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CHAPTER I 

INTRODUCTION

1.1  F le x u ra l  J o i n t s  and F le x ib le  Link Mechanisms

A new e r a  in  mechanism des ign  has begun where p in  

( r e v o lu te ,  p iv o te d )  j o i n t s  o f  the  l in kage  a re  r e p la c e d  

by f l e x u r a l  ( f l e x i b l e )  j o i n t s .  Problems o f  b a ck la sh  and 

wear a re  in h e re n t  w ith  p iv o te d  j o i n t s .  In  many a p p l i c a ­

t io n s  th e  l u b r i c a t i o n  o f  j o i n t s  i s  d i f f i c u l t  because o f  

sm all  r o t a t i o n s  o f  the  l in k a g e  o r  because o f  h o s t i l e  en ­

v iro n m en ta l  c o n d i t io n s .  This r e s u l t s  in  e x ce ss iv e  f r i c ­

t i o n a l  fo rc e s  a t  th e  j o i n t s ,  which oppose the  motion o f  

th e  l in k a g e .

Bendix [1] produced f l e x u r a l  p iv o ts  as a r e p l a c e ­

ment f o r  the  p in  j o i n t s .  These f l e x u r a l  p iv o ts  can 

perfo rm  as b e a r in g s ,  h in g e s ,  fo rce  se n s in g  d e v ic e s ,  

t o r s i o n a l  s p r in g s ,  o r  may se rv e  many o th e r  fu n c t io n s .

The f l e x u r a l  p iv o t  so lv e d  most o f  the  problems a s s o c ia t e d  

w ith  p in  j o i n t s  b u t  the  r e l a t i v e l y  h igh  c o s t  o f  the  

f l e x u r a l  p iv o ts  and t h e i r  l im i te d  r o t a t i o n  p re v e n t  t h e i r  

unanimous accep tance  f o r  p in  j o i n t  rep lacem ent.

1



H ew lett Packard  [2] designed  a fo u r - b a r  l in k a g e  

w ith  f l e x u r a l  j o i n t s  f o r  an ad jus tm en t o f  the  m ir ro r  

o f  th e  o p t i c a l  galvanom eter in  an u l t r a v i o l e t  r e c o r d e r .  

The form o f  the  l in k a g e  used by H ew lett Packard  i s  

d e p ic te d  in  F igure  1. The f l e x u r a l  j o i n t s  d e f l e c t  in  

t h i s  l in k a g e  to  ach ieve  ^ 2 . 5 °  o f  ad ju s tm en t .  This 

p a r t i c u l a r  l in k ag e  was moulded o f  g la s s  f i l l e d  p o ly ­

c a rb o n a te ,  which reduced th e  c o s t  o f  m anu fac tu ring  

trem endo us ly .

I n f o t e c h n ic s , Inc . [3] used  f l e x u r a l  j o i n t s  

i n s t e a d  o f  p iv o ts  in  t h e i r  des ign  o f  a random access  

prime mover. L evers ,  t o r s i o n a l  s p r in g s  and f l e x u r a l  

j o i n t s  were produced from a m eta l s h e e t  by a chem ical 

e tc h in g  p ro ce ss  to  s im p l i fy  f a b r i c a t i o n .  This reduced 

the  i n e r t i a  o f  th e  system  which in c r e a s e d  the  speed  o f  

the  prime mover’s r o t a t i o n  w ith  in c r e a s e d  accu racy .

Many o th e r  companies have a ls o  used  f l e x u r a l  j o i n t s  

in  one form o r  o th e r  in  t h e i r  p ro d u c ts .  At NCR the  

f l e x u r a l  j o i n t  l in k a g e  as shown in  F igu re  2 was con­

s id e r e d  f o r  the  m echanical adder. A nother unusual 

a p p l i c a t io n  o f  th e  f l e x i b l e  l in k  mechanism was made to  

guide the  hammer o f  a h igh  speed p r i n t e r .  The l in k a g e  o f
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Figure  3 i s  the hammer guide s p r in g  mechanism whose 

f l e x i b l e  guide sp r in g s  a re  bonded in  th e  p l a s t i c  hammer. 

The j o i n t s  a t  the  co u p le r  a re  d e f in e d  as f ix e d  j o i n t s . *

A nother p o s s ib le  p r a c t i c a l  v e rs io n  o f  th e  f l e x i b l e  

l in k  mechanism i s  d e p ic te d  in  F igure  4 whose coup le r  

i s  a f l e x i b l e  l in k  which i s  connected  by f ix e d  j o i n t s  

to  r i g i d  in p u t  and o u tp u t  l i n k s .  This type  o f  l in k ag e  

has the  c a p a b i l i t y  o f  la rg e  r o t a t i o n  which i s  n e c e ssa ry  

to  dem onstra te  th e  techn ique  o f  n o n l in e a r  a n a ly s i s .  The 

lin k ag e  can be used as a n o n l in e a r  s p r in g  bu t th e  a u th o r 's  

i n t e r e s t  i s  to  use i t  as a fu n c t io n  g e n e ra to r .

From the  above a p p l i c a t io n s  i t  can be s t a t e d  c l e a r l y  

t h a t  the  f l e x u r a l  j o i n t  and f l e x i b l e  l in k  mechanisms have 

the  fo llo w in g  advantages over p in  j o i n t  l in k a g e s :

A. Wear, l u b r i c a t i o n  and f r i c t i o n a l  lo s s e s  d im in ish  

to  n e a r  ze ro .

B. Zero b ack la sh  makes in c re a s e d  accuracy  and 

reduces n o ise  l e v e l s .

C. Lower m anufac tu ring  c o s t  and b e t t e r  q u a l i t y  

c o n tro l  can be ach ieved .

D. Fewer p a r t s  in  the  mechanism make i t  m echanic­

a l l y  s im p le r  and in c r e a s e s  the  r e l i a b i l i t y .

*Burns and C ross ley  [7] d e f in e d  t h i s  type  o f  j o i n t  as a 

f ix e d  j o i n t .



The d i s t i n c t i o n  between p in n e d ,  f ix e d  and f l e x u r a l  

j o i n t s  a re  c l e a r  from F igu re  1 to  4. One more c l a r i f i c a ­

t io n  the  a u th o r  would l i k e  to  make i s  between r i g i d ,  

e l a s t i c  and f l e x i b l e  l i n k s .  A r i g i d  l in k  i s  one which 

does n o t  deform under the  o p e ra t in g  c o n d i t i o n s . When 

a r i g i d  l i n k  i s  deformed under s t a t i c  o r  dynamic lo ad in g  

then t h i s  l in k  becomes an e l a s t i c  l i n k .  A f l e x i b l e  l in k  

i s  an e l a s t i c  l in k  which must d e f l e c t  to  im part motion

to the  l in k a g e  as d e p ic te d  i n  l in k a g e s  o f  F igu re  3 and 4.
2

From G rvib ler 's  c r i t e r i o n  f o r  the  number o f  degrees 

o f  freedom o f  a p lan e  l in k a g e  i t  can be proven t h a t  

l in k a g e s  which have l e s s  than  4 l in k s  and a maximum o f  

3 p inned  o r  p r i s m a t i c  j o i n t s  (w ith  the  e x c e p tio n  of 

f ix e d  and f l e x u re  j o i n t s )  w i l l  have zero  or a n e g a t iv e  

number o f  degrees o f  freedom. The l in k a g e s  shown in  

F igu re  1 to  4 f a l l  in  t h i s  c a te g o ry ,  e .g .  the  l in k a g e  o f  

F igure  1 i s  a one p ie c e  member o r  l in k  w i th  no j o i n t s  

which w i l l  have zero  deg rees  o f  freedom. These l in k a g es  

can move only  due to  th e  e l a s t i c  d e f l e c t i o n  o f  the  j o i n t s  

o r  the  f l e x i b l e  l i n k s .  More d e t a i l e d  d i s c u s s io n  on the

2
G ru b le r 's  c r i t e r i o n :

Number o f  degrees o f  freedom = 3 (L -l)  - 2J 

Where L=Number o f  l i n k s ,  and J  = Number o f  j o i n t s



number o f  degrees o f  freedom and th e  s t r u c t u r a l  permu­

t a t i o n s  o f  f l e x i b l e  l in k  mechanisms i s  covered  by Burns 

and C ro ss ley  [7] and Shoup and McLarnan [13].

A l i m i t a t i o n  o f  the  f l e x i b l e  l in k  mechanism i s  t h a t  

the  l in k a g e  w i l l  have r e l a t i v e l y  sm all  r o t a t i o n .  Also 

w ith  f ix e d  o r  f l e x u r a l  j o i n t s  a t  the  c o u p le r ,  as in  

l in k ag e  o f  F igure  4, the  crank w i l l  n o t  be ab le  to  make 

more than  one r e v o lu t io n  u n le s s  th e  f l e x i b l e  l in k  winds 

up l i k e  a watch s p r in g .  So the  f l e x i b l e  l in k  mechanisms 

covered  in  F igu re  1 to  4 can be used  only  as a "d o u b le ­

ro ck e r"  mechanism. I f  one o f  th e  j o i n t s  a t  th e  co u p le r  

i s  p e rm i t te d  to  be a p in  j o i n t  then  th e  mechanism can 

be used  f o r  a " c ra n k - ro c k e r"  a p p l i c a t io n .  But t h i s  w i l l  

n o t  be covered in  t h i s  i n v e s t i g a t i o n .

1.2 Background

F le x ib le  l i n k  mechanisms w ith  one o r  more f l e x i b l e  

members were f i r s t  e x p lo re d  by Burns and C ro ss ley  [7 ] ,

[8 ] .  They proposed  a se m i-g ra p h ic a l  s t a t i c  s y n th e s i s  

techn iqu e  f o r  a f l e x i b l e  l in k  fo u r  b a r  mechanism s im i l a r  

to  l in k ag e  o f  F igu re  4 whose c o u p le r  i s  a f l e x i b l e  l in k  

which a c ts  as a c a n t i l e v e r  beam ( f ix e d - p in )  o r  an 

e n c a s te r e d  beam ( f i x e d - f i x e d ) .  Shock ling  [9] has 

u t i l i z e d  n o n - l in e a r  f l e x i b l e  beams to  r e p la c e  one o r  more



l in k s  o r  j o i n t s  in  a k in em atic  l in k a g e .  Shoup and 

McLarnan [1 0 -1 3 ] ,  a p p l ie d  th e  e q u a t io n s  o f  the  u n d u la t in g  

and nodal e l a s t i c a  to  a f l e x i b l e  s t r i p  s u b je c te d  to  very  

la rg e  d isp lac em e n ts .  The r e s u l t s  a re  p re s e n te d  in  terms 

o f  the  non-d im ensional v a r i a b le s  which se rv e  as a f i r s t  

approxim ation  f o r  the  i t e r a t i v e  s y n th e s i s  o f  f l e x i b l e  

l in k  dev ices  o r  f l e x i b l e  l i n k  mechanisms.

Boronkay and Mei [14] ana lyzed  th e  motions o f  

m echanical adder l in k a g e  o f  F igure  2. The f i n i t e  elem ent 

method was used to  s im u la te  the  dynamic response  o f  the  

m echanical adder l in k a g e  to  th e  m u l t ip le  in p u ts .  Small 

d isp lacem en t ( l i n e a r )  th e o ry  was s u f f i c i e n t  to  o b ta in  a 

rea so n a b le  match between the  t h e o r e t i c a l  and ex p erim en ta l  

r e s u l t s .  The f i n i t e  e lem ent method was combined by 

W infrey [15] w ith  th e  k in em atic s  o f  r i g i d  l in k  mechanisms 

to  p r e d i c t  the  dynamics o f  e l a s t i c  mechanisms. The method 

was dem onstra ted  on a p la n a r  qu ick  r e tu r n  mechanism and 

a s p a t i a l  B ennett mechanism to  de te rm ine  th e  dynamic 

d e f l e c t i o n  o f  th e  co u p le r  l i n k  under a c o n s ta n t  speed o f  

an in p u t  s h a f t .  A lso , he [16] reduced  th e  com pu ta tiona l 

time by m odifying th e  method w ith o u t  a p p re c ia b le  lo s s  o f  

a c c u ra c y .

A s i m i l a r  tech n iq u e  was developed by Erdman, Sandor, 

e t  a l  [17-20] f o r  dynamic s y n t h e s i s .  The method was based



on a new s t r e t c h  r o t a t i o n  o p e ra to r  which in c lu d es  k in e to -  

e lastodynam ic  e f f e c t s .  The techn ique  p ro v id es  a system ­

a t i c  i t e r a t i v e  p ro ce ss  f o r  s y n th e s is  o f  an e l a s t i c  

mechanism.

R efs . [21-23] d e a l  w ith  the  dynamic response  and 

v i b r a t io n  a n a ly s i s  o f  the  e l a s t i c  connec ting  rod  o f  a 

p la n a r  s l i d e r  crank mechanism. C la s s i c a l  beam th eo ry  

was used f o r  the  d e r iv a t i o n  o f  the  motion eq u a tio n s  

which were so lv ed  by num erica l methods. R efs . [24,25] 

c a r r i e d  o u t  th e  s t a b i l i t y  a n a ly s i s  o f  the  e l a s t i c  coup le r  

in  a p l a n a r  mechanism. Davidson [26] worked ou t the  

a n a ly s i s  and approxim ate s y n th e s is  o f  a s l i d e r - c r a n k  mech­

anism whose s l i d e r  was connected  to  an o th e r  s l i d e r  through 

a s p r in g .  A survey  a r t i c l e  by Lowen and J a n d r a s i t s  [27] 

covers the  l i t e r a t u r e  in  the  a re a  o f  dynamic b e h av io r  o f  

mechanisms w ith  e l a s t i c  l in k s  which are  assumed to  have 

a con tinuous d i s t r i b u t e d  m ass.

The background m a te r i a l  thus  f a r  mainly p e r t a in s  to  

the  a n a ly s i s  o f  e l a s t i c  and f l e x i b l e  l in k  mechanisms.

Now a b r i e f  background on th e  s y n th e s is  o f  r i g i d  l in k  

mechanisms w i l l  be covered . S p e c ia l  a t t e n t i o n  w i l l  be 

g iven  to  the  o p t im iz a t io n  methods. R ig id  l in k  mechanisms 

were used  by many r e s e a r c h e r s  to  dem onstra te  th e  c a p a b i l i t y  

o f  o p t im iz a t io n  methods. I t  i s  th e  purpose  o f  t h i s  i n v e s t ­

i g a t i o n  to  app ly  one o f  th e  o p t im iz a t io n  methods to  the



s y n th e s i s  o f  f l e x i b l e  l in k  mechanisms. A d e t a i l e d  

d is c u s s io n  o f  o p t im iz a t io n  methods i s  in c lu d e d  in  

c h a p te r  V.

There are  s e v e r a l  ways to  s y n th e s iz e  r i g i d  l in k  

mechanisms. The methods can be grouped i n to  d i r e c t  

( c l a s s i c a l )  methods and i n d i r e c t  methods. The d i r e c t  

methods in c lu d e  g ra p h ic a l  as w e ll  as a n a l y t i c a l  p ro ­

c ed u re s ,  w hile  the  i n d i r e c t  methods in c lu d e  th e  o p t im i­

z a t io n  te c h n iq u e s .  In  the  d i r e c t  a n a l y t i c a l  method, 

c h a r a c t e r i s t i c a l l y ,  the  l in k ag e  e q u a t io n  i s  d e r iv e d  in  

terms o f  the  unknown dimensions (p aram eters)  o f  the 

l in k a g e .  These p a ram ete rs  a re  de term ined  from the  s o l u ­

t io n s  o f  a s e t  o f  l i n e a r  o r  n o n l in e a r  s im u ltaneous equa­

t io n s  f o r  known c o n d it io n s  a t  the  p r e c i s io n  p o i n t s .  The 

s o l u t io n  may be o b ta in ed  by one o f  s e v e ra l  s ta n d a rd  

t e c h n iq u e s .

Leading c o n t r ib u t io n s  in  th e  d i r e c t  s y n th e s is  

methods have been made by P re u d e n s te in ,  McLarnan, Sandor 

and Roth [40-44] who s tu d ie d  th e  s y n th e s is  o f  f o u r - l i n k ,  

s i x - l i n k  and geared  f i v e - b a r  mechanisms. S ince  then 

more s o p h i s t i c a t e d  methods have been developed to  sy n ­

th e s iz e  s p a t i a l  and complex p la n a r  mechanisms, as acco u n t­

ed fo r  in  survey  a r t i c l e s  [49] and [50].
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R ecen tly  i n d i r e c t  methods have been developed f o r  

mechanism s y n th e s is  whereby th e  s y n th e s i s  i s  perform ed 

i n d i r e c t l y .  An o b je c t iv e  c r i t e r i a  f o r  the  s y n th e s i s  i s  

fo rm u la ted  i n d i r e c t l y  in  term s o f  the  mechanism p a r a ­

m e te rs .  The mechanism s y n th e s i s  i s  th en  ach ieved  by 

d r iv in g  th e  o b je c t iv e  c r i t e r i a  to  i t s  minimum va lue  by 

th e  p ro c e ss  o f  s u c c e s s iv e ly  r e a d ju s t in g  the  mechanism 

p a ram ete rs  based  on one o f  th e  o p t im iz a t io n  methods 

(m athem atica l o r  n o n - l in e a r  programming m ethods).

The fo l lo w in g  i s  a l i s t  o f  th e  o p t im iz a t io n  me­

thods and the  major u s e r s  o f  the  method in  the  mechanism 

s y n th e s i s  f i e l d .

A. L east square  method - Timko [5 2 ] .

B. Random methods - Tomas [61 ] ,  G a r r e t t  and 

H a ll  [63].

C. R osenbrook 's  r o t a t i n g  c o o rd in a te  method - 

Lakshminarayana and Narayanam urthi [66] .

D. S te e p e s t  D escent - T u ll  and Lewis [70 ].

E. F le tc h e r  and P o w e l l 's  v a r i a b le  m e tr ic  method - 

Fox and W illm ert [79 ] .

Some o p t im iz a t io n  methods a re  capab le  o f  h a n d lin g  

design  c o n s t r a i n t s  such as l i m i t a t i o n s  on the  le n g th  o f  

th e  l i n k s ,  lo c a t io n  o f  the  s h a f t s ,  minimum o r  maximum
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magnitude o f  the  t r a n s m is s io n  a n g le ,  e t c .  R eferences 

[61] and [79] have dem onstra ted  the  s y n th e s i s  o f  

mechanisms u s in g  design  c o n s t r a i n t s  f o r  fu n c t io n  and 

co u p le r  curve g e n e ra t io n  problem s.

Compared to  the  d i r e c t  s y n th e s i s  method, the  i n ­

d i r e c t  methods r e q u i r e  o n ly  one fo rm u la tio n  o f  the  

o b je c t iv e  c r i t e r i a  f o r  a l l  s y n th e s is  problems ( fu n c t io n  

g e n e ra t io n ,  co u p le r  curve g e n e ra t io n  o r  c o u p le r  p o s i ­

t io n in g )  r e g a r d le s s  o f  the  l in k a g e  type to  be des ig n ed , 

whereas th e  e v a lu a t io n  o f  the  o b je c t iv e  c r i t e r i a  by way 

o f  a n a ly s i s  i s  unique f o r  each  problem . This makes i t  

p o s s ib le  to  use the  i n d i r e c t  method f o r  g e n e ra l iz e d  

c o m p u te r-o r ien te d  s y n th e s i s  o f  mechanisms. The l i m i t a ­

t i o n  o f  the  method i s  t h a t  th e  g lo b a l  minimum i s  n o t  

g u a ran teed ,  on ly  th e  l o c a l  minimum i s  a t t a i n e d ,  and t h a t  

a good s t a r t i n g  design  i s  r e q u i r e d  fo r  r a p id  convergence 

to  th e  optimum d e s ig n .

1 .3  Scope o f  the  i n v e s t i g a t i o n

In t h i s  d i s s e r t a t i o n ,  the  a n a ly s i s  and s y n th e s i s  o f  

f l e x i b l e  l in k  mechanisms, as d e p ic te d  in  F ig u re  1 to  4, 

w i l l  be i n v e s t ig a t e d .  The f i n i t e  elem ent method used  by 

Boronkay and Mei [ 1 4 ] , and W infrey [15] w i l l  be ex tended  

f o r  th e  s t a t i c  la rg e  r o t a t i o n  o f  the  mechanism. Since
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th e  la rg e  r o t a t i o n  makes th e  a n a ly s i s  n o n l in e a r ,  the  

problem  w i l l  be so lv ed  by th e  p iecew ise  l i n e a r  method.

The s y n th e s i s  o f  the  mechanism w i l l  be a ttem p ted  by 

F le tc h e r  and P o w e l l 's  v a r i a b le  m e tr ic  method o f  o p t im iz a ­

t i o n .

In th e  mechanism, the  f l e x i b l e  l in k  i s  assumed to  

be i n i t i a l l y  s t r a i g h t  and w i th o u t  i n t e r n a l  s t r e s s e s .  To 

avoid  the  b u c k lin g  and sn ap -th ro u g h  b e h a v io r ,  the  p re s e n t  

i n v e s t i g a t i o n  assumes t h a t  th e  f l e x i b l e  l i n k  w i l l  be 

under te n s io n  d u r in g  th e  motion o f  the  l in k a g e .  A lso , 

i t  assumes t h a t  th e  f l e x i b l e  l i n k  w i l l  n o t  be s u b je c te d  

to  a t w i s t in g  moment. The p r e s e n t  fo rm u la tio n  o f  a n a ly s i s  

can on ly  account f o r  r e c ta n g u la r  c ro s s  s e c t io n s  o f  the  

f l e x i b l e  l i n k s .  But, w ith  s l i g h t  m o d if ic a t io n  t h i s  

r e s t r i c t i o n  can be removed.

The d e r iv a t io n  i s  g e n e ra l .  T h e re fo re ,  the  method i s  

capab le  o f  so lv in g  any complex mechanism assuming any 

com bination  o f  e x te r n a l  lo a d s .  For s i m p l i c i t y ,  however, 

th e  fo u r  b a r  mechanism w i l l  be analyzed  and i t  w i l l  n o t  

be s u b je c te d  to  e x te r n a l  lo ad in g  o th e r  th an  th e  d r iv in g  

f o r c e .

The a n a ly s i s  and s y n th e s i s  p ro cedu res  w i l l  be de ­

ve loped  in  the  n ex t  c h a p te rs  and w i l l  be dem onstra ted  

f i r s t  on a  c a n t i l e v e r  beam s u b je c te d  to  th e  laTge de­

f l e c t i o n s .  The same tech n iq u e  then  w i l l  be a p p l ie d  to  

the  mechanism hav ing  one o r  more f l e x i b l e  l i n k s .



CHAPTER I I  

NONLINEAR ANALYSIS BY THE 

FINITE ELEMENT METHOD

2.1  I n t ro d u c t io n

The f i n i t e  e lem ent method was i n i t i a l l y  developed 

in  the  e a r l y  N ine teen  F i f t i e s  and i s  g a in in g  a w ide­

sp re ad  accep tance  in  the  f i e l d  o f  s t r u c t u r a l  a n a l y s i s .  

Norm ally, l in k s  o f  the  t r a d i t i o n a l  p i n - j o i n t e d  l in k a g e  

a re  assumed r i g i d ,  thus i t  does n o t  d e f l e c t  d u rin g  th e  

motion o f  th e  l in k a g e .  T h e re fo re ,  the  s t r u c t u r a l  a n a l ­

y s i s  method i s  n o t  r e q u i r e d  f o r  the  a n a ly s i s  o f  a p in -  

jo in t e d  l in k a g e  b u t  i t  i s  r e q u i r e d  f o r  a f l e x u r a l  j o i n t  

o r  f l e x i b l e  l in k  mechanism. Because, as m entioned p r e ­

v io u s ly ,  th e  f l e x i b l e  members have to  d e f l e c t  to  im part 

motion to  a f l e x i b l e  mechanism. The f i n i t e  e lem ent 

method has been shown to  produce a c c u ra c ie s  o f  th e  same 

o rd e r  o f  m agnitude as the  c l a s s i c a l  methods. In  a d d i ­

t i o n ,  th e  f i n i t e  e lem ent method i s  more g e n e ra l  and i s  

e a s i e r  to  apply  th an  th e  c l a s s i c a l  methods. The f i n i t e  

e lem ent method f o r  la rg e  (n o n l in e a r )  s t a t i c  d e f l e c t io n s  

w i l l  be developed in  t h i s  c h a p te r  and w i l l  be a p p l ie d  to  

th e  a n a ly s i s  o f  f l e x i b l e  l i n k  mechanisms.

13
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The p io n e e r in g  e f f o r t s  in  the  f i e l d  o f  th e  f i n i t e  

e lem ent methods were c o n t r ib u te d  i n d iv id u a l ly  by A rgy ris  

and T urner . T urner used a m a tr ix  d isp lacem en t method, 

i . e .  a d i r e c t  s t i f f n e s s  method o f  f i n i t e  elem ent a n a ly s i s  

to  so lv e  complex s t r u c t u r e s  s u b je c te d  to  l i n e a r  d e f l e c ­

t i o n s .  S ince t h a t  time much p ro g re s s  has been made in  

l i n e a r  and n o n l in e a r  a n a l y s i s .

B a s ic a l ly  th e r e  a re  two types o f  n o n l in e a r i t y :

( 1 ) g eo m e tr ica l  n o n l in e a r i t y  and ( 2 ) m a te r i a l  o r p h y s ic a l  

n o n l in e a r i t y .  In  g e o m e tr ic a l  n o n l i n e a r i t y ,  l a rg e  d i s ­

p lacem ents a re  norm ally  accompanied by sm all  s t r a i n s  and 

m a te r i a l  n o n l in e a r i t y  i s  due to  n o n l in e a r  e l a s t i c  and 

p l a s t i c  o r  v i s c o e l a s t i c  b e h a v io r  o f  th e  m a te r i a l .  M a te r ia l  

n o n l in e a r i t y  w i l l  be o m it ted  in  t h i s  i n v e s t i g a t i o n .

