{: SCISPACE

formerly Typeset

@ Open access - Journal Article = DOI:10.1103/PHYSREVA.66.012301
Optimal teleportation based on bell measurements — Source link [

Sergio Albeverio, Shao-Ming Fei, Shao-Ming Fei, Wen-Li Yang ...+1 more authors

Institutions: University of Bonn, Capital Normal University, Northwest University (China)

Published on: 15 Jul 2002 - Physical Review A (American Physical Society)

Topics: Quantum teleportation, Quantum energy teleportation, Superdense coding, Bell state and Quantum channel

Related papers:

« Teleporting an unknown quantum state via dual classical and Einstein-Podolsky-Rosen channels

General teleportation channel, singlet fraction, and quasidistillation
« Quantum Computation and Quantum Information
« Entanglement of Formation of an Arbitrary State of Two Qubits

« Communication via One- and Two-Particle Operators on Einstein-Podolsky-Rosen States

Share thispaper: @ ¥ M &

View more about this paper here: https://typeset.io/papers/optimal-teleportation-based-on-bell-measurements-
4kngbs7b10


https://typeset.io/
https://www.doi.org/10.1103/PHYSREVA.66.012301
https://typeset.io/papers/optimal-teleportation-based-on-bell-measurements-4kngbs7b10
https://typeset.io/authors/sergio-albeverio-14vxdlzqry
https://typeset.io/authors/shao-ming-fei-2b0dcmd9ot
https://typeset.io/authors/shao-ming-fei-2b0dcmd9ot
https://typeset.io/authors/wen-li-yang-21s9v0jsr2
https://typeset.io/institutions/university-of-bonn-15mmd3k0
https://typeset.io/institutions/capital-normal-university-3tjggpfr
https://typeset.io/institutions/northwest-university-china-24458nl2
https://typeset.io/journals/physical-review-a-j6ltrmrf
https://typeset.io/topics/quantum-teleportation-xgw5fkb3
https://typeset.io/topics/quantum-energy-teleportation-3429r7zi
https://typeset.io/topics/superdense-coding-9fxpkhih
https://typeset.io/topics/bell-state-2wrakuec
https://typeset.io/topics/quantum-channel-dxk0uk4z
https://typeset.io/papers/teleporting-an-unknown-quantum-state-via-dual-classical-and-3ph8esjxdx
https://typeset.io/papers/general-teleportation-channel-singlet-fraction-and-1ual0gic8r
https://typeset.io/papers/quantum-computation-and-quantum-information-3v8m8z30vw
https://typeset.io/papers/entanglement-of-formation-of-an-arbitrary-state-of-two-34zs088are
https://typeset.io/papers/communication-via-one-and-two-particle-operators-on-einstein-3zjm46q2kl
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/optimal-teleportation-based-on-bell-measurements-4kngbs7b10
https://twitter.com/intent/tweet?text=Optimal%20teleportation%20based%20on%20bell%20measurements&url=https://typeset.io/papers/optimal-teleportation-based-on-bell-measurements-4kngbs7b10
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/optimal-teleportation-based-on-bell-measurements-4kngbs7b10
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/optimal-teleportation-based-on-bell-measurements-4kngbs7b10
https://typeset.io/papers/optimal-teleportation-based-on-bell-measurements-4kngbs7b10

PHYSICAL REVIEW A 66, 012301 (2002)

Optimal teleportation based on bell measurements
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We study optimal teleportation based on Bell measurements. An explicit expression for the quantum channel
associated with the optimal teleportation with an arbitrary mixed state resource is presented. The optimal
transmission fidelity of the corresponding quantum channel is calculated and shown to be related to the fully
entangled fraction of the quantum resource, rather than the singlet fraction as in the standard teleportation

protocol.
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Quantum teleportation protocols play an important role in
quantum information processing. In terms of a classical com-
munication channel and a quantum resource (a nonlocal en-
tangled state like an EPR pair of particles), the teleportation
protocol gives ways to transmit an unknown quantum state
from a sender traditionally named ‘““Alice” to a receiver
“Bob’” who are spatially separated. These teleportation pro-
cesses can be viewed as quantum channels. The nature of a
quantum channel is determined by the particular protocol
and the state used as a teleportation resource [1-3]. The
standard teleportation protocol T, proposed in [1] uses Bell
measurements and Pauli rotations. When the maximally en-
tangled pure state |®)=1/\n="_|ii) is used as the quan-
tum resource, it provides an ideal noiseless quantum channel
Ag;bxq")(p): p. However, in a realistic situation, instead of

the pure maximally entangled states, Alice and Bob usually
share a mixed entangled state due to the decoherence. Tele-
portation using a mixed state as an entangled resource is, in
general, equivalent to having a noisy quantum channel. Re-
cently, an explicit expression for the output state of the quan-
tum channel associated with the standard teleportation pro-
tocol T, with an arbitrary mixed state resource has been
obtained [4,5].

