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The optimization of acquisition parameters for precise measure-
ment of diffusion in anisotropic systems is described. First, an
algorithm is presented that minimizes the bias inherent in
making measurements with a fixed set of gradient vector
directions by spreading out measurements in 3-dimensional
gradient vector space. Next, it is shown how the set of b—matri-
ces and echo time can be optimized for estimating the diffusion
tensor and its scalar invariants. The standard deviation in the
estimate of the tensor trace in a water phantom was reduced by
more than 40% and the artefactual anisotropy was reduced by
more than 60% when using the optimized scheme compared
with a more conventional scheme for the same scan time, and
marked improvements are demonstrated in the human brain
with the optimized sequences. Use of these optimal schemes
results in reduced scan times, increased precision, or improved
resolution in diffusion tensor images. Magn Reson Med 42:515–
525, 1999. r 1999 Wiley-Liss, Inc.
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Precise assessment of diffusion by magnetic resonance
spectroscopy or imaging requires a high signal-to-noise
ratio for the unweighted and diffusion-weighted measure-
ments, or requires that many measurements of signal
attenuation are made. Optimal data collection schemes
have been devised for isotropic media, or for estimates of
diffusivity along one direction (1–7). However, with one
exception involving optimization of an isotropically
weighted scheme for estimation of the diffusion tensor
trace (8), the problem of maximizing the precision of
measurement of diffusion in anisotropic systems has not
been tackled. Poor estimation of the diffusion tensor leads
to imprecise mean diffusivity values, over-estimates of
diffusion anisotropy, and poor assessment of the direction
of principal diffusivity (9–12).

In this paper, previous work on the optimization of
schemes to measure diffusion in isotropic media is re-
viewed and then developed to derive optimal schemes
for measuring the diffusion tensor and its scalar invari-
ants.

THEORY

Diffusion in Anisotropic Systems

Diffusion in anisotropic systems can only be fully charac-
terized by the symmetric 3 3 3 diffusion tensor matrix D:

D 5 3
Dxx Dxy Dxz

Dxy Dyy Dyz

Dxz Dyz Dzz
4 , [1]

where Dxx, Dyy, and Dzz relate the diffusional fluxes to the
concentrations gradients in the x, y, and z directions and
the off-diagonal terms reflect the correlation between diffu-
sional fluxes and concentration gradients in orthogonal
directions.

In a diffusion-weighted spin-echo MR experiment, the
signal intensity resulting from the application of diffusion-
encoding gradients is

S 5 S0e2TE/T2e2(bxxDxx1byyDyy1bzzDzz12bxyDxy12bxzDxz12byzDyz), [2]

where S0 is the unweighted signal intensity, TE is the echo
time, T2 is the transverse relaxation time, and the 3 3 3
b-matrix is defined by:

b 5 g2 e
0

TE
F(t8)TF(t8) dt8. [3]

g is the gyromagnetic ratio constant and F is a vector of the
integral of the gradient amplitudes in the x, y, and z
directions, with a negation of the integral occurring at the
180° refocusing pulse, for example:

Fx(t8) 5 e
0

t8
Gx(t) dt 0 , t8 # TE/2 [4a]

Fx(t8) 5 e
TE/2

t8
Gx(t) dt 2 Fx(TE/2) TE/2 , t8 # TE, [4b]

where Gx(t) is the time-dependent gradient in the x direc-
tion. The superscript T indicates the transpose of a vector.

In an experiment using rectangular diffusion-encoding
gradient pulses of duration d, and amplitude G, separated
in time by D and applied, for example, along the x
direction, Eq. [3] yields the Stejskal-Tanner expression for
the b-factor in the x direction (13):

bxx 5 g2G2d2 1D 2
d

32 . [5]
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Optimal Measurement of Isotropic Systems

The optimal measurement of isotropic diffusion coeffi-
cients has been addressed previously (1–8). In isotropic
systems, the D matrix reduces to a single scalar, so that the
attenuation equation can be written:

S 5 S0e2TE/T2e2bD, [6]

where now b is the scalar b-factor defined by Eq. [3] and D
is the apparent diffusion coefficient (ADC). Variation of the
b-factor, while maintaining a constant echo time allows the
diffusion coefficient to be estimated. If the diffusion coeffi-
cient is estimated from just two measurements, then the
minimum error is achieved when the first measurement is
made with minimum weighting, b1, and the second with a
weighting, b2, such that (b2 2 b1) D < 1.11 (4). If time
permits more measurements to be made, then it has been
shown (4,14) that just two b-factors should be used, with
multiple measurements being made at each b-factor. In the
limit of a very large number of measurements, the number
of measurements at the high b-factor should be 3.6 times
the number at the low b-factor, and the optimal difference
in the b-factors is 1.28/D.

