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Optimal Transmission Ratio
Selection for Electric Motor
Driven Actuators With Known
Output Torque and Motion
Trajectories
This paper presents a method for selecting the optimal transmission ratio for an electric
motor for applications for which the desired torque and motion at the transmission output
are known a priori. Representative applications for which the desired output torque and
motion are periodic and known include robotic manipulation, robotic locomotion, pow-
ered prostheses, and exoskeletons. Optimal transmission ratios are presented in two
senses: one that minimizes the root-mean-square (RMS) electrical current and one that
minimizes the RMS electrical power. An example application is presented in order to
demonstrate the method for optimal transmission ratio selection.
[DOI: 10.1115/1.4036538]

1 Introduction

For a given motor, a common method for the selection of a
transmission ratio is to employ a “quasi-static” approach that
scales the continuous or short-term torque and/or speed operating
characteristics of the motor to the continuous or short-term torque
and/or speed operating requirements at the output. This approach
essentially uses the transmission ratio to map the rated perform-
ance limits of the motor to those of the application. Since this type
of approach does not consider motor dynamics, however, it may
in the presence of significant dynamic effects in the motor provide
a suboptimal, and in some cases, inappropriate determination of
the transmission ratio [1].

In order to provide a more optimal selection of motor and/or
transmission ratio, a number of researchers have presented various
methods of motor and/or transmission selection that accounts for
the passive dynamic elements present in the motor, transmission,
and/or load. In Ref. [2], the authors describe a means of selecting
an optimal transmission ratio for a motor, assuming a point-to-
point motion and a purely inertial load. In Refs. [1] and [3], the
authors present a method for motor selection for an a priori known
torque-speed trajectory (i.e., for a generic load). The essential
method of Refs. [1] and [3] was further refined and extended in
Refs. [4–13]. The work in this field has primarily focused on
motor selection [12,14,15], setting feasible bounds on transmis-
sion ratio selection [1,6–9], and the optimal selection of the trans-
mission ratio [2,4,5,10,12,13].

The work presented in this paper is a further extension and
refinement of Refs. [1] and [3] and the associated extensions of it.
This work specifically extends these aforementioned prior works by:
(1) providing optimal solutions in terms of minimizing root-mean-
squared (RMS) current and RMS electrical power, respectively; (2)
presenting these respective optimal solutions as closed-form ana-
lytical solutions (where possible); and (3) presenting the feasible
limits of the motor in the context of rated electrical characteristics.
This paper also leverages a bond graph formulation to represent
the energetic structure of the motor–transmission–load interaction,

which the authors employ to diagram the derivation of the trans-
mission optimization expressions. The bond graph formulation is
employed to derive new findings regarding the minimization of
electrical power consumption and the feasible limitations of trans-
mission ratio choice. The utility of the presented methodology lies
in the simplicity of the models presented. The method is intended
to be used by designers to quickly size electromechanical actuator
components and to quantify the tradeoffs associated with different
design decisions.

2 Methods

The components of an actuator for an electromechanical sys-
tem, consisting of a motor and transmission driving a load, can be
schematically represented as shown in Fig. 1. In this model, the
motor has a torque constant Ks, rotor inertia J, and electrical ter-
minal resistance R; the transmission has a ratio of N:1 and
mechanical efficiency g; and the load is described by a desired

Fig. 1 The electromechanical actuator model treated here is
split into three components: the motor, transmission, and load,
each with associated constants and parameters
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angular velocity and torque trajectory defined by _h and sext. It
should be noted that the transmission efficiency, g, is assumed to
be constant across different values of the transmission ratio, N, as
well as across different values of _h and sext. This assumption is
reasonable for certain types of transmissions such as belts and
chains, but is less reasonable for other transmission types [16].
However, the intention of this methodology is to remain agnostic
with respect to transmission type. Should a designer have already
decided upon a specific mechanism for the transmission, the
model could be updated with the appropriate dynamic elements
associated with that mechanism.

2.1 Minimizing Motor Torque. For a given motor and
desired output angle and torque trajectories (i.e., output kinemat-
ics and kinetics), a transmission ratio can be selected to minimize
the RMS motor torque, which will in turn minimize the RMS cur-
rent into the motor and thus will minimize the Joule heating in the
motor windings. A bond graph approach, as first described by
Paynter [17] and Karnopp et al. [18], provides a useful power-
domain-independent framework for formulation of the optimization
problem. A bond graph of a motor coupled with a transmission is
shown in Fig. 2(a). In this model, the effort and flow associated
with the input are given by sm and _hm (motor torque and angular
velocity), respectively. The model additionally incorporates pas-
sive inertia and damping behaviors, both associated with the
motor flow variable. Additionally, the transmission is modeled as
a linear transformer with transmission ratio N, and the effort and
flow associated with the (mechanical) load are given by sext and
_h, respectively. The power loss associated with transmission inef-
ficiency is modeled as a modulated resistance where g is the
mechanical efficiency of the transmission. Reflecting the dynami-
cal behavior of the actuator across the transmission and into the
load domain yields the bond graph shown in Fig. 2(b), where the
motor impedance consists of the combination of rotational inertia
and damping, described by the linear coefficients J and b. It
should be noted that causality is not assigned in this model
because the results derived from the system are independent of
such assignment.

