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OPTIMAL STOCHASTIC SWITCHING AND THE
DIRICHLET PROBLEM FOR THE BELLMAN EQUATION
BY
LAWRENCE C. EVANS AND AVNER FRIEDMAN'

ABSTRACT. Let L’ be a sequence of second order elliptic operators in a
bounded n-dimensional domain £, and let f* be given functions. Consider
the problem of finding a solution u to the Beliman equation sup,(Lx — f)
= 0 a.e. in &, subject to the Dirichlet boundary condition # = 0 on Q. It is
proved that, provided the leading coefficients of the L’ are constants, there
exists a unique solution u of this problem, belonging to W'®(2) N
WZ2(Q). The solution is obtained as a limit of solutions of certain weakly
coupled systems of nonlinear elliptic equations; each component of the
vector solution converges to u. Although the proof is entirely analytic, it is
partially motivated by models of stochastic control. We solve also certain
,systems of variational inequalities corresponding to switching with cost.

1. Introduction. Consider a sequence of linear elliptic partial differential

operators
“ 9% “ du
kpp = k _ k() 9% L ok =
Lfy = i,jz_la,.j (x) ax0%, ig} bk(x) o +ck(x)u  (k=1,2,...)
in a bounded domain £ C R”". We assume:
a2 € C?**#  forsome B >0, (1.1)

.zfgum§>ymz (x€EQtERY>0), (12)
L=

|Deak(x)|, | Db} (x)|, |Dc*(x)| < C
(x€Q1<ij<n0<]aj<2,C>0), (13)
and
cK(x)>ecg (xE€ERcy>0), (1.4)

where vy, C, ¢, are constants independent of k. (The hypothesis ¢, > O is
convenient, but ¢, > 0 is sufficient; see Remark 1, §6.)
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366 L. C. EVANS AND AVNER FRIEDMAN

Suppose further that the f*(x) are given functions for x € @, satisfying
|[DfE(x)|< €  (x€90<|a|<2,C >0), (1.5)

where C is a constant independent of k.
In this paper we investigate the nonlinear partial differential equation

sup, (L“u(x) — f¥(x)) =0 ae.forx €9, (1.6)
with the boundary condition
u=0 onadQ. (1.7

Equation (1.6) is called the Bellman eguation of dynamic programming,
arising in stochastic optimal control theory (see §7). It was studied by Krylov
{13] and Nisio [14] in the case £ = R". Krylov proved (under assumptions
similar to (1.2)—(1.5) and with the additional condition that ¢, is sufficiently
large) that there exists a unique solution w in R”" such that, for some
o(x) = (1 + p|x»)7% p > 0, e *™y(x) belongs to W>(R"), Vp < . His
proof was somewhat simplified by Nisio [14] (see also [3]). As is pointed out
in {14), [3], the existence of a solution to the Bellman equation in a bounded
domain is an open problem, except when n = 2.

In this paper we establish the existence of a unique solution u of (1.6), (1.7)
satisfying u € W"°(Q) N Wz>(Q). We assume the conditions (1.1)—(1.5)
and the additional restriction

ajf are constants. (1.8)

Unlike Krylov’s approach, our proof does not use probabilistic methods; it is
however partially motivated by probabilistic considerations. In fact, we
approximate the solution of (1.6), (1.7) by the system of equations

Lku* + B (u* — u**1) = fk(x) (1<k<m x€9),
u* =0 on %, (1-9)

where u™*! = u'. Here B, represents a “penalty” term: B,(f) = 0 if ¢t < 0,
B.(t) » oo if ¢ > 0, ¢ > 0. Probabilistically, the solution component u*(x)
represents the optimal cost starting at x € @ in state k of the same cost
functional as in Krylov’s work plus an additional cost for every switching
from one generator L’ to the next one L'*'. We shall explain this model more
precisely in §7.

In §2 we study the system (1.9) and prove that it has a unique classical
solution. §3 comprises an a priori estimate on the W'*°(Q)-norm of the
solution; the estimate does not depend on m and &. In §4 we derive a priori
estimate on the W2*(Qy)-norm of the solution of (1.9), &, c . It is only here
that the condition (1.8) is used.

In §5 we take £ — 0 in (1.9) and show that each u* = u** converges to the
same function 0™, v™ solving the Bellman problem (1.6), (1.7) (where k
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DIRICHLET PROBLEM FOR THE BELLMAN EQUATION 367

ranges over the indices 1, 2, . . ., m). Finally, in §6 we prove that, as m — oo,
v”™ converges to the solution of (1.6), (1.7). These convergence arguments use
nonlinear functional analytic methods and, in particular, certain accretive
operator techniques.

In §7 we study the system

Ly + B( — iy — k) = f; (x €9),
¥, =0 ondQ (1<i<m (1.10)
where the k; are positive numbers, and also the limit case, as ¢ — 0, a system
of variational inequalities
Ly, + B(w, — u;p; — k) f ae.in@,
u,=0 onadQ. (1.11)
(Here B(t) is the maximal monotone graph: B(f) = {0} if t <O, B(0) =
[0, 0]).) We give probabilistic interpretation for these problems and prove
that each component u; of the solution of (1.11) converges to the solution v
(of (1.6), 1. for L', ..., L™ as (ky, ..., k,)—0.

We also show that for fixed and positive k;, the solution of (1.10) converges
to the solution of (1.11), as ¢ — 0. This is proved under weaker assumptions
than (1.3), (1.5) and without the restrictive condition (1.8).

In §8 we specialize to the case m = 2. It was proved by Brezis and Evans
[5] that the corresponding Bellman equation

max(Lu(x) — f'(x), Lu(x) — f3(x)) =0 ae.in,
u=0 ondQ (1.12)
has a solution # in C2**(8,) for some a > 0 and any domain 2, Q, C Q.
Here we show (without making the restriction (1.8)) that the solution u,,u, of
(1.11) with m = 2 satisfies: u,(x) — u(x) as (k;, k) — 0.

NOTE ADDED IN PROOF. P. L. Lions (in work to appear) has recently

removed the restriction hypothesis (1.8). His method gives W>*(Q2) estimates

for the approximating system (2.3), (24) and is based on a nontrivial
extension of our proof of Lemma 4.1.

