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Abstract

We consider the problem of finding the optimal sequence of opening (starting) and closing
(stopping) times of a multi-activity production process, given the costs of opening, running
and closing the activities, and assuming that the state of the economic system is a stochastic
process. The problem is formulated as an extended impulse control problem and solved
using stochastic calculus.

As an application we find explicitly the optimal starting and stopping strategy for a re-
source extraction when the price of the resource is following a geometric Brownian motion.
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§1. Introduction

Optimal stopping has a wide variety of applications in economics, ranging over real and
financial option, entry to a market or optimal start of a production process under uncer-
tainty. But in many applications it will also be natural to consider the possibility of the
reverse action, like exiting from a market or shutting down a production. For example,
there are industries where part of the production process is temporarily shut down when
electricity prices are too high; at high prices all workers are relocated to other tasks and
when the prices fall below a certain limit production is restarted.

The purpose of this paper is to extend the results of [B@] and to give an affirmative
answer to a question left open there. More precisely, we give sufficient conditions in terms
of quasi-variational inequalities that a given function actually is the maximal expected
profit function and we describe the corresponding optimal starting and stopping strategy.
For concreteness the results are applied to the following problem of optimal starting and
stopping of a resource depletion with a stochastic price development:

Suppose it costs the amount L to open a field for resource extraction, that the run-
ning/rental cost is K per time unit and that the cost of closing down a field is C. If
the price of the resource in consideration is varying as a stochastic process (to be specified
below), when is the optimal time to open the field and to close it? It seems reasonable
that if the field is open, it may be a good strategy to continue the extraction for a while
even if the price has gone below the running costs, because there may be a chance that
prices could go up again and closing and re-opening the field is costly. On the other hand,
even with such an optimistic prospect there is clearly a limit as to how low the prices can
go before closing is the optimal strategy. Similarly, if the field is closed one would wait
for a resource price which is higher than the running costs before opening again. But how
high? The purpose of this paper is to formulate this problem mathematically in terms of
impuls control and solve the problem explicity using stochastic calculus.

The starting and stopping problem has been considered in various contexts. It was dis-
cussed in connection with taxes and convenience yield by Brennan and Schwartz [BS]. A
similar entry and exit model (but without resource extraction) has been studied by Dixit
[D]. Neither of these papers give a rigorous mathematical proof that an optimal starting
and stopping strategy exists and that it has the form stated. The more general problem of
starting and stopping several activities simultaneously is considered in [MZ], in the context
of oil exploration.

In [B@)] a candidate ¢, for the solution of the resource extraction problem is found explicitly,
as an application of a high contact principle for optimal stopping. But it is not proved
there that this candidate actually is the solution. This will be established in this paper.
More generally, we consider the problem of optimal starting and stopping of a multi-
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activity system under uncertainty. We prove that a given function éatisfying certain quasi-
variational inequalities necessarily is the solution of the problem.

This paper is organized as follows: In §2 we formulate a general starting and stopping
problem as an impulse control problem. In §3 we give sufficient conditions that a given
function and its associated starting and stopping strategy solves the general problem in §2.
Then in §4 we apply this to the specific problem of optimal resource extraction mentioned
above.

§2. A mathematical formulation of the problem

The problems mentioned in the introduction are special cases of the following general
problem:

Suppbse there are m possible “indicator values” 2;,-:-, 2, of the state of the system at
time t. Let Z; denote the value of this indicator at time ¢, so that for all ¢

(2.1) Zy€ [z, y2m} = 2

Remark. If, for example, we consider a firm with k production activities which can be
either “on/open” or “off/closed”, then each indicator value z € Z can be represented as a
k-tuple
z = (a1, a3, a)

where each a; is either 0 (meaning activity nr. i is closed) or 1 (meaning activity nr.
i is open). So in this case there are m = 2* possible indicator values.In particular, in
the resource extraction case there are just 2 indicator values which we denote by 0 or 1
depending on whether the field is closed or open.

