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Abstract—This paper presents general classes of optimal train-
ing signals for estimation of frequency-selective channels in
MIMO OFDM systems. Basic properties of the discrete Fourier
transform are used to derive the optimal training signals which
minimize the channel estimation mean square error. Both sin-
gle and multiple OFDM training symbols are considered. Several
optimal pilot tone allocations among the transmit antennas are
presented and classified as frequency division multiplexing, time
division multiplexing, code division multiplexing in frequency-
domain, code division multiplexing in time-domain, and combina-
tions thereof. All existing optimal training signals in the literature
are special cases of the presented optimal training signals and our
designs can be applied to pilot-only schemes as well as pilot-data
multiplexed schemes.

Index Terms—Training signal design, Pilot tone allocation,
Channel estimation, MIMO, OFDM, DFT.

I. INTRODUCTION

Channel estimation is a critical component in many wireless
communications systems. Training-signal-based estimation
is especially common in packet-based communications. For
single-carrier systems, optimal periodic or aperiodic sequences
for channel estimation were studied in [1]-[4] and references
therein. Several Optimal designs, placement and energy allo-
cation of training symbols or pilot tones for frequency-selective
block-fading channel estimation in single-carrier or/and OFDM
systems were recently proposed in [5]-[11]. [6][9] consid-
ered training design for SISO single-carrier systems and [7]
studied for SISO and MIMO single-carrier systems while [10]
presented space-time coded training signal designs in single-
carrier systems. [5][6][8] addressed for SISO OFDM systems
and [11][12] studied for MIMO OFDM systems. The training
designs are based on minimizing estimation mean square er-
ror (MSE) [5] [8] [12] [11] or minimizing Cramer-Rao lower
bound [7] or maximizing a lower bound on training-based ca-
pacity [6] [9].

In this paper, we revisit the problem of optimal training sig-
nal design for frequency-selective block-fading channel estima-
tion in MIMO OFDM systems and present more general opti-
mal training signals based on minimizing the channel estima-
tion MSE. Our results are obtained for the scheme where all
sub-carriers are used as pilot tones over Q OFDM symbols.
The corresponding results for pilot-data multiplexed schemes
are straight-forwardly obtained by replacing the pilot tones of
some antennas having FDM pilot allocation with data. All ex-
isting optimal training signal designs for MIMO OFDM block-
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fading channel estimation can be expressed as special cases of
our design.

In Section II, the signal model and the optimality condi-
tion for the training signals of multi-transmit-antennas are de-
scribed. Section III presents optimal training signal design over
one OFDM symbol while Section IV generalizes to the case of
Q OFDM symbols. In Section V, the applicability of the results
to pilot-data multiplexed schemes and the relationships to the
existing optimal training signals are discussed. Finally, conclu-
sions are given in Section VI.

II. SIGNAL MODEL AND OPTIMALITY CONDITION

Consider a MIMO OFDM system with K sub-carriers and
NTx transmit-antennas. Since the same channel estimation is
performed at each receive antenna, we only need to consider
NTx transmit antennas and one receive antenna in designing
optimal training signals for the channel estimation of MIMO
OFDM systems. Consider a system where training signals from
NTx transmit-antennas are transmitted over Q OFDM symbols.
The channel impulse response (CIR) for each transmit-receive
antenna pair (including filters’ effects) is assumed to have L
taps, and is quasi-static over Q OFDM symbols. Let Cn,q

=[cn,q[0], . . . , cn,q[K − 1]]T be the pilot tones vector of the
n-th transmit-antenna at the q-th symbol interval and {sn,q[k] :
k = −Ng, . . . , K−1} be the corresponding time-domain com-
plex baseband training samples, including Ng (≥ L− 1) cyclic
prefix samples. Define Sn[q] as the training signal matrix of
size K ×L for the n-th transmit-antenna at the q-th symbol in-
terval whose elements are given by [Sn[q]]m,l = sn,q[l −m],
m ∈ {0, . . . , K − 1}, l ∈ {0, . . . , L− 1}.