G eom etrical n o n l in e a r i t y  r e s u l t s  i n  two c la s s e s  o f  

p rob lem s, the  la rg e  d e f l e c t i o n  problem  and th e  problem 

o f  s t r u c t u r a l  s t a b i l i t y .  I t  i s  th e  la rg e  d e f l e c t i o n  which 

i s  o f  i n t e r e s t  f o r  the  a n a ly s i s  o f  a f l e x i b l e  l in k  mech­

anism. The problem o f  s t a b i l i t y  w i l l  be avoided  in  t h i s  

i n v e s t i g a t i o n  f o r  which th e  f l e x i b l e  l in k s  a re  assumed to  

be under t e n s io n .

In  th e  la rg e  d e f l e c t i o n  problem , n o n l in e a r i t y  a r i s e s  

in  two p l a c e s .  F i r s t ,  w i th  r e s p e c t  to  th e  e q u i l ib r iu m  

e q u a t io n .  The e q u i l ib r iu m  e q u a tio n s  a re  w r i t t e n  in  the
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deformed c o n f ig u ra t io n  and a s o lu t io n  can be ach ieved  

by two p r o c e d u re s : ( 1 ) d i r e c t  s o lu t io n  where i t e r a t i o n

i s  done a t  the  p r e s c r ib e d  load  l e v e l  f o r  fo rc e  e q u i ­

l ib r iu m , and ( 2 ) an in c re m e n ta l  o r  p iec ew ise  l i n e a r  

p rocedure  as d e p ic te d  in  F igu re  5 where th e  f i n a l  load 

le v e l  i s  reached  by s e r i e s  o f  sm all  s t e p s .

FORCE

EXACT
INCREMENTAL

DEFLECTION

Figure  5. N on lin ea r  A n a ly s is  by th e  L in e a r  Increm en ta l 
Method

T urner e t  a l  [28] p u b l is h e d  th e  f i r s t  a r t i c l e  in  

the  a re a  o f  g e o m e tr ic a l ly  n o n l in e a r  p rob lem s, in  which 

the  problems were ana lyzed  by th e  f i n i t e  e lem ent method. 

M artin  [29] p re s e n te d  a u s e fu l  review  o f  th e  e f f o r t s  

up to  1965 and r e v i s e d  i t  in  1970, [30 ] . C o n tr ib u t io n s
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were a ls o  made by A rgy ris  [31, 32 ] ,  Jen n in gs  [3 3 ] ,  Purdy 

and P rzem ien ieck i [34 ] , M a l le t t  and M arcal [36 ] ,  Powell 

[3 7 ] ,  e t c .  Ebner and U c c ife r ro  [38] compared the  methods 

o f  M art in ,  M a l le t t  and M arcal, Jen n in gs  and Powell f o r  

the  s o lu t io n  o f  a v a r i e ty  o f  p rob lem s. Ebner concludes 

t h a t  the  in c re m e n ta l  p rocedure  o f  M artin  [2 9 ], perform s 

th e  b e s t  f o r  a l l  c la s s e s  o f  problems even though th e  

p rocedure  does n o t  in c lu d e  the  h ig h e r  o rd e r  terms in  i t s  

fo rm u la tio n .

M a r t in 's  in c re m e n ta l  p rocedure  i s  the  one which i s  

used  in  t h i s  i n v e s t i g a t i o n  fo r  the  a n a ly s i s  o f  f l e x i b l e  

l in k  mechanisms.

2.2  B asic  E quations o f  the  F i n i t e  Element Method

The complete d e r iv a t io n  o f  the  f i n i t e  elem ent method 

i s  covered  by M artin  [29] and P rzem ien ieck i [35]. Only 

the  fundam ental e q u a t io n s  and t h e i r  r e s u l t s  w i l l  be given 

in  the  fo l lo w in g  d e r iv a t io n .

The beam elem ent s e l e c te d  f o r  the  a n a ly s i s  i s  shown 

in  F igure  6 . The elem ent has s i x  nodal degrees o f  f r e e ­

dom which i s  s u f f i c i e n t  to  model a f l e x i b l e  l in k  o f  

p la n a r  mechanisms. The beam elem ent can be m odif ied  by 

adding e x t r a  deg rees  o f  freedom f o r  s p a t i a l  mechanism 

a p p l i c a t i o n s .
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L

Figu re  6 . P la n a r  Beam Element w ith  S ix  Degrees o f  
Freedom

The noda l d isp lacem en t {6 }, and fo rc e  {F}, v e c to r s  o f  

th e  beam elem ent o f  F igure  6 , a re  r e l a t e d  by:

{F} = [k ] {6} CD

where

v.

{«> = <
v.B

7B
u.

yA
M.

\  and  {F> = ^ yB
M-B

7xA

( 2 )

uB
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where u and v a re  h o r i z o n ta l  and v e r t i c a l  d isp lacem en ts

and t h e i r  co rre spon d in g  fo rc e s  a re  Fv and F r e s p e c t -x y
i v e l y .  0 i s  th e  end r o t a t i o n  and M i s  th e  co rrespond ing  

moment.

The s t r a i n  energy U o f  any e l a s t i c  system  can be 

e x p re ssed  in  a q u a d ra t ic  form in  terms o f  the  nodal 

d isp lacem en ts  {6 }, a s :

U = \  {6 >T [k] ( 6 ) (3)

Twhere {6 } i s  th e  t ra n sp o se  o f  the  m a tr ix  {6 }.

Taking th e  p a r t i a l  d e r iv a t iv e  o f  s t r a i n  energy g iv e s :

| ^ = { F }  (4)

E quation  (4) i s  th e  C a s t ig l i a n o 's  f i r s t  theorem . The 

second p a r t i a l  d e r iv a t iv e  g ives th e  s t i f f n e s s  c o e f f i c i e n t  

a s :

1'  -A -  i f  6*wi j  " 9T 7H J

i t  i t

where k^j i s  th e  e lem ent in  the  i  row and j column 

o f  s t i f f n e s s  m a tr ix  [ k ] .

Now th e  d e r iv a t io n  o f  the  s t i f f n e s s  m a tr ix  [k] o f  the  

beam elem ent o f  F igu re  6 w i l l  be p re s e n te d .  Let the
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p r e s e n t  s t r a i n  in  th e  e lem ent be eQ and th e  a d d i t i o n a l  

s t r a i n  developed due to  the  lo ad  increm ent be e » th en
a

the  t o t a l  s t r a i n  e w i l l  be

e "  e 0 + e a  C6)

By acco un ting  in  th e  n o n l in e a r  s t r a i n  d isp lacem en t equa­

t i o n  f o r  the  l o n g i tu d in a l  s t r a i n  and the  c o n t r i b u t io n  

due to  bend ing , the  a d d i t i o n a l  s t r a i n  can be ex p re ssed  

a s :

« . - ■ ! ! ♦  ( ? * > * - r e g ) .  ( 7 )

J\TT
where the  h ig h e r  o rd e r  term  ( 3^ )  2 i s  n e g le c te d  in  com­

p a r i s o n  to  ( |^ )  b u t  ( | ^ ) 2 i s  r e t a in e d .

A d isp lacem en t fu n c t io n  i s  s e l e c t e d  which must be 

c o n s i s t e n t  w ith  th e  beam th e o ry .  u(x) shou ld  be l i n e a r  

to  p ro v id e  th e  c o n s ta n t  s t r a i n  a long  th e  le n g th  o f  th e  

beam member and v (x) shou ld  be cub ic  to  p ro v id e  th e  con­

s t a n t  s h e a r  and l i n e a r l y  v a ry in g  bending  moment a long  

i t s  l e n g th .  I t  w i l l  be :

u(x) = aQ + a t x

v(x) = b„ + b x + b , x a + b , x 3O 1 2 3 ( 8 )



where a . a , , b , b , , b„ and b ,  a re  s i x  c o n s ta n t s .  By
0  * 0  * 2 3 *

u s in g  th e  boundary c o n d it io n s  the  c o n s ta n ts  can be e x ­

p re s s e d  in  terms o f  th e  nodal d isp lacem en ts  as fo l lo w s :

ao = UA

UB~UA

bo = VA

b, = 0 ,

b„ =

b .  =

fr  CvB-TA5 - r (2V 9b>

J 7  (VB-VA> -  JT  CV 0b) ( 9 )

The t o t a l  s t r a i n  energy U a r i s i n g  d u rin g  the  defo rm ation  

i s  g iven by:

e +e o a
U = o de] dx dy dz

Eeo I I I  e a dx dy dz + J  I I l e a dx dy dz

For c o n s ta n t  c ro ss  s e c t i o n a l  a re a  A o f  a beam e lem en t, U
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On s u b s t i t u t i o n  o f  e q u a tio n  (7) and grouping th e  terms 

i t  g iv es :

L L

u = J ^  - r'cfprU dx * r Meo d*
0 0

L

* “  f t  c H >2 - dx
3 X  o X

0

L

* ¥ ■  + < ! £ ( ! £ 2 ♦ (0 ) i  d* ci 2 >
o

The p a r t i a l  d e r iv a t iv e s  in  E quation  (12) a re  f i r s t  

d e r iv e d  from E quation  ( 8) and then  ex p re ssed  in  terms o f  

th e  nodal d isp lacem en ts  w ith  h e lp  o f  E quation  (9 ) .  Upon 

s u b s t i t u t i o n  o f  th e  d e r iv a t iv e s  i t  i s  reco g n ized  t h a t  the  

f i r s t  and th e  l a s t  i n t e g r a l s  do n o t  c o n ta in  th e  quad­

r a t i c  terms and based  on E quation  (3) they  can be om itted  

from E quation  (1 2 ) .  A lso , a sym m etrical c r o s s - s e c t i o n a l  

a re a  i s  assumed f o r  the  beam elem ent in  th e  fo l lo w in g  

s im p l i c a t io n .

L L

» - j  "«« d* * 7 «  J i O ! - *<!s>C£r)
0 0

+ y 2 (— ) 2] dx (13) 
3x2
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which can be ex p re ssed  as :

U = \  {6 }T [kG] {6 } + \ {6 }T [kE] {6 } (14)

where [kg] i s  th e  e l a s t i c  o r  l i n e a r  s t i f f n e s s  m a tr ix ,  and 

[kg] i s  th e  geo m e tr ica l  m a tr ix  o r r e f e r r e d  as th e  i n i t i a l  

s t r e s s  m a tr ix .  On comparison o f  E quations (14) and (3 ) ,  

the  t o t a l  s t i f f n e s s  m a tr ix  [k] i s

[k] = [kE] + [kG] (15)

[kB] =

and [kG] a re  expres sed as fo l lo w s:

12EI
----

L3

6EI 4EI Symmetric
L2 n 7 _

12EI 6EI 12EI
L3 L2 L3

6EI 2EI 6EI 4EI
L2 I T L2 L

0 0 0 0 AE
T

0 0 0 0 AE AE 
" T  T ( 1 6 )
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and

tkGl=Fo

6
5T

1
TC 15L"

Symmetric

6 i 6
5T "ITT s r

1 L l 2
n r ‘ n r ' n r 15L2

0 0 0 0 0

0 0 0 0 0 (17)

The in c re m e n ta l  e q u a tio n  between fo rce  and d isp lacem en t 

f o r  M a r t in 's  method w i l l  be :

[k] {AS} = {AF} (18)

where {AS} and {AF} a re  th e  inc rem en ts  i n  th e  noda l d i s ­

p lacem ents  and co rre sp o n d in g  f o r c e s .  So f a r  the  d e r iv a ­

t i o n  o f  e q u a t io n s  a re  only  f o r  the  beam e lem ent. Now the  

d e r iv a t io n  w i l l  be ex tended  f o r  a s t r u c t u r e .

2 .3  C oord inate  T ran sfo rm atio n  M atrix

A s t r u c t u r e  (o r  mechanism) i s  composed o f  many beam 

e lem ents  which a re  o r i e n t e d  d i f f e r e n t l y .  Each o f  the  e l e ­

ments i s  ex p re ssed  in  i t s  l o c a l  c o o rd in a te  system and 

then  r e l a t e d  to  the  g lo b a l  c o o rd in a te  system  in  which th e
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mechanism i s  o r i e n t e d .  The s t i f f n e s s  m a tr ix ,  E quation  

(15) i s  ex p re ssed  in  the  lo c a l  c o o rd in a te  system  and 

t r a n s fo rm a t io n  i s  e s s e n t i a l  because the  d isp lacem en t o r  

lo a d in g  on the  mechanism i s  ex p re ssed  in  the g lo b a l  

c o o rd in a te  system . In  F igu re  7, the  lo c a l  c o o rd in a te  

system  (x-y) i s  o r i e n te d  a t  th e  ang le  y to  the  g lo b a l  

c o o rd in a te  system  (X-Y). In  the  fo l lo w in g  e q u a t io n s ,  

th e  d isp lacem en ts  in  th e  g lo b a l  c o o rd in a te  system  a re  

r e p re s e n te d  by a b a r  a t  the  to p .

F igure  7. D isplacem ent R e la t io n s h ip  Between th e  Local
(x-y) and the  Global (X-Y) C oordinate  Systems



s i m i l a r  r e l a t i o n s  can be d e r iv e d  f o r  Ug and Vg. Now the  

d isp lacem en t v e c to r s  {6 } and {S'} can be r e l a t e d  by:

{6 } = [T] {S’} (20)

where [T] i s  the  c o o rd in a te  t r a n s fo rm a t io n  m a tr ix  whose 

e lem ents a re  ex p re ssed  a s :

[T] =

cosy 0 0 0 - s in y 0

0 1 0 0 0 0

0 0 . cosy 0 0 - s in y

0 0 0 1 0 0

s in y 0 0 0 cosy 0

0 0 s in y 0 0 cosy ( 21 )

The components o f  the  d isp lacem en t v e c to r  {6 } a re  ex p re ssed  

in  E quation  (2 ) .

2 .4  Form ulation  o f  the  F i n i t e  Element Method f o r  a 

S t r u c t u r e .

The b a s i c  e q u a t io n s  fo r  th e  beam elem ent d e r iv e d  in  

the  p rev io u s  s e c t io n s  w i l l  now be ex tended  to  a s t r u c t u r e .
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The fo rm u la tio n  o f  th e  s t i f f n e s s  m a tr ix  [K] o f  the  s t r u c ­

tu r e  i s  d e r iv e d  from th e  s t i f f n e s s  m a tr ix  [k] o f  th e  beam 

elem ent in  t h i s  s e c t i o n .

The s t r a i n  energy o f  th e  s t r u c t u r e  can be ex p re ssed

as :

U = \  {q}T [K] {q} (22)

where {q} i s  the  noda l d isp lacem en t v e c to r  o f  th e  s t r u c ­

tu r e  in  the  g lo b a l  c o o rd in a te  system . The s t r a i n  energy 

o f  th e  i  e lem ent can be e x p re ssed  from E quation  (3) a s :

u i  = 7  {6 i }T rk i i  {6 i } w

Upon s u b s t i t u t i o n  o f  E quation  (20) in to  the  E quation  (23 ),

the  s t r a i n  energy w i l l  be t r a n s f e r r e d  to  the  g lo b a l  co o r­

d in a te  system . This g i v e s :

u i  = 7  {V T [Ti ]T [ki ] [Ti ] {V  (24)

The noda l d isp lacem ent {51 in  the  g lo b a l  c o o rd in a te  

system  i s  f u r t h e r  r e l a t e d  to  {q} by:

{ ^ J  = [ e ±] {q> (25)
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where [B^] i s  unique fo r  each e lem ent and c o n ta in s  

e i t h e r  one o r  zero . This w i l l  be e x p la in e d  in  d e t a i l  

w ith  an i l l u s t r a t i v e  example in  a l a t t e r  p a r t  o f  t h i s  

s e c t i o n .  S u b s t i t u t i o n  o f  E quation  (25) i n to  E quation  (24) 

g i v e s :

u i  " 7  {ci }T t pi l T CTi l T [k i l  CTi ]  [B i l '{ q }  (26)

The t o t a l  s t r a i n  energy o f  the  s t r u c t u r e  w i l l  be the  

sum o f  the  s t r a i n  e n e rg ie s  o f  the  i n d iv id u a l  beam e lem en ts .  

For the  s t r u c t u r e  w i th  'n* number o f  e le m e n ts ,  i t  w i l l  be:

n
U = Z TJ. 

i = l  1

= \  ?  {q>T [ 0 i ] T [ T . ] T [k .]  [T .]  [0 . ]  {q} (27)

The s t i f f n e s s  m a tr ix  o f  th e  s t r u c t u r e  can now be 

ex p re ssed  in  term s o f  th e  e lem ent s t i f f n e s s  m a tr ic e s  by 

comparing w ith  E quation  (22) and (27) a s :

[K] = Z i & . f  [ T . ] T [k .]  [T - ] [ e 4 ] (28)
i= l  1 i l l

The in c rem en ta l  e q u a t io n  f o r  th e  s t r u c t u r e  i s  th en :

[K] {Aq} = {AP} (29)



where {Aq} and {AP} a re  r e s p e c t i v e l y ,  th e  in c rem en ta l  

nodal d isp lacem en t and th e  fo rce  v e c to r  o f  the  s t r u c t u r e .

The f i n i t e  e lem ent method o f  s t r u c t u r a l  a n a ly s i s  

w i l l  be dem onstra ted  w ith  the  h e lp  o f  a sim ple s t r u c ­

tu r e  as d e p ic te d  in  F igu re  8 . The s t r u c t u r e  i s  composed 

o f  th r e e  beam elements  o r  members and has seven noda l 

d isp lacem en ts  (q^ to  q^) a t  th e  th r e e  noda l p o i n t s .

The lo c a l  c o o rd in a te  systems o f  the  th r e e  e lem ents a re  

o r i e n t e d  by ang les  y o f  45, 0 , and 315 degrees as de ­

p i c t e d  in  F igu re  8 . When th e se  v a lu es  o f  y a re  s u b s t i ­

t u t e d  in  E quation  (2 1 ) ,  co rre spo nd ing  t r a n s fo rm a t io n  

m a tr ic e s  [T^] can be o b ta in e d .

From F igure  8 i t  i s  c l e a r  t h a t  Ug and Vg , the  

nodal d isp lacem en ts  o f  th e  Element No. 1 in  the  g lo b a l  

c o o rd in a te  system , co rrespond  to  q^ and q 2 r e s p e c t iv e ly  

o f  the  s t r u c t u r a l  nodal d isp la c e m e n ts .  Also fg  w i l l  

be same as q^. Based on th e se  r e l a t i o n s  th e  [g^] m a tr ix  

f o r  Element No. 1 i s  c o n s t ru c te d  as fo l lo w s :



I *

ELEMENT N O .  2

to
F igu re  8 . Three Member P la n a r  S t r u c tu r e  w i th  7 Nodal D isplacem ents *
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s i m i l a r l y ,  [$2 ] and [33 ] f o r  the  Elements No. 2 and 3 

w i l l  be :

[B2] -

0

0

0

0

1

0

1

0

0

0

0

0

0

1

0

0

0

0

0

0

0

0

0

1

0

0

1

0

0

0

0

0

0

1

0

0

0

0

0

0

0

0

[3 3 ] -

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

0

1

0

0

0

0

0

0

1

0

0

0

0

0

0

0

1

0

0 (31)

I t  shou ld  be n o t ic e d  t h a t  in  the  above m a tr ic e s  f o r  

any row th e r e  i s  a maximum o f  one nonzero elem ent and in  

the  same way f o r  any column th e re  i s  a maximum o f  one 

nonzero e lem ent.

The s t i f f n e s s  m a tr ix  [K] o f  the  s t r u c t u r e  can be 

assem bled by E quation  (28) and the  s o lu t io n  o f  th e  un­

known p a ram ete rs  may be o b ta in e d  from E quation  (29). 

There a re  two types  o f  in c rem en ta l  problem s: (1) Find

the  noda l d isp lacem en ts  under a g iven  lo ad in g  c o n d it io n
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and; (2) Find the  n e c e ssa ry  lo ad  co rresp ond ing  to  th e  

d e s i r e d  d isp lac em e n ts .  Each o f  the  two problems r e ­

q u ire  a d i f f e r e n t  s o lu t io n  p ro ced u re .

(1) Force I n p u t : P re m u lt ip ly  bo th  s id e s  o f  E quation  (29) 

by [K]"* and the  increm ent in  the  nodal d i s p l a c e ­

ment co rre spond ing  to  th e  a p p l ie d  load  increm ent

can be e v a lu a te d  a s :

{Aq} = [K] ~1 {AP} (32)

(2) D isplacement i n p u t : The s o lu t io n  p rocedure  in  t h i s  

case i s  more com plica ted . The p rocedure  i s  known 

as th e  re d u c t io n  o f  c o o rd in a te s  by Guyan [39 ] .  The 

b a s i s  f o r  t h i s  p rocedure  i s  t h a t  the  fo rc e s  c o r r e s ­

ponding to  the  unknown d isp lacem en ts  a re  z e ro .  Thus 

the  noda l d isp lacem en ts  co rrespond ing  to  the  unknown 

d isp lacem en ts  can be e l im in a te d  from th e  E quation  (29) 

as f o l lo w s :

A | B 
1

/-
Aqx 0

1
1 < > -  < >

TB | C 4 q „
a

A Pn (33)

where [A], [B] and [C] a re  su b m atr ices  o f  [K] a f t e r  the  

p a r t i t i o n i n g .  {Aqjj} are  th e  known d isp lacem en ts  and 

{APj j } a re  the  co rrespond ing  f o r c e s .  {Aq^} are  th e  r e ­

maining unknown d isp lacem en ts  f o r  which the  fo rce s  a re
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z e ro .  E quation  (33) can be s e p a ra te d  in to :

[A] U q j}  + [B] {Aqn } = {0} (34)

and

[B]T {Aqr > + [C] {Aqn > = {APn > (35)

E quation  (34) can be r e a r ra n g e d  as:

{AqT) = - [A ]"1 [B] {Aqn > (36)

S u b s t i t u t io n  o f  E quation  (36) i n to  (35) g iv e s :

{APn J = ([C] - IB]T [A]-1 [B]) {Aqn } (37)

E quations  (36) and (37) g ive th e  rem ain ing  unknown d i s ­

p lacem ents  {Aqj} and unknown fo rc e  {APj j } co rre sp o n d in g  to  

th e  d isp lacem en t {Aq^j}.

2 .5  S o lu t io n  Procedure  f o r  th e  N o n linear  A na lysis

In  th e  p rev io u s  s e c t io n s  th e  e q u a t io n s  f o r  th e  f i n i t e  

e lem ent method were d e r iv e d  f o r  the  beam elem ent and were 

ex tended  to  th e  s t r u c t u r e .  A lso , the  s o l u t io n  p ro ced u res  

f o r  the  fo rc e  and d isp lacem en t in p u t  problems were e x ­

p la in e d .  Now th e  s o l u t io n  p rocedure  based  on th e  p rev io u s

s e c t i o n  w i l l  be d e s c r ib e d .
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The n o n l in e a r  a n a ly s i s  i s  perform ed by th e  l i n e a r  

in c re m e n ta l  method as d e p ic te d  in  F igure  5, where the  

f i n a l  lo ad  i s  reached  in  a s e r i e s  o f  sm all  l i n e a r  s t e p s .

The in fo rm a tio n  from th e  p rev io u s  s te p  i s  u t i l i z e d  to  

update  th e  s t i f f n e s s  m a tr ix .  The s t i f f n e s s  m a tr ix  i s  

used to  determ ine  th e  increm en t in  d isp lacem en t under 

a g iven  increm ent o f  lo a d .  The fo l lo w in g  s te p s  d e s ­

c r ib e  th e  p rocedure  in  d e t a i l :

A. The c o r r e c t io n  in  the  le n g th  o f  each elem ent i s  

made based  on th e  defo rm ation  from th e  p rev io u s  

s t e p .  Corresponding  to  the  new le n g th ,  the  

e l a s t i c  s t i f f n e s s  m a tr ix  [kE] i s  formed from 

E quation  (1 6 ) .

B. At th e  end o f  th e  p rev io u s  s t e p ,  th e  t o t a l  a x ia l  

fo rc e  Fq i s  de te rm ined  and, based  on E quation  

(1 7 ) ,  a new i n i t i a l  s t r e s s  m a tr ix  [kg] i s  formed. 

T h is ,  when summed w i th  [kEl w i l l  g ive  the  new 

s t i f f n e s s  m a t r ix  o f  the  e lem en t,  [ k ] .

C. From th e  p re v io u s  s t e p ,  th e  new o r i e n t a t i o n  o f  

th e  beam e lem en t,  y ,  i s  de te rm ined  and from Equa­

t i o n  (21) a new c o o rd in a te  t ra n s fo rm a tio n  m a tr ix

[T] i s  d e te rm ined . The s t i f f n e s s  m a tr ix  [k] now can 

be t r a n s f e r r e d  i n to  th e  g lo b a l  c o o rd in a te  system  by
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( i )  m T [k] [T]T and

( i i )  [0 ]T [T]T [k] [T] [3]

where [3] remains c o n s ta n t  th roughou t th e  a n a ly s i s .

D. These tran sfo rm ed  m a tr ic e s  o f  elem ents a re  summed 

by E quation  (28) to  form th e  new s t i f f n e s s  m a tr ix  

o f  the  s t r u c t u r e ,  [K ].