The firm’s environment at time ¢, e.g. prices of output or input goods, is denoted by
U:.. We assume that U, is a stochastic process in R" satisfying the following stochastic
differential equation

(2.2) dUg = b(t, U‘, Zg)dt + O'(t, Ug, Zt)ng

where b : R"™! x Z — R" ¢ : R™! x Z — R™™ are Lipschitz functions in the first
n + 1 variables and B, denotes m-dimensional Brownian motion. (See e.g. [@] for more
information on stochastic differential equations.)

The state of the whole economic system at time ¢ is represented by the stochastic process

_ i
(2.3) . Xg = Ug
%

The probability law of X, given that X, = z = (t,u, 2) is denoted by P* and expectation
with respect to P* is denoted by E=.

An impulse control w for this system consists of a double (possibly finite) sequence
(2'4) w= (01’02)“' 701::' ";Cl,(m" ‘ )(k,"')kSN (N < 00)
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where each 6 < oo is a stopping time (with respect to the filtration {F;} for the Brownian
motion {B;}), 6x < k1 and Oy — oo a.s. (so if N is finite then Oy = 00). Associated to
the impuls time 6 is the impulse {; € Z which determines the new value of Z; at time
t = 6.

We may regard 6,,60;,--- as the times when we decide to interfere with the system and
the corresponding (;, (2 - - are the new indicator values that we give the system at these
times. We often simplify the notation and write w = (6,,65,---). Let W denote the set of
all impulse controls.

If w € W is applied to the system it gets the form

t
U
Ck

Note that X,("') is right-continuous for all w € W. Let E* denote the expected value when
Xo =z = (t,u,2).

Let f(z) denote the profit per time unit when the system is in the state z. For z =
(t,u,z) e R x Z and ¢ € Z let H(z,¢) € R be the cost of switching the indicator value
from 2 to ¢ when the state is z = (t,u, z). Then the expected total profit of running the
system with the impulse control w = (6,0, -;¢1,¢2,+*) € W is given by

(25) X: = ng) = fO<t< 0[;+1.

(26) @ =Ff fX)ds - Y H(X, )]

j=1
where Xo;— = ltiTEnXg.
5

We assume that the switching cost function H : R**! x Z x Z — Rt satisfies

2.7 H(z,{)>0 forall zeR""!' xZ andall ¢(#z

and - if Z consists of more than 2 elements -

(2.8) H(t,u,z,$) < H(tu,2,G) + Ht,u, G,() H2#G#G#2

We also assume that

(2.9) (t,u) — H(t,u,2,{) is continuous for all z,(.

(the values of H when 2z = ¢ are not used, so we only need to define H(¢,u, z,¢) for z # ().

Remarks.
(i) Condition (2.8) states that if we want to switch from indicator state z to indicator
state (,, then it is not more expensive to do this directly (in one step) than in two
steps, via an intermediate indicator value ¢;. For example, if

H(t,u,2,{) = e *Ho(z,{) (p constant).
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then (2.8) becomes the ’triangle inequality’
Ho(z2,(2) < Ho(2,61) + Ho($1,¢2) z# G #Q#2

If we are given a function H satisfying (2.7) and (2.9) we can always modify it to
satisfy (2.8) as well, by putting

H(t,u,2,¢) = Ht,u,2,0) A min {H(tv,2,0) + H(t, 1,6, 0)}

(ii) In the resource extraction example the switching cost function has the values
H(t,u,0,1) = Le™* (discounted opening cost)

2.10
(2:10) H(t,u,1,0) = Ce™®* (discounted closing cost),

where p > 0 is a (constant) discounting factor.
We can now formulate the switching problem as follows:

PROBLEM 2.1. Find )
é(z) == sup J(z)

and find - if possible - an optimal impulse control i, i.e. find @ € W such that
$(z) = J*(z).

Remark. This is essentially an impulse control problem of the type considered in [BL].
However, in [BL] it is assumed that —f is positive (or lower bounded), and this is not
a reasonable assumption in our economic application. Therefore it is not possible to
apply their results directly to our situation. Nevertheless, our method is inspired by their
approach.