Let sn,q represent the 0-th column of Sn[q]. Then the l-th
column of Sn[q] is the l-sample cyclic-shifted version of sn,q

denoted by s
((l))
n,q . Assume that K = ML0 where M=1, 2, . . . ,

and L0 ≥ L. Let hn denote the length-L CIR vector corre-
sponding to the n-th transmit antenna. After the cyclic prefix
removal at the receiver, denote the received vector of length K
at the q-th symbol interval by rq. Then the received vector over
the Q symbol-intervals is given by

r = Sh + n (1)

where

r = [r
T
0 r

T
1 . . . , r

T
Q−1]

T (2)

S =




S0[0] S1[0] . . . SNTx−1[0]
S0[1] S1[1] . . . SNTx−1[1]

.

.

.
.
.
.

. . . ,
.
.
.

S0[Q − 1] S1[Q − 1] . . . SNTx−1[Q − 1]


 (3)

h = [h
T
0 h

T
1 . . . h

T
NTx−1]

T
, (4)
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and n is a length KQ vector of zero-mean, circularly symmet-
ric, uncorrelated complex Gaussian noise samples with equal
variance of σ2

n.
The least-square channel estimate (also maximum likeli-

hood), assuming SHS has full rank, is given by [13]

ĥ = (SHS)−1SHr (5)

and the corresponding MSE is given by σ2
n tr{(SHS)−1}. Let

λ1, . . . , λLNTx be the eigen values (positive) of SHS. Then
tr{(SHS)−1} = λ−1

1 + . . . + λ−1
LNTx

. Since tr{(SHS)} = λ1+

. . . + λLNTx = L
∑NTx−1

n=0 En is a constant, the minimum MSE
is achieved iff λ1 = . . . , = λLNTx = 1

NTx

∑NTx−1
n=0 En = Eav.

This is achieved when

SHS = EavI (6)

where Eav =
1

NTx

NTx−1∑
n=0

En (7)

En =

Q−1∑
q=0

K−1∑
k=0

|sn,q[k]|2. (8)

The corresponding minimum MSE is LNTxσ
2
n/Eav. We will

design training signals for NTx transmit antennas to achieve the
minimum MSE, i.e. to satisfy the condition (6). The condition
(6) can be equivalently stated as

Condition − A :

Q−1∑
q=0

SH
i [q]Si[q] = EavI , ∀i (9)

Condition − B :

Q−1∑
q=0

SH
i [q]Sj [q] = 0, ∀i �= j. (10)

III. OPTIMAL TRAINING SIGNAL DESIGN OVER ONE

OFDM SYMBOL

This section discusses optimal training signal design when
training signals from all transmit-antennas are transmitted over
only one OFDM symbol. For notational simplicity, the sym-
bol index q will be omitted in this section. For complete-
ness, in the following we summarize the main DFT proper-
ties used in this paper. Let X[n] =

∑K−1
k=0 x[k]e−j2πkn/K and

x[k] = 1
K

∑K−1
n=0 X[n]ej2πkn/K , i.e. X[n] F←→ x[k].

Property-1: For any K, if X[n] = a, ∀n, where a ∈ C, C is
the field of complex numbers, then x[k] = aδ[k] where δ[k] is a
discrete unit impulse function.

Property-2: For K = ML0, M=1, 2, . . . , if

X[n] =

{
a, n = mM ; m = 0, . . . , L0 − 1; a ∈ C

0, else, (11)

then

x[k] =

{
aL0/K, k = nL0; n = 0, . . . , M − 1
0, else. (12)

Property-3: X[((n − l))K ] F←→ ej2πlk/Kx[k] where ((·))K

denotes modulo-K operation, hence representing a cyclic

shifted version. Its dual form is given by x[((k −m))K ] F←→
e−j2πmn/KX[n].

Now let us consider the Condition-A in (9) with Q = 1. The
following conditions are observed.

(A-i) Condition-(A.1): The full rank condition in (9) means
that for every transmit antenna i, there must be at least L differ-
ent nonzero tones.

(A-ii) The condition (s((l))
n )Hs

((l))
n = Eav from (9) means

that
Condition − (A.2 ) : En = Eav, ∀n. (13)

(A-iii) Consider the following condition from (9):

(s((l))
n )Hs((m))

n = 0, ∀l �= m; l, m ∈ {0, 1, . . . , L − 1}. (14)

Since s
((l))
n = F−1

K W (l)Cn where FK is the K point FFT
matrix and W (l)=diag {1, e−j2πl/K , . . . , e−j2π(K−1)l/K} is a
diagonal matrix, the following condition is obtained from (14):

Condition − (A.3 ) :

K−1∑
k=0

|cn[k]|2ej2πdk/K = 0, (15)

for d = ±1, . . . ,±(L − 1).