2. Construction of approximate solutions. Let 8,(r) (¢ > 0, ¢ real) be a C*
function in ¢ such that

B()=0 ifr<0,
B(t)> o0 if1>0, e-0,
B.(1) >0, B'(1)>0, 2.1)
and
|18.(t) — B(t)] < C  (C constant). (2.2)
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368 L. C. EVANS AND AVNER FRIEDMAN

We can take, for example,
t — .
ﬂ,(t)=Te if 2e <t < o0,

=0 ifr<0,
and

0<B.(1) <1, 0</3,’(z)<% fO0<t< 2.

Consider now the semilinear elliptic system
Lu* + B(u* —u**)=f inQ@ (1<k<m), (23)
u*=0 onadQ 24

where u™*! = u!.

This system can be solved by several standard methods. It is most con-
venient for our purposes to invoke certain facts of nonlinear functional
analysis, as these considerations are crucial for the convergence results of §5.
We begin by recalling some definitions; for more details, see [1].

In any real Banach space X one defines the pairing

Dor], = if LML (e,

—Ix
A>0 A

It can be shown that
- lx + & —“xﬂ .
1)‘151 Y exists and equals [ x,y], .

Note that
[ > ], : X X X — R is upper semicontinuous. 2.5)

A nonlinear operator 4 with domain D(A) in X and range in X is called
accretive if
[x =»|<||x —»y + MAx — 4y)]|] VxyinD(4), A >0,
and m-accretive if, in addition, R(J + A4) = X for all A > O (or, equivalently,
for some A > 0). 4 is accretive if and only if

[x —y,4x — Ay], > 0 Vxyp in D(4). (2.6)
If X = C(Q), the brackets [, ], admit the representation
[fe]l, = f‘:;,‘ g(»)-senfly) (f=0), 2.7
V)=

see, for example, Sato [16, p. 431] or Sinestrari [17, p. 22]. As we shall see, this
characterization is useful for studying partial differential equations satisfying
a maximum principle.

The following lemma is due to Frank Massey (unpublished).

LEMMA 2.1. Let X = X' X - - - X X" be the product of real Banach spaces

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



DIRICHLET PROBLEM FOR THE BELLMAN EQUATION 369

X* with norm
= i = l LY n .
bl = max ] (x = (L))
Denote by [, Y, and |, ), the brackets in X' and X, respectively. Then

[%7]. = max {[x0 T 1 ==}

ProOF. If {jx¢|| = || x||, then
I + Ml =l > =" + W =%
Dividing by A and taking the infimum over A, we get
[= 7], >[*\>],

This proves the inequality

[x.2], > max {[x T, x=|*}- (238)
To prove the reverse, we take a sequence A,, > 0 such that A, {0 and

lx + Al =]|x* + A»7]| for some fixed i.
Then ||x|| = ||x’|| and
% + Ayl = el = |7 + Ay [ = %)

Dividing by A,, and taking A,,]0, we obtain the opposite inequality to (2.8).

O
We now take X' = C@), X = X! X - - - X X™ and introduce the vector
notation
ul Lyt B.(u' — w?)
uz Lzuz Bz(uz - u3)
u=| .|, Lu= - | Bu= . .
" L B(um — u)

Each operator L’ is defined on the set
D(L') = {v € W3*(Q) n W>(Q); L'v € C()}
for any fixed p > n, and L is defined on D(L) = D(L') X - - - X D(L™).
The operator B, is defined everywhere on X.

LEMMA 2.2. The operator A, = L — col + B, with domain D(L) is m-accre-
tive in X.

ProoF. According to a standard perturbation theory [1] it suffices to prove
that

B, is Lipschitz and accretive (2.9)
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370 L. C. EVANS AND AVNER FRIEDMAN

and
L — ¢,l is m-accretive. (2.10)
Since 0 < B/ < 1/¢, B, is clearly Lipschitz. Furthermore, by Lemma 2.1,
[#— @ Bu—- B,a],
- max{[ui -, B!(ui - ui+l) - Bc(ﬁi — —i+l)]+ ,

u' — @ =||u— @]}. (2.11)

Take i such that |{u’ — @‘|| = ||u — ]| and, without loss of generality, assume
that

u — @ = u'(x®) — @'(x°) for some x° € &.
Then

ui(xo) — ﬁi(XO) > ui+l(x0) — ai+l(x0)’
and so
ui(XO) _ ui+l(x0) > ai(xO) - ﬁi+1(x0)-
Because of the monotonicity of 8,, it follows that
B.(u' — u'*Y) > B (@' — @'*!) atx°
Recalling (2.7), we conclude that the right-hand side of (2.11) is nonnegative.
This proves (2.9).

The proof that L' — ¢,/ is accretive follows by the maximum principle,
making use of (2.7). In fact, if v € c® n WZ(R) and v takes a positive
maximum at a point x° € Q, then by Bony [4] (see also [8])

ess lim inf (Lio(x) = cov(x)) > 0. (2.12)
XX

Since, in particular, L'v — cyv is continuous, then o(x%)(Lv(x% — cov(x%) >
0. Using this and (2.7), it is clear that L’ — ¢yl is accretive. Employing
Lemma 2.1 we find that also L — ¢,/ is accretive.

By the general theory of elliptic equations, each L’ — ¢,/ is m-accretive;
consequently L — cof is also m-accretive. [

THEOREM 2.3. Let (1.1)-(1.5) hold. Then there exists a unique solution of
(2.3), (2.4) with components u* in D(L*); further, u* belongs to C**Q) N
C3(Qy) forany 0 <0< 1,8, C Q.