E. The new s t i f f n e s s  m a tr ix  when used in  c o n ju n c tio n  

w ith  E quation  (29) and so lv e d  by E quation  (32) g ives 

th e  increm ent in  noda l d isp lacem en ts  {Aq} o f  the  

s t r u c t u r e  under a g iven  load  increm ent {AP}. ( I f  

d isp lacem en t i s  th e  in p u t ,  the  s o lu t io n  f o r  {APj j } 

and {Aq-j.} i s  o b ta in e d  by E quations (36) and (3 7 ) . )

F. The d isp lacem en t o f  the  in d iv id u a l  elem ent {AS-} in  

the  g lo b a l  system  can be e v a lu a te d  from {Aq} by 

E quation  (2 5 ) .  {A3"} can be t r a n s f e r r e d  back to  the  

lo c a l  c o o rd in a te  system , {AS}, by t r a n s fo rm a t io n  

E quation  (2 0 ) .  Now the  c o r r e c t io n  o f  the  le n g th  AL 

i s  a p p l ie d  as fo l lo w s :

AL = uB - uA (38)

where Ug and uA are. th e  5 th  and 6 th  components o f  

v e c to r  {AS} .



With th e  h e lp  o f  E quation  (1) th e  nodal fo rc e s  

{AF} o f  th e  elem ent a re  c a l c u l a t e d ,  from which th e  

increm ent i n  the  a x i a l  fo rc e  w i l l  be :

AFo -  t :  (ub - V  <39'>

which when added to  the  p rev io u s  v a lu e  w i l l  g ive  the  

t o t a l  a x ia l  fo rce  FQ. S im i la r ly  the  increm ent in  

bending  and a x ia l  s t r e s s e s  a re  de term ined  by:

Aob ■ TT-^7 (40)

where Aa^ i s  th e  increm en t in  the  bending s t r e s s  

a t  noda l B o f  the  e lem ent and Mg i s  4 th  component 

o f  v e c to r  {AF}. A s i m i l a r  e x p re s s io n  f o r  the  

bending  s t r e s s  a t  the  noda l p o in t  A can be d e r iv e d .  

The increm en t in  th e  a x i a l  s t r e s s  i s  de term ined  by:

Aaa = B IT  C41)

where FxB i s  th e  6 th  component o f  v e c to r  {AF}. 

According to  the  conven tion  in  F igure  6, th e  a x ia l  

s t r e s s  w i l l  be p o s i t i v e  f o r  te n s io n  and n e g a t iv e  

f o r  com pression . When th e  increm en t v a lu es  o f
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s t r e s s  a re  added to  th e  p rev io u s  v a lu e s  i t  w i l l  

g ive  th e  t o t a l  magnitude o f  the  s t r e s s .

H. By adding  {Aq}, the  increm ent o f  th e  d i s p l a c e ­

ment, to  the  p rev io u s  p o s i t i o n  o f  the  s t r u c t u r e ,  

th e  new p o s i t i o n  o f  th e  s t r u c t u r e  and new o r i e n t a ­

t i o n  y o f  th e  element can be de term ined .

I .  With th e  new v a lu es  o f  y ,  L and FQ, the  p rocedu re  

i s  r e p e a te d  f o r  the  n e x t  increm ent o f  lo ad  and the  

p ro c e s s  i s  co n tin u ed  u n t i l  th e  t o t a l  lo ad  has been 

a p p l ie d  on th e  s t r u c t u r e .

The b a s i c  com pu ta tio na l  flow diagram o f  th e  method i s  de­

p i c t e d  in  F ig u re  9.

A complete l i s t i n g  o f  the  computer program i s  g iven  

in  Appendix A. The flow diagram  o f  F igu re  9 i s  programmed 

in to  th e  su b ro u t in e  FX4BAR. The su b ro u t in e  FORDIS so lv e s  

th e  increm en t e q u a t io n  f o r  in p u t  o f  e i t h e r  fo rc e  o r  d i s ­

p lacem en t.  In  i t s  p re s e n t  form i t  a llow s on ly  one d i s ­

p lacem ent in p u t .  A lso , su b ro u t in e  BEMREK i s  f o r  [kg] 

and BEMRBT i s  f o r  [kg ] .  The t r a n s fo rm a t io n  m a tr ix  [T] 

i s  programmed in  a su b ro u t in e  TRETS. S ub rou tine  A4BAR 

i s  f o r  s o lv in g  a p i n - j o i n t e d  fo u r  b a r  l in k a g e  w i th  r i g i d  

l i n k s .
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START

STOP

DISPLAY SOLUTION

DETERMINE: y

ASSEMBLE: [K]

APPLY LOAD INCREMENT: {AP>

ACCUMULATE: L, F* i

FOR EACH ELEMENT FORM: [T.]

SOLVE:

FOR EACH ELEMENT FORM: [kP ] ,  [kr ] ,  AND [ k . ]

F igu re  9 .  Flow Diagram o f  th e  F i n i t e  Element Method 
Using th e  L in e a r  In c rem en ta l  Method.



CHAPTER I I I  

ANALYSIS OF NONLINEAR SPRINGS

3.1  C a n t i le v e r  Beam

The f i n i t e  elem ent method f o r  n o n l in e a r  a n a ly s i s  by 

th e  l i n e a r  in c rem en ta l  p rocedure  as developed in  C hapter 2, 

w i l l  now be a p p lie d  to  a c a n t i l e v e r  beam. A fo rc e  v s .  

d e f l e c t i o n  r e l a t i o n  i s  d e s i r e d  f o r  a beam under a la rg e  

d e f l e c t i o n .  A c a n t i l e v e r  beam i s  s e l e c t e d  as a p r e l i m i ­

n a ry  t e s t  problem to  check th e  accuracy  o f  th e  method.

The r e s u l t s  o f  th e  f i n i t e  e lem ent method a re  compared 

a g a in s t  th e  r e s u l t s  o f  Bisshopp and Drucker [4] and w ith  

th e  ex p erim en ta l  r e s u l t s .

The c a n t i l e v e r  beam s e l e c t e d  i s  a 0 .5  inch  wide s t r i p  

o f  s p r in g  s t e e l  whose le n g th  L i s  10 in c h e s ,  and t h i c k ­

n ess  h i s  0*006 in c h .  The modulus o f  e l a s t i c i t y  E f o r  the  

s p r in g  s t e e l  i s  assumed to  be 30 x 106 p s i .  The c a n t i ­

l e v e r  beam i s  d iv id e d  in to  5 e lem ents  o f  equa l le n g th  as 

d e p ic te d  in  F igure  10. There i s  no d isp lacem en t a t  the  

f ix e d  end o f  the  beam b u t  th e r e  w i l l  be 15 noda l d i s p l a c e ­

m ents, to  q 15, a t  th e  5 noda l p o i n t s .  A v e r t i c a l  load  

P i s  a p p l ie d  a t  th e  f r e e  end which moves w ith  th e  f r e e  end 

and always a c t s  in  a v e r t i c a l  d i r e c t i o n .  The h o r i z o n ta l  

and v e r t i c a l  d e f l e c t i o n s ,  6„ and 6 which a re  i n d i r e c t l y
_ _ * y
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q i3 and q llf, a re  determ ined  a t  the  end o f  each  lo ad  

increm ent *AP' by th e  p rocedure  shown in  F igu re  9 o f  

C hapter 2.

The r e s u l t s  a re  co n v erted  in  terms o f  th e  nond i-

in  F igu re  11. The co nvers ion  was n e c e ssa ry  because  th e  

r e s u l t s  o f  Bisshopp and Drucker [4 ] ,  which a re  p l o t t e d  

in  F ig u re  11, a re  in  th e  same nondim ensional p a ra m e te rs .  

The r e s u l t s  by the  f i n i t e  e lem ent method compares w i th in

which amounts to  a load  P o f  0.0081 lb .  This f i n a l  lo ad  

was reached  in  a t o t a l  o f  90 load  in c rem en ts .

I t  shou ld  a lso  be p o in te d  ou t t h a t  a c a n t i l e v e r  beam 

problem i s  so lv e d  by F r isc h -F a y  [ 5 ] ,  Shoup [10] and Tada 

and Lee [6 ] .  Bisshopp and D rucker, F r isc h -F a y  and Shoup 

have t r a n s f e r r e d  th e  n o n l in e a r  bending  moment e q u a t io n  o f  

a c a n t i l e v e r  beam in to  e l l i p t i c a l  i n t e g r a l s  which were 

so lv ed  by num erica l methods, w h ile  Tada and L e e 's  s o lu t io n  

i s  by f i n i t e  e lem ent method based  on G a le r k in 's  method.

The r e s u l t s  o f  a l l  th e  a u th o rs  [4 -6 ,  10] a re  in  agreement

excep t those  o f  Tada and Lee, whose r e s u l t s  in  j— do n o t  

match w ith  the  o th e r s .  The e x te n s io n  o f  a c a n t i l e v e r  beam 

i s  ve ry  sm all and n e g l i g i b l e .  However, th e  f i n i t e  elem ent 

method developed in  t h i s  i n v e s t i g a t i o n  accounts f o r  the  

e x te n s io n  o f  the  beam, w h ile  the  r e s u l t s  o f  Bisshopp and 

Drucker and o th e r  au th o rs  assume an i n e x te n s ib l e  beam.

m ensional p l o t t e d

6V PL26.6% to  Bisshopp and D ru c k e r 's  r e s u l t s  in  *-£■ f o r  jrj— = 3
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EXPERIMENTAL

LINEAR THEORY

6 x

F igure  11. R e su l ts  o f  N on lin ea r  A n a lysis  f o r  a C a n t i le v e r  Beam
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The r e s u l t s  o f  th e  c a n t i l e v e r  beam by the  f i n i t e

elem ent method was f u r t h e r  checked by an ex p erim en ta l

r e s u l t .  The p h y s ic a l  dimensions o f  th e  beam s e l e c te d

a re  given  in  F igu re  12 a long  w ith  i t s  e x p e r im e n ta l  and

a n a l y t i c a l  r e s u l t s  by the  f i n i t e  e lem ent method. Again,

the  comparison r e v e a ls  t h a t  a n a l y t i c a l  r e s u l t s  a re  in

e r r o r  o f  5.13% f o r  the  d e f l e c t i o n  o f  2 .4  inches  i n  6̂ ,

f o r  a 5 .0  inch  span o f  th e  beam. When th e  ex p erim en ta l

r e s u l t s  o f  F igure  12 a re  co n v er ted  in  term s o f  nondi-

m ensional pa ram ete rs  and p l o t t e d  in  F ig u re  11, i t  shows

agreement w ith  th e  r e s u l t s  o f  Bisshopp and D rucker. I t

a ls o  i n d ic a t e s  t h a t  th e  lo ad in g  on th e  beam in  th e  e x p e r i -  
PL2ment reaches  g j— o f  2 on ly  and n o t  3. The modulus o f  

e l a s t i c i t y  E, f o r  th e  s p r in g  s t e e l  beam used  in  th e  a n a l ­

y s i s ,  was determ ined  to  be 27.8 x 10® p s i  from th e  e x p e r i ­

m ental r e s u l t s .

The c a n t i l e v e r  beam shown in  F ig u re  10 was analyzed  

f o r  n o n l in e a r  d e f l e c t i o n  by in c re m e n ta l  d isp lacem en t 

in p u t .  A t o t a l  o f  128 increm ents  were ta k e n  to  d is p la c e  

the  f r e e  end o f  th e  beam by 6 .4  inches  i n  6 .  The r e s u l t s  

o f  d isp lacem en t in p u t  p e r f e c t l y  matches r e s u l t s  o f  the  

fo rc e  in p u t  o f  F igu re  11. The d e f l e c t e d  shapes o f  the  can ­

t i l e v e r  beam f o r  in c r e a s in g  d isp lac em e n t i n  6 o f  the  f r e e  

end a re  d e p ic te d  in  F igu re  13. When th e  number o f  i n c r e ­

ments a re  d ec reased  from 128 to  h a l f  t h a t  number, the  

r e s u l t s  were in  e r r o r  by 1.24% to  the  p re v io u s  r e s u l t s .



(LB)

0.72

FINITE ELEMENT METHOD
0.64

EXPERIMENTAL

0.56

0.48

LINEAR THEORY0.40

0.32

0 .24

0.16

0 . 0 2 0 "
5.0"
27.8x106 PSI

0 .08

0 . 80 .4 1 . 2 1 . 6 2 . 0 2.4  6.., IN0

F ig u re  12. Comparison o f  E xperim enta l and A n a ly t ic a l  R esu lts



0
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3.2 A ttem pts to  Improve th e  R e s u l t s .

As m entioned p r e v io u s ly ,  the  n o n l in e a r i t y  comes from 

two a re a s :  (1) the  e q u i l ib r iu m  e q u a t io n  and (2) the

s t r a i n  d isp lacem en t e q u a t io n .  Many a t tem p ts  were made to  

account f o r  th e  n o n l in e a r i t y  in  o rd e r  to  improve the  r e ­

s u l t s .  The fo l lo w in g  are  th e  r e s u l t s  and co n c lu s io n s  o f  

th ose  a t te m p ts :

A. The e f f e c t  o f  an i n i t i a l  s t r e s s  m a tr ix  and an 

e x te n s io n  o f  the  beam were c o n s id e re d  f i r s t .

When the  beam was assumed i n e x te n s ib l e  and 

w ith o u t  i n i t i a l  s t r e s s ,  m a tr ix  [k^] o f  Equation 

(1 7 ) ,  i . e .  on ly  the  c o o rd in a te  t r a n s fo rm a tio n  

m a tr ix  [T] o f  E quation  (21) i s  accoun ted  f o r  in  

the  a n a l y s i s .  An e r r o r  o f  14.61 was observed 

in  th e  r e s u l t s  compared to  a 6.6% e r r o r  i f  a l l  

o f  th e s e  f a c t o r s  a re  accounted  f o r .  I t  was 

f u r t h e r  concluded t h a t  th e  improvement in  e r r o r  

from 14.6% to  6.6% was m ainly due to  the  i n i t i a l  

s t r e s s  m a tr ix  and n o t  due to  the  e x te n s io n  o f  

the  beam. This a l s o  e x p la in s  why th e  Bisshopp - 

D ru c k er 's  r e s u l t s  w i th  the  assum ption o f  an 

in e x te n s ib l e  beam, a re  in  good agreement w ith  the  

e x p er im en ta l  r e s u l t s .

B. The d e r iv a t i o n  o f  th e  s t i f f n e s s  m a tr ix  was 

c a r r i e d  ou t based  on the  M a l le t  and M arshal 

method [36 ]. This method does n o t  n e g le c t  the
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h ig h e r  o rd e r  term s in  E quation  (12 ). When t h i s  

s t i f f n e s s  m a tr ix  was used in  the  inc rem en ta l  

p rocedure  to  analyze  the  c a n t i l e v e r  beam o f  

F igu re  10, d i f f i c u l t i e s  were e x p er ien c ed .  The 

same co n c lu s io n s  were reached  by Ebner and 

U c c ife r ro  [38] f o r  the  M a lle t  and M arshal 

method.

C. The f i n i t e  e lem ent method, based  on the  s t i f f ­

ness  method, g u a ra n tee s  con tinuous d i s p l a c e ­

ments b u t  does n o t  a ssu re  m atching o f  fo rc e s  

a t  th e  nodal p o i n t .  The method developed in  

C hapter 2 i s  based  on the  s t i f f n e s s  method and 

some e r r o r  in  m atching e x te r n a l  fo rc e s  w ith  the  

i n t e r n a l  fo rc e s  was ex p ec ted . But th e  i n t e r n a l  

a x ia l  fo rc e  n e a r  th e  f r e e  end o f  the  c a n t i l e v e r  

beam i s  in  la rg e  e r r o r  r e l a t i v e  to  the  a p p l ie d  

lo ad .  The rea so n a b le  e x p la n a t io n  f o r  t h i s  la rg e  

e r r o r  in  e q u i l ib r iu m  o f  fo rc e s  i s  n o t  a v a i la b le  

a t  th e  p r e s e n t  t im e .

D. The a n a ly s i s  p ro ced u re  was m od ified  s l i g h t l y  by 

r o t a t i n g  th e  g lo b a l  c o o rd in a te  system  p a r a l l e l  

to  th e  f r e e  end o f  th e  c a n t i l e v e r  beam. The 

v e r t i c a l  load  a t  th e  f r e e  end i s  d iv id e d  along 

th e  axes o f  th e  r o t a t e d  g lo b a l  c o o rd in a te  system , 

th u s  p la c in g  th e  lo ad  a long  the  beam and p e rp en ­

d i c u l a r  to  i t .  By t h i s  m o d if ic a t io n ,  th e  e q u i l i -



brium  o f  fo rc e s  a long  th e  beam i s  ach ieved  b u t  

i t  made the  beam s t i f f e r  than  Bisshopp and 

D ru ck er 's  beam and an e r r o r  o f  l a r g e r  magnitude 

r e s u l t e d  than  t h a t  o f  F igu re  11. No c l e a r -  

cu t co n c lu s io n  can be reached  from th e  above 

r e s u l t s  bu t th e re  a re  p rocedu res  a v a i la b le  where 

the  e q u i l ib r iu m  o f  th e  fo rc e s  can be ach ieved  

by i t e r a t i o n  a t  the  end o f  each o r  a few i n c r e ­

ment s t e p s .  Such a method w i l l  in c r e a s e  the  

com putation time and thus  was n o t  co n s id e re d  in  

t h i s  p re l im in a ry  i n v e s t i g a t i o n .

Accuracy o f  the  f i n i t e  elem ent m ethod 's  r e s u l t s  

can be improved by: (1) d iv id in g  th e  beam in to

more e lem ents and (2) by i n c r e a s in g  th e  number 

o f  in c rem en ts .  The e f f e c t  o f  th e s e  two p a r a ­

m eters on th e  r e s u l t s  o f  a c a n t i l e v e r  beam are  

s tu d ie d  in  F igu re  14. F igure  14 shows th e  con­

vergence o f  the  r e s u l t s  as th e  number o f  elem ents 

and increm ents  in c r e a s e .  I t  a l s o  i n d ic a t e s  t h a t  

the  r e s u l t s  o f  F igu re  11 w ith  5 e lem ents and 90 

increm ents  a re  ve ry  c lo se  to  th e  th r e s h o ld  

v a lu e s .  Taking more e lem ents o r  much s m a lle r  

s te p s  than  the  maximum i n d ic a t e d  in  F ig u re  14, 

might le a d  to  num erica l i n s t a b i l i t y  due to  

t r u n c a t io n  e r r o r s .
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CHAPTER IV 

ANALYSIS OF FLEXIBLE 

LINK MECHANISMS

The f i n i t e  elem ent method w i l l  be a p p l ie d  to  the  

a n a ly s i s  o f  a f l e x i b l e  l in k  mechanism s u b je c te d  to  la rg e  

d isp la c e m e n ts .  The types  o f  l in k a g e  under c o n s id e ra t io n  

a re  d e p ic te d  in  F igure  1 to  4 o f  Chapter 1. The coup le rs  

o f  th e se  l in k a g es  a re  connected  to  the  in p u t  and o u tp u t 

l in k s  by f l e x u r a l  j o i n t s .  Any o r  a l l  th r e e  o f  th e  l in k s  

in  the  l in k a g e  can be r i g i d  o r  f l e x i b l e .  In  t h i s  c h a p te r ,  

mechanisms w ith  one f l e x i b l e  l i n k  and w ith  two f l e x i b l e  

l in k s  w i l l  be an a lyzed . A th r e e  f l e x i b l e  l i n k  mechanism 

would be im p ra c t ic a l  to  use f o r  many a p p l i c a t io n s  because 

o f  too  much f l e x i b i l i t y .

The in p u t  and o u tp u t  l in k s  o f  the  p la n a r  mechanism 

can be grounded by p in ,  s l i d e r  o r  f ix e d  j o i n t s .  Table 1 

l i s t s  th e  v a r io u s  c o n f ig u ra t io n s  o f  the  j o i n t s  and the  

nodal d isp lacem en ts  a s s o c ia t e d  w ith  them; e .g .  f o r  a p in  

j o i n t ,  th e  d isp lacem en ts  u and v w i l l  be zero  b u t  r o t a ­

t i o n  0 w i l l  be p r e s e n t .  The mechanisms ana lyzed  in  the  

p r e s e n t  i n v e s t i g a t i o n  have n o t  in c lu d ed  any s l i d e r  j o i n t s  

b u t  w ith o u t  much e f f o r t  a mechanism w ith  s l i d e r  j o i n t s  

can be ana lyzed .
49
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The f l e x i b l e  l in k s  in  th e  mechanism a re  assumed to  

have no p r e - s t r e s s e s  and to  be i n i t i a l l y  s t r a i g h t .  A lso , 

th e  mechanism i s  d is p la c e d  such t h a t  th e  f l e x i b l e  mem­

b e rs  remain under t e n s io n .  For a g iven  d isp lac em e n t,  

a n a ly s i s  based  on the  f i n i t e  e lem ent method, de te rm ines  

a r e q u i r e d  in p u t  (d r iv in g )  fo rc e  o r  to rque  and th e  d i s ­

p lacem ent o f  th e  o u tp u t  l i n k .  The mechanisms an a ly zed  in  

t h i s  c h ap te r  cou ld  be s u b je c te d  to  any type o f  e x te r n a l  

lo ad in g  b u t  f o r  s i m p l i c i t y ,  e x te r n a l  loads o th e r  than  

th e  d r iv in g  fo rc e  have been avoided . This e x te r n a l  

lo a d in g ,  i f  in c lu d e d ,  would change th e  r e l a t i o n s h i p  between 

th e  in p u t  and o u tp u t  d isp lacem en ts  o f  the  f l e x i b l e  l in k  

mechanism.

4 .1  One F le x ib le  Member - F le x ib le  S t r i p  as a C oupler 

A f l e x i b l e  l in k  mechanism w ith  one f l e x i b l e  l i n k  

(member) s e l e c t e d  f o r  the  a n a ly s i s  i s  d e p ic te d  in  F igure  

15. The f l e x i b l e  l in k  i s  a s p r in g  s t e e l  s t r i p  which 

connects two r i g i d  l in k s  and a c ts  as a f l e x i b l e  c o u p le r .

For purposes o f  t h i s  a n a l y s i s ,  the  f l e x i b l e  c o u p le r  i s  

d iv id e d  i n to  4 e lem ents o f  eq u a l  l e n g t h s . One e lem ent i s  

assumed f o r  the  two " r i g id "  in p u t  and o u tp u t  l i n k s .  

T h e re fo re ,  a t o t a l  o f  6 e lem ents a re  r e q u i r e d  f o r  t h i s  

model o f  th e  f l e x i b l e  l in k  mechanism in  F igu re  15 f o r  the  

a n a ly s i s  by th e  f i n i t e  elem ent method.
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From Table 1 and th e  geometry o f  the  mechanism, i t  

i s  c l e a r  t h a t  th e  two p in  j o i n t s  f o r  the  in p u t  and o u tp u t  

s h a f t s  w i l l  pe rm it  r o t a t i o n  only f o r  the  nodal d i s p l a c e ­

ments a t  th o se  j o i n t s .  The j o i n t s  a t  the  o th e r  ends o f  the  

in p u t  and o u tp u t  l in k s  (where they  a re  connected  to  the  

f l e x i b l e  co u p le r)  can be looked a t  as f ix e d  j o i n t s  w ith  

r e s p e c t  to  the  c o u p le r .  However, th e  motion o f  th e se  

l in k s  r e l a t i v e  to  th e  frame o f  the  mechanism causes th e se  

j o i n t s  (o r  nodes 2 and 6) to  move r e l a t i v e  to  th e  ground, 

thus they  have a l l  th r e e  nodal d isp lac em e n ts .  The t o t a l  

o f  17 noda l d isp lacem en ts  as d e p ic te d  in  F igu re  15, q j  to  

q i 7 , a re  r e q u i r e d  a t  7 nodal p o in ts  f o r  the  a n a ly s i s  o f  

the  mechanism. I f  any e x te r n a l  lo ad  i s  a p p l ie d  on the  

mechanism, and i t  happens t h a t  the  p o in t  o f  a p p l i c a t io n  

i s  n o t  one o f  th e  7 nodal p o i n t s ,  then  an a d d i t i o n a l  nodal 

p o in t  and d isp lacem en ts  a re  s e l e c te d  a t  th e  a p p l i c a t io n  

p o in t  o f  the  load .

The p h y s ic a l  dimensions o f  th e  mechanism and the  beam 

elem ents a re  in c lu d e d  in  F igu re  15. The f l e x i b l e  s t r i p  i s  

0 .5  inch  wide and i s  0.005 inch  t h i c k .  A ll  th e  l in k s  o f  

the  mechanism a re  assumed to  be o f  s t e e l  f o r  which the  

e l a s t i c  modulus, E i s  30 x 10® p s i .  The mechanism i s  

analyzed  to  g ive th e  d isp lacem en t <J> o f  the  o u tp u t  s h a f t ,  

fo r  a g iven  d isp lacem en t o f  th e  in p u t  s h a f t  0. The r e l a ­

t io n  between the  d isp lacem en ts  8 and (j> i s  d e p ic te d  in  

F igu re  16, where the  in p u t  s h a f t  i s  d is p la c e d  in  increm ents
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o f  3 degrees to  a maximum r o t a t i o n  o f  45 d e g re es .  A lso , 

v a r i a t i o n  o f  the  in p u t  to rq u e  T2 , and th e  bending s t r e s s  

in  the  c o u p le r  o^ , as a fu n c t io n  o f  the  in p u t  s h a f t  r o t a ­

t i o n  0, i s  d e p ic te d .  I t  i s  i n t e r e s t i n g  to  n o t ic e  t h a t  

the  in p u t  to rq u e  T2 reaches a peak o f  0.124 i n - l b s .  and 

i t s  magnitude d ec rease s  f o r  f u r t h e r  r o t a t i o n  o f  th e  in p u t  

s h a f t .  The bending  s t r e s s  i s  the  s t r e s s  a t  the  noda l 

p o in t  6 on the  co u p le r  n e a r  the  o u tp u t  l i n k .  The maximum 

s t r e s s  o f  115,000 p s i  i s  reached  which i s  s t i l l  w i th in  

th e  e l a s t i c  l i m i t  o f  s p r in g  s t e e l .  The bending  s t r e s s  

can be c a l c u l a t e d  on ly  a t  th e  nodal p o i n t s .  There a re  

ways to  f in d  the  maximum s t r e s s  i f  i t  occurs  in  between 

the  two nodal p o in ts  bu t  th e  p re s e n t  a n a ly s i s  p rocedure  

does n o t  account f o r  t h i s .