(A-iii-a) By Property-1, the condition (15) is satisfied for any
K ≥ L if

|cn[k]|2 = an, ∀k, an > 0. (16)

(A-iii-b) By Properties 2 and 3, the condition (15) is satisfied
for K = ML0, M = 1, 2, . . . and L0 ≥ L, if

|cn[k]|2 =




a
(l)
n , k = l + mM ; l = 0, . . . , M − 1;

m = 0, . . . , L0 − 1; a
(l)
n ≥ 0

0, else.
(17)

Let us consider the Condition-B in (10). Using s
((l))
n =

F−1
K W (l)Cn, we obtain the following condition:

K−1∑
m=0

c∗i [m]cj [m]ej2πdm/K = 0 (18)

for d = 0,±1, . . . ,±(L − 1), ∀i �= j.

Let Gi,j [m] = c∗i [m]cj [m] and gi,j [n] F←→ Gi,j [m]. Then the
above condition can be expressed as

Condition − (B .1 ) :

K−1∑
m=0

Gi,j [m]ej2πdm/K = 0, (19)

for d = 0,±1, . . . ,±(L − 1), ∀i �= j

or gi,j [n] = 0, (20)

for n = 0, . . . , L − 1, K − L + 1, . . . , K − 1.

(B-i) If L ≤ K < 2L, then (20) requires that gi,j [n] = 0 ∀n
and hence, Gi,j [m] = 0 ∀m which is possible only if pilots
from different transmit-antennas are frequency division mul-
tiplexed (FDM). However, since each transmit-antenna must
have at least L tones according to the Condition-(A.1), we can
have only one transmit-antenna, i.e., NTx=1. The optimal pi-
lot tones are then given by (16) (constant amplitude pilot tones)
with NTx=1.
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(B-ii) If 2L ≤ K < 3L, K = ML0, M = 2, and L0 ≥ L,
then gi,j [n] can have nonzero values at indices {L, . . . , K−L}
while satisfying (20). Using Properties 2 and 3, we have two
solutions which satisfy the condition (19) or (20):

(B-ii-a) All antennas use all pilot tones and have the follow-
ing relationship:

Gi,j [n] =




a
(l)
i,j , n = kl + mM ; l = 0, 1;

k0 = 0; k1 = 1; m = 0, . . . , L0 − 1
0, else

(21)

a
(0)
i,j = −a

(1)
i,j , a

(l)
i,j ∈ {C \ 0} (22)

where \ denotes the set minus operation. Note that a
(0)
i,j =

−a
(1)
i,j limits the number of transmit-antennas to NTx = 2.

This allocation type will be called code division multiplexing
(CDM) pilot allocation.

(B-ii-b) Pilot tones of an antenna are disjoint from those of
any other antenna. Since each antenna must have at least L
tones, we can have only NTx = 2 antennas and

G1,2[m] = 0, ∀m. (23)

To satisfy the Condition-(A.3) from (15), each antenna’s pilots
must comply with (17), i.e., they must be spread out with equal
spacing over the indices {0, . . . , K − 1}. Both antennas must
have the same number of pilot tones L0 since 2L ≤ K < 3L,
K = 2L0. To satisfy the Conditions (A.2) from (13) and
(A.3) from (15), all pilot amplitudes must be the same. This
type of allocation of equally-spaced, disjoint pilot tones in the
frequency-domain will be called frequency division multiplex-
ing (FDM) pilot allocation.

(B-iii) In general, consider ML ≤ K < (M + 1)L,K =
L0M,L0 ≥ L for M = 1, 2, . . . . Let L1 = L0V , U = M/V ,
V ∈ {1, 2, . . . ,M}. We can have U FDM groups, each has L1
pilot tones. For the u-th FDM group (u ∈ {0, 1, . . . , U − 1}),
the condition (19) is satisfied if the following two conditions
are met:

Condition − (B.1.1) :

GuV +i,uV +j [n] =




a
(l)
uV +i,uV +j , n = k

(u)
l + mM ;

l = 0, . . . , V − 1;
m = 0, . . . , L0 − 1;
∀i �= j

0, else

(24)

V −1∑
l=0

a
(l)
uV +i,uV +j = 0, ∀i �= j (25)

where k
(u)
l �= k

(u)
m if l �= m, k

(u)
n ∈ {0, . . . , M − 1}, and

a
(l)
uV +i,uV +j ∈ C. For any u �= u′, k

(u)
l and k

(u′)
l are disjoint.