Optimal Measurement of Anisotropic Systems

Estimation of the Trace of the Diffusion Tensor

Diffusion imaging in anisotropic systems, with diffusion-
encoding gradients applied along just one axis results in
rotationally variant image contrast. However, rotationally
invariant image contrast can be achieved by computing all
the components of the diffusion tensor matrix (15), and
displaying scalar rotationally invariant properties of the
tensor, such as the trace, denoted here as Tr(D). It is
possible to determine the tensor trace without first estimat-
ing the full tensor, by simply measuring the diffusivity in
three orthogonal directions and adding these three diffusivi-
ties:

Tr(D) 5 Dxx 1 Dyy 1 Dzz. [7]

The minimum number of signal amplitude measure-
ments required to estimate the trace in this way is four: one
measurement without diffusion weighting, and one in each
of three orthogonal directions. It is, of course, possible to
give weight to a single image that is independent of tissue
anisotropy (so-called ‘‘trace weighting’’); optimization of
these schemes is addressed later in this section. If just four
measurements are made, then minimizing the variance of
the trace is equivalent to minimizing the variance of the
individual diagonal elements of the tensor matrix. Thus,
each individual measurement of Dxx, Dyy, and Dzz can be
optimized in the same way as before with the optimal
diffusion weightings along the x, y, and z axes, (b2 2 b1)xx,
(b

2
2 b1)yy, and (b2 2 b1)zz, respectively being equal to

1.11 3 3 / Tr(D).
If a more precise assessment of Tr(D) is needed, then

more measurements should be made. To optimize the
measurement, it is assumed that, in common with the
findings of Bito et al. (4) and Eis et al. (14) for optimal
schemes for estimation of isotropic diffusion coefficients,
just 2 b-factors are used—a zero (or very low) b-factor and a

high b-factor. If a total number of measurements, N, of
signal attenuation are made, with the number of measure-
ments with the low b-factor being NL, and the number with
each high b-factor being NH, then N 5 NH 1 NL. Note that,
without loss of generality, the lower b-factor (b1) can be set
to zero and thus the difference in b-factors (b2 2 b1) is equal
to the amplitude of the higher b-factor (b2).

Dxx is estimated from the following expression:

Dxx(est) 5 2
ln (Sxx/S0)

bxx
, [8]

where bxx is the b-factor when the diffusion weighting
gradients are applied in the x direction, Sxx is the resulting
signal intensity, and S0 is the signal intensity without the
diffusion encoding gradients applied. The error in the
estimate of Dxx can be derived by considering the propaga-
tion of errors (16) to give

sDxx(est) 5 eTE/T2

sS0

S0

1

bxx
Î 1

NL
1 3 1 e

2bxxDxx

N 2 NL
2 , [9]

where sS0
is the error in the measurement of S0. Minimiza-

tion of Eq. [9] with respect to both bxx and NL gives
optimum values of bxx 5 1.18/Dxx, and NL 5 0.151N. Thus,
the optimal ratio of the number of measurements with each
of the high b-factors to the number of measurements at the
low b-factor is 1.87:1 when N is large. The b-factors in the y
and z directions would similarly be 1.18 / Dyy and 1.18 / Dzz

and, with no a priori knowledge about the anisotropy of the
tensor, all three optimal b-factors would be 1.18 3 3/Tr(D).

The above scheme is optimal for diffusion tensors that
deviate only slightly from isotropy. However, for highly
anisotropic tensors it can be seen that in the direction of
least restriction, signal attenuation will be very high, while
in the direction of greatest restriction there will be much
less signal attenuation. Thus, although the tensor trace may
be fairly uniform over, for example, a subject’s cerebrum
(9), regions of anisotropy will lead to a suboptimal set of
individual attenuation measurements. Because we assume
no a priori knowledge of the degree of tissue anisotropy, or
how the orientation of the principal axes vary from point to
point within the image, measurements in individual direc-
tions cannot be optimized. Any directional bias inherent in
making measurements in a fixed set of orthogonal direc-
tions can be reduced as far as possible, however, by
spreading out the measurements in 3-dimensional gradient-
vector space. The ratio of the total number of measure-
ments with high diffusion weighting to the number with
low diffusion weighting should still be maintained at
5.61:1 (i.e., 3 3 1.87:1), but now only 1 measurement
should be made in each direction.

The total number of measurements (NTOTAL) for trace
estimation via this method is:

NTOTAL 5 NL 1 3Nsets, [10]

where NL is the number of measurements made at the low
(or zero) b-value and Nsets is the number of sets of three
orthogonal gradient vectors. If more than one orthogonal
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set is to be employed, the minimum value of NTOTAL in the
series given by Eq. [10] is 7 (i.e., NL 5 1, Nsets 5 2). This is
also the minimum number of measurements required to
estimate all elements of the diffusion tensor matrix. How-
ever, if the only tensor property of interest is the trace, then
it can be obtained with much less computation than that
required for estimating the tensor.

Gradient Vector Orientations for Estimating the Trace

Without prior knowledge about the orientation of the
tensor, the criterion adopted for optimizing the relative
orientations of sets of orthogonal gradient vectors is that
they should be uniformly distributed in 3-dimensional
space. Conturo et al. (17) observed that the optimal arrange-
ment of four vectors (i.e., tetrahedral) also occurs in nature
to uniformly balance electrostatic repulsion in chemical
sp3 hybrid orbitals. The algorithm derived in the current
study to find the optimal arrangement of N gradient vectors
follows on from this observation, again involving an anal-
ogy with electrostatic repulsion.

