
T, Hyl

with
Hyaf () = Jf(x')g(x, Vit ¥,y PG, d') = Jf(x')r(x, Yoo, ¥,y

while the approximate probability measure IT{")

. Is given by
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(m)
Hy,() = ;l’t!

= (m) (m)
— I1 of
(m) k—1
Hy,k:ﬁ k=1,...,n,
Hy,k—] Hy’kl
with
H(y',’?f(X) = Jf(x’)g(’")(x, Vi1, X'y y) P, dx') = Jf(x’)r(’”)(x, Vi1, X', yi)dx’.
By using (7.3)—(7.4), it can easily be checked that for any bounded function f,

C
| Hyif = Hf oo < — (1S e

for some positive constant C independent of m and y. Therefore, by Proposition 2.1 in Del
Moral et al. (2001), the first term in (7.6) is estimated by

n+1
P () ‘ _C PN = pa(y)
y f ynf ||f|| Kg(pn(y) — 1) >

with p,(y) =2K" /¢ (»). The second term in (7.6) is given by Theorem 3.1 provided one
can check some Llpschltz condition for g(™. Actually, it is proved in Appendix A that when
the functions b, o and y are constant, there exists a positive constant C (independent of 1)
such that, for all x, x', X, ' € R? and y, y' € RY,

lg™(x, y, x', y') — g“")(f, y, ®,90 < Cm TR+ [x| + [+ R+ D — % (77)

+ Cm (1 x| + x| + %] + [#]) |2 — &].

8. Numerical illustrations

Two numerical illustrations are presented: one with the Kalman—Bucy model derived from
the noisy observation of the discretization of an Ornstein—Uhlenbeck model, the other with
a stochastic volatility model arising in financial time series.

8.1. The Kalman—Bucy model

The Kalman—Bucy model is given by
X =AX | +1e € RY, (8.8)
Yy = BX; + 0y, € RY, (8.9)

for k € N, with X, normally distributed with mean my = 0 and covariance matrix Z(Z) Here
A, B, T and 6 are matrices of appropriate dimensions, and (&4)s=1, (74)r=1 are independent
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centred Gaussian processes, &N (0, 1), 7N (0, I,). In this case, we have, assuming
that 6 is invertible,
2)

If |||4]]] <1, then (Xj)i=o is stationary if and only if Zg =3, -o(A"D)(A"T)T (unique
solution of Zﬁ = AZ%AT + 77"). Of course, the filter I1,,, is explicitly known (see Elliot et
al. 1995): it is a Gaussian distribution of mean m, and covariance matrix C, given by the
inductive equations

1
gi(x, ») = g(x, y) = (— 3 ‘H‘I(y — Bx)

1
(2m)/2 Jdet(00T) P

Cri = s —KinBYat" +4Ce A7), Co:=0,
Mmir1 = Amy + Kip1(Vis1 — BA my), my =0,
where
K1 =@t + ACANHBY(B(t" + A CrATNB' + 0077

Note that m, depends on the observation vector y, whereas C, does not.
The above system can be seen as the Euler scheme with step At of the (linear) Gaussian
diffusion system

dX (1) = —aX(H)dt + o x AW (1),
dy(t) = BdX(t)+o,dW (1),

with (W*, WY) =0, if one sets A = I, — Ata, T = /Atoy, 0 = /Atoy.

A numerical experiment has been carried out as follows: the (stationary) process X is
quantized by marginal quantization. However, we decided to use grids which are not
optimal for the stationary distribution N(0, Zé). Instead, we selected some grids of the
form

Lo=>0I":={30& EeT™}

where I'™* is L?-optimal for A/(0, I,). This induces slightly less accurate results but illustrates
the robustness of the method and the desirability of keeping some tabulations off-line.