In this model, sext and _h are known over time and defined by
the desired kinematic and kinetic trajectory at the system output.
Effort continuity around the one-junction in Fig. 2(b) yields

Nsm ¼ JN2€h þ bN2 _h þ sext þ sext g�sgnðsext
_hÞ � 1

� �
(1)

Since all the bonds are connected to the same common flow junc-
tion, expression (1) becomes a power balance by multiplying both
sides of the expression by the common flow ( _h). The first two
terms in the right-hand side of Eq. (1) represent the output torque
lost to the internal impedance of the actuator. Factoring N2 out of
these two terms yields a simplifying variable, b, given by

b ¼ J€h þ b _h (2)

The third term on the right-hand side of Eq. (1) represents the tor-
que delivered to the load of the actuator, while the fourth term
represents the torque required to overcome transmission

inefficiencies. The transmission efficiency is dependent on the net
direction of power flow, giving rise to the nonlinear nature of this
fourth term. It should be noted that in this model, positive power
is defined as power flowing from the motor to the load. In an
effort to simplify subsequent expressions, an asymmetric
efficiency-based multiplier (e) is utilized to capture the effects of
transmission efficiency

e ¼ g�sgnðsext
_hÞ (3)

Utilizing the simplifying terms given in Eqs. (2) and (3), Eq. (1)
reduces to the more compact expression

Nsm ¼ bN2 þ esext (4)

From Eq. (4), an explicit expression for the input effort (motor
torque) can be derived

sm ¼ bN þ sext

N
e (5)

and the transmission ratio N ¼ N�sm
that minimizes this effort can

be found from Eq. (5) as

N�sm
¼

ffiffiffiffiffiffiffiffiffi
esext

b

r
(6)

In the case of an electric motor driven transmission, motor
impedance is typically dominated by rotor inertia (b ¼ J€h). Addi-
tionally, because motor torque sm is proportional to applied cur-
rent i, the transmission ratio N that minimizes motor torque (6)
will also minimize motor current. The solution described by Eq.
(6), however, is limited to a single instance of torque and angular
acceleration, due to the scalar nature of its inputs.

The analysis presented earlier can be extended to optimize N
with respect to a complete desired drive system trajectory defined
by sext and €h, where the vector notation indicates that each vari-
able describes the respective time history over the course of the
actuator’s actuation cycle. In the vector case, the current con-
sumed by the motor for this desired trajectory can be derived by
substituting b ¼ J€h and sm ¼ Ks i into Eq. (5) and isolating i

i ¼ sexteþ J€hN2

KsN
(7)

Note that vector multiplication, as used herein, is intended to rep-
resent elementwise multiplication. The RMS of this current trajec-
tory can be minimized by choosing the appropriate transmission
ratio

RMS ið Þ ¼ RMS
sexteþ J€hN2

KsN

 !
(8)

The transmission ratio N that minimizes Eq. (8), the derivation of
which can be found in the Appendix, is given by

Fig. 2 (a) The bond graph of a mechanical transmission with state-dependent impedances associated with its
power source and known output efforts and flows and (b) the same system reflected into the output domain
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N�
RMS ið Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RMS sexteð Þ
RMS J€hð Þ

s
(9)

It should be noted that Eq. (9) is a general expression that encapsu-
lates Eq. (6). Additionally, for a purely inertial load (sext ¼ I€h), Eq.
(9) reduces to the optimal transmission ratio found previously by
Pasch and Seering [2]. Similar findings were also presented in Refs.
[5], [11], and [12]. However, the asymmetric efficiency term is
additionally included here in the expression for the optimal trans-
mission ratio. The model presented here also allows for the inclu-
sion of additional impedance terms in the motor such as bearing
friction. The dynamic effects considered in this work can be easily
altered or extended by changing either the sext or b term.