The first part follows from the m-accretiveness of 4,. The second part is a
consequence of standard regularity results for elliptic equations. []

3. W™ estimates. In this section we derive uniform estimates on the
solution u = (¥', ..., u™) of (2.3), (24) and on its first derivatives; these
bounds will not depend on the parameters £,m. The condition (1.8) will not be
needed here.
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DIRICHLET PROBLEM FOR THE BELLMAN EQUATION 371

LEmMA 3.1,

1
max [|u* =g < o DX | oy (€R))

ProoF. We first prove that
1
uk(x) > — = max =@ (x€9). (3.2)

Denote by N, the minimum of »* in £ and choose j such that N; = min N,.
Without loss of generality we may suppose that N; < 0. Let x°be a point in £
such that w/(x% = N,. Then

L (x°) < J(x)w/(x°) = /(xO)N; < N,
B.(#(x%) — w*'(x9)) =0
(since 1/(x% < &/ *!(x%). Consequently,
coN; > Lw(x%) + B,(1/(x°) — w*'(x%) = F(xY),
so that

1
N; > -c—oll-,}lll.“"(ﬂ);

this proves (3.2). Similarly one estimates the u* from above. [J
In what follows we shall denote by C a generic positive constant which is
independent of m,e.

LEMMA 3.2
| Du¥||2@ey < € (1 <k <m). (3.3)

PRrOOF. Let 5% be the solution of
L** = f* inQ,

=0 ondQ.
Since L*u* < f*, the maximum principle implies that u* < &*. It follows that
u* _ 3k :
M < Ty < C ondf, (34)

where » is the inner normal.

Next, let x° be a point on 3§ and let y° be the center of a ball B of radius R
such that BN & = {x°}; R can be taken to be independent of x°. For
sufficiently large positive constants p and D, the function

w(x) = D(%—Tl’;) (r=|x-»%

is a barrier at x° for each L’; that is, w = 0 at x% w > 0 in 8\{x°}, and
L'w > 1 (the constants p, D are independent of 7).
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372 L. C. EVANS AND AVNER FRIEDMAN

Leto* = — Cwfor 1 < k < m, for C > max, || f*|| .«g) Then
L*o* + B.(v* — v**) =g* inQ,
v¥< 0 onadQ, (3.5)
and g = — CL*w < f*. We claim that
vk <uf forallk, x € Q. (3.6)

Indeed, otherwise choose j such that
max (0°(x) ~ u*(x)) = M,
is the largest when k = j, and let x* € { be such that
0 < M; = v/(x*) — w/(x*).
Atx = x* L/(v/ — w) > J(v/ — W) > 0,8/ — f/ <0, and consequently
B.(v/ — ") < B, (v — ).
Noting that o/ = v/*!, we deduce that #/(x*) — «/*!(x*) > 0. Hence
max (o/*! — W+ > o/ (x*) = W (x*) > o(x*) — W(x*)
’ = mgX(v" ~- o),

thus contradicting the definition of ;.

Having proved (3.6), we now notice that v* = u* = 0 at x°. Hence
du* _ do* w R
" > > - C B atx'.
This, together with (3.4), complete the proof of (3.3). O

Lemma 33.
| Du¥| =@ < C (1 <k <m). 37

PrOOF. Let A be a positive number to be determined later on (indepen-
dently of m,e), and choose j such that

max [ || + A(w/)?] > max[[Vu*[" + Mu*)?] (3.8)
g g
for all k. We take j = 1 for simplicity and write » = ', L = L', q; = a},
b,=cl,c=c',f=f'and B = B,. We also set v = u>.
We shall denote partial derivatives by subscripts and use the summation
convention.
We shall estimate the function
w =|Vu|2 + A? = yu, + M
by applying to it the maximum principle. First we compute
w, = 2uy, + 2\,
Wo = 2u,u, + 2ua, + 2\4,u, + . 3.9

irCip

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



DIRICHLET PROBLEM FOR THE BELLMAN EQUATION

Differentiating the equation
Lu+ B(u—-v)=f
we obtain
Lu+ B(u—o)y,—v)=f+Du (1<i<n)
where

Du= Y o,D% o, bounded.
laj<2

We now compute Lw, by substituting from (3.9)
Lw= —2a,uw,u, — 2ua,u,, — 2)\apu"u,
—2\ua,,a,, — 2u;b,u, — 2\ub,u, + cuu; + Acu?
< —2yu,u, — 2yAuu, + 2u;Lu; + 2\uLu.
Recalling (3.10), (3.11), we get
Lw < —2yuyu; — 2yAuy; + 2uf, + 2u, D% + 2\uf
—2u,B"(u — o)y — v;) — 2Mup(u — v).

Since

|26, 5% < yuyu; + Cuu,

Y Lid

373

(3.10)

(3.11)

and since ju|] < C, we obtain, upon choosing A to be sufficiently large

(depending only on C)
Iw<C-1J,

where
J = 22up(u — v) + 2B8'(u — v)u (4, — v,).
Suppose the maximum of w in & is attained at a point x° € Q. Then

uu, + A > g0, + Ao? atx = x°

(since (3.8) holds with j = 1). Next, because of (2.2),

J > 2B (u — o)u(u; — v;) + 2MuB’(u — v)(u — v) — C.
Noting that
2u(u; — v;) > uy; — v,
2u(u — v) > u® — v?
we obtain

J > B'(u — o)(wu; — v, + Au® — A®) — C.

(3.12)

(3.13)

(3.14)

(3.15)

Hence, by (3.14),J > — C at x = x°. Thus, by (3.12), Lw(x®) < C. But since

w attains it maximum in £ at x° we must have
Lw(x% > c(x®)w(x% > cow(x?).
Therefore w(x% < C/c,.
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374 L. C. EVANS AND AVNER FRIEDMAN

If w attains its maximum only at boundary points, then the assertion
maxg w < C follows from Lemma 3.2. This completes the proof of (3.7). [J

4. W>* estimates. In this section we require also, in addition to (1.1)—(1.5),
the condition (1.8). As before, C will denote a generic constant independent
of e,m.

LEMMA 4.1. For any compact subdomain Q of S
4 | wa=ey < C (1<k<m) (4.1)
where C depends on .

PrOOF. Without loss of generality we may assume that the u* belong to
C4Q). Indeed, otherwise we approximate L’ by L* with C? coefficients
(say); the derivation of (4.1) for the corresponding solution u*? (given below)
shows that C depends only on the constants occurring in (1.2)—(1.5) and thus
can be taken to be independent of ¢. Taking ¢ — oo, the assertion (4.1) then
follows.