Two kinds of tests were carried out with the Kalman—Bucy filter in order to track the
behaviour of the quantized filter as a function of N (or N) and n. The choice of a
stationary setting is motivated by the possibility of detecting more simply the dependency in
these parameters. However, some simulations carried out using the same model, but starting
at some deterministic value X, =0, yield quite similar results for the appropriate
architecture of the ‘quantization tree’ (see Sellami 2004). This tree was made up of (non-
optimal) grids suitably scaled from optimal grids for the normal distribution.

Test 1: Convergence of the filter at a fixed instant n as a function of the size
N = N/(n+1) of the grid Ty. We set At =1/250, n =15, and considered three functions

fi@=x po=k @ =
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implemented in dimensions d = 1 and d = 3 (closed forms exist for f[nfi, i=1,2,3). In
both dimensions the results are summarized in a diagram showing for every function
fii=1,2,3, the graphs N — IL,(f;) (or N w— [IL,(f)—IL,(f))) and logh —
log\Hn(f[)—ﬁn(fi)\ (i.e. a log scale) with its least-squares regression line denoted by
‘y=—ax+ b’ (a and b appearing as numerical values). This means that
~ eb
|Hn(ft) Hn(ft)| ~ ]\70 .

Ford=1, a=B=1,0Y¥=05and 0¥ =1, we have 4 = 0.996, 7 = 0.0316 (so that
>0 =1/V1— 4% ~ 0.354) and 6 = 0.0663. The grid size N ranges over the interval [50, 400].
Figure 1 shows the results. Furthermore, in Figure 2, for every function f;, i = 1, 2, 3, we have
added a graph N — |I1,(f;) — fIn( f)| for three different observation vectors.

Turning to d = 3, let

1.4445 0.5556 0.7778
a:= | 0.5556 0.9445 0.2222
0.7778 0.2222 1.6110

so that
0.9942  —0.00222 —0.0031
A= |-0.0022 0.9962  —0.0009
—0.00311 —0.0009 0.9936
Set
0.1079 0.0317 0.0444
7= 10.0317 0.0793 0.0127
0.0444 0.0127 0.1173
so that

1.0118 0.0900 0.1349
S0 = [0.0900 0.9219 0.0449
0.1349 0.0449 1.0343

Then set B = I3, 0 = 0.5 5. The grid size N ranges over the interval [50, 600]. Figure 3
shows the results.

TeST 2: Stability of the filter for a fixed grid size N = Npya as n grows. We now consider
a model in d =2 dimensions with

B 1.1625 —0.8488
~ | —0.8488 1.5875 |”

so that

. [0:99535  0.00340 . [ 008830 —0.02419
= 10.003340 0.99365 |’ =1 -0.02419  0.10041 |’

B=1,, 0:=0.5I,, and
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Figure 1. d = 1, n = 15. Convergence and convergence rate (on a log scale) as N grows.
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Figure2. d =1, n=15. Errors and convergence rate as N grows for three different observation
vectors.
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Optimal quantization methods for nonlinear filtering 923

S — 1.01976 0.10041
07 10.10041  0.969493 |

We set N = 600 with n running from 1 to 100. On the left in Figure 4 are depicted

IL,(|x]) — TL(|x])
I (xp

ni— I,(x"), n— I, i=12 and n € [1, 100],

and the linear regression line of these relative errors. These results are much more satisfactory
than those induced by the a posteriori error bounds obtained in Theorem 3.1 or Theorem 4.1,
although the process (X ) is not ‘rapidly mixing’ since |||4]|| is close to 1 (this explains why
the regression line is not completely flat). When ||| 4]|| is less than 0.8 as on the right in Figure
4, the true value and the quantized one become indistinguishable. This means that, as for
interacting particle methods, the mixing property of the state variable X induces the stability of
the filter as n increases. However, we do not yet have theoretical results to support this fact.