Consider a model in which a line parallel to each
gradient vector passes through the center of a sphere, and a
unit electrical charge is placed at both of the points where
the line intersects the surface of the sphere. Each gradient
vector is represented by a pair of points in this way because
a diffusion attenuation measurement with the gradient in a
positive direction could equally well have been performed
with the gradient in the opposite direction, since the
diffusion tensor is symmetric in the absence of charged
moieties. The repulsive force between a pair of charges is,
according to Coulomb’s law, inversely proportional to the
square of the distance between the charges. The algorithm
used to arrange the gradient vectors uniformly in 3-dimen-
sional space therefore adjusts the orientations of the sets of
orthogonal gradient vectors until the sum of the repulsive
forces between every possible pair of charges is minimized.
This is accomplished using the downhill simplex method
of Nelder and Mead (18). Table 1 suggests some suitable
gradient vectors when using 1, 2, and 3 sets of orthogonal
gradient vectors.

Estimation of the Diffusion Tensor

Optimization of the tensor measurement again involves
two parts: the choice of the set of gradient vector directions

and the optimization of the set of b-factors and numbers of
measurements made with each b-factor.

The algorithm used for selecting gradient orientations for
estimation of the diffusion tensor uses the same analogy of
electrostatic repulsion used in the previous section. How-
ever, each gradient vector can now be considered indepen-
dently because there is no need to maintain orthogonality
between sets of gradient vectors. The algorithm results in
some familiar orientations for small numbers of gradients:
orthogonal for three gradients and tetrahedral (17) for four.
Table 2 shows some sets of gradient vector orientations for
larger numbers of vectors useful when estimating the
diffusion tensor. Note that the tetrahedral set of four
gradient vectors has been used by others (17,19) for estima-
tion of the tensor by assuming that the tensor ellipsoid
possesses axial symmetry.

From Eq. [2], it is seen that estimation of the diffusion
tensor matrix requires a minimum of seven measurements
of signal intensity to be made (since the non-diffusion-
weighted intensity must also be estimated) with gradients
applied in at least six noncollinear directions. Because this
seven-measurement case is the simplest to understand, atten-
tion will be given to optimizing the b-factors for this case
and the result later generalized to a greater number of gradient
directions. Even in this simplest of cases, the analysis gener-
ated expressions that were too large to be manipulated by
hand; therefore, the symbolic computation package Maple
(University of Waterloo, Ontario, Canada) was used.

First, for the set of six gradient orientations given in
Table 2, the six unique components of the diffusion tensor
were found in terms of the seven attenuation values by
solution of seven simultaneous equations resulting from
the gradient vectors being substituted into Eq. [2]. Next, the
variances of each of the unique elements of the diffusion
tensor were written from consideration of the propagation
of errors (16). For example, the variance in the estimate of
Dxx is given by Eq. [11]:

sDxx(est)
2 5 1Dxx(est)

S0
2
2 s2

NL
1 o

i51

6

1Dxx(est)

Si
2
2 s2

(N 2 NL/6)
[11]

where NL is again the number of measurements with low
diffusion weighting, S0 is the signal intensity measured
without diffusion weighting, and S1 to S6 are the intensities

Table 1
Recommended Gradient Unit Vectors for Estimating the Trace of the Diffusion Tensor Using 1, 2, and 3 Sets of Three Orthogonal Gradients*

Number of
gradient
vectors

x
y
z

Components of gradient vector orientation

1.000 0.000 0.000
3 0.000 1.000 0.000 — — — — — —

0.000 0.000 1.000
1.000 0.000 0.000 20.666 0.334 20.667

6 0.000 1.000 0.000 20.333 0.667 0.667 — — —
0.000 0.000 1.000 0.667 0.667 20.333
1.000 0.000 0.000 20.708 20.503 20.496 0.517 0.490 0.702

9 0.000 1.000 0.000 20.706 0.508 0.493 0.475 0.518 20.711
0.000 0.000 1.000 0.004 0.699 20.715 20.713 0.701 0.035

*When more than one set of orthogonal gradients is employed, the sets are arranged so as to sample 3-dimensional space as uniformly as
possible. The orientations were derived using an algorithm based on analogy with electrostatic repulsion.
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when the six diffusion weighting gradient vectors shown
in Table 2 are applied.

Precise estimation of the tensor requires that the vari-
ance of each of the elements of the tensor matrix is
minimized. Equal importance is assigned to each of the
unique elements and therefore the summed variance is
differentiated with respect to the higher b-factor (b2) in
each of the gradient vector directions, and with respect to
NL. Thus,



b2
(sDxx(est)

2 1 sDyy(est)
2 1 sDzz(est)

2

1 sDxy(est)
2 1 sDxz(est)

2 1 sDyz(est)
2 ) 5 0, [12a]

and



NL
(sDxx(est)

2 1 sDyy(est)
2 1 sDzz(est)

2

1 sDxy(est)
2 1 sDxz(est)

2 1 sDyz(est)
2 ) 5 0. [12b]

Numerical solution of these two simultaneous equa-
tions, when the tensor was assumed to be isotropic yielded:
b2(opt) 51.09/Dxx and NL 5 0.081N for large N. Thus, the
ratio of the number of measurements with each of the high
b-factors to the low b-factor is 1.89:1 when N is large. If
only one measurement is made in each of the gradient
vector directions, together with an unweighted measure-
ment (i.e., N is fixed at 7, and NL is fixed at 1) then
consideration of Eq. [12a] alone gives b2(opt) 51.05/Dxx.