In [BO)] a candidate ¢o(x) for the solution of Problem 2.1 in the specific application of
starting and stopping a resource extraction (see §4) was found by adopting the following
dynamic programming argument: Suppose the system initially is in state z = (¢, u, 2).
Then if at a stopping time 7 we interfere and start/stop the system, the system gets the
impuls ( = 1 — z and then the new state becomes X, = (,U,, Z,), where Z, = {. The
cost of this operation is

H(XT“’C) = H(T1 UT,Z’ 1- Z)

where H is given by (2.10) above. From then on the maximal profit is $(X,). This
procedure can of course at most be optimal. We conclude that, for all stopping times 7,

(2.11) 3(@) 2 [ £(X)ds — H(X-,1 - Z-) + $(Xy)]

If an optimal impulse control @ = (8;,8,---) exists, then by choosing 7 = 8, we get
equality in (2.11). Hence ¢ must satisfy the equation

(2.12) é(z) = sup ET| / f(X,)ds — H(X,-,1 - Z.-) + ¢(X;)]
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Using the 'high contact principle’ a solution @o(z) of equation (2.12) for the resource
extraction problem was found in [B@]. However, this does not prove that ¢ = ¢, because
there may (a priori) be several solutions of equation (2.12). We will in §4 prove that we
indeed have ¢y = ¢ (under certain conditions). This will be obtained as an application of
the more general results we develop in §3.

§3. Solution of the optimal switching problem

From now on we put, for fixed z € Z,

3.1) Yi=(t,Uy,z) (=(tUy) if we suppress z)

so that Y; represents the state of the system corresponding to the “non-interference” im-
pulse control we, = (6,) where 6; = co. Then Y is a diffusion with generator A given

by
a &, 0 1 n  0?
(3.2) A= 5 + gbsa—u‘_ + 2 Y (oo )s‘jm

In the following we suppress the constant z and regard Y; as the (n+1)-dimensional process
(tl Ut)

The following concept is useful:

DEFINITION 3.1. We say that a function g(z) is stochastically C? in a domain D C
R"™*! (with respect to Y;) if all the first partial derivatives of g with respect to t and u and
all the second partial derivatives of g with respect to u exist a.e. in D with respect to the
Green measures G(y,-) of Y; and the following generalized Dynkin formula holds:

- o
(3.3) B[g(Ye)\Fe] = 9(¥e) + E¥[ [ Ag(¥.)ds|Fi]
0

for all stopping times 6 < ¢ < 7p, where Fy is the filtration generated by {Biag(:)}:>0,
(3.4) _ p =inf{t > 0;Y; ¢ D}
and we assume EY¥[rp] < o0.

Remark. The Green measure G(y, ) is defined by
D
Gy, F) = E”[/ xr(Ys)ds]; ye€ D, F Borelsetin D
0

In (3.3) Ag is the operator A applied to g, which makes sense a.e. G(y,-) and therefore
makes sense in (3.3).

By the classical Dynkin formula all C? functions g which satisfy EV[TfD |Ag(Y;)|ds] < oo for
0
all y are stochastically C% In [B@, Lemma 1] conditions are given which imply that a C?
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function which is C? outside a “thin” (in a measure sense) regular set is stochastically C?.
This turns out to be sufficient for the application in §4.

From now on we assume that
(3.5) B[ 1£(x{)ldt] < oo
0

forallz and all we W.

LEMMA 3.2. Suppose ¢(t, u, z) is a stochastically C? function in D = R™*! with respect
to Y; satisfying the three conditions

(3.6) - ¢, Ui,2) -0 ast— oo as. PV forallze Z;y = (t,u,2),
the family
(3.7 {6(r,Ur, 2) }rer

is uniformly integrable w.r.t. P¥ for all z € Z, where T is the set of all F;-stopping times
and

(3.8) Ap+ f <0 a.e withrespect to G(y,-)

Let t < 6 < ¢ < 0o be two stopping times. Then for all y = (¢,u, z) and all 2 we have
A

(3.9) 8(6,Us, 20) 2 B[ §(¥.)ds + $(8/, U, )| Fil.
;

(We interpret ¢(, Uy, %) as 0 if 7 = oo (7 =0 or &')).

Remark. The stochastically C? requirement corresponds to the “high contact” condltlon
in optimal stopping. See [BQ).

Proof. Choose a constant T' < oo and apply the generalized Dynkin formula (3.3) to
g(t’ u, z) = ¢(t: u, Z)!