The r e l a t i o n  between 0 and $ f o r  the  e q u iv a le n t  p in  

j o i n t  l in k a g e  (where two f ix e d  j o i n t s  a re  r e p la c e d  by 

p in  j o i n t s  a t  nodes 2 and 6) w ith  r i g i d  l in k s  i s  a ls o  

shown in  F igure  16 f o r  purposes  o f  com parison. As a 

r e s u l t  o f  th e  f ix e d  j o i n t s  and th e  f l e x i b l e  c o u p le r ,  the  

o u tp u t  l i n k  r o t a t e s  7.27 degrees more than  the  e q u iv a le n t  

p in  j o i n t  l in k a g e .

The d e f l e c t e d  shapes o f  th e  f l e x i b l e  co u p le r  as the  

mechanism r o t a t e s  a re  d e p ic te d  in  F igu re  17. I t  sho u ld  be 

p o in te d  ou t t h a t  noda l p o in ts  2 and 6 o f  the  c o u p le r ,  

which a lso  be long  to  the  r i g i d  in p u t  and o u tp u t l in k s  

r e s p e c t iv e ly ,  do n o t  fo llo w  the  r i g i d  l in k  m otion. This
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e r r o r  cou ld  be due to  th e  t r u n c a t io n  e r r o r  which can be 

minimized by ta k in g  sm a lle r  increm ents  o r  by double 

p r e c i s io n  m an ip u la tio n  on th e  computer. In the  su b se ­

quent s e c t i o n s ,  the  method w i l l  be a p p lie d  to  the  a n a ly s i s  

o f  the  mechanisms w ith  two f l e x i b l e  members.

4 .2 Two F le x ib le  Members - R ig id  Coupler Supported  on 

Two F le x ib le  Inpu t and Output L in k s .

A hammer guide s p r in g  mechanism, as shown in  F igu re  

3 o f  C hapter 1, i s  s e l e c te d  as an i l l u s t r a t i v e  example 

to  dem onstra te  the  a n a ly s i s  method on the  f l e x i b l e  l in k  

mechanism having  2 l in k s  which are  f l e x i b l e .  The mechanism 

i s  composed o f  a " r i g i d "  p l a s t i c  co u p le r  mounted on two 

f l e x i b l e  in p u t  and o u tp u t  l in k s  o f  eq u a l  l e n g th .  The 

f l e x i b l e  l in k s  a re  0.006 inch  th ic k  and 0.060 inch  wide.

One end o f  each l i n k  i s  molded in  a p l a s t i c  co u p le r  and 

the  o th e r  end i s  f i rm ly  f ix e d  to  the  ground as d e p ic te d  

in  F igu re  18. The co u p le r  i s  guided on the  f l e x i b l e  

l in k s  d u r in g  i t s  forw ard and r e t u r n  m otion.

The c o u p le r ,  be in g  r i g i d ,  w i l l  be assumed to  have 

only 1 e lem en t. Each o f  the  two f l e x i b l e  l in k s  are  

d iv id e d  i n to  6 e lem en ts .  The t o t a l  o f  13 e lem ents and 36 

nodal d isp lacem en ts  a t  12 noda l p o in ts  a re  d e p ic te d  in  

F igure  18. The p h y s ic a l  dimensions and e l a s t i c  modulus 

o f  th e  l in k s  a re  a ls o  in c lu d ed  in  th e  f i g u r e .
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The f l e x i b l e  in p u t  and o u tp u t  l i n k  mechanism was 

analyzed  by the  p r e s e n t  a n a ly s i s  method f o r  a h o r i z o n ta l  

in p u t  d isp lacem ent (6V o r  q , e) .  For t h i s  a n a l y s i s ,  6X l b  X

was increm ented  by 0.010 inch  up to  a maximum d i s p l a c e ­

ment o f  0.450 in c h ,  which i s  a lm ost h a l f  the  le n g th  o f  

the  f l e x i b l e  l i n k s .  The d e f l e c t e d  shapes o f  the  

mechanism f o r  the  d isp lacem en ts  o f  0 .100 , 0.300 and 0.450 

inch  in  6 a re  p l o t t e d  in  F igu re  19. The ex p er im en ta lX
r e s u l t s  a re  a ls o  in c lu d ed  in  the  same f ig u r e  f o r  com pari­

son .

The a n a l y t i c a l  r e s u l t s  by th e  f i n i t e  e lem ent method 

compare e x c e l l e n t l y  to  th e  ex p erim en ta l  r e s u l t s .  I t  can 

be n o t ic e d  t h a t  th e  h e ig h t  o f  th e  c o u p le r  d ec rease s  as 

the  mechanism i s  d is p la c e d  h o r i z o n t a l l y .  The fo l lo w in g  

two major co n c lu s io n s  can be d e r iv e d  from th e  r e s u l t s :

A. From the  a n a l y t i c a l  r e s u l t s  i t  was observed  

t h a t  th e  c o u p le r  r o t a t e s  c lockw ise  as i t  i s  

d is p la c e d  h o r i z o n t a l l y .  This r o t a t i o n  o f  the  

c o u p le r  induces t e n s i l e  fo rc e s  in  th e  in p u t  

l in k  and com pressive fo rc e s  in  th e  o u tp u t  l in k .  

The com pressive fo rc e s  a re  n o t  l a r g e  enough to  

buck le  th e  beam, so th e s e  r e s u l t s  were in c lu d ed  

even though the  assum ption o f  t e n s i l e  fo rc e  in  

a f l e x i b l e  l in k  was v i o l a t e d .  I t  i s  th e  la rg e  

d isp lacem en t a s s o c ia t e d  w ith  th e  p o s t -b u c k l in g
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phenomenon t h a t  i s  n o t  s u c c e s s f u l ly  hand led  

by the  p r e s e n t  a n a ly s i s  method. The f i n i t e  

elem ent method i s  capable  o f  an a ly z in g  the  

b u c k lin g  problem  b u t  m o d if ic a t io n  o f  the  

p r e s e n t  p rocedure  would be re q u i r e d .

B. In a n a ly s i s  by the  f i n i t e  elem ent method, the  

s t i f f n e s s  o f  th e  beam (El) i s  a ss ig n e d  to  i t s  

n e u t r a l  ax is  and the  th ic k n e s s  o f  th e  beam does 

n o t  e n t e r  in to  th e  a n a ly s i s .  Normally th e  nodal 

p o in ts  a re  s e l e c te d  on the  n e u t r a l  a x is  o f  any 

beam. For the  f l e x i b l e  l in k  mechanism o f  F igure  

18, the  s t i f f n e s s  r a t i o  o f  th e  co u p le r  to  the  

f l e x i b l e  l in k  i s  h ig h ,  so th e  f l e x i b l e  l in k  w i l l  

d e f l e c t  a t  th e  lower edge o f  th e  c o u p le r .  T here­

f o r e ,  th e  nodal p o in ts  a re  s e l e c te d  a t  th e  lower 

edge. I t  was a ls o  n o ted  t h a t  th e  lo c a t io n  o f  

th e  noda l p o in ts  a t  o r  between the  lower edge 

and th e  n e u t r a l  ax is  o f  the  c o u p le r  changes the  

fo rc e  v s .  d isp lacem en t r e l a t i o n  o f  the  mechanism 

b u t  does n o t  a f f e c t  th e  d isp lacem en t v s .  d i s ­

p lacem ent r e l a t i o n  ( d e f l e c t e d  s h a p e s ) . The b e s t  

p r e d i c t i o n  o f  fo rc e s  would come w ith  nodes 

lo c a te d  a t  0.019 inch  above th e  lower edge o f  the  

c o u p le r .
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4 .3  Two F le x ib le  Members - F le x ib le  Members as F le x u ra l

J o i n t s .

A second f l e x i b l e  l in k  mechanism w ith  two f l e x i b l e  

members w i l l  now be an a lyzed . In  t h i s  type o f  l in k a g e ,  

f l e x u r a l  j o i n t s  a re  f l e x i b l e  members. Such a mechanism i s  

d e p ic te d  in  F igu re  20, which can be co n s id e re d  as th re e  

r i g i d  l in k s  connected  by two f l e x i b l e  members. I t  i s  

th e se  two f l e x i b l e  members which d e f l e c t  when mechanism 

i s  moved.

The mechanism o f  F igure  20 i s  a one p ie c e  p a r t  which

can be made in  a s in g le  punch o p e ra t io n ,  th e reb y  red uc ing

m anufac tu ring  c o s t .  This makes th e  one p ie c e  mechanism 

o f  g r e a t e r  i n t e r e s t  to  e n g in e e r s .  A l t e r n a t e l y ,  th re e  

r i g i d  l in k s  and two f l e x i b l e  l in k s  cou ld  be made s e p a r ­

a t e ly  and bonded to g e th e r .  S im i la r ly  the  o th e r  two 

mechanisms s tu d ie d  in  t h i s  c h a p te r  cou ld  a ls o  be produced

from a s in g le  p a r t  i f  so d e s i r e d .

Each f l e x i b l e  member o f  the  mechanism in  F igure  20 

i s  d iv id e d  i n to  2 e lem ents and 1 elem ent i s  assumed fo r  

the  r i g i d  l i n k s .  T h e re fo re ,  a t o t a l  o f  7 beam elem ents 

w i th  20 nodal d isp lacem en ts  a t  8 nodal p o in ts  as shown in  

F igu re  20 a re  r e q u i r e d  to  model t h i s  f l e x u r a l  j o i n t  

mechanism. The f l e x i b l e  members a re  o f  0.020 inch  t h i c k ­

n ess  and the  r i g i d  l in k s  a re  o f  0.400 inch  th ic k n e s s .

The mechanism i s  ana lyzed  to  de term ine  the  r e l a t i o n  

between the  in p u t  and th e  o u tp u t  l in k  r o t a t i o n s  which a re
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d e p ic te d  in  F igure  21 w ith  the  v a r i a t i o n  o f  in p u t  to rque  

and bending  s t r e s s .  The bending s t r e s s  i s  the  maximum 

among the  s t r e s s e s  a t  th e  nodal p o in ts  2 to  7. The 

in p u t  l in k  (9) i s  r o t a t e d  to  a maximum r o t a t i o n  o f  

36.825 degrees in  10 increm ents  f o r  which the  o u tp u t 

l in k  (<{>) r o t a t e s  by 38.85 degrees and a d r iv in g  to rq u e  

T2 o f  0.272 i n - l b s .  i s  r e q u i r e d .

The r e s u l t s  o f  the  f l e x u r a l  j o i n t  mechanism, F igure  

21, a re  s i m i l a r  to  the  r e s u l t s  o f  the  f l e x i b l e  co u p le r  

mechanism, F igu re  16. In bo th  p rob lem s, the  in p u t  l in k  

(0) r o t a t e s  w ith  an increm ent ang le  o f  3 degrees o r  more 

which g ives l e s s  th an  15 in c rem en ts .  In  l i g h t  o f  the  

convergence s tu dy  on th e  r e s u l t s  o f  th e  c a n t i l e v e r  beam 

(F igu re  11 o f  Chapter 3) i t  cou ld  be concluded t h a t  

a n a ly s i s  w ith  l e s s  than  15 increm ents  i s  m arg inal and 

w i l l  c o n t r ib u te  some e r r o r  to  the  r e s u l t s ,  which can be 

reduced by ta k in g  s m a l le r  increm ents  in  th e  in p u t  r o t a ­

t io n .

I t  was concluded in  the  p rev io u s  s e c t i o n  t h a t  a 

h igh  s t i f f n e s s  r a t i o  o f  the  r i g i d  l in k  to  th e  f l e x i b l e  

l in k  can a f f e c t  the  lo c a t io n  o f  th e  nod a l  p o in t .  A lso , 

the  f i l l e t  r a d iu s  n e a r  the  nodal p o in ts  .2 and 7 w i l l  

change the  f l e x i b i l i t y  o f  f l e x u r a l  j o i n t .  A s e p a r a te  

d e t a i l e d  i n v e s t i g a t i o n  o f  th e  s tu d y  o f  f l e x u r a l  j o i n t s



(IN-LB) (PSI) 

xlO'3 xi-10 

280 -

(DEG)

240

200

160

120 15

FLEXIBLE LINK MECHANISM

EQUIVALENT PIN JOINT 
LINKAGE40

30 6, DEG0 10 20

F igure  21. R e su l ts  o f  th e  F le x u ra l  J o i n t  Mechanism A nalysis



66

w ith  c o n s id e ra t io n  to  the  s t i f f n e s s  r a t i o ,  design  o f  the  

j o i n t s ,  e t c .  w i l l  be d e s i r a b le  f o r  the a c c u ra te  modeling 

o f  f l e x i b l e  l in k  mechanisms.



CHAPTER V 

OPTIMIZATION METHODS IN THE 

SYNTHESIS OF MECHANISMS

5.1 I n t r o d u c t io n

T r a d i t i o n a l l y  d e s ig n e rs  and k in e m a t ic ia n s  have 

sy n th e s i z e d  th e  p i n - j o i n t e d  l in k a g e s  by c l a s s i c a l  or  

d i r e c t  methods.  In  r e c e n t  y e a r s  i n d i r e c t  methods have 

been developed and have been a p p l i e d  to  the  mechanism 

s y n t h e s i s  problem. I n d i r e c t  methods a re  based  on the  

o p t im iz a t io n  method, which evolved  from s t r u c t u r a l  

e n g in e e r in g .  O p t im iza t io n  methods a re  w e l l  accep ted  

i n  s t r u c t u r a l ,  c o n t r o l  and aerospace  e n g in e e r in g  and 

a re  s lowly  becoming p o p u la r  in  the  mechanica l  e n g in e e r ­

ing  f i e l d .

Survey a r t i c l e s  by Wasiu tynski  and B ran t  [45] cover 

developments i n  optimum des ign  up to  1963 and Sheu and 

P rage r  [46] cover  the  developments up to  1968. Two 

r e c e n t  a r t i c l e s  by P ra g e r  [47] and S e i r e g  [48] update  

the  advancement i n  s t r u c t u r a l  and mechanica l  d e s ig n .

The su rvey  a r t i c l e s  by Fox and Gupta [49] and

Sallam and Lindholm [50] in c lu d e  the  r e f e r e n c e s  o f  the

d i r e c t  methods and the  i n d i r e c t  methods p e r t a i n i n g  to
67
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mechanism des ign .  Fox and Gupta cover  i n  b r i e f  the  

g e n e ra l  fo rm u la t io n  f o r  a des ign  problem r e l e v a n t  to  

k inem at ic  s y n t h e s i s .  No a t tem p ts  w i l l  be made to  dup­

l i c a t e  the  e f f o r t s  o f  Fox and Sallam b u t  a b r i e f  review 

w i l l  be covered  in  t h i s  s e c t i o n .

The o p t im i z a t i o n  method, which i s  a l s o  r e f e r r e d  to  

as the  mathematica l  o r  n o n l in e a r  programming method, i s  

f u r t h e r  d iv id e d  i n t o  two c a t e g o r i e s :  ( 1 ) u n c o n s t r a in e d

m in im iza t ion  and (2) c o n s t r a in e d  m in im iza t ion .  The 

p r e s e n t  i n v e s t i g a t i o n  w i l l  be l i m i t e d  to  the  u n c o n s t ra in e d  

m in im iza t ion  on ly .

The u n i v a r i a t e  method was the  f i r s t  method used f o r  

u n c o n s t r a in e d  m in im iza t ion .  The a lg o r i th m  by Timko [52] 

was based  on the  u n i v a r i a t e  method in  which one v a r i a b l e  

a t  a time i s  changed and th e  fu n c t io n  g e n e r a t io n  problem 

was a t tem pted  by a l e a s t  e r r o r - s q u a r e d  f i t .  The a lg o r i th m  

was n o t  e f f i c i e n t  b u t  the  o p t im iz a t io n  method was w e l l  

dem ons tra ted .  Levenberg 's  damped l e a s t  squa re  method [51] 

was employed by Lewis e t  a l  [53-55] f o r  a s y n t h e s i s  p r o b ­

lem in v o lv in g  p l a n a r  curve g e n e r a t i o n ,  h i g h e r  o rd e r  k i n e ­

m at ic  d e s ig n ,  and m u l t i p l e  in p u t  mechanisms. Yeh [56] and 

Mansour and Osman [57] a l s o  fo l lowed th e  l e a s t  square  

method f o r  s t a t i c  fo rc e  mechanism des ign  and c ou p le r  curve 

g e n e r a t io n  prob lem s,  r e s p e c t i v e l y .  E f f i c i e n t  a lgo r i thm s  

were developed f o r  the  l e a s t  square  method by Marquardt 

[58] and Powell [59] .
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The random -grad ien t  method, which i s  a m o d i f i c a ­

t i o n  o f  Brooks'  [60] method, was a p p l i e d  by Tomas [61,

62] .  Tomas d id  an e x c e l l e n t  job o f  fo rm u la t in g  a mech­

anism s y n t h e s i s  problem i n t o  an o p t im iz a t io n  problem. A 

g en era l  fo rm ula t ion  was s u f f i c i e n t  f o r  the  s y n t h e s i s  o f  

l in k a g es  f o r  c o u p le r  curve g e n e r a t io n  and f u n c t i o n  genera ­

t i o n  problems.  A random se a rc h  procedure  was p o p u la r  w i th  

G a r r e t t  and H a l l  [63] .  A l i b r a r y  o f  four  b a r  l i n k a g e s ,  

g e n e ra ted  from the  random numbers, were s t o r e d  on t ap e .  

This tape  was then  sea rc h ed  f o r  the  d e s i r e d  fu n c t io n  

g e n e ra t io n  and a sm al l  number o f  good des igns  were s e l e c t ­

ed.  A su b s e t  o f  random l in k a g e s  were g e n e ra te d  around 

th ese  to  f i n d  the  optimum d e s ign .  Eschenback and Tesar  

[64] fo l lowed s i m i l a r  random se a rc h  t ec hn iq ue  f o r  g e n e r a l ­

i z e d  coup le r  p o s i t i o n s  des ign  o f  l in k a g e s .

Rosenbrock 's  r o t a t i n g  c o o rd in a te  method [65] was 

a p p l i e d  by Lakshminarayana and Narayanamurthi  [6 6 ] to  

sy n th e s i z e  a s e v e n - l i n k ,  two degrees  o f  freedom mechanism 

from p r e c i s i o n  p o in t  eq u a t io n s  i n  which the  s t a r t i n g  p o in t  

was s e l e c t e d  from a b r i e f  random s e a r c h .  S r i d h a r  and 

Torfason [67] used th e  same method to  op t im ize  a des ign  o f  

s p h e r i c a l  fo u r  b a r  l in k a g e s  f o r  a p a th  g e n e r a t io n  problem. 

M uel le r  and Osman [6 8 ] a l s o  fo l lowed the  r o t a t i n g  coord­

i n a t e  method f o r  the  s y n t h e s i s  o f  a p l a n a r  mechanism f o r  

c o u p le r  curve g e n e r a t io n .
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The s t e e p e s t  d e scen t  method [69] was used by T u l l  

and Lewis [70] f o r  space curve g e n e ra t io n  and by Rees 

Jones and Rooney [71] f o r  p l a n a r  curve g e n e ra t io n .

Kugath [72] made a comparat ive  s tudy  o f  u n i v a r i a t e ,  

random, and p a t t e r n  s e a r c h ,  and s t e e p e s t  d e scen t  methods 

on fo u r  and s i x  b a r  l ink a g es  f o r  f u n c t io n  g e n e r a t io n .

Combinations o f  g r a d i e n t  and r e l a x a t i o n  methods 

were a p p l i e d  by Nechi [73] f o r  p l a n a r  curve g e n e r a t io n .  

Dimarogonas, e t  a l  [74] sy n th e s i z e d  geared N-bar l in k ag es  

w ith  the  h e lp  o f  th e  Monte Carlo  o p t im iz a t io n  tec h n iqu e ,  

in  which th e  number o f  des ign  v a r i a b l e s  were op t im ized  

f i r s t  u n t i l  b e t t e r  c h a r a c t e r i s t i c s  f o r  a s t a r t i n g  p o in t  

were o b ta in e d .  Bagci [75] a p p l i e d  th e  Lagrange m u l t i ­

p l i e r  f o r  g e n e ra t io n  o f  c o n s t r a i n e d  and u n c o n s t ra in ed  

screws o f  the  space mechanism.

References  so f a r  in c lu d e  a p p l i c a t i o n  o f  des ign  

c o n s t r a i n t s  e x t e r n a l l y ,  which means the  param eters  are  

checked f o r  v i o l a t i o n  o f  c o n s t r a i n t s  a t  the  beg inn ing  o f  

each i t e r a t i o n  s t e p .  Fox and Wil lmert  [78] fo rm ula ted  

the  c o n s t r a i n t s  i n t e r n a l l y  r i g h t  i n  the  o b j e c t i v e  fu n c ­

t i o n  f o r  the  s y n t h e s i s  o f  p l a n a r  curve g e n e ra t in g  l i n k a g e s .  

Faicco-McCormick's  s e q u e n t i a l  u n c o n s t r a in e d  m in im iza t ion  

(SUMT) [81] was fo l lowed f o r  the  s o l u t i o n ,  b u t  the  p r o ­

cedure was found u n s a t i s f a c t o r y  f o r  s y n t h e s i s  o f  four  

b a r  l i n k a g e s .  The m odif ied  SUMT procedure  was developed 

and a p p l i e d  s a t i s f a c t o r i l y  in  [79] ,  F l e t c h e r  and P o w e l l ' s
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v a r i a b l e  m e t r ic  method [77] was used to  minimize the  

u n c o n s t r a in e d  o b j e c t i v e  f u n c t io n .  Fox and W illmert  

d e r iv e d  th e  n e cessa ry  g r a d ie n t  e x p re s s io n  f o r  the  fo u r  

b a r  w hi le  Moore [83] used the  n u m er ica l ly  computed g r a ­

d i e n t s  as sugg es ted  by S tew ar t  [85] and a p p l i e d  to  the  

o r i g i n a l  v a r i a b l e  m e t r ic  method o f  Bavidon [76] .

T r a n q u i l l a  [84] a l s o  fo l low ed the SUMT procedure  to  

des ign  f o u r - b a r  l in k a g e s  f o r  s p e c i f i e d  extremes o f  

co u p le r  cu rv es .  R ece n t ly ,  Wil lmert  and Fox [80] used 

the  o p t im iz a t io n  method fo r  the  shock i s o l a t i o n  system, 

where the  topology o f  a system, in  a l i m i t e d  se n se ,  was 

a t t em p ted  by o p t im iz in g  the  number o f  e lements i n  the  

system.

Among the  many methods developed f o r  u n c o n s t ra in e d  

m in im iz a t io n ,  a few a re  worth m ent ion ing ,  even though 

they  d id  n o t  f i n d  a p p l i c a t i o n  in  the  mechanism f i e l d .

They a r e :  (1) the  con juga te  g r a d ie n t s  method o f  F l e t c h e r

and Reeves [ 8 6 ] ,  and Powell  [87] ,  and (2) th e  rank one 

method o f  Powell [ 8 8 ] .  The com puta t iona l  a lgo r i thm s  f o r  

most o f  the  methods covered so f a r  and the  many more f o r  

s o lv i n g  u n c o n s t r a in e d  and c o n s t r a in e d  o p t im iz a t io n  problems 

a re  in c lu d ed  by Mangasrian [89] .

5 .2  Formulat ion  o f  Equat ions  f o r  th e  O p t im iza t io n  Method

The fo rm u la t io n  o f  e q u a t io ns  f o r  a k in em at ic  s y n t h e s i s  

problem, as a m athem atica l  programming problem, w i l l  be
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p r e s e n te d  b e fo re  th e  e x p la n a t io n  o f  the  o p t im iz a t io n  

method.

In  g e n e r a l ,  the  mathematica l  programming problem i s  

as fo l lo w s :

Let  the  given fu n c t io n  to  be minimized be e x p re ssed  

as

F({d}T) = F ( d lf dn ) (42)

where d j ,  dR a re  the  n components o f  the  unknown n

dimensional  v e c to r  {d}. Func t ion  F({d} ) may o r  may no t  

be s u b j e c t e d  to  c o n s t r a i n t s .  In any c a se ,  dur ing  the  

o p t im iz a t io n  p r o c e s s ,  the components o f  {d> are  sea rched  

in  such a way t h a t  F({d} ) i s  d r iv e n  to i t s  minimum.

For a des ign  problem, F({d} ) i s  r e f e r r e d  to  as the  

o b j e c t i v e  f u n c t io n .  Components d x, . . . ,  dn a re  r e f e r r e d  

to  as design  v a r i a b l e s .  The o b j e c t i v e  fu n c t io n  could  be 

a we igh t  fu n c t io n  f o r  a s t r u c t u r a l  des ign  o r  a c o s t  fu n c ­

t io n  f o r  a m anufac tu r ing  p r o c e s s .  For a l in k a g e  des ig n ,  

the o b j e c t i v e  fu n c t io n  w i l l  be an e r r o r  f u n c t io n .