It should be reiterated here that the results in this section
were obtained assuming that the lower b-factor (b1) was
zero. If b1 is not zero, then the optimal difference in
b-factors, (b2 2 b1)opt 5 1.09/Dxx when N is large and (b2 2
b1)opt 5 1.05/Dxx when N 5 7. Of course, b1 (and therefore
b2) should be chosen to be as low as possible subject to this
constraint, so as to maximize the available signal-to-noise
ratio.

Again, we suggest that if more measurements than the
minimum of seven are to be made, then the bias introduced
by measuring signal attenuation along a limited number of
gradient directions is reduced by using more gradient
vector directions chosen from Table 2. The ratio of the total
number of measurements with high diffusion weighting to
the number at the low diffusion weighting should be
maintained at approximately 11.3:1, but with only 1 mea-
surement for each diffusion-encoding gradient vector direc-
tion.

Isotropic Diffusion Weighting

Pulse sequences have been proposed in which the signal is
attenuated by the trace of the tensor matrix (20, 21). These
sequences involve bipolar gradient waveforms applied
simultaneously in the x, y, and z directions such that bxx 5
byy 5 bzz Þ 0 and bxy 5 bxz 5 byz 5 0. The resulting signal
intensity is:

S 5 S0e2(bxxDxx1byyDyy1bzzDzz) 5 S0e2bxxTr(D). [13]

Thus, the trace can be estimated from the isotropically
weighted signal intensity and the unweighted signal inten-
sity. It is straightforward to show that for just a pair of
measurements the optimal value for bxx is 1.19/Tr(D), and
for multiple measurements it is 1.28/Tr(D) with the ratio of
the number of measurements with trace weighting to
unweighted being 3.6:1.

Effect of T2-Weighting on Optimal ADC and Trace
Estimation

The above analysis assumes that any desired b-factor can
be achieved without penalty. However, because of the
finite magnetic field gradient strengths that are achievable,
increasing the b-factor may necessitate increasing the echo
time, allowing more time for transverse relaxation, and
hence, diminished signal-to-noise ratio in both the un-
weighted and the diffusion-weighted signals. The optimal

Table 2
Recommended Arrangements of Unit Gradient Vectors for Estimating the Diffusion Tensor Matrix*

Number of
gradient
vectors

x
y
z

Components of gradient vector orientation

1.000 0.447 0.447 0.447 0.447 20.447
6 0.000 0.895 0.277 20.724 20.724 20.277 — — — —

0.000 0.000 0.850 20.525 0.525 0.850
1.000 0.333 20.333 0.577 0.333 20.577 0.577

7 0.000 0.943 0.472 20.817 20.472 20.407 0.407 — — —
0.000 0.000 0.817 0.000 0.817 0.707 0.707
1.000 0.488 20.200 0.678 0.119 20.686 0.631 20.229

8 0.000 0.873 0.266 20.700 20.599 20.324 0.265 0.876 — —
0.000 0.000 0.942 0.224 0.792 0.651 0.729 0.425
1.000 0.251 20.078 0.604 0.000 20.723 0.671 20.488 0.548

9 0.000 0.968 0.116 20.786 20.691 20.366 20.178 0.628 0.606 —
0.000 0.000 0.990 0.133 0.723 0.586 0.720 0.606 0.577
1.000 0.678 20.556 0.672 0.012 20.680 20.045 20.024 0.458 0.658

10 0.000 0.735 0.504 20.733 20.801 20.310 20.011 0.966 0.521 20.250
0.000 0.000 0.661 0.106 0.598 0.664 0.999 0.257 0.721 0.710

*As in Table 1, the relative orientations of the gradient vectors were derived using an analogy with electrostatic repulsion.
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pulse sequence, for a given b-factor, will therefore mini-
mize the echo time and is subject to the following con-
straints:

The diffusion encoding gradients are applied for the
maximum possible duration within the echo time.

The amplitude of the diffusion-encoding gradients for
the higher b-factor is the maximum achievable, Gmax.

Figure 1 shows the relevant timing parameters for opti-
mizing an echo planar imaging (EPI) pulse sequence sub-
ject to the above constraints. For full sampling of k-space,
the maximum duration of the second diffusion encoding
gradient pulse is dictated by the time required for the
imaging gradients during signal acquisition. The time
required for these gradients is denoted tA so that the
maximum possible duration, d, of each diffusion-encoding
gradient pulse is

d 5 1TE

2
2 tA2 . [14]

The maximum separation of the gradients, D, also de-
pends on the echo time and a time for imaging gradients
(denoted tB), which is also dependent on the pulse se-
quence design:

D 5 1TE

2
2 tB2 . [15]

For the sequence used in this work (see Fig. 1), tA 5
SSRC 1 tEPI and tB 5 SSRC 2 tRF1 such that d 5 TE/2 2
SSRC 1 tEPI and D 5 TE/2 1 SSRC 2 tRF1.