Let £ denote any direction and let { be a function in C°(2) such that { = 1
in &y, { > 0 elsewhere. Consider the numbers

M, = max {$¥((uf)")’ + NVuf} (A >0)
g
and suppose for definiteness that

M >M, foralll <i<k; 4.2)

here A 1s a positive number (independent of ¢,m) to be determined later on.
As in the proof of Lemma 3.3, we set u = u', v=u?, L=L!, f= f' and
B = Bg'

Differentiating (3.10) twice with respect to §, we get, using (1.8),

Lug, + B'(u — 0)(ug — vy) + B"(u — 0)(u; ~ 05)2 = foe + D%

where
Du= 3 ¢,D%, o, bounded. 4.3)
|a|<2
Since 87 > 0, we conclude that
Lug, + B'(u — 0)(uge — vg) < fee + D, (4.4)

Consider now the function
2
w = (u)*) + ANVu],
and suppose that it attains its maximum in & at a point x°. If x° € 9Q then
w(x®) = AVu(x)f < C, 45)

by Lemma 3.2. Suppose next that x° € Q. If u(x% < 0, then again (4.5)
holds, by Lemmma 3.3.
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DIRICHLET PROBLEM FOR THE BELLMAN EQUATION 375
We shall now consider the case where u“(xo) > 0. Then u;; >0 in a
neighborhood G of x% and thus
w = ¢u,)* + A\|Vy|>, u;>0inG.
We now compute
w, = 2ugue$? + 288ud + Ny,
Wy = Qg8 + 2ugtteg§ > + Mugeuegll + ugeuegll)
+2u€2€(§§,-j + §,.$‘j) + N1y, + 2Ny
It follows easily that
= aywy < =28 ayugugy — 28 uga ey

2 2\a 2\
¥

- bw, < 2§’u£€b,~u€€,- + Cfugzg + 2\ buy;.
Hence

C
+ (75 zl‘sei“eei + Y “ge) = \yuuy; + 2\ Luy.

We now specialize to x = x°. Since u“(x") > 0, we can substitute L, from
(4.4) and still preserve the last inequality. Substituting afso Ly, from (3.11),
we get
+ Cufy — yuuy, + 2, (S + D% — B'(u — v)(1 — 0))-
Choosing A sufficiently large and using also Lemma 3.3, we are led to the
inequality
Lw<C—-J atx=x" (4.6)
where

J = 28"(u — o) $ug(uge — vge) + Mg (1 — 1) ]

Noting that u;,v,; < ;07 at x° we find that
J > B'(u — o) $%uf — $Hok) + A — Ao, ] > 0

where the last inequality is a consequence of (4.2).
Since w attains its maximum at x°,
Lw(x°% > c(x®)w(x®) > cow(x?).
But since Lw < C — J < C at x° we deduce that w(x% < C. This completes
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376 L. C. EVANS AND AVNER FRIEDMAN
the proof that [|w|| L« < C. It follows that
—uk < C, 1<k <mx€EQ,, 4.7)

for any direction &.
For a particular L, choose the coordinate system so that af = ;.. Then
qu*
kg

— Au* = Lk, + Shf—

-c
ox;

k ka_“l:_ k, K
< f*+ Zb; S <C.

By (4.7) we also have
Kk
a;uz < C foreachi, x € Q.
X;
It follows that
3

" > —-(n-1)C, xeqQ

Since x; can be any direction, the second mixed derivatives are also bounded.
The proof of the lemma is complete. []

5. Passage to the limit as ¢ — 0. In this section we study the “truncated”
Bellman equation

max (L*u(x) — f*(x)) =0 aein®, (5.1)

1<k<m
with the boundary condition
u=0 ondQ. (52)
THEOREM 5.1. Let (1.1)-(1.5) and (1.8) hold. Then there exists a unique
solution u of (5.1), (5.2) such that
u € Wh(Q) n Wi2(Q). (53)
PRrOOF. Denote the solution of (2.3), 2.4) by u, = (u},u2, ..., u™).
From Lemmas 3.3, 4.1 we have the uniform estimates
]Du,"(x)l <C (xeQ), (5.4)
|D2u,"(x)| <C (x € %) (5.5)

for any compact domain &, in £. Take a sequence of ¢’s (which we denote for
simplicity again by €) such that

u* - v*(x) uniformly in Q, (5-6)
uk — 0*(x) weakly in W2 (Q,) (5.7)
for any p < oo and for any compact subdomain 2, C £.
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From the relation

B(uk — u*) = f* — Lhu
and (5.4), (5.5) it follows that

B.(uf —uf*) < C inQ,
Noting that 8,(£) —» oo if # > 0, ¢ = 0, we deduce that

uk(x) — uf*'(x) >0 fe>0,x€Q.

It follows that the o* defined in (5.6) satisfy v! = v?> = .- - = o™ =u. We
shall prove that

 max (L*u(x) — f¥(x)) =0 ae.inQ. (5.8)

We begin by noticing that L*u* < f* and that the weak convergence (in
(5.7)) preserves this inequality. Hence
L*u(x) — f*(x) < 0 ae.in,
so that also
max (L*u(x) — f*(x)) <0 ae.in. (5.9

1<k<m

To prove the reverse inequality we employ an argument of Evans [9] which
generalizes the Minty lemma to the space C(). Using the notation of §2 we
have, by the accretiveness of L + B,

0< [ut - (L + Be)uz - (L + B¢)¢]+ =[u¢ - é’f_ (L + B!)é].‘-
=[u.-¢.f- Lp],, (5.10)

the last relation obtained by choosing ¢ with components ¢’ such that

1 2 m —
Q =@-=--- =@ " =0.