Let  the  f u n c t io n  f o r  th e  s y n t h e s i s  b e :

<t> = f  (0) (43)

and th e  gen e ra ted  fu n c t io n  by the  l in k a g e  b e :

<J>g = g ( 0 , { d ) T) (44)

as d e p ic te d  i n  F igure  22, where 0 i s  the  in p u t  and <p i s  

the  o u tp u t  r o t a t i o n  o f  f l e x i b l e  l i n k  mechanism. The com­

ponents  o f  {d} a re  th e  des ign  v a r i a b l e s  such as th e  l en g th
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and s t i f f n e s s  o f  the  l i n k s ,  the  i n i t i a l  p o s i t i o n  o f  the  

l in k a g e ,  e t c .  the  o b j e c t i v e  o f  the  k in em at ic  s y n t h e s i s  

i s  to  gen e ra te  (j» as c lo s e  as p o s s i b l e  to fu n c t io n  f ( 0) .
o

The e r r o r  (which lea d s  to  the  o b j e c t i v e  f u n c t io n )  i s  

th e  d i f f e r e n c e  between th e  two curves as shown i n  F igure  

22. This d i f f e r e n c e  can be e x p re ssed  i n  many ways to  give 

d i f f e r e n t  o b j e c t i v e  o r  c r i t e r i a  f u n c t i o n s ,  t h r e e  o f  which 

a re  shown i n  Equations (45) ,  (46 ) ,  and (4 7 ) ,  as fo l lo w s :

F ((d}T) = E = S I f  (0 -) - g (0 • , (d}T) I (4 5 )A i = i  1 i  1 I

where E^ i s  the  sum o f  th e  a b so lu te  v a lues  o f  the  e r r o r

curve cumulated a t  ' s '  number o f  p o i n t s .  This i s  an

approximat ion  o f  the  a b s o lu te  a re a  o f  the  e r r o r  curve .

F({d}T) = Em = max | f ( 0t ) - g(©i , (d > T) I
i

( i = l ,  s)  (46)

Where E„ i s  the  maximum va lue  o f  the  e r r o r  curve .M

F({d}T) = ER = J |  [ f ( 0 i ) - g ( 0 i ,{ d } T) ] 2 (47)

Where ER i s  the  root-mean square  va lue  o f  the  e r r o r  a t  

' s '  number o f  p o i n t s .

In  the  above fo rm u la t io n ,  the  d e s i r e d  and g e n e ra te d  

fu n c t io n s  a re  assumed to  be f o r  th e  s y n t h e s i s  o f  a l in k ag e
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f o r  a fu n c t io n  g e n e ra t io n  problem. The d e s i r e d  fu n c ­

t i o n  cou ld  as w e l l  be a cou p le r  curve ex p re ssed  in  

p o l a r  c o o r d i n a t e s ,  o r  x o r  y c o o r d i n a t e s ,  o r  combined 

x and y c o o r d i n a te s .  T h e r e fo r e ,  i t  shou ld  be p o in te d  

out  t h a t  the  above fo rm u la t io n  i s  v a l i d  even f o r  a 

co u p le r  curve g e n e r a t io n  problem. But ,  i n  the  p r e s e n t  

i n v e s t i g a t i o n ,  on ly  the  fu n c t io n  g e n e ra t io n  problem 

w i l l  be a t tem pted .

DESIRED - f ( 6 )

GENERATED - g ( e , { d K )

ERROR

0

Figure  22. D e s i red  and Genera ted Funct ions
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S i m i l a r l y ,  any one o f  the  o b j e c t i v e  f u n c t i o n s ,  Equa­

t i o n s  (45) to  (47 ) ,  can be minimized under d e s ig n  con­

s t r a i n t s  such a s : a l i m i t a t i o n  on the  l e n g th  o f  the

l i n k s ,  l i m i t a t i o n  on the l o c a t i o n  o f  the  i n p u t  and ou tpu t  

s h a f t s ,  l i m i t a t i o n  on s t r e s s ,  e t c .  However, f o r  the  

p r e s e n t  i n v e s t i g a t i o n ,  des ign  c o n s t r a i n t s  w i l l  n o t  be 

in c lu ded .

5 .3  V a r ia b le  M et r ic  Method

The v a r i a b l e  m e t r ic  method i s  s e l e c t e d  as th e  o p t i ­

m iza t io n  method f o r  the  s y n t h e s i s  o f  the  f l e x i b l e  l i n k  

mechanisms o f  t h i s  d i s s e r t a t i o n .  The v a r i a b l e  m e t r ic  

method was o r i g i n a l l y  developed by Davidon [76] and 

improved by F l e t c h e r  and Powell [77] .  The method r e ­

q u i r e s  the  f i r s t  p a r t i a l  d e r i v a t i v e  o f  th e  o b j e c t i v e  

f u n c t io n .  These d e r i v a t i v e s  ( g r a d i e n t s )  w i l l  be 

im poss ib le  to  expre ss  in  a c lo s e d  form f o r  a f l e x i b l e  

l i n k  mechanism. T h e re fo re ,  the  g r a d i e n t s  a re  approx­

imated by d i f f e r e n c e  q u o t i e n t s  acco rd ing  to  S t e w a r t ' s  

techn ique  [85] .

The i t e r a t i o n  procedure  f o r  converging to  the  

optimum des ign  by the  v a r i a b l e  m e t r ic  method i s  d e p ic te d  

i n  the  flow diagram o f  F igure  23. The major  s t e p s  o f  

which a re  as fo l lo w s :

A. The i t e r a t i o n  s t a r t s  w i th  the  i n i t i a l  va lue  o f  

des ign  v a r i a b l e s ,  {dQ}.
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B. At the  minimum p o i n t  the  f i r s t  p a r t i a l  d e r i v a ­

t i v e  o f  the  o b j e c t i v e  f u n c t io n  w i l l  be zero  and 

the  m a t r ix  o f  the  second p a r t i a l  d e r i v a t i v e  w i l l  

be p o s i t i v e  d e f i n i t e .  This m a t r ix  i s  r e f e r r e d  

to as the  Hess ian  m a t r ix .  Proper  e s t i m a t i o n  o f  

the  Hessian m a t r ix  lea d s  th e  method w i th  r a p i d  

convergence to  the  optimum p o in t  b u t  i t s  e v a lu a ­

t i o n  i s  d i f f i c u l t  f o r  most o f  the  p rob lem s.  The 

b a s i s  o f  the  v a r i a b l e  m e t r ic  method i s  to  r e ­

p la c e  the  Hess ian  m a t r ix  by an approximate  m a t r ix  

[Hq ] .  At the  end o f  each i t e r a t i o n  s t e p ,  [Hq ] i s  

improved which e v e n tu a l ly  lead s  to  convergence

of  the  lo c a l  Hess ian  m a t r ix  a t  the  minimum p o i n t .

At th e  beg inn ing  o f  th e  i t e r a t i o n  cyc le  [H ] i s
4

i n i t i a l i z e d  t o  the  i d e n t i t y  m a t r ix  a s :

[Hq ] = [ I ]  (48)

where [I]  i s  the  i d e n t i t y  m a t r ix .

C. The components g r a d ie n t s  ( th e  {G } o f  the  ob jec -
H

t i v e  fu n c t io n )  a t  th e  i n i t i a l  p o i n t  are  e v a lu a te d  

by:

F(d .+Ad.) - F ( d . )
Gi  - ■ ■' ' Ad-----  <49’

( i =1 , . • • ,  n) 

where Ad^ i s  the  g iven  i n i t i a l  increment  i n  d^,
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D. The d i r e c t i o n  o f  l i n e  {S }, a long which the

4
m in im iza t ion  w i l l  be s e a rc h e d ,  i s  s e t  by:

{Sq > = - [Hq ] {Gq > (50)

TE. The f u n c t io n  F ( f d q+1} ) i s  e v a lu a t e d  a t  t h r e e

p o i n t s  a long th e  l i n e  whose eq ua t io n  i s :

<Vl> = 'V  + “q <Y <51’
where aq i s  the  increment  a long the  l i n e .

With the  he lp  o f  q u a d r a t i c  i n t e r p o l a t i o n ,  a* i sH
de termined  a t  which th e  fu n c t io n  F ({d}+a*{S })

H H
w i l l  be minimum. A new minimum p o i n t ,  {dq+j J  can

be e v a lu a t e d  from Equation (51) and a*.
H

F. Convergence o f  {dq+^} to  {dq } i s  checked based

on the  d e s i r e d  accu racy .  I f  the  t e s t  i s  s a t i s ­

f a c t o r y ,  the  i t e r a t i o n  cycle  t e r m in a t e s .  I f  i t  

i s  n o t  s a t i s f a c t o r y ,  then  [Hq ] i s  improved and 

th e  cy c le  i s  r e p e a te d  u n t i l  the  convergence i s  

ach ieved .

G. Before  computing the  g r a d i e n t s  are

e v a l u a t e d  a t  th e  new p o i n t  fdq+^}. T^e g r a d i e n t  

components a re  computed from Equat ion  (50) b u t  

the  increments  i n  tdq+1>, {Adq+1>, a re  now 

de termined  based  on s p e c i a l  tech n iqu es  developed 

by S tew ar t  [87 ] .  S tew art  developed an a lgo r i thm



which accounts  f o r  the  accuracy to  which a fu n c ­

t io n  i s  computed and the  t r u n c a t i o n  e r r o r  o f  the  

machine. This a lg o r i th m  was used f o r  de te rm in ing  

the  increment s i z e  which i s  ve ry  c r u c i a l  f o r  

a cc u ra te  e v a lu a t io n  o f  the  g r a d i e n t  components.

H. £Hq+i!l i s  computed as fo l low s:

The cyc le  i s  r e p e a t e d  from s t e p  D.

The v a r i a b l e  m e t r ic  method has proven to  be r a p i d  in  

convergence and i t  p o sses se s  good s t a b i l i t y ;  s t a b i l i t y  in  

th e  sense  t h a t  i t  r e q u i r e s  very  l i t t l e  s p e c i a l  a t t e n t i o n  

f o r  the p ro g re s s  o f  the  m in im iza t ion  procedure  even f o r  a 

h ig h ly  d i s t o r t e d  and e c c e n t r i c  f u n c t i o n .  I t  i s  th e  most 

g e n e ra l  method f o r  f i n d in g  the l o c a l  minimum o f  an o b j e c ­

t i v e  fu n c t io n  f o r  an u n c o n s t r a in e d  m in im iza t ion .

r>Vi] * [y + [y * ty (52)

where

(53)

(54)

and

(55)



The su b ro u t in e  DMIN2 in  Appendix A, i s  the  program 

f o r  the  flow diagram o f  F igure  23. The s u b ro u t in e  FX4BAR 

i s  c a l l e d  whenever e v a l u a t i o n  o f  th e  o b j e c t i v e  f u n c t io n  

i s  r e q u i r e d  in  DMIN2. The o b j e c t i v e  fu n c t io n  (Equation 

(45 ) ,  (46) or  (47))  i s  i n c lu d ed  in  FX4BAR. The su b ro u t in e  

INITPM performs the  q u a d r a t i c  i n t e r p o l a t i o n  r e q u i r e d  in  

s t e p  E.

In the  n e x t  two c h a p te r s  the  v a r i a b l e  m e t r i c  method 

w i l l  be a p p l i e d  t o :  ( 1 ) the  des ign  o f  a n o n l i n e a r  s p r in g

f o r  a d e s i r e d  fo rc e  v s .  d isp lacem ent  r e l a t i o n ,  and ( 2) the  

s y n t h e s i s  o f  a f l e x i b l e  l i n k  mechanism f o r  a f u n c t io n  

g e n e r a t io n  problem.



CHAPTER VI 

OPTIMUM DESIGN OF 

NONLINEAR SPRINGS

6 .1 Design o f  C a n t i l e v e r  Beam

The a n a l y s i s  by the  f i n i t e  element  method o f  a 

c a n t i l e v e r  beam s u b j e c t e d  to  l a r g e  d isp lacem en ts  was 

demons tra ted  in  Chapter  3. Now a c a n t i l e v e r  beam w i l l  

be des igned  f o r  a d e s i r e d  fo rc e  v s .  d isp lacem ent  r e l a ­

t i o n  by the  o p t im iz a t io n  method. This  problem was 

s e l e c t e d  to  check th e  accuracy  and th e  convergence o f  the  

v a r i a b l e  m e t r ic  method d e s c r ib e d  in  the  p rev io u s  c h a p te r .

The des ign  problem i s  to  de termine  the  l e n g t h ,  L, 

o f  the  c a n t i l e v e r  beam so t h a t  the  fo rce  v s .  d i s p l a c e ­

ment r e l a t i o n  i s  g e n e ra te d  as c lo se  as p o s s i b l e  to  the  

d e s i r e d  r e l a t i o n  ( f u n c t i o n ) .  A c r o s s - s e c t i o n a l  a re a  o f  

0.5  inch  w idth  and 0.006 inch  t h i c k n e s s ,  and an e l a s t i c  

modulus o f  30 x 106 p s i  f o r  th e  beam are  assumed to  be 

f ix e d  pa ram ete rs  f o r  t h i s  d e s ign .

As th e  accuracy  o f  th e  o p t im i z a t i o n  method i s  t o  be 

checked, th e  d e s i r e d  f u n c t i o n  ( fo rce  v s .  d i sp lacem en t)  

o f  F igure  24 was de te rm ined  by th e  f i n i t e  e lement  method 

f o r  a 10 inch  l e n g th  o f  beam. The d es ign  by o p t im iz a t io n

81
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method s t a r t e d  w i th  an i n i t i a l  va lue  o f  9 inches  f o r  the  

l en g th  o f  th e  beam. I f  the  v a r i a b l e  m e t r ic  method o f  

o p t im iz a t io n  converges the  l e n g th  o f  the  beam to  10 inches  

then  t h i s  w i l l  demonstra te  the  accuracy  o f  the  o p t im iz a ­

t i o n  method f o r  one v a r i a b l e .

The v a r i a b l e  m e t r ic  method, as d e p ic t e d  i n  the  flow 

diagram o f  Figure  23, Chapter  5, i s  now a p p l i e d  to  t h i s  

des ign  o f  a c a n t i l e v e r  beam. For each time th e  o b j e c ­

t i v e  f u n c t io n  i s  e v a lu a te d  du r ing  the  o p t im iz a t io n  p r o ­

c e s s ,  the  a n a l y s i s  based  on the f i n i t e  e lement method i s  

performed.  A t o t a l  o f  30 p o in t s  ' s '  a re  s e l e c t e d  a t  

equa l  increments  o f  the i n p u t  fo rce  f o r  the  a n a l y s i s  and 

accumulat ion o f  e r r o r  f o r  the  o b j e c t i v e  f u n c t i o n .  A lso ,  

the  a n a l y s i s  assumes 3 e lements  f o r  the  c a n t i l e v e r  beam.

The o p t im i z a t i o n  method s t a r t e d  w i th  an i n i t i a l  va lue  

o f  9 inches  f o r  the  l en g th  L o f  the  beam. The fo rce  v s .  

d isp lacem ent  r e l a t i o n  f o r  t h i s  i n i t i a l  des ign  i s  shown in  

F igure  24 a long w i th  the  d e s i r e d  f u n c t i o n .  The d i f f e r e n c e  

between the  two g iv es  the  e r r o r  curve .  The sum of  the  

a b s o lu te  e r r o r s  E^, was s e l e c t e d  as th e  o b j e c t i v e  fun c ­

t i o n  f o r  the  o p t im iz a t io n  method. The r e s u l t s  o f  the  

o p t im iz a t io n  by t h e  v a r i a b l e  m e t r ic  method i s  t a b u l a t e d  

in  Table  2. Examination o f  t h i s  t a b l e  i n d i c a t e s  t h a t  a t  

the  end o f  3 i t e r a t i o n  s t e p s  ' q '  , the  l e n g th  L o f  the  

beam has converged from 9 .0  to 9.9996 inches  which i s



TABLE 2
84

OPTIMUM DESIGN OF A CANTILEVER BEAM USING
THE OBJECTIVE FUNCTION, E.’ A

{d} (G> O b ie c t iv e  Funct ions
q j L

ea e m er
0

i

1
2

9.0000
9.0010 -18.4396

22.0942
22.0757

1.1524
1.1514

0.8093
0.8086

3
4
5
6

11.3964
9.9245

10.8491
9.9255 -29.4604

35.1739
1.7719

20.8369
1.7424

1.6931
0.0895
1 . 0 2 2 0
0.0883

1.2701
0.0646
0.7549
0.0635

7

7
8 
9

10
11

10.0448
1 0 . 0 0 0 2

9.9993
10.0093
1 0 . 0 0 1 2 21.4905

1.0453
0.0059
0.1818
0.2181
0.0274

0.0528
0.0005
0.0090
0.0114
0.0016

0.0380
0 . 0 0 0 2
0.0066
0.0080
0 . 0 0 1 0

12
13
14
15

9.9996
9.9999
9.9992
9.9998 -20.0059

0.0043
0.0059
0.0155
0 . 0 0 2 0

0.0004
0.0003
0.0007
0 . 0 0 0 2

0 . 0 0 0 2
0.0003
0.0006
0 . 0 0 0 1
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w i th in  0.0004 inch  o f  the  c o r r e c t  va lue  o f  10 in c h e s .

The method r e q u i r e d  15 e v a lu a t io n s  ( j )  o f  the  o b j e c t i v e  

fu n c t io n  which inc lu d es  the  e v a lu a t io n  r e q u i r e d  f o r  the  

g r a d i e n t s  and f o r  the  q u a d r a t i c  i n t e r p o l a t i o n .  The 

r e s u l t s  o f  the  q u a d r a t i c  i n t e r p o l a t i o n  a re  u n d e r l in e d  

in  Table 2. At t h i s  d es ign  p o i n t ,  the  minimum o f  the  

o b j e c t i v e  fu n c t io n  i s  ach ieved  a long a l i n e  o f  s e a rc h  

f o r  each i t e r a t i o n  s t e p .

The o b j e c t i v e  f u n c t io n  E^ reduced from 22.0942 to  

0.0043 a t  the  optimum des ign  o f  9.9996 inches  l e n g th  o f  

the  beam. Table 2 in c lu d es  the  e s t im a te s  o f  the  o t h e r  

two o b j e c t i v e  f u n c t i o n s ,  E^, the  maximum va lue  o f  th e  

e r r o r ,  and E^, th e  root-mean square  e r r o r  which a re  

a l s o  minimized a long w i th  the  o b j e c t i v e  f u n c t io n  E^.

From th e  r e s u l t s  o f  Table  2 i t  can be concluded t h a t  

th e  o p t im iz a t io n  method o f  the  v a r i a b l e  m e t r i c  i s  r a p i d l y  

converging and very  a c c u r a t e .  The o p t im iz a t io n  method i s  

dependent on the a n a l y s i s  method, thus th e  accuracy  o f  

the  a n a l y s i s  can a f f e c t  th e  p ro g re s s  o f  o p t im i z a t i o n .

This e f f e c t  o f  accuracy  i s  n o t i c e d  du r ing  the  3rd i t e r a ­

t i o n  s t e p .  The design  v a r i a b l e  L, l e n g th  o f  the  beam a t  

the  13th e v a l u a t i o n  o f  th e  fu n c t io n  ( j )  i s  9.9999 inches  

which i s  c l o s e r  to  the  c o r r e c t  l e n g th  o f  10 inches  than  

th e  l e n g th  o f  9.9996 inches  o f  th e  12th e v a l u a t i o n  o f  the  

o b j e c t i v e  fu n c t io n .  But ,  the  o b j e c t i v e  f u n c t io n  E^, f o r  

the  13th e v a lu a t io n  was e s t im a te d  to  be more than  the
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12th e v a lu a t io n  which l e a d  to  9.9996 inches  as an o p t i ­

mum le n g th .  This  was i n v e s t i g a t e d  i n  d e t a i l  and was con­

c luded  t h a t  the  p r e s e n t  a n a l y s i s  by the  f i n i t e  element 

method i s  a c c u r a t e  only  t o  4 d i g i t s  in  th e  l e n g t h ,  L. 

Beyond t h i s  the  method b reaks  down due to  the  t r u n c a ­

t i o n  e r r o r  and t h i s  e r r o r  was d e t e c t e d  i n  the  r e s u l t s .

The magnitudes o f  th e  g r a d i e n t s  a t  each i t e r a t i o n  

s t e p  are l i s t e d  i n  Table 2. The g r a d i e n t s  f l u c t u a t e  

from n e g a t iv e  to  p o s i t i v e  and th e  magnitude i s  in c r e a s e d  

i n s t e a d  o f  d e c reased  a t  the  optimum p o i n t .  This  in c r e a s e  

i n  the  magnitude could  be f a l s e  because o f  the  t r u n c a t i o n  

e r r o r .  The f l u c t u a t i o n  i n  the  g r a d i e n t s  i s  v a l i d  and th e  

t r u e  minimum can be ach ieved  by c o n t in u in g  the  o p t im iz a ­

t i o n  beyond the  3rd  i t e r a t i o n  s t e p .  But th e  e r roT  i n  the  

o b j e c t i v e  and th e  g r a d i e n t  fu n c t io n s  can d i v e r t  th e  s e a rc h  

away from th e  l o c a l  minimum. Thus, the  e x t r a  i t e r a t i o n  

may no t  be worthwhile  so the  o p t im i z a t i o n  method was te rm ­

i n a t e d  a t  th e  end o f  3rd  i t e r a t i o n .

A s e p a r a t e  des ign  o f  a c a n t i l e v e r  beam was a l s o  op­

t im iz e d  by th e  v a r i a b l e  m e t r i c  method f o r  the  remaining 

two o b j e c t i v e  f u n c t i o n s ,  maximum va lue  o f  th e  e r r o r  EM 

and roo t -m ean-square  e r r o r  E^. The r e s u l t s  o f  th e s e  as 

w e l l  as the  f i r s t  o p t im iz a t io n  a t  t e r m in a t io n  o f  3 i t e r a ­

t i o n  s te p s  a re  t a b u l a t e d  in  Table 3, i n  which th e  o p t i ­

mum des igns  a re  l i s t e d  f o r  each o b j e c t i v e  f u n c t i o n  w i th
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e v a lu a t io n  o f  th e  t h r e e  o b j e c t i v e  f u n c t io n s  a t  th e s e  

optimum d es ign s .  With one e x c e p t io n ,  the  r e s u l t s  i n d i ­

ca te  t h a t  the  minimum o f  th e  o b j e c t i v e  f u n c t io n  i s  

ach ieved  when t h a t  o b j e c t i v e  fu n c t io n  i s  used f o r  o p t i ­

m iza t ion  o f  the  d e s ig n .  The e x ce p t io n  i s  f o r  the  ob­

j e c t i v e  fu n c t io n  ER, where the  minimum o f  ER was ach ieved  

fo r  th e  des ign  w i th  EA> C on t in u a t io n  o f  the  o p t im iz a t io n  

with  Er beyond 3 i t e r a t i o n  s t e p s  would d r iv e  ER to  i t s  

minimum. The o b j e c t i v e  fu n c t io n  E^, w i l l  be the  only  

one used  f o r  the  remaining  p a r t  o f  the  i n v e s t i g a t i o n .

TABLE 3

COMPARISON OF THE THREE OBJECTIVE FUNCTIONS

O ptim iza t ion
With

O b jec t iv e
Funct ion

Optimum
L

O b je c t iv e  Functions

ea em er

em 9.9988 0.0139 0 . 0 0 0 2 0.0005

er 9.9992 0.0096 0.0005 0.0004

ea 9.9996 0.0043 0.0004 0 . 0 0 0 2

In  the  n e x t  c h a p t e r ,  o p t im i z a t i o n  by the  v a r i a b l e  

m e t r ic  method w i l l  be a p p l i e d  to  the  s y n t h e s i s  o f  f l e x i b l e  

l i n k  mechanisms.



CHAPTER VII 

OPTIMUM SYNTHESIS OF 

FLEXIBLE LINK MECHANISMS

7.1 S y n th e s i s  f o r  Funct ion  G en era t io n ,  y=x2

Various types  o f  f l e x i b l e  l i n k  mechanisms were 

ana lyzed  by th e  f i n i t e  e lement  method in  Chapter  4.

The a n a l y s i s  de te rmined the  r e l a t i o n s h i p  between th e  

in p u t  and o u tp u t  l i n k  r o t a t i o n s .  The o p t im iz a t io n  

method was demons tra ted  on the  des ign  o f  a c a n t i l e v e r  

beam in  a p rev io u s  c h a p te r .  In t h i s  c h a p te r ,  the  method 

i s  a p p l i e d  to  th e  s y n t h e s i s  o f  f l e x i b l e  l i n k  mechanisms 

f o r  a fu n c t io n  g e n e ra t io n  problem.

A p a r a b o l i c  f u n c t i o n ,  y=x2 , w i l l  be gen e ra ted  by 

f l e x i b l e  c o u p le r  and f l e x u r a l  j o i n t  mechanisms to  demon­

s t r a t e  the  method. The independent  v a r i a b l e  x and d e ­

pendent  v a r i a b l e  y o f  the  f u n c t io n  can be r e l a t e d  to  inpu t  

8 and o u tp u t  <J> r o t a t i o n s  o f  l in kage  by the  fo l low ing  

l i n e a r  r e l a t i o n s :

(56)

<l> - <f> y  - y -  

♦ f  ■ *s = - y s
(57)

88
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where s u b s c r i p t  1 £ 1 s t a n d s  f o r  the  f i n a l  p o s i t i o n  o f  the  

l i n k s  and ' s '  s t a n d s  f o r  the  i n i t i a l  p o s i t i o n .

Major c o n s i d e r a t i o n  f o r  the  s y n t h e s i s  o f  f l e x i b l e  

l i n k  mechanism w i l l  be to  choose the  angle  o f  r o t a t i o n  

f o r  the  ranges o f  0 and <j>. A lso ,  the  p r o p o r t io n  o f  

the  l i n k s  should  be s e l e c t e d  so t h a t  du r ing  the  range 

o f  motion the  f l e x i b l e  members do n o t  d e f l e c t  to  t h e i r  

extreme and produce a lo ck in g  p o s i t i o n  f o r  the  mechanism.

7.2 S y n thes is  o f  a F l e x i b l e  Coupler  Mechanism

The f l e x i b l e  c o u p le r  mechanism o f  Figure  15 (Chapter 

4) w i l l  be s y n th e s i z e d  to  g e n e ra te  y=x2 , f o r  1 > x ^  0 .5 .  

The range o f  r o t a t i o n  f o r  the  in p u t  l i n k  (0) i s  l i m i t e d  

to 45 degrees  and t h a t  o f  the  o u tp u t  l i n k  (t|>) to  67.5 

d e g re es .  The x and y c o o rd in a te s  can be r e l a t e d  to  0 and 

<j> by Equat ions  (56) and (57) .