When these expressions for d and D are substituted into
the Stejskal-Tanner expression (Eq. [5]), the expression for
the maximum achievable b-factor bmax for a given echo
time, becomes a cubic in TE. The echo time can thus be

expressed in terms of bmax by solving this cubic equation
(18) to give

TE 5 1k 1
b

k
2 e2 , [16]

where

k 5 [0a 0 1 Îa2 2 b3]1/3, [17a]

a 5 tA
2 (tA 1 3tB) 1 tB

2(tB 1 3tA) 2 6bmax/g2Gmax
2 , [17b]

b 5 (tA 1 tB)2, [17c]

and

e 5 (tA 2 tB). [17d]

If it is again assumed that a total of N measurements are
made, with NH measurements at a high b-factor (bmax) and
(N 2 NH) at a low b-factor (b 5 0), then by substituting Eq.
[16] into Eqs. [12a] and [12b] and using the error propaga-
tion equation (16), an expression for the error in the
estimate of the diffusion coefficient is obtained:

sD 5 sÎexp 12(k 1
b

k
2 e)

T2
2 1NH 1 (N 2 NH).exp (2bmaxD)

S0
2bmax

2 .NH.(N 2 NH) 2 .
[18]

Similarly, the error in the estimate of the trace, sTr(D), when
NH measurements are made in each of three orthogonal

FIG. 1. Schematic showing the timing parameters that need to be considered when optimizing the diffusion-weighted spin-echo EPI pulse
sequence used in this study. RF90 and RF180 indicate the positions of the 90° and 180° RF pulses. The echo time is TE. tRF1 is the time from
the center of the excitation pulse to the end of the gradient ramp down. tEPI is the required for the echo-planar dephase and readout gradients
to the center of the spin-echo. The sum of the duration of the left crusher gradient (slice-select axis) and half the duration of the slice-select
gradient for the refocusing pulse is SSLC and the sum of the duration of the right crusher gradient (slice-select axis) and half the slice-select
gradient is SSRC. The duration of the diffusion encoding gradients is d and their separation is D.
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directions, is given by

sTr (D)

5 sÎexp 12(k 1
b

k
2 e)

T2
2 1NH 1 (N 2 3NH).exp 12bmax

Tr(D)

3 2
S0

2bmax
2 .NH.(N 2 3NH)

2 .
[19]

It should be noted that similar expressions can be
obtained for the variances in estimates of the ADC or trace
in constant-gradient experiments by setting the time for the
imaging gradients to zero, i.e., tA 5 tB 5 0.

The optimal parameters for ADC and trace estimation are
obtained by minimizing Eq. [18] and Eq. [19] with respect
to NH and bmax. Because an analytical solution has not been
found for the optimal values of bmax and NH, the minima
were found numerically using the downhill simplex method
(18). Figure 2 shows the optimal parameters for estimating
the ADC and the trace as a function of T2, for our scanner,
where Gmax 5 22 mT m21. The optimal ratio of measure-
ments shown for measuring the trace is the ratio of number
of measurements made at the higher b-factor to the low
b-factor in each direction. Note that the long T2 asymptotes
of the ratio of the number of measurements at each b-factor
and the separation of b-factors are the same as those
obtained earlier, but that in the range of T2 typical of brain
tissue, there is a strong T2 dependence.

Effect of T2-Weighting on Optimal Parameters
for Estimating the Tensor

The effects of accounting for transverse relaxation in the
optimization procedure are now considered in more detail
and an attempt is made to extend this to the optimization of
schemes for estimating the diffusion tensor.

Figure 3a shows the T2 dependence of the optimal
b-factor for estimation of the ADC and trace as a fraction of
the long T2 asymptotic values shown in Fig. 2. Note that the
lines for optimal ADC measurement and optimal trace
measurement follow each other closely over the range 20 to

200 ms. It is assumed that the optimal diffusion weighting
for estimation of the tensor matrix also follows this pattern.
Based on this assumption, it is seen that at T2 values typical
of healthy white matter [i.e., 80 ms (22)], the optimal
b-factor for estimating the tensor is approximately 77% of
the asymptotic value obtained from the simultaneous
solution of Eqs. [12a] and [12b]. Thus, the optimal diffu-
sion weighting for healthy white matter using the pulse
sequence in Fig. 1 is estimated to be (b2 2 b1) 5 0.85/D <
1035 s mm22.

Figure 3b shows the T2 dependence of the optimal ratio
of the number of measurements made at the higher b-factor
to the number made at the lower b-factor (NH/NL). In the
same way that the optimal diffusion weighting for estima-
tion of the tensor was found from Fig. 3a, the optimal value
of NH/NL at T2 5 80 ms was also found to be approximately
77% of the long T2 asymptote. Thus, for estimation of the
tensor in tissue in healthy white matter, using the pulse
sequence shown in Fig. 1, the optimal ratio of the number
of measurements made at the higher b-factor to the number
made at the lower b-factor is taken to be approximately
77% of the long T2 asymptote value and is therefore 8.7:1.

FIG. 2. Optimal values of (b2 2 b1)D0 and ratio of measurements
made at higher b-factor to lower b-factor (NH /NL) as a function of T2.
The asymptotic values (i.e., as T2 = `) are given on the right-hand
side of the vertical axis.

FIG. 3. a: Variation in the optimal value of (b2 2 b1)D0 (as a fraction of
value at T2 5`) for estimation of ADC and trace as a function of T2. b:
Variation in the optimal ratio (NH /NL) of measurements made at
higher b-factor to number made at lower b-factor (as a fraction of
value at T2 5`) for estimation of ADC and trace, as a function of T2.
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MATERIALS AND METHODS

MR Imaging System

Diffusion-weighted MR data were acquired from both a
water phantom doped with Cu2SO4 and the cranium of a
healthy volunteer (26 years), using a 1.5-T GE Signa
Echospeed system (General Electric, Milwaukee, WI) with
actively shielded magnetic field gradients (maximum am-
plitude, 22 mT m21). A quadrature birdcage head coil was
used for both RF transmission and NMR signal reception,
for both phantom and volunteer studies. In the volunteer
studies, the subject’s head was secured in the head coil by
means of foam padding and a restraining strap stretched
across the forehead.