We take @ in Cg°(2). Since u* — u uniformly in ©, taking & — 0 in the last
expression in (5.10) gives, according to (2.5) and Lemma 2.1,

0<[ﬁ—¢,f—l¢]+=lgcagm[u—tp,f"—L"wL (5.11)

where i is the vector with m equal components u.
By Lemma 2.2 of [9], for a.e. x? € © there exists a sequence of functions
®; € C5°(2) such that

D%(x%) - Du(x®) (0<|a|<2), (5.12)
9 (x%) = u(x) = ig; = ull g, > 9(x) — u(x)
VxeQ x#x% (513)
Taking ¢ = ¢; in (5.11) and using (2.7), (5.13), we get
0< liriai(m(L"tpj(x") — fX(x%).
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Taking j — oo and using (5.12), we find that
k. 0 k
 max (L*u(x%) — f*(x%)) > 0 ae.
This completes the proof of (5.8).
The proof of uniqueness will be given in §7. [
ReMmark. The applicability of the accretive operator methods to the Bell-
man equation was first noted by Pliska [15].

6. Existence for the Bellman equation. We shall now consider the “full”

Bellman equation
sup (L*u(x) — f%(x)) =0 ae.inQ 6.1
1<k< o0
with the boundary condition
u=0 onadQ (6.2)

THEOREM 6.1. Let (1.1)-(1.5) ana (1.8) hold. Then there exists a unique
solution u of (6.1), (6.2) such that

u € wh(Q) n Wz (Q). (6.3)
ProoF. Denote the solution of (5.1), (5.2) by u,,. Then
|Du,(x)| < C (xeQ) (6.9)
and, for any compact subdomain &, C £,
]Dzum(x)l <C (x € Q); (6.5)
here C is a generic constant independent of m.
Let
Ano(x) = max (Lko(x) = f*(x)),
Av(x) = sup (L*(x) — f*(x)).
1<k< o0

If ¢ € C{(R) then the L% are uniformly bounded and equicontinuous, so
that as m — oo,
A, 9(x) > Ap(x) uniformly in Q. (6.6)
Consider 4, as an operator in X = L*(Q) with the domain
D(4,,) = {v € Wg=(Q) N Wi2(R); 4,,0(x) € L=(Q)}.

LEMMA 6.2. 4, is accretive.

ProOOF. We recall (see Sato [16, p. 433]) that the bracket [ , ], in
X = L*(Q) can be computed by

[f.g], =lim esssup g(x)-sgnf(x) (f=0) (6.7)
el g(fe)
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where

Qf, )= {x €Q; f(x)] > M= — €}
Now, if v,5 € D(4,,) then v — & is continuous in €; and without loss of
generality we may assume that v — ¢ takes a positive maximum ||v — D ;=g
in . We have proven that [v — 7, 4,,0 — 4,,0], > 0, or, in view of (6.7),
that

lif([)l ess sup (4,,0(x) — 4,,5(x)) > 0 (6.8)
€ G,

where
G = {x; o(x) — 6(x) > max|v — 6| — e}.
o)

The maximum principle of Bony {4] (see (2.12)) implies that (6.8) holds if 4,,
is replaced by each L*; hence obviously (6.8) holds. []

Using Lemma 6.2 we can now pass to the limit with m — co0 by an
argument similar to that used in Theorem 5.1. Indeed, for any ¢ € Cs°(),

0<[u, — @ 4,4, — 4,9], =[4, — ¢ —4,,9], - (6.9)

In view of (6.4), (6.5), there exists a subsequence of u,,, which we again denote
by u,, such that u, — u uniformly in &, Du,_, — Du in the weak star topology
of L®(Q), D%, — D% in the weak star topology of L®(Q,) (for any £,
2, C Q).

Taking m — o0 in (6.9) we obtain, using (6.6) and (2.5), [u — ¢, —Ag], >
0. Choosing ¢ = g; as in the proof of Theorem 5.1, we get Aqaj(x") > 0.

Now, since

D(x%) — Du(x) >0 (0<|¢<2)

and the coefficients of L* are uniformly bounded, we conclude that

Ag,(x°%) — Au(x%) - 0.
It follows that Au(x®) > 0.

Conversely, since L*u,, — f* < 0 a.e. in ©, k < m, we obtain

L« — f* <0 ae.inQ.
Hence Au < 0 a.e. in . We have thus proved that u is a solution of (6.1),
(6.2) satisfying (6.3).

The uniqueness of the solution will be proved in §7. [

ReMARK 1. The assumption ¢, > 0 made in §§2-6 may be replaced by
¢o » 0. Indeed, if ¢, = 0, we observe that the maximum principle still applies
to L — 8I provided & is positive and sufficiently small. Hence Theorem 2.3
remains valid (with L — 87 + B, m-accretive). Next, (3.1) holds with 1/¢,
replaced by some positive constant C. The remaining arguments now proceed
as before. Thus, Theorem 6.1 remains true also when ¢, = 0.
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REMARK 2. As a special case of Theorem 6.1 one can immediately establish
the existence and uniqueness of a solution for the problem

Au— F(u,,)=f(x) inQ, (6.10)
u=0 onodQ (6.11)

provided A > 0 and F(x;) satisfies the following conditions:
(a) F: R” — R is convex and C?,

(®) ZF, 4 > vIEP, v > O (ellipticity),
(c) |F(x) — EF,“,i(x)x,].| < C Vx = (xp).
Indeed, writing

F(x) = m?x[F(E) + ny(g)' (xij - gj)]’ §= (gij)’

we may rewrite (6.10) as a Bellman equation with

9%
L= Au— EF,‘”(§)W,
9%

F(x) = f(x) + F@) - ZF, (0)%;
it suffices to let £ range over a dense countable set in R™.

7. Probabilistic interpretation and methods. Let &, ..., k, be positive
numbers. Consider the system of m variational inequalities

Ly, < f ae.in®,
u, <k;+u, i,
(L' — f Y, — k;, — u,;) =0 ae.in® 1<i<m. (7.1)
This system is the (formal) limit of the penalized problem
L, + B(u, — k; — ) =f inQ,

u, =0 on?dgQ, 1<i<m, (7.2)
where B,(?) is the function constructed in §2.
We shall need the conditions
|afl. 185 14, 1P < G
| Daf|, |DbY|, |Dc*| < C. (7.3)

Under these assumptions and (1.1), (1.2), (1.4) and the additional condition
that | Df*| < C one can establish the estimates of §3 for the solution u, = u;,
of (7.2) (cf. the proof of Theorem 7.2 below). These estimates will provide a
uniform modulus of continuity for solutions of (7.2) and these, in turn, imply
as we shall see below uniform WZ*(Q) estimates (without using condition
(1.8)).