The first condition (24) can be satisfied by infinite ways but the
second condition (25) can be satisfied by only a few. Hence,
(25) determines the number of antennas within an FDM group.
If a

(l)
i,j is restricted to have constant amplitude for any antenna

pair (i, j), a simple solution to (25) is given by

a
(l)
uV +i,uV +j = a

(0)
uV +i,uV +je

j2πl(j−i)/V , (26)

∀i �= j, i, j ∈ {0, . . . , V − 1}.

This solution indicates that a maximum of only V antennas are
possible within each FDM group.

The corresponding optimal pilot tones within each FDM
group satisfying the conditions (24)(25) (and hence, the Con-
ditions (B.1) and (A.1)) are then given by

cuV +i[n] =




b
(l)
uV +i[m] , n = k

(u)
l + mM ;

m = 0, . . . , L0 − 1;
l = 0, . . . , V − 1;
u = 0, . . . , U − 1

0, else

b
(l)
uV +i[m] = pib

(l)
uV [m]e−j2πli/V , pi = 1; (27)

i = 0, . . . , V − 1

|b(l)
uV [m]| = b0 > 0.

It can be readily checked that the solution (27) satisfies (17) and
hence, the Condition-(A.3) from (15). Although the condition
(25) is satisfied by any pi ∈ {C \ 0}, imposing the Condition-
(A.2) from (13) yields pi = 1 and hence, it is incorporated in
(27). The pilot allocation within each FDM group may be con-
sidered as CDM type in the frequency domain and hence, will
be called CDM(F). The overall pilot allocation will be called
U -FDM + V -CDM(F) pilot allocation. The total number of an-
tennas is NTx = UV = M . If U = 1, we have a CDM(F) pilot
allocation while if V = 1, we have an FDM pilot allocation. If
L ≤ K < 2L, i.e., M = 1, then V = 1 (one antenna within an
FDM group), U = 1 (only one FDM group) and the result from
(27) becomes that in (B-i). For 2L ≤ K < 3L, i.e., M = 2,
if V = 1, then U = 2 and the result from (27) becomes that
in (B-ii-b). If V = 2, then U = 1 and the result from (27)
becomes that in (B-ii-a).

Note that for V > 1, all the pilot tones of the corresponding
antenna do not have to be equally spaced. The solution (27)
suggests that within each FDM group, the pilot amplitude is the
same. However, for V = 2, we can have an alternative solution:

b
(l)
1 [m] =

1

b
(l)∗
0 [m]

(−1)l, (28)

l = 0, 1; m = 0, . . . , L0 − 1

|b(1)
0 [m]| =

1

|b(0)
0 [m]|

(29)

|b(l)
i [m]| = a

(l)
i > 0 for m = 0, . . . , L0 − 1 (30)

where {b(l)
k [m]} for different l do not necessarily have the same

amplitude.
FDM antenna groups may have different numbers of pilot

tones, which must be an integer multiple of L0. In this case,
due to the different numbers of pilot tones per antenna, the cor-
responding pilot amplitude will be different so that the total pi-
lot energy per antenna is the same (13). More complicated pi-
lot allocations are also possible, for example, by not fixing the
FDM boundaries and by combining FDM and CDM types. As
an example, Table I presents a set of optimal pilot vectors for
an OFDM system with K = 16, L = 2, NTx = 8, and Q = 1
where αk can be any constant-modulus symbol. Antennas 0, 1,
2, and 3 are of FDM type among themselves. Within the group
of antennas 4 and 5 or the group of antennas 6 and 7, the pilot
allocation is of CDM(F) type while between the two groups it
is of FDM type. Pilot allocation between antenna 4 (or 5) and
antenna 0 (or 1) is CDM(F) type, and so it is between antenna
6 (or 7) and antenna 2 (or 3). Between antenna 4 (or 5) and
antenna 2 (or 3) it is FDM type, and so it is between antenna
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6 (or 7) and antenna 0 (or 1). Note that pilot amplitudes may
be different for different antennas, e.g., between antenna 0 and
antenna 4.