Pulse Sequences

The pulse sequence used for all image acquisitions was a
pulsed gradient spin-echo sequence with echo planar
read-out depicted schematically in Fig. 1. The field of view
was 240 mm 3 240 mm with an acquisition matrix of 96 3
96 and a reconstruction matrix of 128 3 128 pixels. The
slice thickness was 5 mm with an interslice gap of 2.5 mm.
For phantom studies, the repetition time (TR) was 3 s, and
for volunteer studies the acquisition was peripherally
gated to the cardiac cycle with an effective TR of 4 R-R
intervals (trigger delay 5 200 ms). The echo time, diffusion-
encoding gradient waveforms (amplitudes, durations, vec-
tor directions) and number of measurements made at each
diffusion weighting were varied according to the medium
being imaged (phantom or human brain) and the sequence
under evaluation.

Conventional Scheme

Prior to the optimization procedures outlined above, the
imaging scheme employed in our institution for estimation
of the tensor (termed here the conventional scheme),
involved measurement of signal attenuation along 7 noncol-
linear directions (x, y, z, xy, xz, yz, and xyz) with Nb

b-factors (equally spaced in b) per direction [e.g. (23)]. The
maximum b-factors for phantom and human studies were
582 s mm22 and 1410 s mm22, respectively (i.e., approxi-
mately 3.3/Tr(D) in both cases). The echo times used were
the minimum necessary to achieve these b-factors.

Optimized Schemes

The parameters for the optimal schemes (echo time, d, D,
ratio of measurements made at each b-factor, orientation of
gradient vectors) were derived for each measurement based
on the estimated mean diffusivity and T2 of the medium
being studied and total number of measurements, using the
method outlined above. The T2 of the phantom had previ-
ously been determined to be 62 ms and the T2 of white
matter was taken to be 80 ms (22).

Comparison of Pulse Sequences

To compare the results from two pulse sequences with
different parameters, the total number of measurements
made with each pulse sequence was kept the same, allow-
ing comparison of results for equivalent scan times. In
some cases this necessitated a large total number of mea-
surements being made. For example, the total number of
measurements made with the conventional scheme (in
which the diffusion gradients are applied in only 7 noncol-
linear directions) was required to be a multiple of 7, while
the ratio of measurements made at the high b-factor to the
number made at the low b-factor with the optimized
scheme had to approximate the theoretical optimal value.
The details of the experiments designed subject to these
constraints are given below.

Table 3 lists the experiments performed to compare the
optimized and conventional pulse sequences for tensor
estimation in a water phantom. Table 4 lists the experi-
ments performed to compare the optimized and conven-
tional pulse sequences for tensor estimation in brain
parenchyma. Table 5 lists the experiments performed to
investigate the effect of varying the ratio of the number of
measurements made at the higher b-factor to the number
made at the lower b-factor. All other parameters were
maintained at the optimal value, and the total number of
measurements made with each pulse sequence for this last
set of measurements was 56.

Analysis

Data were analyzed on an independent workstation (Sun
Sparcstation Ultra 140, Sun Microsystems, Mountain View,
CA). The diffusion-weighted images were first corrected
for the effects of eddy current-induced distortion using

Table 3
Details of Experiments to Compare the Optimized and Conventional Pulse Sequences for Estimation of the Diffusion Tensor
in a Water Phantom*

Exp. no. Scheme type Scheme details N TOTAL Max. b-factor Nhigh/Nlow d (ms) TE (ms) TR (ms)

1 Conventional 4 b-vals/direction 28 582 N.A. 19.64 109.0 3000
Tensor Sequence 7 directions

2 Optimised 3 low b-vals 28 453 8.33 17.59 104.9 3000
Tensor Sequence 25 high b-vals

3 Conventional 8 b-vals/direction 56 582 N.A. 19.64 109.0 3000
Tensor Sequence 7 directions

4 Optimized 6 low b-vals 56 453 8.33 17.59 104.9 3000
Tensor Sequence 50 high b-vals

*N TOTAL, the total number of measurements of signal attenuation made with a particular pulse sequence; Max. b-factor, the maximum b-factor
(in units of s mm22) applied in any direction; Nhigh/Nlow, the ratio of the number of measurements made at the higher b-factor to the number
made at the lower b-factor when just two b-factors are used.
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in-house software. For each data set, a reference image was
first constructed by calculating the mean intensity in each
voxel from all the non-diffusion-weighted images. Next, for
each diffusion-weighted image the downhill simplex
method (18) was used to select the optimal magnification,
shear and displacement of the diffusion-weighted images
in order to give the best registration with the reference
image. The mutual information (24) was used to assess the
registration between the reference image and the corrected
image. Correction of each distorted image took approxi-
mately 30 s and so, for example, it took approximately 50
min to correct a four-slice data set acquired using the
sequence used in Experiment 2. Note that in correcting for
uniform magnification, shear, and displacement of the
images, it was implicitly assumed that any eddy current-
induced gradient was constant throughout the slice during
the EPI readout. A more sophisticated approach would be
to correct for image distortions due to eddy currents with
time dependence during the EPI readout (e.g. Ref. 25).