In this paper we consider the following problem. Alice
and Bob previously only share a pair of particles in an arbi-
trary mixed entangled state y. In order to teleport an un-
known state to Bob, Alice first performs a joint Bell mea-
surement on her particles (particle 1 and particle 2) and gives
her result to Bob by the classical communication channel.
Then Bob, instead of the Pauli rotation like in the standard
teleportation protocol [1], tries his best to choose a particular
unitary transformation which depends on the quantum re-
source x, so as to get the maximal transmission fidelity. We
call our teleportation protocol the optimal teleportation based
on the Bell measurement. We derive an explicit expression
for the quantum channel associated with the optimal telepor-

*Email address: albeverio@uni-bonn.de
"Email address: fei@uni-bonn.de
*Email address: wlyang @th.physik.uni-bonn.de

1050-2947/2002/66(1)/012301(4)/$20.00

66 012301-1

PACS number(s): 03.67.Hk, 89.70.+c, 03.65.—w

tation with an arbitrary mixed state resource. The transmis-
sion fidelity of the corresponding quantum channel is given
in terms of the fully entangled fraction of the quantum re-
source.

Let {|i),i=0,...,n—1}, n<o, be an orthogonal nor-
malized basis of an n-dimensional Hilbert space H. Any lin-
ear operator A: H—H can be represented by an nXn ma-
trix as follows:

n—1

A(liy)= 20 Aili), AjeC.
=

We shall only consider the following three-tensor Hilbert
space: H® H® H where Alice has the first and the second
Hilbert space, and the third one belongs to Bob. Let & and g
be nXn matrices such that h|j)=[(j+1)modn), gl|j)
= ’|j), with w= exp{—2im/n}. We can introduce n* linear-
independent n X n matrices U,,=h'g®, which satisfy

UyUyp=0"""""Ug Uy, w(Uy)=n88. (1)
One can also check that {U,,} satisfy the condition of bases
of the unitary operators in the sense of [6], i.e.,

tr( U”Ujr[r) =n6y Oy,

)
Uy Ul =1,

where Iy, is the nXn identity matrix. {U,,} form a com-

plete basis of n X n matrices, namely, for any n X n matrix W,
W can be expressed as

W= ,l—l 2, (U W)U 3)

syt

From {U,,} we can introduce the generalized Bell states,

B,y =(10 US| D)= S (U)H]i).
\/; et J

L]
and [Dgp)=[P), (4)
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|®,,) are all maximally entangled states and form a complete
orthogonal normalized basis of H®H shared by Alice and
Bob. For any state y shared by Alice and Bob, let us intro-
duce the singlet fraction [2]: F=(®|x|®). In general, all the
maximally entangled pure states are equivalent to |d):
|V )= 1®@U|®), where U is a unitary transformation. One
can define the fully entangled fraction [2] of a state y by

Foo=max{(®[(1eU") x (12U)|®)},
forall UU'=U'U=1,y,. (5

Since the group of unitary transformations in n dimensions is
compact, there exists a unitary matrix W, such that

FOoO=(P|(1oW)) x (10W,)|®). (6)

Suppose now Alice and Bob previously shared a pair of
particles in an arbitrary mixed entangled state y. To trans-
form an unknown state to Bob, Alice first performs a joint
Bell measurement based on the generalized Bell states Eq.
(4) on her parties. According to the measurement results of
Alice, Bob chooses particular unitary transformations {7’}
to act on his particle.

Theorem 1. The teleportation protocol defined by {T,},
when used with an arbitrary mixed state with density matrix
X as a resource, acts as a quantum channel

1
AY{TH(p)= 2

EI E <q)st|X|(bs’t’>
sitogl gt

# P—_—
X % TpUsUyp p UypU Ty

(7)

Proof. The proof can be given in two steps:
Step 1: Pure entangled state as a resource. Each en-
tangled pure state | ') shared by Alice and Bob has the form

n—1 n—1

|\Ir>:,20 aij|ij>’ 'EO |al]| 7 aijEC- (8)
L= L]

Let A be the nXn matrix with elements (A);;=a,;, a;;€C.
Suppose Alice wishes to teleport the unknown pure state
|p)=="_,q,|i). The initial state Alice and Bob have is then
given by

n—1

|¢>®|qf>=;0a,ajk|ijk> e HOHOH. 9)
L], K=

To transform the state | ¢) to Bob, Alice first performs a joint
Bell measurement based on the generalized Bell states Eq.
(4) on her party. After her measurement with outcoming in
the state |®,,), Bob’s particle gets into a (unnormalized)
state

|¢>_’ \/—A UY[| ¢>
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Once Bob learns from Alice that she has obtained the result
st, he performs on his previously entangled particle (particle
3) a unitary transformation T, . Then the final state becomes
1/ \/;TI,AUS,M&). In terms of the density matrix, the tele-
portation based on the unitary matrices {7}, with the quan-
tum resource being a pure state | V'), is a quantum channel
with the output

Ad¥X ‘”><{T}><p)— 2 TIAU, p UIAT,,.