IV. OPTIMAL TRAINING SIGNAL DESIGN OVER MULTIPLE

OFDM SYMBOLS

This section considers training signal design for channel es-
timation based on observations over Q OFDM symbols. Let us
consider the Condition-A from (9). The following are observed:

(A-i) Condition-(A.1): The full rank condition in (9) means
that for every transmit antenna and within the Q OFDM sym-
bols, there must be at least L different nonzero tones, each with
at least one symbol duration.

(A-ii) The condition

Q−1∑
q=0

sH
n,qsn,q = EavI , ∀n (31)

means that

Condition − (A.2 ) : En = Eav, ∀n. (32)

(A-iii) The condition

Q−1∑
q=0

(s((l))
n,q )Hs((m))

n,q = 0, ∀l �= m; l, m ∈ {0, 1, . . . , L − 1} (33)

means that
Q−1∑
q=0

K−1∑
n=0

|ck,q[n]|2ej2πdn/K = 0 for d = ±1,±2, . . . ,±(L − 1).

(34)
By defining

Ek[n] =

Q−1∑
q=0

|ck,q[n]|2, n = 0, . . . , K − 1, (35)

we can express (34) as

Condition − (A.3 ) :

K−1∑
n=0

Ek[n]ej2πdn/K = 0 for d = ±1,±2, . . . ,±(L − 1).

(36)

Note that Ek =
∑K−1

n=0 Ek[n]. Using Properties 2 and 3, we
obtain the following condition satisfying (34) for ML ≤ K <
(M + 1)L, K = ML0, and L0 ≥ L:

Ek[n] =




a
(l)
k , n = l + mM ; l = 0, . . . , M − 1;

m = 0, . . . , L0 − 1; a
(l)
k ≥ 0

0, else.
(37)

At least one a
(l)
k must be nonzero in order to get nonzero Ek.

Note that pilot tone amplitudes of different antennas may not
be necessarily the same but total pilot energies Ek must be the
same for different antennas.

Now consider the Condition-B from (10) which is given by

Q−1∑
q=0

K−1∑
m=0

c∗i,q[m]cj,q[m]ej2πdm/K = 0 (38)

for d = 0,±1, . . . ,±(L − 1) ; ∀i �= j.

Let Gi,j [q, m] = c∗i,q[m]cj,q[m] and Gi,j [q, n] F←→ gi,j [q, k].
Then (10) becomes

Condition − (B .1 ) :

K−1∑
m=0

(
Q−1∑
q=0

Gi,j [q, m]

)
ej2πdm/K = 0, (39)

for d = 0,±1, . . . ,±(L − 1); ∀i �= j

or
Q−1∑
q=0

gi,j [q, n] = 0, (40)

for n = 0, . . . , L − 1, K − L + 1, . . . , K − 1; ∀i �= j.

(B-i-a) If we let gi,j [q, n] = 0 , for n=0, . . . , L−1, K−L+1,
. . . , K − 1, ∀i �= j and ∀q, then the solution for one OFDM
symbol can be directly applied to each symbol of the Q symbol
case. To wit, for ML ≤ K < (M + 1)L, K = ML0, and
L0 ≥ L, we have Q sets of antennas where each set has M
antennas whose pilot tone allocation are defined by the solution
for the one-symbol case. Each set uses one symbol out of Q
symbols. Within each set, pilot tone allocation is of CDM(F) or
FDM or FDM+CDM(F) type while different sets are of TDM
type. Total number of antennas is NTx = MQ.

(B-i-b) Alternatively, using Properties 2 and 3, we have the
following condition satisfying (10) for ML ≤ K < (M +1)L,
K = ML0, and L0 ≥ L:

Q−1∑
q=0

Gi,j [q, m] =




a
(l)
i,j , m = l + kM, k = 0, . . . , L0 − 1;

l = 0, . . . , M − 1; ∀i �= j
0, else,

(41)

and
M−1∑
l=0

a
(l)
i,j = 0, ∀i �= j; a

(l)
i,j ∈ C. (42)

Note that (41) satisfies
∑Q−1

q=0 gi,j [q, n] = 0 for n=1, . . . ,
L − 1, K − L + 1, . . . , K − 1, ∀i �= j while (42) satisfies∑Q−1

q=0 gi,j [q, n] = 0 for n = 0, ∀i �= j.
(B-i-b-1) If Gi,j [q, m] = 0, ∀q and ∀m, for some i �= j (a

group of antennas), the corresponding pilot tones are disjoint
from each other. Within the group, the L0 tones of each an-
tenna are disjoint from those of any other antenna by means
of multiplexing in time (TDM), in frequency (FDM) or in both
time and frequency (TFDM). The pilot tones must also satisfy
the Conditions (A.2) and (A.3) (through (32), (37)). Hence, the
optimal L0 pilot tones of one symbol duration for each antenna
must be equally spaced (M tone spacing) with equal amplitude.
They should be disjoint from pilot tones of any other antenna.
All antennas have the same pilot amplitude.