Following correction of image distortion, the diffusion
tensor was calculated for each voxel using multivariate
linear regression after logarithmic transformation of the
signal intensities (16). The tensor matrix in each voxel was
subsequently diagonalized to compute the eigen values,
and images of the tensor trace and fractional anisotropy
(26) were created. The dispim image display program
(David Plummer, University College Hospital, London)
was used to define regions of interest and analyze the data.

RESULTS

Conventional vs. Optimized Diffusion Tensor Pulse
Sequences in Water Phantom

The results from Experiments 1 to 4 described in Table 3
are given in Table 6, which shows the mean and standard
deviation in the estimates of the trace, and fractional
anisotropy measured in the center of a water phantom.

Conventional vs. Optimized Diffusion Tensor Pulse
Sequences in Human Brain

Figure 5 shows fractional anisotropy images at two slice
positions obtained from the volunteer using 4 different
sequences (Experiments 5–9 in Table 4). The gray scale is
linearly scaled with anisotropy so that the most anisotropic
tissue (white matter) appears brightest, while less aniso-
tropic tissue appears less bright.

Optimization of Nhigh/Nlow for Tensor Estimation

Figure 4a shows the standard deviation of the diffusivity
measured in a region of interest placed in the center of the
phantom as a function of the ratio of measurements made
at the higher b-factor to the lower b-factor (Experiments
9–13 in Table 5). Figure 4b similarly shows the mean
fractional anisotropy measured in the same region of
interest.

Table 4
Details of Experiments Performed to Compare the Optimized and Conventional Pulse Sequences for Estimation of the Diffusion Tensor in a
Healthy Volunteer*

Exp. no. Scheme type Scheme details NTOTAL Max. b-factor Nhigh/Nlow d (ms) TE (ms) TR

5 Conventional 11 b-vals/direction 77 1410 N.A. 28.66 127.0 4 R-R
Tensor sequence 7 directions

6 Optimised 8 low b-vals 77 1048 8.63 25.68 121.1 4 R-R
Tensor sequence 69 high b-vals

7 Conventional 4 b-vals/direction 28 1410 N.A. 28.66 127.0 4 R-R
Tensor sequence 7 directions

8 Optimised 3 low b-vals 28 1048 8.33 25.68 121.1 4 R-R
Tensor sequence 25 high b-vals

*NTOTAL, the total number of measurements of signal attenuation made with a particular pulse sequence; Max. b-factor, the maximum b-factor
(in units of s/mm22) applied in any direction; Nhigh/Nlow, the ratio of the number of measurements made at the higher b-factor to the number
made at the lower b-factor when just two b-factors are used. The repetition time was equal to 4 R-R intervals.

Table 5
Details of Experiments Performed to Verify the Optimal Ratio of the Number of Measurements Made at the Higher b-Factor to the Number
Made at the Lower b-Factor for Estimation of the Tensor in a Water Phantom*

Exp. no. Scheme type Scheme details NTOTAL Max. b-factor Nhigh/Nlow d (ms) TE (ms) TR (ms)

9 Tensor sequence 11 low b-vals 56 453 4.09 17.59 104.9 3000
45 high b-vals

10 Tensor sequence 8 low b-vals 56 453 6.00 17.59 104.9 3000
48 high b-vals

11 Tensor sequence 6 low b-vals 56 453 8.33 17.59 104.9 3000
50 high b-vals

12 Tensor sequence 5 low b-vals 56 453 10.20 17.59 104.9 3000
51 high b-vals

13 Tensor sequence 4 low b-vals 56 453 13.00 17.59 104.9 3000
52 high b-vals

*N TOTAL, the total number of measurements of signal attenuation made with a particular pulse sequence; Max. b-factor, the maximum b-factor
(in units of s/mm22) applied in any direction; Nhigh/Nlow, the ratio of the number of measurements made at the higher b-factor to the number
made at the lower b-factor when just two b-factors are used.
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DISCUSSION

The results from the water phantom clearly demonstrate
the advantages of using the optimization strategy. The
standard deviation in the estimate of the trace serves as a
readily interpretable indicator of the precision of the
diffusion tensor estimation. Measured diffusion anisotropy
in an isotropic medium also acts as a sensitive indicator of
precision, because any measured anisotropy must be attrib-
utable to errors in the estimation of the tensor.

The standard deviation in the trace estimate is reduced
by more than 30% and the measured anisotropy in the
water phantom is reduced by more than 55% when using
the optimized schemes. However, there appears to be a

systematic bias, with the estimate of the trace being lower
when using the optimized pulse sequences. Issues of
accuracy will be addressed later in this section. Note that
for both the optimized and conventional pulse sequences,
the error in the estimate of the trace with a total of 28
measurements is approximately Ï2 times greater than
with 56 measurements, as would be expected from the
theory.

Figure 4a and b, support the theory developed above that
the optimal ratio of the number of measurements made at
the higher b-factor to that at the lower b-factor for the water
phantom is approximately 8.4. Figure 4a suggests that the
optimal ratio of measurements derived when the effects of
transverse relaxation are ignored (equal to 11.3) would
result in a standard deviation in the estimate of the trace 15
to 20% greater than that when transverse relaxation is
accounted for.