Step 2: An arbitrary mixed entangled state as a resource.
Let y be a mixed state,

X=2 Pl V)P, 0<p,<I

and

> pa=1,

a

W) =2 a®lij).
v

Applying the teleportation protocol 7" with a mixed state y,
the final state of Bob becomes

1 N
AVATH ()= 7 2 2 puTA Uy p ULA)'T,,.

(10)

Since each matrix A(® can be decomposed in the basis of
{Uy} by (A®);=3, ,a\(U,),;. Eq. (10) becomes

1
A(X)({T})(p)=;s2t E (2 Pl <a>*)

il ¥ T
X% TygUaUyp p UypUsr i Top.

Using the definition of generalized Bell states {|®,)} in Eq.
(4), after a lengthy calculation, we arrive at

”2 paA(a)A(ya);f <(Dst|X|(Dc’t >

Substituting the above results into Eq. (10), one obtains Eq.
(7). Using Eq. (2) and the identity

forany nXn matrix A,

E U-It AUsl:n tr(A)Ian 4
s,t

the trace-preserving property of the quantum channel can be
proved by

012301-2
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u[ AT (p)]

1
:_22 2 <q)st|X|q)s't’>
n st S',t’
X EB w(US UL, U U ypp)
Y.

Z, <q)sr|X|q)s’t’>tr( UsrUj/,/)tr(P)

st

Slv—‘

s,t

< 51|X|q)sl> r(x)=1. |

s,t

The fidelity of the teleportation is given by

f(X):<¢in|A(X)({T})(|¢in><¢in|)|¢in>? (11)

averaged over all pure input states ¢;,, .

In order to calculate the transmission fidelity Eq. (11), we
need an irreducible n-dimensional representation of the uni-
tary group U(n), denoted by G. Let U(g) be the unitary
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matrix representation of the element g of G. Recalling
Schur’s Lemma, one has the identity

deg[U*(g)®UT(g)] o [U(g)oU(g)]=aI®l+a,P,
(12)

n*tr(o)—ntr(oP)
n*(n®>-—1)

_n2 tr(oP)—n tr(o)
- n*(n*—1)

;=

i

for any operator o acting on the tensor space, where P is the
flip operator such that P|ij)=ji). The invariant (Haar) mea-
sure dg on G is normalized by [gdg=1.

Theorem 2. The transmission fidelity of the teleportation
protocol defined by {T,} with arbitrary mixed state y as a
resource is given by

> (D[[18(T,,UL "

1
TO=G1) 4

Xx(1&T,zU"p)|®) +—— (13)

n+l1’

Proof. From Theorem 1 and Eq. (12), one has

f(X)_ E 2 <(Dst|X|(I)s ¢! >2 <¢m|T BUsthB|¢m><¢m|U

s z' 75| ¢in>

1

:_2 <(Dst|X|q)s’t'>2 <¢in|®<¢in|(
n-os.togl ! B
1

_n2 Stogr gt

T;'BUsthﬁ(g U;BUZ’Z’T')’.B” ¢in> ® | ¢in>

<<I>s,|x|<1>sr,f>% <00‘ fcdg[U(gﬁ@U(g)*](T;ﬁUs,UwULBUI,,/TW[U(g)@ U(g)]‘00>

= (B x|Dyr,r )2 {(T} U U p)e(U UL T ) +te(Th U UL gUL SUT, T )

3(n—i—l si0gl !

n(n+1) vB <

where the identity tr,[ (AQ B)P]=tr(AB), Eqgs. (2) and (3)
have been used. |

Obviously when the term <¢|(1®(T BU B) )x(1
®TyﬁUyﬁ)|¢)) is maximized, i.e., T, U yg=Wy, one gets
the maximal fidelity. Recalling the deﬁnltlon of the fully en-
tangled fraction Egs. (5) and (6), we arrive at our main re-
sult:

Theorem 3. The optimal teleportation based on the Bell
measurements, when used with an arbitrary mixed state with
density matrix Yy as a resource, acts as a general trace-
preserving quantum channel

D|( 1®(Ty,3Uyﬁ) ) X (1®T7BU )| P) +

+1°

1
AE?(p):;Et > (D x| Dy,
S,togh !

2 Ul ,BW UsUyp p U, ,BUv v WiUygt-

(14)

The corresponding transmission fidelity is given by
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nF(x)
n+1

fmax(X): (15)

n+1’

where F( ) is the fully entangled fraction Eq. (5) and W, is
the unitary matrix which fulfills such a fully entangled frac-
tion Eq. (6).

Our results show that the maximum transmission fidelity
of the teleportation based on the Bell measurement depends
on the fully entangled fraction only, whereas that of a stan-
dard teleportation depends on the singlet fraction [5]. Our
result also agrees with the fidelity formula of the general
optimal teleportation given by the Horodecki family [7].

Summarizing, we obtain the explicit expression of the
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output state of the optimal teleportation, with arbitrary mixed
entangled state as a resource, in terms of some noisy quan-
tum channel. This allows us to calculate the transmission
fidelity of the quantum channel. It is shown that the trans-
mission fidelity depends only on the fully entangled fraction
of the quantum resource shared by the sender and the re-
ceiver. The fidelity in our optimal teleportation protocol is in
general greater than the one in standard teleportation proto-
col [1,4,5].
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