(B-i-b-2) Now, let us consider the case where Gi,j [q,m] �= 0,
for some (or all) q, for some (or all) m, and for some i �= j,
(a group of antennas where i, j ∈ {i0, i1, . . .}). Let Nf be
the number of sets of equally spaced (M tone spacing) L0
tones over Q symbols assigned to an antenna from the above
group (each set corresponds to tone indices {kl + mM :
m = 0, . . . , L0 − 1} where kl �= km if l �= m and kn ∈{0, . . . , M − 1}). Let Nt be the number of repetitions in time
(with symbol indices q0, q1, . . . , qNt−1) of the above Nf sets
of L0 tones each. By using the same principle as in (26), within
the q-th symbol interval, the Nf sets of pilot tones (each set has
L0 tones) can accommodate a set of Nf antennas if

a
(kl)
im,in

[qt] = a
(k0)
im,in

[qt]e
j2πl(n−m)/Nf , (43)

for l = 0, . . . , Nf − 1; m �= n; m, n ∈ {0, . . . , Nf − 1}.
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The corresponding pilot tones are given by

cim,qt [n] =




b
(l)
m [qt, d], n = kl + dM ;

d = 0, . . . , L0 − 1;
l = 0, . . . , Nf − 1

0, else

(44)

b(l)
m [qt, d] = b

(l)
0 [qt, d]e−j2πlm/Nf , m = 0, . . . , Nf − 1

|b(l)
0 [qt, d]| = b0 > 0,

where the fulfillment to the Conditions (A.1), (A.2), (A.3), and
(B.1) is inherited from (27). This pilot allocation is of CDM(F)
type.

Applying the CDM principle over the above Nt symbols can
accommodate Nt sets of Nf antennas each. The optimal pilot
tones for an antenna from the v-th set are related to those from
the 0-th set by

{a(kl)
ivNf +m,ivNf +n

[qt] : ∀l} = {a(kl)
im,in

[q0] : ∀l}ej2πtv/Nt , (45)

for v = 0, . . . , Nt − 1; l = 0, . . . , Nf − 1;

∀m �= n; m, n ∈ {0, . . . , Nf − 1}.
The corresponding pilot tones are given by

civNf +m,qt [n] = cim,q0 [n]e−j2πtv/Nt , v = 0, . . . , Nt − 1 (46)

and {cim,q0 [n] : m = 0, . . . , Nf − 1} are given by (44). The
fulfillment to the Conditions (A.1), (A.2), (A.3), and (B.1) is
inherited from (44). This pilot allocation among the Nt sets is
of CDM type in the time-domain, CDM(T). Hence, this over-
all pilot allocation over NfL0 tones and Nt symbols may be
referred to as Nf -CDM(F) + Nt-CDM(T).

More complicated pilot allocation schemes are also possi-
ble by combining FDM, TDM, TFDM, CDM(F), and CDM(T)
type allocations. As an example of optimal pilot allocations of
mixed types, Table II shows a sample layout of which antenna
is assigned to which pilot tone at which symbol for an OFDM
system with K = 16, L = 4, NTx = 8, and Q = 2. The
group of antennas 0, 1, 2, 3 is disjoint from the others by FDM
over 2 symbols. Antenna 4 is of TFDM type while antenna 5
is of purely FDM over one symbol. The group of antennas 6,
7 is disjoint from the others by TFDM. Within the group of an-
tennas 0, 1, 2, 3 pilot allocation is of 2-CDM(F) + 2-CDM(T)
type. Within the group of antennas 6 and 7, pilot allocation is
of CDM(F) type.

In Table III, the pilot vector for each antenna is presented for
the optimal training signal structure given in Table II. αk can
be any constant-modulus symbol. Note that within one symbol,
pilot amplitudes from different antennas may be different, e.g.,
compare pilot amplitudes of antennas 0, 4, and 6.