A f l e x i b l e  cou p le r  mechanism which has s i m i l a r  dimen­

s io n s  to  F r e u d e n s t e i n ' s  [41] p in  j o i n t  l in k a g e  ( f o r  fu n c ­

t i o n  y=x2) was taken  as the  i n i t i a l  e s t im a te  to  a s o l u t i o n  

f o r  t h i s  problem. The r e s u l t s  o f  the  a n a ly s i s  o f  the  f l e x ­

i b l e  cou p le r  mechanism and th e  F r e u d e n s t e i n ' s  p i n  j o i n t  

l in k a g e  a n a l y s i s  a re  d e p ic te d  i n  F igure  16 (Chapter  4 ) ,  

which i n d i c a t e s  t h a t  F r e u d e n s t e i n ' s  l in k a g e  has a maximum 

e r r o r  o f  0.0673 degree  compared to  7.266 degrees f o r  the  

f l e x i b l e  l in k a g e .  S i m i l a r l y ,  the  sum o f  the  a b so lu te
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e r r o r  (EA) , a t  15 p o i n t s  ' s '  th rough the  range o f  r o t a ­

t i o n  f o r  the  p in  j o i n t  l in kage  i s  0.998 and t h a t  f o r  the  

f l e x i b l e  c o up le r  mechanism i s  53.293. I t  i s  th e  o b j e c t i v e  

o f  the  o p t im iz a t io n  method to  reduce t h i s  e r r o r  EA o f  

53.293 to  an a cc ep tab le  l e v e l .

As d e p ic t e d  i n  F igure  25, th e  f l e x i b l e  c ou p le r  

mechanism has seven p o s s i b l e  des ign  v a r i a b l e s :  3 l e n g th s

o f  the  l i n k s  d x, d2 , and d 3, the  i n i t i a l  p o s i t i o n  o f  the  

in p u t  l i n k  9g , the  t h ic k n e s s  h and width  b o f  th e  f l e x i b l e  

co u p le r  and the  l e n g th  o f  the  f i x e d  l i n k  ( d i s t a n c e  between 

the  i n p u t  and ou tpu t  s h a f t ) ,  dQ. For the  p r e s e n t  s y n t h e s i s ,  

only fo u r  des ign  v a r i a b l e s ,  d x, d2 , d 3, and 0g , w i l l  be 

co n s id e re d .  Before a t t e m p t in g  o p t im i z a t i o n  w i th  the  fo u r  

des ign  v a r i a b l e s ,  one v a r i a b l e  a t  a time was s t u d i e d  f o r  

the  f l e x i b l e  co u p le r  mechanism o f  F igure  15. From the  

s tudy  i t  was d isc o v e re d  t h a t  0s i s  the  most e f f e c t i v e  

p a ra m e te r .  The d ecrease  o f  the  o b j e c t i v e  fu n c t io n  EA as 

a f u n c t io n  o f  0g i s  d e p ic t e d  i n  F igure  26. The lowest  

magnitude o f  EA (4.564) occurs  a t  0g o f  128.059 degrees .

The f l e x i b l e  co u p le r  mechanism o f  F igu re  15, w i th  

t h i s  new va lue  o f  0S i s  now s e l e c t e d  as the  s t a r t i n g  

des ign  f o r  the  o p t im i z a t i o n  by the  v a r i a b l e  m e t r ic  method. 

The r e s u l t s  o f  the  o p t im i z a t i o n  method a re  t a b u l a t e d  in  

Table 4. The o b j e c t i v e  fu n c t io n  EA, sum o f  the  a b s o lu te  

e r r o r ,  was used f o r  the  o p t im i z a t i o n  method. In  3 i t e r a -
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Figure  25. Design V a r ia b le s  For a F l e x ib l e  
Coupler  Mechanism
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F igure  26. R e la t i o n s h ip  Between E^ and 0g
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OPTIMUM SYNTHESIS OF A FLEXIBLE COUPLER MECHANISM

{d}
j d , d2 d 3 0s i Gi ea

1 2.5234 3.3296 0.5560 128.059 4.5638
2 2.5224 3.3296 0.5560 128.059 1 -36.372 4.5274
3 2.5234 3.3286 0.5560 128.059 2 39.606 4.6034
4 2.5234 3.3296 0.5570 128.059 3 -107.754 4.6716
5 2.5234 3.3296 0.5560 128.065 4 40.936 4.5597

6 2.5028 3.3520 0.4952 129.382 30.8794
7 2.5207 3.3325 0.5481 128.229 4.9483
8 2.5244 3.3285 0.5589 127.995 4.9865
9 2.5229 3.3301 0.5545 128.091 4.5082

10 2.5219 3.3301 0.5545 128.091 1 36.661 4.4715
11 2.5229 3.3291 0.5545 128.091 2 -35.908 4.5441
12 2.5229 3.3301 0.5555 128.091 3 - 2.617 4.5056
13 2.5227 3.3301 0.5545 128.097 4 -101.746 4.4980

14 2.4913 3.3624 0.5187 131.918 23.0241
15 2.5154 3.3378 0.5460 128.995 5.3793
16 2.5255 3.3274 0.5575 127.771 5.0496
17 2.5215 3.3315 0.5530 128.251 4.2866
18 2.5538 3.3315 0.5530 128.251 1 43.461 5.6896
19 2.5215 3.3275 0.5530 128.251 2 -34.047 4.4233
20 2.5215 3.3315 0.5534 128.251 4.2997
21 2.5215 3.3315 0.5525 128.251 3 13.609 4.2870
22 2.5215 3.3315 0.5530 128.263 4.2757
23 2.5215 3.3315 0.5530 128.240 4 -51.140 4.2961

24 2.4010 3.4032 0.5464 129.150 15.1972
25 2.4950 3.3473 0.5515 128.449 3.3364
26 2.4924 3.3489 0.5514 128.469 3.2550
27 2.4871' 3.3520 0.5511 128.508 3.0017
28 2.4764 3.3583 0.5505 128.587 2.2398
29 2.4552 3.3709 0.5494 128.745 1.2944
30 2.4398 3.3801 0.5485 128.860 3.3403
31 2.4612 3.3674 0.5497 128.701 1.2230
32 2.4623 3.3674 0.5497 128.701 1 12.455 1.2367
33 2.4612 3.3655 0.5497 128.701 2 -9 .316 1.2407
34 2.4612 3.3674 0.5499 128.701 1.2149
35 2.4612 3.3674 0.5495 128.701 3 -41.500 1.2313
36 2.4612 3.3674 0.5497 128. .707 4 -9.568 1 . 2 2 2 0
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♦‘V
C b e g )

START

OPTIMUM

10 20 40 Q, DEG

d d d E0i 2 3

START 2.5234 3.3296 0.5560 128.059 4.5638
OPTIMUM 2.4612 3.3674 0.5497 128.701 1.2230

Figure  27. Synthes is  o f  a F l e x i b l e  Coupler Mechanism
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t i v e  s te p s  ’ q ' ,  the  v a lu e  o f  the  o b je c t iv e  fu n c t io n  E^, 

was f u r t h e r  reduced from 4.5638 to  1 .2230. A t o t a l  o f  

36 e v a lu a t io n s  o f  the  fu n c t io n  ' j '  was re q u i re d  f o r  the  

o p t im iz a t io n  method. The minimum o b je c t iv e  fu n c t io n  

ach ieved  du rin g  each s te p  i s  u n d e r l in e d  in  Table 4.

The e r r o r  ( s t r u c t u r a l  e r r o r )  curves f o r  the  s t a r t i n g  

des ig n  and the  optimum design  a re  d e p ic te d  in  F ig u re  27. 

The e r r o r  curve has a maximum o f  0.1490 degrees o f  e r r o r  

which amounts to  0 . 2 2 1 % e r r o r  o f  the  o u tp u t rang e .

7.3  S y n th e s is  o f  a F l e x ib le  C oupler Mechanism from a 

D i f f e r e n t  S t a r t i n g  Design

A second s t a r t i n g  p o in t  was a ls o  i n v e s t i g a t e d  f o r  

t h i s  type  o f  l in k a g e .  The schem atic  diagram f o r  the  

l in k a g e  i s  shown in  F ig u re  28. For t h i s  l in k a g e ,  i t  i s  

d e s i r e d  to  g e n e ra te  th e  fu n c t io n  y=x2 f o r  0 < x < 1. The 

range o f  r o t a t i o n  f o r  th e  in p u t  l in k  0 was s e l e c t e d  to  be 

60 degrees and f o r  the  o u tp u t  l i n k  <J> to be 50 d e g re es .

The o p t im iz a t io n  method was a ls o  a p p l ie d  to  the  

l in k a g e  o f  F igu re  28. Only the  th r e e  len g th s  o f  l in k s  

d x, d2 , and d 3 were s e l e c t e d  as th e  d es ig n  v a r i a b le s  fo r  

th e  o p t im iz a t io n .  For th e  g iven  th r e e  i n i t i a l  le n g th s  o f  

l i n k s ,  the i n i t i a l  p o s i t i o n  o f  the  in p u t  l in k  0S , was 

determ ined  so t h a t  th e  c o u p le r  would be in  l i n e  w ith  the  

in p u t  l i n k .  This a s s u re s  t h a t  th e  f i r s t  d e r i v a t i v e  o f  the



STARTING
DESIGN:

b = 0 . 5 "  
h=0.005

di = 3 . 000M
d2 = 3.000"
d 3 = 3.000"
FOR WHICH 
0_ = 29.926

TJ

b=0 .5" 
h=0.150

F igu re  28. Second F le x ib le  Coupler Mechanism

TABLE 5

OPTIMUM SYNTHESIS OF A SECOND FLEXIBLE COUPLER MECHANISM

{d}
q d ! d 2 d 3 *1 ea

0 3.0000 3.0000 3.0000 29.926 39.0028

l 2.8612 3.0567 3.1224 31.844 14.8834

2 2.5261 2.5754 3.0380 34.987 8.3910

T o ta l Number o f  E v a lu a t io n s  ( j ) o f  Ea = 17

a 0g was determ ined  

0g = cos

from:
- i  / d > +d2) 2 ♦ d> - d 3

}
2dOt d l +d2^
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f u n c t io n ,  y=x2 , ^  w i l l  be zero o r  c lo se  to  zero  a t  

x=o.

The r e s u l t s  o f  the  o p t im iz a t io n  method a re  t a b u la te d  

in  Table 5. Table 5 in c lu d e s  on ly  the  r e s u l t s  o f  th e  

q u a d r a t ic  i n t e r p o l a t i o n  a t  which the  o b je c t iv e  fu n c t io n  

i s  minimum during  each i t e r a t i o n  s t e p .  The o p t im iz a t io n  

method was te rm in a te d  a f t e r  2 i t e r a t i o n  s te p s  during  

which th e  o b je c t iv e  fu n c t io n  E^, sum o f  the  a b s o lu te  e r r o r  

a t  20 p o in ts  (s )  was reduced from 39.003 to  8.391. The 

e r r o r  curves f o r  the  s t a r t i n g  and th e  optimum des ign  

reached  a re  d e p ic te d  in  F igu re  29, which in d ic a te s  

i s  reduced  even though th e  maximum e r r o r  i s  in c re a s e d .

I f  the  f l e x i b l e  co u p le r  mechanism i s  l im i te d  to  move 51 

degrees f o r  0 ( i . e .  x = 0 .85) the  maximum e r r o r  o f  0.223 

degree r e s u l t s  and the  sum o f  the  a b so lu te  e r r o r ,  E^ w i l l  

be 1.880 on ly . T his i s  a re a so n a b le  d e s ig n ,  u n le s s  the 

motion in  the  neighborhood o f  x=l i s  im p o r tan t .

7 .4  Study o f  th e  Remaining Design V a r ia b le s  (dp, h and b) 

o f  the  F l e x ib le  Link Mechanism

The optimum design  o f  the  f l e x i b l e  co u p le r  mechanism 

o f  F igu re  28 i s  s e l e c te d  as r e p r e s e n ta t iv e  o f  f l e x i b l e  l in k  

mechanisms to  s tu d y  the  e f f e c t  o f  the  rem ain ing  des ign  

v a r i a b l e s .

Even fo r  the  case where the  in p u t  r o t a t i o n  0 was
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OPTIMUM

30 0, DEG20

START

-3

3.0000 3;0000 3;0000 39.0028START
OPTIMUM 2.5261 2.5754 3.0380 8,3910

F igure  29. S y n th e s is  o f  a Second F le x ib le  C oupler 
Mechanism
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l im i te d  to  51 degrees o n ly ,  the  bending s t r e s s  ' a ^ 1 in  the  

c o u p le r  n e a r  th e  o u tp u t  l in k  reaches  410,773 p s i ,  which 

i s  ve ry  h ig h ,  b u t  can be reduced w i th in  th e  e l a s t i c  l i m i t  

o f  th e  s p r in g  s t e e l  w ith  h e lp  o f  the  rem aining  p a ra m e te rs .

The f l e x i b l e  co u p le r  mechanism s e l e c te d  f o r  t h i s

i n v e s t i g a t i o n  was analyzed  f o r  in c re a s e  and d ec rease  in

le n g th  dQ o f  th e  f ix e d  le n g th  and th ic k n e s s  h o f  the

f l e x i b l e  c o u p le r .  The r e s u l t s  o f  t h i s  i n v e s t i g a t i o n  a re

d e p ic te d  in  F igure  30. For the  v a r i a t i o n  in  dQ, i t  was

assumed t h a t  th e  in c re a s e  o r  decrease  in  the  s i z e  o f  the

l in k a g e  was in  the  same p ro p o r t io n  as the  len g th  dQ. The

r e s u l t s  in d ic a t e  t h a t  th e  bending s t r e s s e s  d ecrease  in  the

same p ro p o r t io n  as the  in c re a s e  in  the  le n g th  o f  the  f ix e d

l in k  d , and th e  decrease  in  th ic k n e s s  h o f  the  f l e x i b l e  o
c o u p le r .  By d e c re a s in g  the  th ic k n e s s  h o f  the f l e x i b l e  

c o u p le r  by 5 t im e s ,  i t  w i l l  reduce the  bending s t r e s s e s  to  

82,509 p s i ,  which i s  w i th in  th e  e l a s t i c  l i m i t .  The v a r i a ­

t i o n  o f  th e  le n g th  dQ in  F igure  30 was s tu d ie d  w i th  a 

th ic k n e s s  h o f  0 . 0 0 1  in c h .

I t  shou ld  be p o in te d  ou t t h a t  f o r  the  magnitude o f  

v a r i a t i o n s  o f  dQ and h as d e p ic te d  in  F igu re  30, th e  fu n c ­

t i o n a l  c h a r a c t e r i s t i c  between 0 and <|> was n o t  a l t e r e d  

s i g n i f i c a n t l y .  The maximum v a r i a t i o n  in  th e  o b je c t iv e  

fu n c t io n  was from 1.880 to  2.118 on ly .

O bviously , the  e f f e c t  o f  the  v a r i a t i o n  o f  w id th  b 

o f  th e  f l e x i b l e  c o u p le r  w i l l  be s i m i l a r  to  the  th ic k n e s s  h .
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Figure  30. Study o f  E f f e c t s  o f  the  F ixed  Length d and 
Coupler Thickness h on the  Maximum S t r e s s  in  
the Coupler
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T h ere fo re ,  the  s tu dy  fo r  the  des ig n  v a r i a b le  'b* was 

o m it ted .

7.5 S y n th e s is  o f  a F le x u ra l  J o i n t  Mechanism

The sy n th e s is  o f  a f l e x u r a l  j o i n t  mechanism f o r  a 

fu n c t io n  g e n e ra t io n  problem w i l l  now be a ttem p ted  by 

the o p t im iz a t io n  method. The f l e x u r a l  j o i n t  l in k a g e  as 

shown in  F igure  20 (Chapter 4) i s  analyzed  by th e  f i n i t e  

e lem ent method. A f l e x u r a l  j o i n t  l ink ag e  as d e p ic te d  

in  F ig u re  31 has two more des ig n  v a r i a b le s  than  a f l e x ­

ib le  c o u p le r  mechanism. The e x t r a  two v a r i a b le s  come 

from th e  f a c t  t h a t  b e s id e s  th e  len g th  o f  co u p le r  d2 , 

the  le n g th s  o f  two f l e x u r a l  j o i n t s  d^ and d5 a re  a lso  

to  be de term ined .

The s t a r t i n g  design  fo r  the  s y n th e s i s  o f  the  f l e x u r a l  

j o i n t  l in k a g e  was s e l e c t e d  to  be the  same as the  s t a r t i n g  

design  o f  the  f l e x i b l e  c o u p le r  mechanism whose dimensions 

a re  l i s t e d  in  Table 4 fo r  j = l .  When t h i s  l in k a g e  was 

ana lyzed  i t  was d isc o v e re d  t h a t  a bending s t r e s s  o f  

406,448 p s i  was reached  in  the  f l e x u r a l  j o i n t  n e a r  the  

ou tpu t l in k .  From th e  c o n c lu s io n  o f  th e  p rev io u s  s e c t i o n ,  

the  l in k a g e  s i z e  was in c re a s e d  by 3 tim es which reduced 

the  s t r e s s e s  to  135,144 p s i .  This 3 tim es in c re a s e d  

l in kage  was th e  s t a r t i n g  des ign  f o r  the  o p t im iz a t io n  

method. From an independen t s tu d y ,  i t  was determ ined  

t h a t  i f  d2 was s e l e c t e d  as a des ig n  v a r i a b le  th e n ,  t h i s



F igure  31. Design V a r ia b le s  f o r  a F le x u ra l  
J o i n t  Mechanism

TABLE 6

OPTIMUM SYNTHESIS OF A FLEXURAL JOINT MECHANISM

q
{d}

ead i d k d
5

d
3 9s

0 7.5701 3.4944 3.4944 1.6678 128.410 6.1339

i 7.5699 3.4945 3.4946 1.6672 128.371 6.0951

2 7.5671 3.4962 3.4965 1.6679 128.298 6.0803

3 3.4836 3.5559 3.5632 1.6508 128.578 4.0213

4 7.2283 3.2117 3.7850 1.5885 130.259 1.6293

5 7.2798 3.1856 3.9169 1.6099 130.117 1.2405

T o ta l  Number o f  E v a lu a t io n s  ( j )  o f  E^ = 60
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would le a d  t o  an optimum des ig n  in  which the  le n g th  o f  

th e  r i g i d  c o u p le r  d 2 would van ish  to  z e ro .  Then t h i s  

would be a f l e x i b l e  co u p le r  mechanism. To avo id  the  

r e p e t i t i o n  o f  the  d e s ig n ,  the  le n g th  o f  the  r i g i d  c o u p le r  

d 2 was assumed to  be c o n s ta n t  a t  3.0 inches  du ring  th e  

s y n th e s is  o f  the  f l e x u r a l  j o i n t  l in k a g e .

The r e s u l t s  o f  the  o p t im iz a t io n  by the  v a r i a b le  

m e t r ic  method fo r  5 design  v a r i a b le s :  d 2, d^, d 5 , d 3 and

0g , i s  summarized in  Table 6 . In  5 i t e r a t i o n  s t e p s ,  the  

o b je c t iv e  fu n c t io n  EA, (accum ulated a t  15 p o in ts  ’s ’ ) was 

reduced  from 6.1339 to  1 .2405, f o r  which a t o t a l  o f  60 

e v a lu a t io n s  ( j )  o f  th e  o b je c t iv e  fu n c t io n  was re q u i r e d .  

One more d e s ig n  v a r i a b le  and slow er convergence fo r  th e  

f i r s t  two s te p s  a re  r e s p o n s ib le  f o r  th e se  many e v a lu a ­

t io n s  o f  th e  fu n c t io n .  The e r r o r  curves fo r  the  s t a r t i n g  

d e s ig n  and th e  optimum design  a re  d e p ic te d  in  F igure  32. 

For the  optimum d e s ig n ,  a maximum e r r o r  o f  0.3410 degree 

(0.505%) r e s u l t e d  a t  the  extreme o f  the  in p u t  r o t a t i o n .  

The op tim ized  f l e x u r a l  j o i n t  mechanism w i l l  gen e ra te  

y=x2 fo r  1 ^  x > 0 .5  fo r  which the  range o f  r o t a t i o n  f o r  

th e  inp u t l i n k  ( 0) i s  45 degrees and f o r  the  o u tp u t ((j>) 

i s  67.5 d e g re e s .

7.6 Common C h a r a c t e r i s t i c s  o f  the  R e su l ts

The v a r i a b le  m e tr ic  method o f  o p t im iz a t io n  produced 

a c c e p ta b le  r e s u l t s  f o r  th e  s y n th e s i s  o f  f l e x i b l e  l in k
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START

OPTIMUM

0> DEG

*1 d  5 d s 6s ea

START 7.5701 3.4944 3.4944 1.6678 128.410 6.1339
OPTIMUM 7.2798 3.1856 3.9169 1.6099 130.177 1.2405

F ig u re  32. S y n th e s is  o f  a F le x u ra l  J o i n t  Mechanism



mechanisms. This method i s  ve ry  pow erfu l which, in  th ese  

c a se s ,  reduced th e  magnitude o f  the  o b je c t iv e  fu n c t io n  

( e r r o r )  by a t  l e a s t  3 o r more w i th in  3 i t e r a t i o n  s t e p s .

Some common c h a r a c t e r i s t i c s  o f  the r e s u l t s  a re  as fo l lo w s:

A. The number o f  p o in ts  ' s '  a t  which the  e r r o r  E^ i s

accum ulated can be more than  the  p r e c i s io n  p o in ts  

fo r  th e  d i r e c t  method. Thus the  sum o f  the  

a b so lu te  e r r o r  E^, can u s u a l ly  be d r iv en  to  a

minimum v a lu e ,  bu t n o t  to  zero by the  o p t im iz a ­

t io n  method.

B. The r e s u l t s  o f  the  o p t im iz a t io n  method in d ic a t e  

th a t  th e  sum o f  th e  a b so lu te  e r r o r  E^ reaches  

the  magnitude in  th e  neighborhood o f  1 . 2  in  two 

out o f  th re e  s y n th e se s .  I t  shou ld  be ex pec ted  

th a t  any d es ig n  w i l l  reach  a p la t e a u  o f  a c c e p t ­

able  des ig n  and no improvement beyond t h i s  i s  to  

be expec ted

C. The e x te r n a l  type o f  c o n s t r a i n t  was used du ring  

the o p t im iz a t io n  method. At the  beg in n ing  o f  

each e v a lu a t io n  o f  the  f u n c t io n ,  the  le n g th  o f  

the l i n k s  were checked to  t e s t  the  v i a b i l i t y  o f  

the l in k a g e .  For a given s e t  o f  3 le n g th s  o f  the 

l i n k s ,  i f  th e  l in k a g e  cou ld  n o t  be assem bled , then 

a l a r g e  number was a ss ig n e d  to  the  o b je c t iv e  

fu n c t io n  E^ and th e  method was co n tin u ed .



I t  can be n o t ic e d  from Table 4 t h a t  a f t e r  

d e te rm in a t io n  o f  the  g r a d ie n t  G^, the  f i r s t  

se a rc h  p o in t  f o r  the q u a d ra t ic  i n t e r p o l a t i o n  

( j= 6 , 14 and 24) f a l l s  f a r  away r e s u l t i n g  in  

a la rg e  value f o r  the  o b je c t iv e  fu n c t io n  E^. 

This le a d s  to  more e v a lu a t io n s  o f  the  fu n c t io n  

f o r  th e  q u a d ra t ic  i n t e r p o l a t i o n .  This was 

common w ith  th e  o th e r  two s y n th e s is  problems 

too .

The ( s t r u c t u r a l )  e r r o r  curve o f  th e  optimum 

des ig n  in  F ig u res  (27) , (29) and (32) shows 

c l e a r l y  t h a t  3 t r u e  p r e c i s io n  p o in t s  r e s u l t e d .  

More i n v e s t i g a t i o n  i s  r e q u i r e d  i f  c o n tro l  o f  

the number o f  t r u e  p r e c i s io n  p o in t s  on th e  

e r r o r  curve i s  d e s i r e d .



CHAPTER V III  

CONCLUSION

8 .1 D iscu ss io n  o f  the  R e su l ts

In  t h i s  i n v e s t i g a t i o n  f l e x i b l e  l in k  mechanisms were 

analyzed  by the  f i n i t e  e lem ent method and were s y n th e s iz e d  

f o r  a fu n c t io n  g e n e ra t io n  problem by the  o p t im iz a t io n  

method. From th e  r e s u l t s ,  the  fo l lo w in g  con c lu s ion s  and 

recommendations have been reached .

The c a n t i l e v e r  beam s u b je c te d  to  la rg e  d e f l e c t io n s  

was ana lyzed  by th e  f i n i t e  elem ent method and th e  r e s u l t s  

were w i th in  an a c c e p ta b le  degree o f  accuracy  f o r  e n g in e e r ­

ing  p u rp o se s .  This method was a l s o  a p p l ie d  to  th e  

a n a ly s i s  o f  v a r io u s  ty p es  o f  f l e x i b l e  l i n k  mechanisms 

w ith  one o r  two f l e x i b l e  members where th e  mechanisms were 

d is p la c e d  by a l i n e a r  fo rc e  o r  to rq u e .  These mechanisms 

were sy n th e s iz e d  to  give minimum s t r u c t u r a l  e r r o r  fo r  th e  

f u n c t io n  g e n e ra t io n  problem  by th e  v a r i a b le  m e t r ic  method 

o f  o p t im iz a t io n .

The g r e a t e s t  advantage o f  th e  p r e s e n t  a n a ly s i s  and 

s y n th e s i s  methods i s  t h a t  th ey  a re  very  g e n e ra l .  Only the  

f o u r - b a r  f l e x i b l e  l i n k  mechanism was accounted  f o r  in  t h i s  

i n v e s t i g a t i o n  b u t  a s i x  l i n k  mechanism o r  any complex 

mechanism w ith  even m u l t ip le  loads o r  d e f l e c t i o n s  can be

106
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hand led  very  e a s i l y  by th e s e  methods. With only s l i g h t  

m o d if ic a t io n  o f  th e  f i n i t e  e lem ent method, s p a t i a l  

mechanisms can be an a ly zed  o r  sy n th e s iz e d .