8.2. A stochastic volatility model

We consider a state model with multiplicative Gaussian noise process:
Yk:U(Xk)ﬂkGR, with X = p X1 + & € R, (8.10)

where p is a real constant, o(-) is a positive Borel function on R and (€x)k=1, (7x)r=1 are
independent Gaussian processes. In terms of financial modelling, (Y;);=¢ represents a
(martingale) asset price model with stochastic volatility o (X ). We still consider (8.10) as an
Euler scheme, with step size Af, of a continuous-time Ornstein—Uhlenbeck stochastic
volatility model

dX(f) = —aX(t)dt + T dW (1), 0=r=1,
with positive parameters 4 and 7. We then suppose that
p=1—aAt, erN(0, A1), >N (0, Af).

The filtering problem consists of estimating the volatility o(X,) at step n given the
observations of the prices (Y, ..., ¥,). Here,

- o y
gHX, ) = 805, ) = s exD <_ W)

The values of the parameters in our simulation are for (a, 7, Af) = (1, 0.5, 1/250). The
Gaussian distribution of X, is such that the sequence (Xj)i=; is stationary, that is,

Xo ~ N0, %) with S = 7/At/(1 — p2) = 1/ /a2 — aAi) ~ 0.354.

The selected model here is
(ABS) = o0(Xy) =y + | X«l, with y = 0.05.

Figure 5 shows the graph N — |I1,(f;) — fIn( fi)| which strongly suggests convergence for
the three functions (although no reference value is available).
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Figure 4. First moment error and relative error N = 600, 1 < n < 100, with |||4]|| close to 1 (left)
and less than 0.8 (right).
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Appendix A: Lipschitz condition on the conditional density of
the Euler scheme

We consider the particular case where the coefficients b, o and y of the diffusion (X, ¥) in
(7.1)—(7.2) are real constants. We then assume without loss of generality that 0 = I; and
y =1,  We also assume that the function § is bounded and differentiable with bounded
derivatives. We show that then the conditional density g("™ of the Euler scheme is bounded
and satisfies the locally Lipschitz continuous condition (7.7). First, we recall that

r(M)(x09 y09 xm» J’m)
p(m)(XO: xm)

g(M)(xOn y()a xm: ym) = (Al)

with

r(m)(an Yo, Xm» ym) = J (p(xz; Xz+1)1/’(xz, Yis yt+l)dxl dxm—ldyl cee dym—la

I

3

I
o

3

p(m)(x09 erl) = J ¢(xla xl+l)dxl cee dxmfls

7

Il
o

where

’

m

, md/? m
P(x, x )—WGXP )

2 mi/? m
m > 1/)(36 y»)/) (2 )q/2 eXp E y

i

First, by noting that ¥(x,,_1, Ym_1, ¥m) 1s bounded by (m/2n)‘1/ 2 and using the fact that,

for every Xo, -, Xpo1 € R 30 € Ry (s - ¥uot) = [1/%0 % v is1) is a (Gaussian)
density function, we see by Fubini’s theorem that
/2
() < (ﬁ)q . A2
g o (A2)

Both functions p(m)(xo, X) and " (xo, Y0, Xm, Ym) are clearly differentiable with respect
to xp and x, with derivatives given by

arm ] b 8ﬁ B(xo, y0)
pe ml 4 xl—xo—— 8x y—yo—T
0

m—1
X [T ¢ xic)w i, yio yisn)dxy .. dxpoidyy - dymot,
i=0

artm b
8xm = J|:m1d (xm — Xm—-1 — %):|

m—1

X [T @@ xie)wCxi, v yir)dx - depidyy . dyno,
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§pm .
é)XO J|:mld<XI _xO__>:| H(p(xla xl+1)dX[ m 1»

§pm ,
8};‘ = J|:—m1d <Xm Xm—1 — _>:| H ¢(x,, x,H)dxl A m 1-

Now using the same arguments as for (A.2), one obtains

< Cmq/zj(m

for some positive constant C. Hence,

m—1

b
X1 — X _E’ + 1) 1T oG, xic)dx .. dxs,
=0

ortm
‘ 6)6()