Let us now interpret (7.1) probabilistically (cf. Bensoussan and Lions [2] for
the case m = 2). This approach gives heuristic insight into the stochastic
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control situation modeled by (7.1) (and (1.6), (1.7)). As a bonus we shall
derive the W%*(Q) estimate for_solutions of (7.2) under somewhat weaker
assumptions than those for the plan outlined above.

Consider the stochastic differential system

dei(t) = 6'(&(2)) aw(r) + bi(&(2)) at

where o(x) is a symmetric matrix such that 3(o’(x))? is the matrix (@;(x))
and b'(x) is the vector with components b;(x). Here w(¢) is an n-dimensional
Brownian motion. Denote by %, the o-field o(w(s), 0 < s < ¢). ~

For any sequence § = (8,,0,, . . . ) of %, stopping times §, <8, < - - - <§,
< - -+ (G0 if IT00) we define the following process £(7):

) =8Oy, <t1<b,; (6,=0)

where / is a nonnegative integer, and £(¢) is continuous at ¢ = §, for all i.
Thus, £(¢) switches cyclically from the stochastic system with generator L’ to
the stochastic system with generator Li*! (L™*! = L"), and it starts with
) =¢») if 0<r<0, £0)= x. We shall assume for simplicity that
c‘(x) =const = a > 0.

Introduce the cost function

[ m

JX8) =_=E,[ fo Temwfe(Nat + S S ke~mil, o

=0 j=1
where T is the exit time from Q and

fE) =f1(E(0) if &) = £°(2). (74)
This cost functional represents a running cost (per unit time) of f(x) when
the system is in state j, and a switching cost k; for any transition from state i
to state i + 1, the entire cost discounted with a factor a.

Set u,(x) = inf, J(9). More generally we can define £(¢) which starts with
&9 = ¢'(r) for 0 <t < 0,, and then proceed cyclically as before to change
from any state j to state j + 1. We denote the corresponding cost function by
Ji(8), and set

u,(x) = inf JL(0). (7.5)

THEOREM 7.1. Assume that (1.1), (1.2), (1.4), (1.5), and (1.3) hold. Then
(uy, . . ., u,) forms a solution of (1.1), belonging to CQ) n W**(Q) for any
P < oo. Conversely, every solution of (1.1) which belongs to C(Q) N WX2(Q) for
some p > n/2 is given by (1.5) (and is therefore unique).

Proor. The second part of the theorem follows by a standard application
of Ito’s formula to functions in C(®) N WZX(R) (cf. [3] [11]). Thus it remains
to prove the existence of a solution of (7.1) which belongs to W>(Q) for all
p < oo.
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We truncate the cost function J/(8) by restricting the number of §;’s to be
at most N. Denote the corresponding cost function by J>¥(8) and set
u(x) = inf, J?¥(). Thus, if N =1 then u is simply a solution of the
variational inequality

Lu! < f, u' <k, (L% —f)u'~k)=0,
that is, when N = 1 the obstacle for «" is k;.

Similarly, for any N, the obstacle for " is k; + u{7!. This in fact can be
proved in a standard way by the principle of dynamic programming, using
the strong Markov property.

It is well known (see, for instance, [3]) that if the obstacle is continuous
then the solution of the variational inequality is also continuous. Hence by
induction it follows that the u are all continuous functions in &.

We claim that

[4"(x) — u(x)| K C/N (x€Q) (7.6)
where u,(x) is defined by (7.5).
Notice first that
u(x) < u"(x) 7.7
since any cost J;(8) is also a cost J{(8) (with §; = co if j > N).
Next, in estimating %(x) from below we may restrict ourselves only to
“good” choices of stopping times 8,. More specifically, since we may always
choose not to switch, it is clear that we may restrict the §; to be such that

E|, 5 kel cr| < B [Te 60 dt].

Im<+j>i A

i

Recalling that f is bounded, we conclude that in computing #,(x) it suffices to
take the infimum on 8 with §, satisfying:

S E[e 7] < CE[e ™, 4] (7.8)
i>j ’

for some C.

We may also restrict the §, to be such that Ji(§) < C for some C
sufficiently large. In view of (7.8) and the boundedness of f, this implies that

2 Ex[e_“‘*lq(T] <C.
Since the ith term is nonnegative and decreasing, it follows that
JE[e ™y r] < C. (7.9)

Using (7.8), (7.9) it follows that |Ji(8) — J*¥(d)| < C/N for any 9 =
(0,,8,, . . . ), where 8 is obtained from # by dropping all the §; with j > N. It
follows that #"(x) — u(x) < C/N, and recalling (7.7), the assertion (7.6)
follows.
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Since #¥(x) are continuous in €, (7.6) implies equicontinuity of the u,*(x)
and the continuity of #(x) in Q.

At each point x° € @ we cannot have ¥(x% = k, + u,,,(x° for all 1 <i
< m. Hence there exist g; > 0, 8 > 0 and some / such that

u(x) — k — u (x) < —¢go if jx — x9 < 8.

It follows that u™(x) < k, + uN 7! — /2 if |x — x% < § if NV is sufficiently
large, say N > N, Hence

Lu¥=f if|x —x%<8, N >N,

Since #" is uniformly bounded, the standard elliptic estimates give
N4 || waogg,y < C for any p < oo, N > Ny, where G; = {x; x €, |x — x9
< §/2} and C is a constant independent of N.

Considering k;_, + 4" as an obstacle in the variational inequality for
4”11, we then deduce that |4 1| 52, < C with a smaller 8. Proceeding in
this manner step by step m — 1 times, we find that |juY}/ lwaogy < C
(1< j<m-1, N > N). Recalling (7.6) we deduce that |52, < C.
Hence u; € W2(9).