Figure 5 allows the advantage of using the optimized
pulse sequences to be readily observed. There is a higher
signal-to-noise ratio and improved contrast between white
matter structures and the surrounding parenchyma when
using the optimized pulse sequence for the same total
number of measurements.

Table 6
Trace and Fractional Anisotropy Measurement in a Water Phantom

Exp. no. 1 2 3 4

Tr (D) 6.02 3 1023 mm2 s21 5.95 3 1023 mm2 s21 6.02 3 1023 mm2 s21 5.99 3 1023 mm2 s21

sTr(D) 0.11 3 1023 mm2 s21 0.07 3 1023 mm2 s21 0.08 3 1023 mm2 s21 0.05 3 1023 mm2 s21

FA 0.063 0.028 0.040 0.014
sFA 0.029 0.023 0.025 0.020

Results from the experiments listed in Table 3. Tr(D) and sTr(D) are the mean and standard deviation in the estimates of the trace, respectively,
and FA and sFA are the mean and standard deviation of the fractional anisotropy measured in the center of the water phantom.

FIG. 4. Results from Experiments 9 to 13 showing (a) standard
deviation in the estimate of mean diffusivity and (b) mean fractional
anisotropy measured in a region of interest placed in the center of a
large water phantom as a function of the number of measurements
made with the high b-factor (NH) to the number made with the low
b-factor (NL).

FIG. 5. Fractional anisotropy images at 2 slice positions acquired
from a male volunteer (26 years) calculated from the diffusion tensor
estimated using (a) conventional scheme with 4 b-factors applied
in each of 7 non-collinear directions (x, y, z, xy, xz, yz, xyz); (b)
optimized scheme with 3 measurements acquired with no diffusion
weighting and 25 high b-factor measurements (gradient vectors
uniformly distributed in space); (c) conventional scheme with 11
b-factors applied in each of 7 noncollinear directions; (d) optimized
scheme with 8 measurements acquired with no diffusion weighting
and 69 high b-factor measurements (gradient vectors uniformly
distributed in space).
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It is important to stress that the optimal parameters
derived in this work were for a particular pulse sequence.
However, the optimization procedure can be applied to any
diffusion-weighted sequence if all timings are known.

This paper has described techniques to optimize the
precision of quantitative estimates of diffusion in aniso-
tropic systems. Improved precision results in higher signal-
to-noise ratios in parametric diffusion images. Such im-
provements will, for example, lead to better definition of
ischemic lesion volumes (5) through improved delineation
of the ischemic lesion boundary. Optimization could alter-
natively be used to improve resolution with the same
imaging time, enabling smaller structures to be seen.

We have derived optimal diffusion weightings and num-
ber of measurements made at each weighting for estimating
the diffusion tensor trace and the complete diffusion tensor
matrix. In order to reduce the scan time when estimating
the diffusion tensor, some groups have modeled the diffu-
sion tensor ellipsoid as having axial symmetry (17,19).
Although we have not tackled the issue of estimating an
axially symmetric tensor, we would expect our results to
generalize to this case. The minimum number of measure-
ments required to estimate an axially symmetric diffusion
ellipsoid is 5 (one of which is unweighted). Thus, in
common with the trace and full tensor matrix estimation, if
transverse relaxation is ignored, we expected the optimal
ratio of number of measurements at the higher b-factor to
the number at the lower b-factor to be approximately 1.88:1
for a large total number of measurements, and the optimal
diffusion weighting to be approximately 1.1 3 3/Tr(D).
Thus, approximately 7. 5 measurements should be made at
the higher diffusion weighting for every measurement
made at the lower diffusion weighting. As in the case of
estimating the trace or complete tensor matrix, it would be
expected that accounting for transverse relaxation in the
manner described above would lead to a reduced optimal
b-factor and ratio of the number of measurements.

While the optimization procedure described above mini-
mizes the error in the estimate of diffusion due to random
fluctuations in signal intensity, it is still possible that
systematic errors persist in the measurement process.
Minimization of such systematic errors may not be so
critical for monitoring a disease state in which the change
in diffusivity is of interest (as long as the systematic errors
are constant and reproducible), but accuracy may be
important in other applications of diffusion-weighted imag-
ing. Potential sources of inaccuracy include the contribu-
tions of background gradients that are not included in the
calculation of the b-matrix [see (27)] and the contributions
from short time-constant eddy current-induced gradients
that may not be uniform over the image slice during the EPI
readout. Experiments 1 to 4 showed a systematic difference
in the estimate of the trace (of the order of 1–2%) obtained
with the optimized and conventional schemes. It is pos-
sible that the different gradient orientations used for
sampling diffusion are responsible for this difference. The
cross-terms between the background gradients and diffu-
sion-encoding gradients and between eddy current-in-
duced gradients and the diffusion-encoding gradients may
change as a result of different gradient orientations. Also, if
significant short time-constant eddy currents are gener-
ated, the distortion correction method used here would be

inadequate. It is possible that different gradient orienta-
tions generate different eddy currents, which could again
account for the differences in the mean diffusivities re-
corded in Experiments 1–4.

CONCLUSION

Optimal strategies for precise measurement of diffusion in
anisotropic systems have been developed. Using these
strategies should result in shorter scan times in diffusion
imaging or improved quality of computed diffusion para-
metric images.
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