V. DISCUSSION

Our findings are summarized in the following. For the train-
ing signal design over one OFDM symbol, a simple optimal
solution is the FDM+CDM(F) type pilot allocation given by
(27). More complicated pilot allocations can be constructed
by not fixing the FDM boundaries and by combining FDM and
CDM(F). An example is given in Table I. For the training signal
design over Q OFDM symbols, two simple optimal solutions
have been presented. The first one is composed of Q TDM

groups and within each TDM group, the FDM+CDM(F) pilot
allocation given in (27) is applied. In the second solution, every
antenna transmits on all pilot tones over all Q OFDM symbols
and the optimal pilot tones are given by the CDM(F)+CDM(T)
allocation defined in (46) and (44). Other more complicated so-
lutions can be obtained by combining TDM (less than Q TDM
groups), FDM, CDM(F), and CDM(T) allocations. An example
is given in Tables II and III.

We have numerically evaluated the optimality condition (6)
for all the training signal designs discussed and confirmed their
optimality with respect to minimizing MSE.

Although our discussion is based on pilot-only Q OFDM
training symbols, the results can be straight-forwardly applied
to pilot-data multiplexed schemes by using data in place of pilot
tones allocated to some transmit antennas with FDM pilot allo-
cation in the original pilot-only training design (and removing
those transmit antennas). The orthogonality between data and
pilot tones is inherited from the original FDM pilot allocation.

Let us consider pilot-data multiplexed schemes with ML ≤
K < (M + 1)L, K = L0M , L0 ≥ L, and M = (Md + Mp),
where MdL0 sub-carriers are for data and MpL0 sub-carriers
are for pilot tones. When K = DMpL0 where D is an integer
(> 1) and pilot tones are equal-powered, equal-spaced and all
transmit antennas use all pilot tones with CDM(F) pilot allo-
cation (i.e., U = 1, kl = τ + lD with τ ∈ {0, . . . , D − 1},
l = 0, . . . , Mp − 1, in (27)), our results specialize to the opti-
mal training signals for Mp transmit antennas over one OFDM
symbol presented in [6] and [11]. Note that K needs not be an
integer multiple of MpL0 in our designs for pilot-data multi-
plexed schemes. Our optimal training signal designs over mul-
tiple symbols can be similarly linked to those of [11]. Now
let us consider schemes where all sub-carriers are pilot tones.
When K = ML0, and if CDM pilot allocation is used over all
K tones, our design becomes identical to the optimal training
signal design for M transmit antennas presented in [12].

VI. CONCLUSIONS

In this paper, we presented general classes of optimal training
signals for channel estimation in MIMO OFDM systems. For
the estimation of L-tap channel impulse response correspond-
ing to each transmit-receive antenna pair based on Q OFDM
training symbols, the optimal training signal for each transmit
antenna has ML0 different pilot tones of one symbol duration
within the Q symbols where (L0 ≥ L), M ∈ {1, 2, . . . , K/L0}
and the number of sub-carriers K is an integer multiple of L0.
The L0 pilot tones in each set should be equally spread out with
equal spacing over the frequency domain and should have equal
total energy over the Q OFDM symbols. The spacing between
different sets of L0 pilot tones can be chosen arbitrarily as long
as the different sets are disjoint. All transmit antennas must
have the same total training signal energy over the Q OFDM
symbols. The optimal pilot tone allocation among transmit an-
tennas can be of frequency division multiplexing, time divi-
sion multiplexing, code division multiplexing in time domain,
code division multiplexing in frequency domain or combina-
tions thereof. All existing optimal training signals in the litera-
ture are special cases of the presented optimal training signals.
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TABLE I
OPTIMAL PILOT TONE VECTORS FOR NTx = 8 TRANSMIT ANTENNAS IN