(m)
‘3}’(7/)8)% < Cm?2(1 + mB(xp, X)), (A.3)

p m

where
[ =30 = o/mintzy g, s . dvy
B(XO: xm) =
JH,‘":I)%(M, Xip)dxy ... dxgg

By making the change of variables x; — x; —x;.y — b/m, i=1,..., m—1, we have

B(xo, X)) = B(x,, — xo — b) with

2
J|x1|exp [—(m/2) <Z " + ‘Z X — X >1dx1 oo dxgo
. (A.4)

2
)]dxl )

By writing the sum in parentheses in the previous relation as a canonical square sum in x,,_i,
that is,

m—1
S+ E I
i=1

we obtain by integrating in (A.4) first with respect to x,,_; (by Fubini’s theorem):

2

Jos -
2 .
X )]dxl ...dxm,g

B(x) =

jexpl—m/z)(z Yl + \z

2
=2

—2 2

Zl 71216, - X

Xm—1 + —X

i=1 i=1

m=2_
i=1 Xi =X

Jlxl | exp [—(M/D (Zi"ilz|xi2 +3

[ex l (m/2) <Z xf? +

B(x) =

m—2 )
=1 Xi =
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By induction, this yields

j|x1| expl—(m/2)(Ju P + Lo — xP)ldn
B(x) =

jexp [—(m/2)(px1 [ + =l — x)dn

Using again the canonical square sum in x;, we then obtain

J\xl |exp(—(m*/2)(m — 1)|x1 — x/m[*)dx,
B(x) = .
J exp(—m?*/2(m — 1)|x; — x/m|*)dx,

With the change of variable x; — m(x; — x/m)/v/m — 1, it is then clear that
_ C
B(x) < E(ﬂ+ X)), Vx € RY,

for some positive constant C. From (A.3), we deduce that

art™ /9x,

| = Cm P m A+ x|+ [x).
p

By the same arguments as above, we have

op'™ /o
9P/ 0%0 | < o+ o +
Therefore,
B (m)
S| = O+ | + ). (A.5)
0

By the same arguments as above, we also show that

9gm
‘ Ox

The local Lipschitz assumption (7.7) straightforwardly follows from (A.5)—(A.6). ]

< Cm??H (/m + |x0| + |xm]). (A.6)

Appendix B: Optimal quantization: numerical aspects

As mentioned in the introduction, quantization consists of replacing an R?-valued random
vector X by its projection according to a nearest-neighbour rule onto a grid I' C RY,
X" := Projr(X). For a grid T:={x', ..., x"V}, such a projection is defined by a Borel
partition Cy(I), ..., C,(T) of R (called the Voronoi tessellation of T) satisfying
i) € {& € R |& — x| = minger|E —x/|}, i=1,..., N, where |-| denotes the usual
canonical Euclidean norm. We then set
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N
= inlC,-(F)(X)~ (Bl)
i=1

If X € L?, the L? error induced by this projection — called the L” quantization error —
is given by ||X — X]||,. It is obvious that this quantization error depends on the grid I'. In

fact, one can easily derives from the nearest-neighbour rule that if I' = {xl, xN }, then
X = X")17 = [E(lmmN|X — x’|p> (B.2)
So if one identifies a grid I" of size N with the N-tuple (x!, ..., x") or any permutation of

it, the pth power of the L” quantization error — called the L? distortion — appears as a
symmetric function

Or(x', ..., x") = Jmiin |E — x'|PP x(d&)

which can obviously be defined on the whole (R“)". The function {/Q7 is Lipschitz
continuous and does reach a minimum. If |X(Q)| is infinite, then any N-tuple that achieves
the minimum has pairwise distinct components and this minimum decreases toward 0 as N
goes to infinity. Its rate of convergence is governed by Zador’s theorem (see Graf and
Luschgy 2000):

Theorem B.1. Assume that E|X|P"¢ < +oo for some ¢ > 0. Then

. ~ 1/p+1/d
lim (N‘/" min [|X — Xr||p) =Jpa (j w(&)d/wmd&) (B.3)
N T|=N R4

where Px(d§) = @(5)A4(dE) +v(dE), v L Ay (Aa being Lebesgue measure on RY). The

constant J .a corresponds to the case of the uniform distribution on [0, 1]%.