Besides th e  c a p a b i l i t i e s  o f  th e  p r e s e n t  method, an 

added a t t r a c t i o n  to  th e  d e s ig n e r  i s  t h a t  a l l  design  

in fo rm a tio n  co n ce rn in g  the  f l e x i b l e  l in k  mechanism such as 

the d r iv in g  to rq u e ,  th e  bending  s t r e s s ,  and (when extended 

to c o v e r  dynamics) th e  b u c k lin g  lo a d ,  the  n a tu r a l  f r e ­

q u e n c ie s ,  e t c .  can be o b ta in e d  from t h i s  one a n a ly s i s ,  

which i s  e s s e n t i a l  f o r  the com pletion  o f  the  design  o f  the 

mechanism. A lso ,  th e  o p t im iz a t io n  method demands no knowl­

edge o f  k inem atic  s y n th e s i s  and the  design  o b ta in ed  w i l l  be 

an optimum under th e  c o n d i t io n s  s p e c i f i e d  by the  d e s ig n e r .

Of the  a n a ly s i s  and s y n th e s i s  methods, the  s y n th e s i s  

method has p roven to  be more a c c u ra te .  This was b e s t  

dem onstra ted  by the  c a n t i l e v e r  beam design  o f  C hapter 6 .

The o p t im iz a t io n  method i s  capab le  o f  ach iev in g  a c c u ra te  

r e s u l t s  but th e  f i n i t e  e lem ent method imposes l i m i t s  on i t .

In a c c u ra c ie s  i n  th e  f i n i t e  e lem ent method a r i s e  from 

two a re a s :  ( 1 ) the  fo rm u la t io n  o f  the  method and

(2) t r u n c a t io n  e r r o r s .  The t r u n c a t io n  e r r o r s  can be 

improved by u s in g  double p r e c i s io n  f o r  the  com putation , 

w hile  the  accuracy  o f  the  l i n e a r  increm ent method can be 

improved by in c lu d in g  the  h ig h e r  o rd e r  terms in  E quation  

(12) o r  reduc in g  th e  u n e q u i l ib r a te d  fo rce  to  ze ro .  The 

i t e r a t i o n  a t  th e  end o f  each s e l e c te d  increm ent s te p  can
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be perform ed to  improve the  fo rc e  e q u i l ib r iu m .  These 

double p r e c i s io n  and i t e r a t i o n  p rocedu res  w i l l  in c re a s e  

the  com putation time which sh o u ld  be j u s t i f i e d  only  i f  

the  accuracy  i s  c r i t i c a l .

Inaccuracy  a lso  l i e s  in  modeling th e  f l e x i b l e  l in k  

mechanisms as was d is c u s se d  i n  C hapter 4. The la rg e  

d i f f e r e n c e  in  the  th ic k n e s s e s  o f  the  f l e x i b l e  l in k  and 

the  r i g i d  l i n k  n ea r  th e  f ix e d  o r  f l e x u r a l  j o i n t ,  p r e s e n ts  

a problem in  d e f in in g  an a c c u ra te  l o c a t i o n  o f  th e  nodal 

p o in t .  The s i t u a t i o n  w i l l  be more c r i t i c a l  i f  a j o i n t  

has a f i l l e t  a t  the  c o rn e r  o r  o th e r  de s ig n  f e a t u r e s .  A 

s e p a ra te  d e t a i l e d  i n v e s t i g a t i o n  fo r  s tu d y  o f  j o i n t s  

would be bo th  d e s i r a b le  and s i g n i f i c a n t .

The r e s u l t s  o f  th e  f l e x i b l e  l i n k  mechanism when 

compared w ith  an " e q u iv a le n t"  p in  j o i n t  l in k a g e  in d ic a te d  

t h a t  th e  f l e x i b l e  l in k a g e  perform ed in  a s i m i l a r  manner 

to  th e  p in  j o i n t  l in k a g e .  Thus the  s y n th e s i s  o f  th e  

f l e x i b l e  l in k a g e  was conducted  w ith  th e  dimensions o f  the  

p in  j o i n t  linkage, which p o ss e s se s  minimum ( s t r u c t u r a l )  

e r r o r  as th e  s t a r t i n g  d e s ig n .  The o p t im iz a t io n  method 

reduced the  e r r o r  o f  th e  f l e x i b l e  l i n k  mechanism to  a l e v e l  

comparable to  t h a t  o f  a p in  j o i n t  l in k a g e .  I t  was no ted  

du rin g  the  s y n th e s is  t h a t  a d i f f e r e n t  s t a r t i n g  des ig n  may 

le a d  to  a d i f f e r e n t  optimum d e s ig n .  This i n d ic a t e s  t h a t  

the  o b je c t iv e  fu n c t io n  has many minimum p o in ts  in  a
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c lo s e  ne ighborhood. Depending upon the  s t a r t i n g  d es ig n ,  

a s p e c i f i c  lo c a l  minimum i s  ach ieved  bu t th e  g lo b a l  

minimum i s  u n l ik e ly  to  be ach iev ed . I t  might be a d v isa b le  

to  i n v e s t i g a t e  more than  one s t a r t i n g  p o in t ,  in  o rd e r  to  

f in d  p o s s ib ly  b e t t e r  optim a. From a t h e o r e t i c a l  s t a n d ­

p o i n t ,  the  q u e s t io n  o f  the  g lo b a l  minimum i s  unanswered, 

bu t  from a p r a c t i c a l  p o in t  o f  v iew , i t  i s  n o t  r e l e v a n t .

A minimum i s  ach ieved  and optimum design  i s  o b ta in e d  

w i th o u t  a c u t  and t r y  approach which i s  very  tim e con­

suming f o r  th e  d e s ig n e r .

8 .2 P o s s i b i l i t i e s  f o r  F u tu re  Research

The p r e s e n t  i n v e s t i g a t i o n  can be ex tended  in  two 

a r e a s :  a n a ly s i s  and s y n th e s i s .  F i r s t ,  th e  a n a ly s i s  by

the  f i n i t e  elem ent method can be ex tended  to  in c lu d e  the  

com pressive load  on the  l in k s  o f  the  f l e x i b l e  l in k  

mechanism. A lso , the  method shou ld  be ab le  to  p r e d i c t  

the  p o s t  b u c k lin g  b eh av io u r .

A very  v a lu a b le  i n v e s t i g a t i o n  would be to  analyze  a 

f l e x i b l e  l i n k  mechanism s u b je c te d  to  la rg e  d e f l e c t i o n s  

under dynamic lo a d in g .  A lso , in fo rm a tio n  on th e  n a tu r a l  

f requency  would be u se fu l  f o r  the  a p p l i c a t io n  o f  such a 

l in k a g e  in  a v i b r a t io n a l  env ironm ent.

During th e  o p t im iz a t io n  p ro c e d u re ,  the  a n a ly s i s  was 

perform ed many t im e s .  An economy in  com putation  time
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cou ld  be ga ined  by an e f f i c i e n t  o p t im iz a t io n  method b u t  

a g r e a t e r  sa v in g  can be a t t a i n e d  by a f a s t e r  a n a ly s i s  

method. The doors a re  thus  s t i l l  open to  o r i g in a t e  a 

s im p le r  and f a s t e r  a n a ly s i s  method f o r  the  a n a ly s i s  o f  

the  f l e x i b l e  l in k  mechanisms.

A v e ry  p r a c t i c a l  e x te n s io n  o f  th e  o p t im iz a t io n  

method would be to  in c lu d e  d esign  c o n s t r a i n t s  such as 

l i m i t a t i o n s  on the  le n g th  o f  l i n k s ,  lo c a t io n s  o f  the  

in p u t  and o u tp u t  s h a f t s ,  and l i m i t a t i o n  on s t r e s s e s  f o r  

th e  s y n th e s i s  o f  f l e x i b l e  l in k  mechanisms.

The f i n i t e  e lem ent method f o r  the  a n a ly s i s  and the  

o p t im iz a t io n  method f o r  th e  s y n th e s i s  o f  f l e x i b l e  l in k  

mechanisms a re  v e ry  g e n e ra l  in  t h e i r  fo rm u la t io n ,  thus 

they  h o ld  g r e a t  prom ise f o r  a com plete ly  automated 

computer a id e d  d e s ig n .
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THE FOLLOWING IS THE LISTING OF THE COMPUTER 
PROGRAM FOR THE SYNTHESIS OF THE FLEXIBLE 
LINK MECHANISM.

MAIN PROGRAM

EXTERNAL FX4BAR 
COMMON /SYN/NEVAL# MEVAL 
DIMENSION XL(5)/ DRV(5>/ EpS(5)
NIT ■ 10 
IW ■ 3 
FO.■ 0.
N » 5
ETA . l.E-04 
DRV(l) ■ -0*001 
DRV(2) • -0*001 
DRV(3) - 0*001 
DRV<4) ■ 0*001 
DRV<5) « 0*001 
EPS(l) « 0*001 
EPS(2) - 0*001 
EPS(3) > 0*001 
EPS(4) • 0*001 
EPS(5) ■ 0*001 
ISTART > 1 
NEVAL ■ 0 
MEVAL » 37
CALL DMIN2 (XL/ERSUM/ N/ FO/ EPS/ DRV/

1 FX4BAR/ ETA/ NIT/ IW/ IC)
PRINT 1011/ IC# ERSUM# (XL(I)/I■1/5)

1011 FORMAT (IX/ 13/ 5X/ 613/ 6X# 4E16.6)
END



c
C THE SUBROUTINE DMIN2 IS FOR UNCONSTRAINED
C MINIMIZATION OF A FUNCTION.
C DMIN2 IS BASED ON THE VARIABLE METRIC
C METHOD OF FLETCHER AND POWELL • WHERE THE
C GRADIENTS ARE EVALUATED ACCORDING TO AN
C ALGORITHM BY STEWART.
C

SUBROUTINE DMIN2(XO/FO/NN/FMIN/EPS/DRV/
1 EVAL/ETA/NLIN/WRITE/CONV)
DIMENSION XO(20)/EPS(20)/DRV(20)/H(20/20)/

1 X( 2 0 ) / G(2 0 ) / G1( 2 0 ) / Y ( 2 0 ) /
2 DEL(20)/C(20)/E(4)/EE(4)/F(4)

LOGICAL IDENT
INTEGER CONV/WRITE/COUNT

C
C INITIALIZE THE PROGRAM
C

EM« »1E-10 
FM « FMIN 
N • NN 
ILIN • 0 
COUNT - 1 
LOWEST « 1 
E(l) - 1.

* CALL EVAUXO/FO)
IF(WRITE.GT.O) PRINT 2000# FO/(X0(I)/I«l/N)
IF(WRITE.GT.2) PRINT 2007
DO 10 I«l/N 
X(I) • X0(I)

5 XO(I) ■ X<I) + DRV(I)
CALL EVAL(XO#FG>
COUNT » COUNT + 1
IF(WRITE«GT»2) PRINT 2001/ FG/(X0(J)/J«1/N) 
IF(FG.NE.FO) GO TO 7 
DRV(I) ■ 2**DRV(I)
GO TO 5 

7 G(I) ■ (FG - FO)/DRV(I)
10 XO(I) ■ X(I)

C
C SET H EQUAL TO THE IDENTITY MATRIX
C

20 IDENT > .TRUE*
DO 30 I>l/N 
DO 25 Jal/N 

25 H(I/J) « 0*
H(I/I) > 1.

30 C(I) • 1*
IF(WRITE.QT.O) PRINT 2002/ (G(I)/I»1/N)
IF(WRITE*GT.O) PRINT 2003/ (C(I)/I»1/N)

C
C SET UP FOR A MINIMIZATION ALONG A LINE
C

5 0  D •  0 .
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EP ■ 1* 114
EQ»1»

00 60 I«l/N 
DEL(I) - 0*
00 "55 J«l/N 

55 OELU) • DEL(I) - H(1/J)*G(J)
IF(DEL(I)•EQ*0*) GO TO 60
EP « AMIN1(EP/ABS(EPS(I)/DEL<I)>)
E0» AMIN1(EQ/1»E-7#ABS(X0(I)/DEL(I)))

D • D + G(I)*DEL(I)
60 CONTINUE 

EP ■ «05*EP 
IF(D»LT»0») GO TO 70 
IFI.NQT.IDENT) GO TO 20 
CONV » 2 
GO TO 500 

70 IF(F0«LE.FM) FM « -1-E20
E(2) ■ AMIN1(1.#2.#(FM-F0)/D)
E{2)» AMAX1(E(2)/EQ)

100 IF(WRITE.GT.O) PRINT 2004/ EP#(DEL(I> / I»l/N)
IF(WRITE»GT.O) PRINT 2005/ FO/(X0<I>/I-l/N)
F (1) - FO 
E(l) - 0.

B n
103 00 105 I-l/N
105 X(I> ■ XO(I) + E(2)*DEL(I)

CALL EVAL(X/F(2))
COUNT » COUNT + 1
IF(WRITE.GT.l) PRINT 2001/ F(2)/E(2) 
IF(F(2).NE.F(1)) GO TO 107 
E(2> - 2«*E(2)
GO TO 103

107 ED ■ •5#D*E(2)**2/(D*E(2)+(F(1)-F(2)))
IF{ED«LE.O«) ED » 2»#E(2)
IF (ED »LT. 0»00l*E(2)) ED ■ 0»001#E(2)
IF(F(2)*LT.F(D) GO TO 120
E(2) ■ ED
KKK ■ KKK + 1
IF(KKK»LT»2) GO TO 103
F(2) » FO
FC3) ■ F(2)
E(3) « E(2)
E(2) - 0*
E(1) - -E(3)
DO 11Q I • 1/ N 

110 X(I) • XO(I) + E(1)#DEL(I)
CALL EVAL(X/F(1))
COUNT ■ COUNT + 1
IF<WRITE»GT»2) PRINT 2001/ F(l)/E(l)
GO TO 150 

120 LOWEST > 2
IF(ED«GT.3.*E(2)) ED - 3.*E(2)
IF(ABS(E(2)-ED).LT.EP) ED « E(2) + 1«1*EP
IF( ABS(E(2)-ED)*LT«»03*ABS(E(2))) ED = 1»1*E(2)
DO 130 I-l/N



130 X< I) » X0( I) + ED*DEL(I)
IF(ED.QT*E (2)) GO TO 140 
E(3) ■ E(2)
E(2) « ED 
F(3) • F(2)
CALL EVAL(X/F(2))
COUNT ■ COUNT + 1
IF(WRITE.GT.l) PRINT 2001/ F(2)/E(2)
GO TO 150 

140 E<3> ■ ED
CALL EVAL(X/F(3))
COUNT ■ COUNT + 1
IF(WRITE.GT.l) PRINT 2001/ F(3)/E<3)

150 CALL INITPM(E/F/EE/A/0)
160 LOWEST » 1 

DO 165 1-2/3
IF(F(I)»LT»F{LOWEST)) LOWEST . I 

165 CONTINUE
IE » 2. + SIGN(l./EE(2))
IFIA.EQ.O.) IE- 2» + SIGN(1./F(1)-F(2))
IF(A.LT.OO IE- 4- IE 

IF(A»LE»0» »0R» ABS(EE(2)).GT#ABS(3*#EE(IE)))
1 EE(2) « 3»#EE(IE)
EEE « E(2) + EE(2)
IF(AB9(EEE-E(L0WEST))»LT.EP) GO TO 250 
IF(ABS(EEE-E(LOWEST)).LT..03*ABS(E(L0WEST)))

1 GO TO 250 
IF(EE(IE).LT.EE(2)) IE - IE + 1 
IF(IE • E Q • 4) GO TO 180 
DO 170 LL-IE/3 
L ■ 3-LL+IE 
E(L+1) ■ E(L)

170 F(L+l) « F(L)
180 E(IE) » EEE 

DO 190 I ■ 1 / N 
190 X(I) ■ XO< I) + EEE#DEL(I)

CALL EVAL(X/F(IE))
COUNT • COUNT + 1
IF{WRITE*GT«1) PRINT 2001/ F(IE)/E(IE) 
IF(IE.EQ.l) GO TO 150 
KKK « 1
IF{IE»EQ.4) GO TO 220 
IF(F (1)»GT.F<4)) GO TO 200 
CALL lNlTPM(E/F/EE/A/0)
IF(E(2)+EE<2)«LT.E(4) .AND. A.GT.OO GO TO 160 
GO TO 210 

200 KKK - 2
CALL INITPM(E/F/EE/A/1)
IF(E(3) +EE(2) »GT.E(1) .AND. A.GT.OO GO TO 220 

210 KKK « 1
IF(F(2)»LT•F(1) .AND* F(2)«LE.F(3) .OR.

1 F(2).LE«F(1) .AND. F<2)«LT.F<3)) GO TO 150
220 DO 230 1-1/3 

E( I) - E(1 + 1)
230 F(I) ■ F(1+1)

115



GO TO (150#160)/KKK 116
C
C END OF MINIMIZATION ALONG DEL
C

250 IF(WRITE.GT.O) PRINT 2005/ F(LOWEST)/E(LOWEST) 
IF(WRITE.GT.O) PRINT 2006/ COUNT

C
C IF THERE WAS NO MOTION/ RETURN.
C

IF(E(LOWEST).NE.O-) GO TO 260 
CONV » 3 
GO TO 500

C
C IF THE FUNCTION VALUE WAS NOT CHANGED/ RETURN.
C

260 IF(F{LOWEST)»NE«FO) GO TO 270 
CONV • A 
GO TO 500

C
C TEST FOR CONVERGENCE
C

270 FO - F(LOWEST)
CONV ■ 1
ETEST ■ AMAX1{1»/ABS(E(LOWEST)))
DO 280 I*l/N
IF(ABS(ETEST#DEL(I)).GT.ABS(EPS(I))) CONV ■ 0 
DEL(I) ■ E(LOWEST)#DEL( I)
XO ( I) » XO(I) + DELd)

280 Gl{I) > G ( I )
IF{CONV•EQ.1) GO TO 500

C
C IF THERE HAVE BEEN TOO MANY MINIMIZATIONS
C ALONG A LINE/ RETURN.
C

ILIN . ILIN + 1 
CONV » 5
IF<ILIN.GE.NLIN) GO TO 500

C
C CALCULATE A NEW GRADIENT
C

IFCWRITE.GT*2) FRINT 2007 
DO 30p I-l/N 
X(I) » XO( I )
IF(FO»EQ.O*) GO TO 285 
IF<IDENT) GO TO 285 
IF(G(I).EQ.O.) GO TO 285
ETAM - AMAX1(ETA/ABS(1.E-8#G(I)*XO(I)/FO)) 
IF(G(I)*#2.GT.C(I)*ABS(F0)*ETAM) GO TO 282 
DRV(I) « 2.#(ABS(F0)*ABS(G(I))#ETAM/C(I)*#2)
1*#.33333333
DRV(I) • DRV(I)#(1• - ABS(G(I))/(1.5*C(I)«
1DRV(I) + 2»#ABS(G(I))))
GO TO 283

282 DRV(I) • 2.*SQRT(ETAM*ABS(F0)/C(I))
DRV(I) » DRV(I)#(l.-C(I)*DRV(I)/(3.*C(I)*
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1DRV( I )+4»*ABS(G( I) )) ) •,
283 DRV(I) ■ SIGN(DRV(I)#GCIJ)

IF(.5*ABS(C(I)#DRV(I)/G(I>> «GT. .01) GO TO 295 
285 X0(I) « X(I) + DRV(I)

CALL EVAL(X0#FG)
COUNT » COUNT + 1 
IF(FG.NE.FO) GO TO 290
IF(WRITE»GT«2) PRINT 2001# FG#(X0(J)#J»1/N) 
DRV( I) • 2«#DRV(I)
GO TO 285 

290 G(I) • (FG - FO)/DRV(I)
GO TO 300 

295 DRV(I) » 100»*ABS(F0#ETAM/G(I))
DRV(I) « ABS(G(I)) + SQRT(G(I)#*2 + 200** 
1ABS(F0)*C(I)*ETAM)
DRV(I) « 100•*ABS(FO)#ETAM/DRV(I)
XO(I) - X(I) + DRV(I)
CALL EVAL(XO#FP>
COUNT ■ COUNT + 1
IF(WRITE.GT.2) PRINT 2001# FP#(X0<J)#J»l#N) 
XO(I) ■ X(I) - DRV( I)
CALL EVAL(X0#FMI)
COUNT « COUNT + 1
IF(WRITE»GT»2) PRINT 2001# FMI#(XO(J)#J = 1#N)
G(I) « »5*(FP-FMI)/DRV(I)

300 XOCI) » X(I)
IF THE MINIMUM WAS FOUND ALONG -DEL#
GO SET H EQUAL TO C INVERSE

IF(E(LOWEST).LT.C.) GO TO 20
MODIFY H AND GO BACK FOR ANOTHER ITERATION

IDENT = .FALSE.
A a 0*
DO 310 I»1# N 
Y(I) « G(I) - Gl(I)

310 A * A + Y (I)*DEL(I)
IF(WRITE.GT.O) PRINT 2002# (G(I)#I«1#N)
AA ■ A/E(LOWEST)
Cl « 1•/A - D/AA#*2 
C2 =» 2./AA 
B ■ 0*
DO 330 I»1#N
C(I) * C(I) + Cl*Y(I)**2 + C2*Y(I)*G1(I)
X( I ) » 0 .
DO 320 J«1#N 

320 X(I) a X(I) + H(I#J )*Y(J)
330 B a B - X(I)*Y(I)

IF(WRITE.GT.O) PRINT 2003# (CCI)#I»1#N)
DO 340 I * 1# N
IF(C(I)*LE*0.) GO TO 20
DO 340 J«I# N
H( I# J) a H( I# J) DEL( I)*DEL( J)/A + X(I)#X(J)/B
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340 H(J/I) « H(1/J)
PRINT 2002# ((H(I/J)/ J«l/N)/ I«l/N)
PRINT 2005/ FO/ (XO(I)/ I«l/N)
PRINT 2007 
GO TO 50

C
C RETURN
C

500 IF(WRITE.GT.O) PRINT 2005/ FO/(X0(I)/I«l/N)
IF(WRITE.GT«0) PRINT 2006/ CONV
RETURN

C
C
2000 FORMAT(3H1 #1PE15.7/2X/6E15»7/(3H 17X/6E15.7))
2001 FORMAT(3H +1PE15.7/2X/6E15.7/(3H 17X/6E15.7))
2002 FORMAT(3H0 G17X/1P6E15.7/(3H 17X/6E15.7))
2003 FORMAT(3H C17X/lP6El5.7/(3H 17X/6E15.7))
2004 FORMAT(3H D1PE15.7/2X/6E15.7/(3H 17X/6E15.7))
2005 FORMAT{3H F1PE15.7/2X/6E15.7/(3H 17X/6E15.7))
2006 FORMAT(1H 15)
2007 FORMAT(1H )
3000 FORMAT (5E15.7)
3010 FORMAT (13)
3011 FORMAT (IX/ 13)

END

SUBROUTINE INITPM(E/F/EEzA/I)

THE SUBROUTINE INITPM IS FOR THE QUADRATIC 
INTERPOLATION
DIMENSION E(1)/F(1)/EE(1)
EE(1) > E(1 + 1) - E (1+2)
EE ( 3) « E ( 1+3) - E (1+2)
DF1 = EE(1)*(F(1+3) - F(I+2))
DF3 * EE(3)*(F(1 + 1) - F( 1+2))
EE(2) ■ .5*(EE(1)#DF1-EE(3)*DF3)/(DF1-DF3)
A. (DF3*DF1)*SIGN(1*/EE(1))*SIGN(1«/EE(3))« 

1 SIGN(1#/EE(1)-EE(3))
RETURN
END



C 119
C THE SUBROUTINE FX4BAR IS FOR THE ANALYSIS
C OF A FLEXIBLE LINK MECHANISM SUBJECTED TO
C LARGE(NONLINEAR) STATIC DEFLECTIONS.
C THE ANALYSIS IS BY THE FINITE ELEMENT METHOD
C WITH LINEAR INCREMENTAL PROCEDURE
C

SUBROUTINE FX4BAR (XL* ERSUM)
COMMON /SYN/ NEVAL# MEVAL
COMMON KB(6#15)# EL(15)# EAL(15)# AF(15)# 

1PT(2#15)# EKT(6#90)# BST(15)# AST(15)#
2EB(15)* EH(15)/ ALK(3># TLK(3)# LLK(IO)#
3EALD(15) # DQ(48)# DP(48)# LV(48)# MV(48)# 
4SK(20#20)# ADQ(48) # EK(6#6)#ET(6#6)#RK(6#6)#
5RT(6# 6)# TR(6#6)# EF(6)# TE(6)# DEL(6)
DIMENSION SK11(19#19)# SK12(19)# TRF(19)
DIMENSION XL(1)
EQUIVALENCE (S«#SK11)

1001 FORMAT (39H1LARGE DEFLECTION BY LINEAR INCREMENTAL 
140H PROCEDURE - FLEXIBLE FOUR-BAR LINKAGE
2//# 11H INPUT DATA/)

1002 FORMAT (4H LNE 12X 4H KB 18X 4H EL 12X 
14H EB 12X 4H EH /)

1003 FORMAT ( 9H10UTPUT -//5H STEP 18X 4HTH2 12X 
14HTH4 12X 4HT2 12X
240HX AND Y COORDINATES OF THE NODAL POINTS //)

1010 FORMAT (I2#8X#6I3#2X#3F15»8)
1011 FORMAT (IX# 13# 5X# 613# 6X# 4E16.6)
1020 FORMAT (5F15.5)
1021 FORMAT (IX# 6E16.6)
1031 FORMAT (IX# 13# 13X# 6E16«6/(17X#6E16»6))
1032 FORMAT (IX# 13# 13X# 6116 /(17X# 6116))
1040 FORMAT (10A1)
1041 FORMAT (IX# 10A1)
1050 FORMAT (//)
1052 FORMAT (/)
1060 FORMAT (12# 8X# 1013)
1061 FORMAT (IX# 13# 5X# 1013)