E’[q&(e’ A Ta UB’AT) Z)I}-O] = ¢(0 A T’ UOAT: Z)
&AT

+ B [ Ad(s,U,,2)ds\ ]
AT
By (3.8) this gives
A OAT
&0 AT, Upnr, 2) > EY| / f(Y.)ds+ (8" AT, Upnr, 2)|F0]
6AT

Letting T' — oo and using (3.6) and (3.7) we get Lemma 3.2.
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Define the switching operator M on the family H of Borel measurable functions on R**!'x 2
by

(3.10) Mh(t,u,z2) = C&\m{lg}{h(t. u,{) - H(z,{)} ;heH, z=(tu,2)

where H is the switching cost function (see (2.7)-(2.9)).

Note that

(3.11) h(t, u, z) > Mh(t, u, 2) & h(t,u,z) > h(t,u,¢) — H(z,¢) for all ¢ # 2.
We are now ready for the first main result of this paper.

THEOREM 3.3. Let ¢ be a stochastically C? function satisfying (3.6), (3.7), (3.8), as
well as the condition

(3.12) ¢ > M¢ everywhere
Then
(3.13) ¢(x) 2 J%(x) forall weW andallz.

Proof. Let w = (6,,0,,---) with 6, > ¢, let X; = X,("') = (¢,U;, Z;) and put 6y = t. Since
¢ > M¢ we get by (3.11) and Lemma 3.2 applied to 6 = 0y, 8 = 04, and 2z = Zy,;k =
0,1,2---: A

Ors1

90k, Un, Z0) 2 B'L [ £(X)ds + §@ks1, Uns Z0) i)
(3.14) o

01

> B[ [ £(X)ds+ §(Bk1, Unns o) — H(Xeg

k+1
O

) Ck-l-l)'}.O]

Now (x41 = Zg,,, by (2.5) so if we take expectation and sum from k =0to k=n—1 we
get, with y = (¢, 4, 2),

n—1

¢(ta u, Z) + Z Ey[¢(0ka Uﬂu ZOk)]
(3.15) o )
> Ey[/ f(X,)ds bt Z H(Xg;, ZO;) + Z ¢(0ka U&’ Zok)]
r k=1 k=1

Hence

k=1

b n
(3.16) #(t,u,2) > B[ £(X)ds — Y H(Xe;, Z0) + $(6ns Un,, Z0.)
Now let n — oo. Then 6, — oo and by (3.6) and (3.7) we get
8(t,0,2) 2 B[ f(X)ds + Y- H(Xz, Z0,)
t k=1

7
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which is (3.13).
Next we find an optimal impulse control and the corresponding minimal expected cost:

THEOREM 3.4. Suppose ¢ = ¢(t,u, 2) is a stochastically C? function satisfying (3.6),
(3.7), (3.8), (3.12) and in addition that

(3.17) Ad+f=0 on {(tu,z2);d(t,uz)>Mdtu,z)}
Define the impulse control w = (él, By, - - fl, Cay - - -) as follows: Put
(3.18) b, = inf{t > 0; (X)) = M(X™)}, where X? =Y,
and choose Z’l such that
(3.19) MyX) = 6(8:,Up,, &) — HXD,Gy).
Define R
70 _ ]z ifo<t<6
‘ G if6 <t
and put
dt
dx{ = dU;
dz

. X; ) is the result of applying the impulse control @, = (8}, 00; ;) to Y;.

Inductively, if stopping times 0 < #; < 8; < - - - < @) with corresponding impulses (3, - - -, &
have been constructed define

(3.20) Bii1 = inft > B $(XP) = MH(XP)}, k>0

where for k > 1 X is the result of applying the unpulse control iy = (f1,- - -, Bk, ) to
Y:. Next choose (g1 such that

(3.21) M3(@Bks1,Up, 3 &) = $(Ber1, Up, s Gonr) — HXpy 18k
Then w € W and

(3.22) d(z) = J*(z),

(3.23) w is optimal for Problem 2.1

and

(3.24) é=9¢.