Finally, taking N — oo in the variational inequalities for ujN (1<j<m
we find that (u,, . . ., u,,) is a solution of the system (7.1). [J

ReMARK. Using the C!! regularity of solutions of variational inequalities
[6], the above proof establishes that u, € C () provided the f* are Holder
continuous and g, b} are in C*(@).

The probabilistic idea underlying the penalized problem (2.3), (2.4) is that
B.(u* — u**') represents (in some heuristic sense) a penalty for switching
from the stochastic system for £* to the stochastic system for £5+1 In the
limit case of the Beliman equation, there is no cost for switching. In fact,
Krylov [12] writes the solution u(x) of the Bellman equation (in R") as the
infimum of the cost functions

E,[ fo ® gt ,i (FPOEA()) yi) at (7.10)

where u(¢) is any nonanticipative function with range 1, 2, . . . . If we restrict
o(#) to have the range 1,2, ..., m and to have only a countable number of
discontinuities at times 8, < 8, < ..., 610, and if further v(§; + 0) = v(b;
—0)+1Gf 0(6, — 0) <m; v(d; + 0) =1 if v(f, — 0) = m), then this cost
coincides with the cost J!(#) introduced above when T = co and with no
penalty for switching (i.e., k; = O for all j).

It thus seems natural to try to obtain the solution u# of the Bellman
equation (5.1), (5.2) as the limit of the solution of (7.1)as k = (ky, . . ., k,,) =
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0. In fact we have:

THEOREM 7.2. Let (1.1)—(1.5) and (1.8) hold. Then there exists a unique
solution u* = (uf, . .., uk) of (7.1) with uf in W->(Q) N W2>(Q), and

u*(x) — u(x) wuniformly inQ ask—0, (7.11)
where u is the solution of (5.1), (5.2).

The proof is similar to the proof of Theorem 5.1. We first consider the
system (7.2) and prove that it has a unique solution (uf*, . . ., #%*). Next we
derive estimates on ¥ analogous to those derived in §§3 and 4. In deriving
the estimate on Du** we get an inequality analogous to (3.15), with 8’ = B8'(u
— v — k) and with an extra term J = 2\uk, 8'(« — v — k,) on the right-
hand side. Without loss of generality we may assume that ¥ > 0 (otherwise
we derive the gradient estimates for u** + C instead of u/**); consequently
J> 0, and we then continue as in §3. We can now take ¢ — 0 to obtain the
solution, (uf, . . ., u¥) of (7.1). Finally, passing to the limit with k -0 and
arguing as in §5, we find that (7.11) is valid where u solves (5.1), (5.2). [J

We can actually prove in a similar way that ** - u if k >0, ¢ > 0. The
proof of Theorem 5.1 is in fact the case where & = 0, e — 0.

Unigueness for the Bellman equation. The proof of the uniqueness asserted
in Theorem 6.1 is similar to the proof of uniqueness for R” given by Krylov
[13] (see also [3, Chapter 4, §5]. One constructs a nearly optimal “feedback
control” on a subset of @ whose complement in  has a small measure. The
crucial step is in being able to apply Ito’s formula for a function in W22(Q) N
C®@) (p > n) for a process d&(t) = o(f) dw(?) + b(f) dt where o(1), b() are
bounded and nonanticipative. This, in turn, is established by using Krylov’s
inequality [12]

< Cllof sy

Ex[ IR0 dz]

where @, is any domain with &, C © and T}, is the exit time from Q,; C is a
constant depending only on a bound on o, b, 6~ ! and the diameter of Q.

One can represent the solution of (5.1), (5.2) in the form (we take for
simplicity ¢’(x) = a)

u(x) = inf Ex[ fo Tema&(1)) dt} (1.12)

where f(£(?)) is defined by (7.4), @ is any sequence of stopping times 6,
increasing to oo and £(¢) switches from each & to £* according to the rule: ¢!,
£2, 81, 8% 3, ¢, 82, 83, ¢4 ¢, . ... This fact follows from the probabilistic
interpretation of the solution of the “truncated” Bellman equation.

In the uniqueness proof for the Bellman equation one can choose a nearly
optimal “feedback control” v(#) on a subset of & whose complement has a
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small measure as follows: v(?) assigns the state £‘(f) where &(¢) is in closed set
A; C Q, and the A, are disjoint sets. Using such controls, we can easily give
another proof of the assertion (7.12). [J

REMARK. Uniqueness for a solution of the truncated Bellman equation (5.1)
is also immediate from the maximum principle of Bony [4].

We conclude this section with a generalization of Theorem 7.1 to the
system of variational inequalities

Lu+ X By, —u,— k;) 3 f ae.in®,
j=1

=0 ond2 (1<i<m) (7.13)

where k; > 0if i #j, k; = 0.

We can again give a probabilistic interpretation of the solution (the
switchings cost k; and need not be cyclic) and prove existence and unique-
ness as for Theorem 7.1. Another way to prove existence is to derive estimates
on the first derivatives of the solution of the penalized system

Lu,+ 3 By, —u—k;)=f" inQ,
Jj=1

=0 ond (1<i<m) (7.149)

by the method of §3 and then proceed as in the proof of Theorem 7.1 to
derive W estimates. [The method of §3 requires the additional assumption

that | Dff| < C.]
In establishing the W2* estimates let us notice that for any x° € © we may
assume thatu; < u, < - - - < u,, at x°, and therefore

B(u, — u— k) =0 ifj>i

in Gy = {|x — x% <8} NN for some § >0 and all ¢ sufficiently small.
Therefore

L'u, = f, (7.15)
i—1

Ly, + g} B.(u, — u,— k) =f (7.16)

for2 < i< m.

Clearly u, € WX?(G;). We can now prove by induction thatu, € leof(G,).
Indeed, to pass from i — 1 to i, we set ¢, =y, + k; (1 <j<i—1) and
multiply (7.16) by $#87~'(u, — @) (1 < k < i), where { is a cutoff function
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with support in G;. By integration by parts,
JLug?B27 (w0
= [ L'~ Q8B (w ~ @) + [ L'9*- %827 (, — @)
> —C [ v8827 (w — @)
— [ $282(u, ~ @) = C(n) [¢7|L (@)

> = C(n) - 20 [ %82 (u, — @) (¥ >0).
Since
B.(v; — ‘Pj)Bf_l(“i - @) >0,
we easily get
[eB -9 < C.