PI » 3.141592654
DTR ■ PI/180*
RTD ■ l./DTR 
PRINT 1001
IF (NEVAL »GT. 0) GO TO 22 
PRINT 1050 

C READ AND PRINT INPUT DATA 
READ 1010# NE
PRINT 1011# NE
READ 1010# JE# NS# NLD# NST# NMP# NKD# NPS
PRINT 1011# JE# NS# NLD# NST# NMP# NKD# NPS
READ 1020# A1#TH4AD# TH2SD# THMD# THID# E 
PRINT 1021# A1#TH4AD# TH2SD# THMD# THID# E 
READ 1020# XS# XF# YS# YF# DTHD# DPHID
PRINT 1021# XS# XF# YS# YF# DTHD# DPHID
READ 1060# JE# (LLK(I)# I«l#10)



PRINT 1061/ JE/ (l_LK( I) • 1*1/10)
DX * XF - XS 
DY * YF - YS 
PRINT 1002 
DO 10 J ■ 1/ NE
READ 1010/ JE/ {KB(I> JE)/ I > 1/6)/

1ELCJE)/ EB(JE)/ EH(JE)
PRINT 1011/ JE/ (KB(I' JE)/ I - 1/6)/

1EL(JE)/ EB<JE)/ EH(JE)
10 CONTINUE 

PRINT 1050 
NSMK ■ NS - NKD 
NSMB * NS - NKD + 1 
NSM1 » NS - 1 
NSM2 * NS - 2 
NDSX ■ 0 
NDSY • 0
TH4A • TH4AD#DTR 
TH2S » TH2SD#DTR 
DO 21 II * 1/5 
J . II + II - 1 
K * LLK(J)
L * LLK(J+l)
XL(11) ■ 0«
DO 20 I - Kz L

20 XL(II) * XL(II) + EL(I)
21 CONTINUE 

ALK(l) * XL(1)
ALK(2) ■ XL(2) + XL(3) + XL<#)
ALK(3) « XL(5)
CEL# ■ XL<3)
XL(3) ■ XL(#)
XL(#) * XL(5)
XL(5) ■ TH2S 
A2 > ALK(l)
A3 « ALK(2)
A# • ALK(3)

22 NEVAL • NEVAL + 1
IF (NEVAL »GT. MEVAL) STOP 
IZPLOT » 0 
IPIC • 0 
INPS ■ 1 
SQSUM - 0»
ERSUM • 0*
ERMAX • 0«
BSTMAX ■ 0»
ASTMAX « 0*
BSTEX ■ 0»
AS • XL(1)
A3 • XL(2) ♦ CEL# + XL<3>
A# • XL(#)
TH2S - XL(5)
AA5 a TH2S
IF (AA5 .QT* PI) AA5 > Pi ♦ Pi - TH2S
A5 m SORT (A1«A1 + A2*A2 - 2»#A1*A2*C0S(AA5))

1 20



IF (A3 »QT• ABS(A5 - A4) ) GO TO 23 
GO TO 523

23 IF (A3' .IT. (A5 + A4>) GO TO 24 
523 ERSUM • 10-E 10

PRINT 1021/ A5 
GO TO 410

24 CONTINUE 
IFL • 0
CALL A4BAR (Al/ A2/ A3/ A4/ TH2S/ TH3/ TH4/ 
10*/ VA3/ VA4/ 0*/ AA3/ AA4/ TH4A/ IFL)

25 TLK(l) f TH2S 
TLK(2) ■ TH3 
TLK(3) ■ TH4 ♦ PI 
IJ ■ 0
IK • 0
00. 30 II - 1/ 5 
J f II ♦ II - 1 
K f LLK(J)
L n LLK(J+1)
VNE ■ L - K + 1
IF (II »EQ. 3) GO TO 26
IJ • IJ + 1
SL • XL(IJ)/VNE
GO TO 27

26 SL • CEL4
27 IF (II *EQ* 3 .OR. II »EQ» 4) GO TO 528 

IK • IK + 1
528 OELX ■ COS(TLK(IK))

DELY ■ SIN(TLK(IK))
00.29 I ■ K/ L 
EL(I) - SL 
EAL(I) » TLK(IK)
EALD(I) - EAL(I)«RTD
IF (I *EQ. 1) GO TO 28
PT{1/ I) • PT(1/ I-l) + EL(I)*DELX
PT(2/ I) • PT<2/ I-l) + EL(I)*DELY
GO TO 29

28 PT(1/ I) ® EL(I)*DELX
PT(2/ I) • EL(I)*DELY

29 CONTINUE
30 CONTINUE

DO 32 J • 1/ NE 
AF(J) » 0*
BST(J) - 0*

32 AST(J) ■ 0*
PRINT 1011/ NS/ NSMK/ NDSX/ NOSY/ NSM1/ NSMB
TH3D • TH3*RTD
TH4D - TH4#RTD
TH2SD ■ TH2S#RT0
PHISD.■ TH4D
THSD • TH2SD
PRINT 1021/ A2/ A3/ A4/ TH3D/ TH4D/ (EALD(l)/ 
II • 1/NE)/ (PT(1/I)/ PT(2/I)/ I • 1/NE)
PRINT 1021/ (XL(I)/ 1-1/5)/ (EL(I)/
II ■ 1/NE)/ PHISD/ THSD/ A5

1 2 1



PRINT 1003 122
DO 35 I ■ 1# NS 
DQ{I) « 0»
DP( I) ■ 0»

35 ADQ(I) * 0*
ISTEP ■ 0 
FIX » 0«
FIY - 0.
FlM ■ 0»
DSXC « 0.
DBYC ■ 0*
DELM ■ 1*0 
DELMC - 1*25 
IPHASE > 1 
IFD « 1
DO(NLD) ■ THID#DTR
ND » NKD
MD ■ NS - ND
TI « TH2S
TO - TH4
ISW - 1717

C STIFFNESS (EK) AND INITIAL STRESS (ET) MATRICES
C FOR INDIVIDUAL BEAM ELEMENT AND FORMATION
C OF SYSTEM STIFFNESS MATRIX -SK

41 N ■ 0
ISTEP - ISTEP + 1
IF (DSXC »GE. THMD) GO TO 400

43 DO 44 I * 1/ NS 
DO 44 J - 1t NS

44 SK(I#J) • 0»
DO 130 LNE ■ I t  NE 
CALL TRETS (TR# EAL(LNE))
CALL BEMREK (EB(LNE)# EH(LNE)# EL(LNE)#E / Ek )
CALL BEMRET (EL(LNE)# AF(LNE)# ET)

115 DO 120 I » 1# 6 
DO 120 J ■ 1# 6 
JJ « N + J

120 EKT(I#JJ) - EK(I#J) + ET(I#J)
N a N + 6
CALL BTAB (EK# TR# RK# 6# 6)
CALL BTAB (ET# TR# RT# 6# 6)
DO 125 K « 1# 6
IF (KB(K# LNE) »EQ. 0) GO TO 125

121 I « KB(K#LNE)
DO 124 L - 1# 6
IF (KB(L# LNE) .EQ. 0) GO TO 124

123 J a KB(L#LNE)
SK( I# J) « SK( I# J) + RK(K#L) RT(K#L>

124 CONTINUE
125 CONTINUE 
130 CONTINUE

C CALCULATIONS FOR THE NODAL FORCES AND
C REMAINING NODAL DISPLACEMENTS

CALL FORDIS (SK# SK11# SK12# SK22# TRK# TRF*
1 LV# MV# NS# ND# MD# ISW# DQ# DP# IFD# DETR)



n 
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150 DO 160 I-l/NS i
160 ADQ(I) > ADO(I) + DQ(I)

PRINT 1031/ ISTEP/ (DQ(I)/ I-l/NS)/ (ADQ(I) /
1 I.l/NS)/ DETR/ DP(NLD)/ TRK 
CALCULATIONS FOR DISPLACEMENTS AND FORCES 
FOR THE BEAM ELEMENTS 
L ■ 0 
N » 1
DO 300 LNE = 1/ NE 
DO 250 I > 1/ 6
IF (KB(1/ LNE) .EQ. 0) 60 TO 220 
J ■ KB(1/ LNE)
TE(I) = DQ(J)
GO TO 250 

220 TE{I) « 0.
250 CONTINUE

B = EB(LNE)
H o EH(LNE)
CALL TRETS (TR/ EAL(LNE))
CALL MPLY (TR/ TE/ DEL/ 6/ 6/ 1)
CALL MPLY {EKT(1/N)/ DEL/ EF/ 6/ 6/ 1)
AF(LNE) » AF(LNE) + EF(6)
N ■ N + 6
IF (LNE .NE. 2) GO TO 253 
BSTEX ■ BSTEX + 6.*EF(2)/(B*H#H)
IF (ABS(BSTMAX) «LT. ABS(BSTEX)) BSTMAX ■ BSTEX 

253 CONTINUE
BST(LNE) » BST(LNE) + 6.*EF(4)/(B*H*H)
AST(LNE) ■ AST(LNE) + EF(6)/(B*H)
IF (ABS(BSTMAX) »LT» ABS(BST(LNE))) BSTMAX ■

1 BST(LNE)
IF (ABS(ASTMAX) »LT. ABS(AST(LNE))) ASTMAX «

1 AST(LNE)
C SLOPE AND LENGTH OF THE BEAM ELEMENTS 

I » LNE
IF (I «GE. NE) GO TO 255 
PT(1/ I) ■ PT(1/ I) + DQ(L+l)
PT(2/ I) « PT(2/ I) + DQ(L+2)
L » L + 3 

255 IF (I.•GT• 1) GO TO 260 
DELX • PT(1/1)
DELY ■ PT(2/1)
GO TO 265 

260 DELX • PT(1/ I) - PT(1/ I-l)
DELY • PT(2/ I) - pT(2/ I-l)

265 CONTINUE
DELEL ■ DEL(6) - DEL(5)
EL(I) » EL(I) + DELEL 
EAL(I) • ATAN2 (DELY/ DELX)
ALD ■ EAL(I)*RTD 

300 CONTINUE
FIX ■ FIX + DP(NLD)
DSXC ■ DSXC + DQ(NLD)*RTD 
DSYC ■ DSYC + DQ(NMP)#RTD 
TI » TI + DQ(NLD)



124

TO « TO + DQ(NMP)
TID ■ TI #RTD 
TOD « TO #RTD
PRINT 1031/ ISTEP/ DSXC/ DSYC/ TID/ TOD/
1 FIX/ FIY/ FIM/
2{PT(1/I)/ PT(2/ I)/ I ■ 1/ NE)/BSTMAX/ASTMAX 
THD « TID 
PHID « TOD
X - XS + (THD - THSD)/DTHD*DX 
Y ■ X*X
PHIDD ■ PHISD + (Y -YS)/DY*DPHID 
ERR - PHIDD - PHID 
AERR • ABS(ERR)
ERSUM ■ ERSUM + AERR
SQSUM ■ SOSUM + ERR#ERR
IF (ERMAX «LT• AERR) ERMAX « AERR
PRINT 1031/ ISTEP/ THD/ PHID/ X/ Y/ PHIDD/

1 ERR/ ERSUM/ ERMAX/ SQSUM 
PRINT 1050 
GO TO 41 

400 CONTINUE 
410 SSTEP » ISTEP - 1

ERRMS ■ SQRT(SQSUM/SSTEP)
PRINT 1031/ NEVAL/ <XL(I)/ 1-1/5)/ ERSUM/

1 ERMAX/ SQSUM/ ERRMS 
RETURN 
END
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SUBROUTINE FORDIS (SK/ SFA/ SFB/ SFC-* RK/
1 TRF/ LV/ MV/ NS/ ND/ MD/ ISW/ 0/ P/ IFL/ DETR)
THE SUBROUTINE FORDIS IS FOR THE SOLUTION 
OF EQUATION/ P • (K)*Q / FOR FORCE OR 
DISPLACEMENT INPUT.

DIMENSION SK(NS/NS)/ SFA(MD/MD)/ SFB(MD/ND)/
1 SFC(ND/ND)/ RK(ND/ND)/ TRFIMD/ND)
DIMENSION Q(l)/ P(l)/ LV(1)/ MV(1)/ ISW(l)
NB ■ NS -ND + 1 
DO 100 I » 1/ ND 
K ■ ISW(I)/100 
L » ISW(I) - K*100 
IF (K »EQ. L) GO TO 100 
CALL SWAP (SK/ NS/ NS/ K/ L)
TEMP ■ Q(K)
Q(K) ■ Q(L)
Q(L) ■ TEMP 
TEMP » P(K)
P(K) ■ P(L)
P(L) ■ TEMP 

100 CONTINUE 
130 DO 138 J ■ 1/ ND 

L « MD + J 
DO 135 I - 1/ ND 
K » MD + I 

135 SFC(1/J) ■ SK(K/L)
DO 138 I - 1/ MD 

138 SFB<1/J) - SK(I/L)
DO 140 J « 1/MD
DO 140 I ■ 1/ MD

140 SFA(IzJ) * SK(I/J)
CALL MATINV (SFA/ MD/ DETR/ LV/ MV)
CALL MPLY (SFA/ SFB/ TRF/ MD/ MD/ ND)
CALL BTAB (SFA/ SFB/ RK/ MD/ ND)
DO 148 I > 1/ ND
DO 148 J ■ 1/ ND

148 RK(I/J) ■ SFC(1/J) - RK(I/J)
IF (IFL *GT. 0) GO TO 160
RK(1/1) » 1»/RK(1/1)
CALL MPLY (RK/ P(NB)/ Q(N8)/ ND/ ND/ 1)
GO TO 170

160 CALL MPLY (RK/ Q(NB)/ P(NB)/ ND/ ND/ 1)
170 CALL MPLY (TRF/ Q(NB)/ Q/ MD/ ND/ 1)

DO 180 I ■ 1/MD 
180 Q(I) ■ -Q(I)

DO 300 I • 1/ ND 
K • ISW(I)/100 
L - ISW(I) - K»100 
IF (K • EQ. L) GO TO 300 
TEMP • Q(K)
Q(K) • Q(L)
Q(L) • TEMP

125



TEMP * P(K) 
P (K) « P(L) 
P(L) ■ TEMP 

300 CONTINUE 
RETURN 
END
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SUBROUTINE BEMREK<B/H/EL/E/EK)
ELASTIC STIFFNESS MATRIX OF A BEAM ELEMENT
B - WIDTH OF BEAM CROSS SECTION
H - HEIGHT OF BEAM CROSS SECTION
EL - LENGTH OF BEAM ELEMENT
E - MODULUS OF ELASTICITY
EK - OUTPUT STIFFNESS MATRIX OF ORDER (6#6)
DIMENSION EK(6/6)
CF»E*B*H#H#H/(6 «0*EL)
EK(1/1)»6»0*CF/(EL*EL)
EK(2/1)■ 3.0#CF/EL 
EK(3/1)»-6.0#CF/(EL*EL)
EK<4/1)« 3.0*CF/EL 
EK(2/2)«2»0#CF 
EK(3/2)«-3*0#CF/EL 
EK(4/2)»CF
EK!3/3)«6«0#CF/(EL*EL>
EK(*>/3) ■•3«0*CF/EL 
EK(4/4)«2«0#CF 
EK(5/5)eE«B*H/EL 
EK(6/5)■-E#B*H/EL 
EK(6/6)«E*B*H/EL 
DO 10 I>5/6 
DO 10 J»l/4 

10 EK(I/J)-0«0 
DC 20 I«l/6 
DO 20 J-I/6 

20 EK(1/J)»EK(J/I)
RETURN
END
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SUBROUTINE BEMRET (EL* P* ET)
INITIAL STRESS STIFFNESS MATRIX OF A BEAM 
ELEMENT
DIMENSION ET(6/6)/ A(4/4)
CALL MINBEM (EL* P/ A)
DO 10 I B 1/ 4
DO 10 J a 1/ 4

10 ET{1/J) s A(1/J)
DO 20 I B 5/ 6
DO 20 J 8 1/ 6
ET{I/J) 8 0»

20 ET(J/I) 8 0.
RETURN
END

SUBROUTINE MINBEM (EL* CA/ A) 
DIMENSION A(A# 4)
CF ■ »1*CA 
CFT « CF 
A(2/1) ■ CFT 
A(4/1) - CFT 
A(3/2) «-CFT 
A(4/3) »-CFT 
CFT • 12.*CF/EL 
A{1/1) • CFT 
A (3/1) «-CFT 
A{3/3) ■ CFT
CFT > »333333333333*CF*EL 
A(4/2) »-CFT 
CFT « 4»*CFT 
A(2/2) « CFT 
A(4/4) ■ CFT 
DO 10 J ■ 1/ 3 
JJ ■ J ♦ 1 
DO 10 I ■ JJ/ 4 

10 A(J/ I) » A(1/ J)
RETURN
END
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SUBROUTINE TRETS (T/ AL)
THIS SUBROUTINE GIVES THE COORDINATE 
TRANSFORMATION MATRIX

DIMENSION T(6/ 6)
NEM * 6 
SINB * SIN(AL)
COSB • COS(AL)
DO 10 I*1/NEM 
DO 10 J»1/NEM

10 T(I#J) o.o
T(1/1) COSB
T(5#1) SINB
T(2/2) 1*0
T(3/3) COSB
T(6/3) SINB
T(4/4) 1*0
T(1/5) -SINB
T(5/5) COSB
T(3/6) -SINB
T(6/6) COSB
RETURN
END
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SUBROUTINE BTA0(A/BETA/R>M/N)
THIS SUBROUTINE COMPUTES BETA TRANSPOSE * A * 
BETA# RESULT IS STORED IN R*
A - INPUTE MATRIX OF ORDER M X M.
BETA - INPUTE MATRIX OF ORDER M X N«
R - OUTPUT MATRIX OF ORDER N X N.
DIMENSION A(M#M)*BETA(M#N)#R(N#N)
DO 40 I»1#N 
DO 30 J>1*N 
DY«0»0 
DO 20 K»1#M
IF(BETA(K#I).EQ.O.O) GO TO 20
CY«0«0
DO 10 L«1#M
IF(BETA(L*J)•EQ»0»0i GO TO 10 
CY-CY+A(K#L)*BETA(L#J)

10 CONTINUE
DY«DY+CY#BETA(K#I)

20 CONTINUE 
R{ I#J)»DY 

30 CONTINUE 
40 CONTINUE 

RETURN 
END
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THE STORE MODE OF MATRIX A MUST BE GENERAL* 

THIS SUBROUTINE INVERSES A MATRIX* 
A-INPUT MATRIX/ DESTROYED IN COMPUTATION 
AND REPLACED BY ITS INVERSE*
N-ORDER OF MATRIX A 
O-RESULTANT DETERMINANT 
L-WORK VECTOR OF LENGTH N 
M-WORK VECTOR OF LENGTH N

DIMENSION A(1)/L(1)/M<1)
D-J.O
NK*-N
DO 80 K»l/N
NK*N«+N
L(K)»K
M(K)«K
KK-NK+K
BIGA.A(KK)
DO 20 J-K/N 
IZ*N#(J-l)
DO 20 I-K/N 
IJ.IZ+I

10 IF ( ABS(BIGA)- ABS(A(IJ))) 15/20/20 
15 BIGA*A(IJ)

L(K)*I 
M(K)»J 

20 CONTINUE 
J*L(K)
IF (J-K) 35/35/25 

25 Kl.K-N
DO.30 I-l/N
k I*k i+n
HOLD--A(KI)
JUKI-K+J
A(Kl)*A(JI)

30 A(Jl)sHOLD 
35 I«M(K)

IF (I-K) 45/45/38 
38 JP.N#(I-1)

DO 40 J*l/N 
JK.NK+J 
JI«JP+J 
HOLD«-A(JK)
A ( J K ) * A ( J I )

40 A(JI)«HOLD
45 IF (BIGA) 48/46/48
46 D«0*0 

RETURN
48 DO 55 I*l/N

IF (I-K) 50/55/50 
50 IK*NK+1

A(IK)«A(IK)/(-BlGA)



55 CONTINUE 
DO 65 I-l/N 
IK-NK+I 
HO^D-AtIK)
IJ-I-N 
DO 65 J-l/N 
IJ-IJ+N
IF(I-K) 60/65/60 

60 IF(J-K) 62/65/62 
62 KJ-IJ-I+K

A(IJ)«H0LD*A(KJ)+A(IJ) 
65 CONTINUE 

KJ-K-N 
DO 75 J-l/N 
KJ-KJ+N
IF (J-K) 70/75/70 

70 A(KJ)*A(KJ)/BIQA 
75 CONTINUE 

D-D*BIGA 
A(KK)»1.O/BIGA 

80 CONTINUE 
K-N 

100 K-K-l
IF (K) 150/150/105 

105 I-L(K)
IF (I-K) 120/120/108 

108 JQ«N*(K-1)
JR«N#(I-l)
DO 110 J-l/N 
JK-JQ+J 
HOUD«A(JK)
Jl*JR+J 
A(JK)--A(JI)

110 A(Jl)-HOLD 
120 J-M(K)

IF (J-K) 100/100/125 
125 KI.K-N

DO 130 I-l/N
Kl-Kl+N
HOLD-A(KI)
Jl-Kl-K+J 
A(KI)--A(Jl)

130 A(Jl)-HOLD 
GO TO 100 

150 RETURN 
END



133

SUBROUTINE MPLY<A#B*R'M#L*N>
CC THIS SUBROUTINE COMPUTES A(M/L)#B(L*N) AND
C STORED THE PRODUCT IN R( M# N)•
C DIMENSION A(M*L)/B(L/N)#R(M#N)

DO SO I«1'M 
DO SO J*l/N 
Z«0*0
DO 10 K«l/L 

10 Z»Z+A(I#K)«B<K>J)
R(I/J)»Z 

20 CONTINUE 
RETURN 
END

SUBROUTINE SWAP(A/M«N^L«K)
C
C THIS SUBROUTINE SWAPS THE ROW L TO THE
C ROW K AND THE COLUMN L TO THE COLUMN K
C OF THE MATRIX A(MjN)•
C

DIMENSION A(M*1)
10 DO 15.I«1*N 

ASWAP-A(L/I)
A(L#I)-A(K/I)

15 A(K#I)*ASWAP 
20 DO 25 I*1«M 

ASWAP.A(NL)
A(I/L)«A(I/K)

25 A(I/K)«ASWAP
26 RETURN 

END
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SUBROUTINE A4BAR (A1 > A2« A3> A4* TH2# TH3/ 
1TH4/ VA2/ VA3/ VA4/ AA2/ AA3/ AA4/ TH4S/ IFL)

THIS SUBROUTINE PERFORMES THE ANALYSIS 
OF THE PIN JOINT FOUR-BAR LINKAGE

IF (IFL «GT. 0) GO TO 10 
PITS ■ 2»*3»141592654 
R1 ■ A1/A2 
R2 ■ A1/A4
R3 - (A1#A1 + A2«A2 - A3«A3 + A4#A4)/(2»*A2*A4) 
R4 ■ A3/A4 

10 CA • SIN(TH2)
CB » COS(THS) - R1 
CC - R3 - R2*C0S(TH2)
CD » SQRT (CA#CA + CB*CB - CC*CC)
IF (IFL »GT* 0) GO TO 20
TH4P * 2»*ATAN2( (CA+CD)# (CB+CO)
IF (TH4P *GE. PIT2) TH4P ■ TH4P - PITS 
TH4M • 2«#ATAN2( (CA-CD)# (CB+CO)
IF (TH4M *GE» PIT2) TH4M > TH4M - PITS
IF (TH4S »LT. 0») TH4S « TH4S + PIT2
IFL » 1 
SN ■ 1#
TH4 • TH4P
IF (ABS(TH4P-TH4S) *LT« ABS(TH4M-TH4S)) GO TO 30 
SN » "I*
TH4 - TH4M 
GO TO 30

20 TH4 - 2»*ATAN2((CA+SN*CD)# (CB+CC))
IF (TH4 »GE« PIT2) TH4 ■ TH4 - PIT2 

30 TH3»ATAN2((A4#SIN(TH4)-A2*SIN(TH2) ) »
1 (A1+A4#C0S(TH4)-A2*C0S(TH2)))
DM - 1•/(A3*SIN(TH3-TH4))
VA3 • (AS#SIN(TH4-TH2))*DM#VA2 
VA4 ■ (A2#SIN(TH3-THS))*R4#DM#VA2 
AA3 ■ (A2*SIN(TH4-TH2)*AA2 - 
1 A2#C05(TH4-TH2)*VAS*VA2 
2-A3*C0S(TH3-TH4)*VA3*VA3 + A4#VA4*VA4)*DM 
AA4 ■ (A2*SIN(TH3-THS)#AA2 - 

1 A2#C0S(TH3-TH2)*VA2*VA2
2+A4*C0S(TH3-TH4)*VA4*VA4 - A3*VA3*VA3)#R4*DM 
RETURN 
END



INPUT DATA FOR THE SYNTHESIS OF A FLEXURAL JOINT MECHANISM, FUNCTION Y • X**2
7
0 20 20 6 19 1 0

3.00 36 • 00 128*41 45.00 3.00
30000000.0
1.00 o. 50 1.00 0*25 45.00
67.50
0 1 1 2 3 4 4 5 6 7 7

LNE KB EL eb EH
1 0 20 2 3 0 1 7*570080 0.050 0*400
2 2 3 5 6 1 4 1.74719 0*050 0*020
3 5 6 8 9 4 7 1*74719 0*050 0*020
4 8 9 11 12 7 10 3*00000 0*050 0*400
5 11 12 14 15 10 13 1*74719 0*050 0*020
6 14 15 17 18 13 16 1*74719 0*050 0*020
7 17 18 0 19 16 0 1*66784 0*050 0.400
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