Proof. We repeat the arguments of the proofs of Lemma 3.2 and Theorem 3.3. First note
that between 8 and k., we have A$ = —f so we get equality if we apply Lemma 3.2 to
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6k = Bk,0k41 = Ory1 and ¢ = @. Therefore we get equality in (3.15) so that for all n we
have

! . -
(3.25) d(t,u, z) = EY| / F(X,)ds — kz_jl H(Xy, 23) + $(0n Uy, 23]

Put F = {w; Jim fn(w) < 00} and 8 = ’}i_%@,,. Then letting n — oo in (3.25) we get

) . .
(326  d(tua) =Pl F(X)ds - 3 H(Xy, Zy,) + 30, Uy, Z;) - x)

k=1

But if w € F we have that (6, Uy,) — @, U;) and therefore by (2.9) there exists a(w) > 0
such that
H(Xa;,ng) >a(w) forweF forallk,

which gives
00
Y H(Xp-,23) =00 forwekF.
k=1 '
From (3.26) and (3.5) we can conclude that P*(F) = 0, which shows that 8, — oo a.s.
Therefore w € W.
Now we can apply Theorem 3.3 to ¢ = ¢, w =  and by condition (3.17) we get equality

in (3.13). So .
¢(z) = J*(z)

while from Theorem 3.3 )
é(z) > JY(z) forall weW.

It follows that w is optimal and that
$(z) = sup J*(z) = §(z), as claimed.
wew

Remark. Note that 8; is the first exit time after 8_; for X,(ﬁ’) from the set
(3.27) D = {z; 35(2) > M&S(:L')}

Therefore, writing X; = t(ﬁ'), we have

$(Xp,) = M$(Xz) + H(X, &)
= 3(X;) + H(XP, &).

k

(3.28)

Suppose we have strict inequality in (2.8), i.e.

(28)’ H(t1 u, z, C?) < H(t1u1 2, Cl) + H(t,u, C1’<2) if 2 7é Cl 74 CZ 7é 2.
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Then if {x_y # ¢ #  we have

é(Xy,) > $(8:, Uy, Q) — H (X3, €) + H(X, D)
= $(Bx, Uy, ,C) — H(X;,,¢)
+ [H(ékv Ubki zk-li &k) + H(ék’ Uéks Zkv C) - H(éki Uép Zk—l’ C)
> ¢(8r, Uy, ,¢) — H(Xp,,¢), by (28)".

(3.29)

Moreover, by (3.28) we have

a(ék’ Uak, zk) = a(ék’ Ué,‘: zk—l) + H(éka Ué,,; zk—l’ Zk)
> &S(éka Ub,) Ck-—l) - H(aka Uék’ Ck: Ck-l)

Combining (3.29) and (3.30) we get
(3.31) $(X9;) > M(‘}‘S(Xak).

(3.30)

So we see that if (2.8)’ holds then the new impulse (e brings the state X; back into D at
the instant 6; when X, first hits D (the boundary of D) after 6;_;. Thus the optimal

strategy can be illustrated as below

D= ix;%(x)> MQ"’“}

§4. Application to resource extraction

We assume that the price P; at time t per unit of the resource follows a geometric Brownian
motion. This means that P, is the solution of a stochastic differential equation of the form

(4.1) dP, = aP,dt + BP,dB,
10




where a, @ are constants and B; is a 1-dimensional Brownian motion. The solution B, of
(41) is

(4.2) Pi= Poexp((a— )t +6B) 5620

Let Q: denote the stock of remaining resources in the field. We assume that when the
field is open, extraction rate is proportional to the amount of remaining reserves. In other
words,

(43) th = —AZtQtdt

where A > 0 is a constant and

_ J 1 if the field is open at time ¢
(44) Z= {0 if the field is closed at time ¢
The state X; of the system at time ¢ is characterized by the 4 quantities t, P;, Q;, Z;:
t
P,
4. =
( 5) Xt Qt

Zy

If there is a constant running cost K > 0 per time unit, the net discounted profit rate f is
given by

(4.6) f(z) =f(t,pq,2) = (\pg — K)ze™*

So in this case Problem 2.1 becomes
(4'7) &(.’D) = Sg‘%{E:[/(’\P:Q: - K)Zae—p,ds - 2 H(Xa;, 1- Z&;)]}’
w t j

where H is given by (2.10).