AN OFDM SYSTEM WITH K = 16 SUB-CARRIERS OVER Q = 1 OFDM

SYMBOL FOR ESTIMATION OF CHANNELS WITH L = 2 TAPS EACH

Antenna Index
0 1 2 3 4 5 6 7√
2α1 0 0 0 α1 α1 0 0
0

√
2α3 0 0 α3 -α3 0 0

0 0
√

2α5 0 0 0 α5 α5

0 0 0
√

2α7 0 0 α7 -α7√
2α2 0 0 0 -α2 -α2 0 0
0

√
2α4 0 0 -α4 α4 0 0

0 0
√

2α6 0 0 0 -α6 -α6

0 0 0
√

2α8 0 0 -α8 α8√
2α1 0 0 0 α1 α1 0 0
0

√
2α3 0 0 α3 -α3 0 0

0 0
√

2α5 0 0 0 α5 α5

0 0 0
√

2α7 0 0 α7 -α7√
2α2 0 0 0 -α2 -α2 0 0
0

√
2α4 0 0 -α4 α4 0 0

0 0
√

2α6 0 0 0 -α6 -α6

0 0 0
√

2α8 0 0 -α8 α8

Depending on the pilot allocation, the pilot amplitudes of dif-
ferent antennas within an OFDM symbol can be different and
all the pilot tones of an antenna may not be equally spaced.
The presented optimal training signal designs are applicable to
pilot-only schemes as well as pilot-data multiplexed schemes.
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TABLE II
AN OPTIMAL PILOT ALLOCATION AMONG NTx TRANSMIT ANTENNAS IN

AN OFDM SYSTEM WITH K = 16 SUB-CARRIERS OVER Q = 2 OFDM

SYMBOLS FOR ESTIMATION OF CHANNELS WITH L = 4 TAPS EACH

(ANTENNAS ASSIGNMENT ON THE GRID OF SUB-CARRIERS AND

SYMBOLS )

Antennas assignments
Sub-carrier Symbol Index

Index 0 1
0 0, 1, 2, 3 0, 1, 2, 3
1 0, 1, 2, 3 0, 1, 2, 3
2 4 6, 7
3 5 6, 7
4 0, 1, 2, 3 0, 1, 2, 3
5 0, 1, 2, 3 0, 1, 2, 3
6 4 6, 7
7 5 6, 7
8 0, 1, 2, 3 0, 1, 2, 3
9 0, 1, 2, 3 0, 1, 2, 3
10 6, 7 4
11 5 6, 7
12 0, 1, 2, 3 0, 1, 2, 3
13 0, 1, 2, 3 0, 1, 2, 3
14 6, 7 4
15 5 6, 7

TABLE III
OPTIMAL PILOT TONE VECTORS FOR NTx = 8 TRANSMIT ANTENNAS IN

AN OFDM SYSTEM WITH K = 16 SUB-CARRIERS OVER Q = 2 OFDM

SYMBOLS FOR ESTIMATION OF CHANNELS WITH L = 4 TAPS EACH

Antenna Index
q 0 1 2 3 4 5 6 7

α1 α1 α1 α1 0 0 0 0
α2 -α2 α2 -α2 0 0 0 0
0 0 0 0 2 α9 0 0 0
0 0 0 0 0 2 α13 0 0

α3 α3 α3 α3 0 0 0 0
α4 -α4 α4 -α4 0 0 0 0
0 0 0 0 2 α10 0 0 0

0 0 0 0 0 0 2 α14 0 0
α5 α5 α5 α5 0 0 0 0
α6 -α6 α6 -α6 0 0 0 0
0 0 0 0 0 0

√
2α17

√
2α17

0 0 0 0 0 2 α15 0 0
α7 α7 α7 α7 0 0 0 0
α8 -α8 α8 -α8 0 0 0 0
0 0 0 0 0 0

√
2α18

√
2α18

0 0 0 0 0 2 α16 0 0
α1 α1 -α1 -α1 0 0 0 0
α2 -α2 -α2 α2 0 0 0 0
0 0 0 0 0 0

√
2α19

√
2α19

0 0 0 0 0 0
√

2α19 -
√

2α19
α3 α3 -α3 -α3 0 0 0 0
α4 -α4 -α4 α4 0 0 0 0
0 0 0 0 0 0

√
2α20

√
2α20

1 0 0 0 0 0 0
√

2α20 -
√

2α20
α5 α5 -α5 -α5 0 0 0 0
α6 -α6 -α6 α6 0 0 0 0
0 0 0 0 2 α11 0 0 0
0 0 0 0 0 0

√
2α21 -

√
2α21

α7 α7 -α7 -α7 0 0 0 0
α8 -α8 -α8 α8 0 0 0 0
0 0 0 0 2 α12 0 0 0
0 0 0 0 0 0

√
2α22 -

√
2α22
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