Except in one dimension (Jpl =1/2(p + D7, Jy5 = /(5/18y/3), ...) the true value of
J p.a 18 unknown. However, J, 4 ~ (d/ 2me)'/? as d goes to infinity (see Graf and Luschgy
2000). This theorem says that mmm<N||X XT||, ~ 60x.,4N""/4. This is in accordance
with the rates O(N~'/?) obtained in numerical integration with uniform grid methods (when
N = M%) although optimal quantizers are never uniform grids (except for the uniform
distribution in one dimension): optimal quantization provides the ‘best-fitting’ grid of size N
for a given distribution u = Py. Such grids correspond to the real constant Oy , 4.

B.1. Stochastic gradient descent

When the dimension d is greater than 1 and independent copies of X can easily be
simulated on a computer, an efficient approach consists of differentiating the integral
representation of the quantization error function to implement a stochastic gradient
algorithm. That is, set for every x = (x!, ..., xV) € (RY)" and every & € R,



930 G. Pages and H. Pham
p R ; i_ glp
gt (x, &) : min |x" — &|7.

For notational convenience, we will temporarily denote by C;(x) the Voronoi cell of x’ in the
grid T := {x!, xV} (instead of C,(I')). One can show (see Pagés 1997) that, if p > 1,
or s contlnuously differentiable at every N- tuple x € (RY)N having pairwise distinct
components and a [P y-negligible Voronoi boundary UY ,dC;(x). Its gradient VQ? is obtained
by formal differentiation:

VOI(x) = E[V.q/(x, X)), (B.4)

where

9q] 1
Vgl ) = (5 = (TS e e (®)
X I<isN | | I<isN

with the convention that 0/|0] = 0. Note that then, V,g”(x, §) has exactly one non-zero
component i(x, &) defined by & € Cy.¢)(x). The above differentiability result still holds for
p =1 if Py is continuous (i.e. weights no point in RY).

Then, one may process a stochastic gradient descent algorithm (starting from an initial
grid T° with N pairwise distinct components) defined by

FS+1 . as—H

Vegl(I*, &1, (B.3)

where (£%),=; is an i.i.d. sequence of X-distributed random vectors and (Jy),=; a (0, 1)-
valued sequence of step parameters satisfying the usual conditions,

Z(SS = +oo and de < 4o00. (B.6)

Note that (B.5) almost surely implies by induction that I'* has pairwise distinct components
for every s. Under some appropriate assumptions, such a stochastic descent procedure almost
surely converges toward a local minimum of its potential function; here it would be Q7.
Although these assumptions are not fulfilled by the function O, some theoretical problems
may be overcome (see Pagés 1997). However, it provides satisfactory results a posteriori (this
is a common situation when implementing gradient descents). The companion parameters
(P x-weights of the cells and L” quantization errors) can be obtained as by-products of the
procedure. For more details, we refer to Pages (1997), Bally and Pages (2003) and Pages et
al. (2004a), where these questions are extensively investigated and discussed.

The quadratic case p =2 is the most commonly implemented for applications and is
known as the competitive learning vector quantization algorithm.

B.2. Stationary quantizers

The differentiability of Q also has a noticeable theoretical consequence Since Q
differentiable at any N- tuple x lying in argman — even in argmmlocQ if P, we1ghts no
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hyperplane — any such N-tuple is a stationary quantizer, that is, VQi(x) = 0. Standard
computations then show that this equation reads

X =E[X|X]. (B.7)

In particular this implies that, for every p € [1, +oc], || X], < || X] ,-
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