REMARK. It is natural to ask if a better performance could be obtained if - instead of
either having the field open at full production or entirely closed - we allow the field to be
partially open at all times. If we assume that we can avoid opening and closing costs this
way, but have the same running cost K, the problem can be formulated as a stochastic
control problem as follows:

®(z) = sup E7| / (ApsPsQs — K)e **ds]
m t

where p; = p(X;) € (0,1) represents the degree of production (fraction of full production)
we choose at state X; and where

dQ: = — A Qudt,
11




while P, is as before. The Hamilton-Jacobi-Bellmann equation for this problem states that
(see e.g. [@, Ch. 11])

8_@ 1

sup {(Ampg— K)e™* + o% +a —ﬂ2 i

- 0
me(0,1) ot mq 3 }

31’2
and that an optimal choice of p (if it exists) is a value of m for which the supremum is
attained. However, in this case the expression is affine in m, so it is clear that no such
m € (0,1) exists. This indicates that the optimal production is “bang-bang”: Either full
production or no production at all. Therefore it suffices to consider the sequential stopping
problem (4.7). '

Using the ’high contact principle’ it is proved in [B@)] that a solution ¢o(z) = ¢o(t,p, q, 2)
of the dynamic programming equation (2.12) corresponding to (4.7) is given by

(48) ¢0(t1 D q, Z) = e—pt,‘po(p’ q, Z)
where .
u(p,q) - L ifz=0&p>}
_J w9+ (1-2)(pg ifz=0&p<$
(4.9) (D, q, z) = orz=1&p >¢%
v(p,q) - C fz=1&p<1?
Here
K v
(4.10) u(p,q) = m ) + k1(pq)
and
(4.11) v(p, q) = ka(pg)”
with
(4.12) v=p-a+ %ﬂz + \/(a - %,32)2 +206>1 ifp>a
(4.13) v=LFY-a+A+ %ﬂz - \/(:x —A- %ﬁ’)2 +2p6% <0

and ki, k2,€ > n > 0 are constants which solve the following system of equations (4.14)-
(4.17):

13 K
4.14 ——+ k& =k —+J
(4.14) p+A—a+ 1§ 2§q+p+
(4.15) vk =k
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n K
4.16 ————+ kW =ky"+—-C
(4.16) p+A—a+ 1M = kan +p

n

Sa—g TR =Tk

(4.17)

It is proved in [B@)] that if we assume that

(4.18) p>a
and that
(4.19) the system (4.14)-(4.17) has a solution ki, k2, > >0

then (2.12) holds for ¢y, i.e.

(4'20) ¢0($) = SHpE‘[](AP,Q, - K)Z,e"”ds - H(Xr': 1- Z‘r') + ¢0(Xf)]

However, as pointed out earlier this does not imply that ¢ = é, because it is not clear if
the solution of (2.12) is unique.

The strategy w € W corresponding to the candidate ¢y can be described as follows (see
§3):
Jump from the z = 0 level (closed field) to the z =1 level

(4.21) (open field) as soon as P,Q; > £ and jump fromz=1toz=0
as soon as P,Q; < 1.

Put L if2=0(=1
B0 ={5 ¥io1¢=0

Then
H(t, u, Z’ C) = e—ptHo(z’ C)'

From (4.9) we see that

Yo(p,4,0) = %o(p,9, 1) — Ho(0,1) ﬁp2%¢p29

Y000, 1) = 0(p,q,0) — Ho(1,0) npsg:pss

[~

and for other values of (p, q, z) we have
¢0(p’ q, z) > 1|b0(p1 q, 1- Z) - HO(Z’ 1- Z).
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We conclude that, with M defined as in (3.10),
(4.22) Yo(p, g, 2) 2 Mo(p,q,2) forall (p,g,2)