It follows that L'u; € L, (G;), so that u; € WZ2(G).
We have proved:

THEOREM 7.3. Assume that (1.1), (1.2), (1.5) and (7.3) hold. Then there exists
a unique solution of (1.13) whose components belong to W**(Q) for any p < .

8. The case of two operators. Consider now the system of two variational

inequalities
L'+ B(u' —u*—k)> f' inQ,
LA+ B(u* —u'—k)D 2 inQ,
u'=u>=0 ondQ (8.1)
where k, > 0, k, > 0, B(r) = {0} if ¢ < 0, B(0) = [0, oo]. Consider also the
Bellman equation
max{L'u(x) — f(x), Lu(x) — f3(x)} =0 inQ,
=0 ondQ. (8.2)
We assume, in addition to (1.1)—(1.3) that
ffe w(Q) forsomep >n, (8.3)
c(x) a5  Hx) > ap (8.9)

where a is sufficiently large depending on the coefficients of L’ and on Q.
Then [5] there exists a unique solution u of (8.2) in H3(2) N Hg(R), and it
belongs to C**(2,) for some a > 0 and for any domain £, with Q, c Q.
Further, by [10], « € C(Q).
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We denote the solution of (8.1) by (i, u?) where k = (k,, k).
TreOREM 8.1. If (1.1)~(1.3) and (8.3), (8.4) hold, then
ui(x) > u(x) weakly in H¥(Q) ask —0. (8.5)

This theorem was stated in §7 for a general system (see Theorem 7.2) in
case q, is any positive number, but only where the coefficients a,.}‘(x) are
constants.

PrOOF. We shall use below an inequality of Sobolevsky [18] (for proof see,
for instance, [5]):

f L'v- L% dx > Cllo|@ Vo € HYQ) 0 HYQ), C >0. (86)
o
Clearly (8.1) implies
ky < ul(x) — u}(x) < k,. (8.7)
We shall now prove that
4l g2y <€ (=1,2) (8.8)

where C is a generic positive constant independent of k.
Set for simplicity ! = u,u? = 0, L' = L,L? = M, f' = f, f* = g and

vi=f — Lui € B(u' — & - k;) (G,j=12;i#j).

Then (8.1) may be written in the form Lu + vy, = f, Mv + v, = ga.e.in Q. It
follows that

fLu(Mu - Mv) + fy,(Mu — Mp) = ff(Mu — Mv), (8.9)
) Q o

fn Mo(Lo — Lu) + fg vo(Lo — Lu) = fﬂ g(Lo — Lu).  (8.10)

By the coercivity of M and L it follows that the second terms on the left-hand
sides of (8.9), (8.10) are nonnegative (cf. Brezis-Strauss [7, Lemma 2J).
Adding (8.9), (8.10) and using the Sobolevsky inequality we get

C(hu|l: + o) < [ f(Mu — Mo) + [ g(Lo — Lu) + 2| MoLu. (8.11)
(s + Noll) < [ 5C )+ fa( y+2f (
Observe next that v,y, = 0 a.e., and so (Lu — f)}(Mv — g) = O a.e. Hence

C
JoMoLu < (i +foll) + 7 (7 + &)

Using this in (8.11), the assertion (8.8) follows.
We can now take a subsequence of (i, v,), which we again denote by
(14, v;), such that (recall (8.7))

w0, —>w weakly in H*(). (8.12)
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Since Ly, < f, My, < g, we get Lw < f, Mw < g, so that
®=max(Lw — f, Mw - g) <0, weEH Q) n Hy(Q). (8.13)
We shall prove that w = u, where u is the solution of (8.2).
From the probabilistic interpretation of u,, v, we deduce that
u<u, u<uyg; (8.14)
therefore
u<w (8.15)

This we can also prove by the maximum principle. Indeed, if (8.14) is not true
then without loss of generality we may assume that there exists a point
x° € @ such that

(u — w)(x%) = mgx(u —u)>0, (8.16)
max(x — ) > max(u — v,). (8.17)
Y] 4]

Then, by Bony [4],
f(x% > Lu(x°) > ess lim sup Ly, (x) = f(x°) — ess lim inf v,
—>Xp

x—>x°

so that ess lim inf y, > 0. Hence u,(x% > v,(x%. It follows that (¥ — 0, )}(x%
> (u — u)(x%), which contradicts (8.16), (8.17).

Having proved (8.15), it remains to prove that w > u. Notice, by (8.13),
that

max{Lw — (f+ ®),Mw — (g + ®)} =0

and f+ ® < f, g + ® < g. Hence it suffices to prove a comparison theorem
for the Bellman equation, namely,

ff<fig< g theni <u (8.18)

where # is the solution corresponding to f. 8.

For smooth f.f.g,# the proof follows by the probabilistic interpretation of u,
i or by a simple maximum principle argument using the C2**(Q) n CQ)
regularity of # and 4.

To prove (8.18) for general ff,g,3, we approximate these functions by
smooth functions and use the following lemma. [J

LemMa 8.2. Let max(Lu,, — f,, Mu,, — g,) =0 a.e. in @, u,, € H(Q) N
H)®). If ., > f, 8n — g in LX), then u,, - u in HXQ).

Proor. We have Lu,, + B(Mu,, — g,) 3 f,,, Lu + B(Mu — g) D f. Hence
Lty — ) + Y=Y =fu— f (8.19)

where y,, € B(Mu, — g,), v € B(Mu — g). Multiplying (8.19) by M(x,, ~ u)
+ g — g, and integrating over £ we obtain, after using the Sobolevsky

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



DIRICHLET PROBLEM FOR THE BELLMAN EQUATION 389
inequality,

C
Clltt = #lz2 < Z (W = Alzz +l18m = 8lz2) + ellttn — w3

- fﬂ (Ym = V(M (s, — u) + g — ,).

Since the last integral is nonnegative (by the monotonicity of 8), the assertion
of the lemma follows. []
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