and if we define the continuation region

(4.23) D= {(p,q,2);2=0 & p<§ or z=1 & p>g
then
(4.29) (p,q,2) € D & %o(p,q,2) > Mipo(p, g, 2).
It follows from [B@, Lemma 1] that
(4.25) do is stochastically C? with respect to Y;
In this case the generator A of Y; in (3.2) gets the form
o9 . 99 , 99 1,,0%
4.2 = -~ _ A==+ = -
(4.26) Ag(t,p,q) a t°P3, z\qaq+2ﬁp 97
In particular, if g(t,p,q) = e *h(p, q) then
(4.27) Ag = e " Agh,
where
oh 6h 1 _, ,0°h
(4.28) Aoh(pq) = —ph+opg — Aag  + 500 55
We now claim that
(4.29) Ao+ fo=0 in D
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and, interpreting Ay in the a.e. G(y,-) sense (as with A above),
(4.30) Ao+ fo <0 ae in R* xRt x{0,1}

where fo = (A\pg — K)z i.e. fo =¢”f.

Remark. Let D, = {(p, q); (p,q,1) € D} and Dy = {(p, q); (p,¢,0) € D}. Then by (4.24) we
have D;UD, = R*xR*. So for all (p, q) we have from (4.29) that Agt(p, ¢)+fo(p,q,2) =0
for some z € {0,1}. The requirement (4.30) can thus be written

fo(p,q,2) < fo(p,q,1 —2) outside D,
i.e. if we are switching state z, we must switch to a state with greater profit rate.

Proof of (4.29): Recall that in [B@] (formulas (75) and (76)) it is proved (and it is easily
checked) that

(4.31) Apw=0 when z=0
and
(4.32) Aou=—-f, when z=1.

From (4.31) and (4.9) we conclude that

(4.33) Aoho=Aw=0(=—fy) when 2=0&p< %
Similarly, from (4.32) and (4.9) we get
(4.34) Aot = Agu = —fy when z=1&p>g

(4.29) follows from (4.33) and (4.34).
Proof of (4.30): (4.30) is a consequence of (4.20):

The general theory of optimal stopping (see e.g. [@]) gives that the right hand side of
(4.20) - and hence ¢y itself - is superharmonic with respect to the operator g — Aog + fo.
This implies that A¢o + fo < 0 outside D and hence a.e. with respect to G(y, -).

Next we give a condition which ensures that f satisfies (3.5):
LEMMA 4.1. Assume that

(4.35) p>a.

Then .
fod / IF(X8)|dt] < 00 forall we W.
0
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Proof. Since Z; <1 and Q; < @, for all t and all w it suffices to prove that
o0
EY| / PePdtf] < oo for y=(0,p,q,1).
0

Now 1
P =p-exp((a— '2'_/92)t + BB)

Hence

EY [71’,e“"dt] = 7exp((a —p)t)dt < oo
0 0

since a — p < 0.

Finally we observe from (4.8) and (4.9) that the function ¢y = e 4y satisfies (3.6). To
verify (3.7) choose € > 0 and consider

1 .
Ry = B}*e % = pl*<. exp((a — 5% — p)(1+ )t + B(1 +€)B)

Note that . .
Ri=Ro+ j yRads + / oR,dB,,
0 )
where
o=p0(1+¢)
and

1 1 1 1
1=(a-358 -1+ + 58 (1+e)" = (a—p) +ela+ 35 —p+36%)
Choose € > 0 so small that v < 0 and let 7 be a stopping time. For all natural numbers
N we have 1
E*[|¢o(r A N,Uran, 2)|"*] < ¢'*“E*[Rran]
: TAN
= (p0)™** + F[ [ yRuds) < (p)"™
0
Letting N — oo we get
E*[|¢o(r, Ur, 2)|"*] < (pg)™**
for all stopping times 7. This implies (3.7).

Summing up we conclude:

THEOREM 4.2. Assume that (4.19) and (4.35) hold. Then the function ¢y = e ")y
given by (4.8) and (4.9) solves the starting and stopping problem (4.7).

The corresponding optimal impuls control ¥ is given by (4.21).
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Proof. By (4.35) f satisfies condition (3.5). The function ¢ = ¢, satisfies conditions (3.6),
(3.7), as well as (3.8), (3.12) and (3.17) in virtue of (4.30), (4.22) and (4.29), respectively.
Therefore Theorem 3.4 applies to ¢y and the proof is complete.
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