2.2 Minimizing Actuator Power Consumption. Electrome-
chanical drive systems may also be concerned with electrical
power consumption. As such, a transmission ratio can alterna-
tively be selected such that the electrical energy consumed by the
actuator over a cycle is minimized. Figure 3 shows a bond graph
model similar to that shown in Fig. 2(a), but with the electrical
domain of the motor included as well. Specifically, the model
includes a terminal resistance R, an applied voltage Vin, a voltage
across the resistor VR, a current i, and a back electromotive force
(EMF) voltage Vemf . The motor is also assumed here to have neg-
ligible electrical inductance (L � 0), although a non-negligible
inductance could be included if needed. From this bond graph
model, the below relations follow:

Vin ¼ iRþ KsN _h (10)

i ¼ sexteþ bN2

KsN
(11)

The product of Eqs. (10) and (11) provides an expression for the
power into the actuator

Pin ¼ Vini ¼
bN þ sext

N
e

Ks

R

Ks
bN þ sext

N
e

� �
þ KsN _h

� �
(12)

which can be used to find the transmission ratio N that minimizes
the input power to the motor

N�Pin
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sexteð Þ2

b2 þ K2
s b

_h
R

� �4

vuuut ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sexteð Þ2

b2 þ K2
mbh

:
4

vuut (13)

where Km ¼ ðKs=
ffiffiffi
R
p
Þ, which is sometimes referred to as the

motor constant or the speed torque gradient [15,19,20].

Solving for an analytical expression for the transmission ratio
that minimizes RMS motor power consumption is not tractable
because it produces an eighth-order polynomial. However, the
minima can be found numerically using

N�Pin
¼ argmin

N
RMS

J€hNþsext

N
e

Ks

R

Ks
J€hNþsext

N
e

� �
þKsN _h

� �0
@

1
A

2
4

3
5

(14)

In Eq. (14), it is again assumed that the motor impedance is domi-
nated by the rotor inertia (b ¼ J€h).

2.3 Applying Practical Limits to Transmission Ratios. The
solution set of transmission ratios is bounded by the torque, speed,
and thermal limitations of a motor, and the optimal transmission
ratio(s) previously expressed may not lie within the bounded solu-
tion set.

2.3.1 Saturation Limits. The current available to a motor (̂i)

during a given actuator output angular velocity trajectory (ĥ) is
given by

î ¼ V

R
� KsNj _hj

R
(15)

where V is the electrical supply rail voltage. In order for the actua-
tor to satisfy a desired torque trajectory, the current available to
the motor must be greater than or equal to the current required by

the motor (̂i � ĵij), which can be expressed by

V

R
� KsNj _hj

R
�
				 J€hN

Ks
þ sexte

KsN

				 � 0 (16)

Every entry in the vector described by Eq. (16) must be greater
than or equal to zero in order for the actuator to successfully per-
form the task. The first term in Eq. (16) represents the nominal
current through the motor, while the second term describes the
effective current lost to back EMF. The third and fourth terms in
Eq. (16) describe the current required by the desired trajectory
both to overcome the motor’s internal impedance and to deliver
torque to the load. The range of N for which Eq. (16) is satisfied
can be easily found numerically by evaluating Eq. (16) at different
values of N.

The lower bound of this range describes a torque limitation of
the motor, while the upper bound describes an angular velocity
limitation of the motor. If no value of N satisfies Eq. (16), then the
motor cannot perform the desired task with the supply voltage
used. A larger supply voltage (V) increases the solution range of
transmission ratios, however, the motor still may encounter ther-
mal limitations.

Fig. 3 The bond graph of a direct current motor and a mechanical transmission driving
a load with desired kinematics and kinetics. The motor electrical inductance is assumed
to be negligible.
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2.3.2 Thermal Limits. In addition to the saturation limitations
on the transmission ratio solution range imposed by the stall tor-
que and no load speed of the motor, the motor is also limited by
its thermal dynamics. The RMS of the current trajectory must
remain below the maximum continuous current capacity of the
motor (icont). At low transmission ratios, a large current is required
to achieve a given maximum output torque. At high transmission
ratios, a large current is required to overcome the torques required
to produce passive dynamics of the motor to achieve a given out-
put velocity (i.e., in the case of motor damping) and/or accelera-
tion (i.e., in the case of motor inertia). It is the tradeoff between
these two effects that produces the minimization described previ-
ously. A lower and upper thermal bound for the transmission ratio
(NTL

and NTU
) will be defined as the upper and lower transmission

ratios for which the following expression is satisfied:

RMSðiÞ ¼ icont (17)

It should be noted that Eq. (17), while providing a useful reference
regarding the thermal limitations of a motor, provides only a nec-
essary condition on the maximum allowable amount of RMS
motor current, not a sufficient one. A motor with RMS current above
icont will exceed the thermal limits of the motor, but a motor with
RMS current below icont will not necessarily operate within the ther-
mal limits. Short-term peaks in current acting through the thermal
dynamics of a motor could be sufficient to exceed allowable winding
temperatures. As such, although Eq. (17) provides a useful reference,
the requisite motor current for a given transmission ratio could also
be checked against a thermal model of the motor to ensure that both
necessary and sufficient conditions are satisfied [21].

2.3.3 Existence of a Transmission Ratio Solution. The solu-
tion set of transmission ratios can be bracketed between the ranges
specified by both the thermal limitations and the torque/speed sat-
uration limitations of the motor (range in which the motor can
accomplish the task successfully without encountering saturation
or thermal limitations). A lower bound for the transmission ratio
NL is the minimum value of N in this range, while NU is the upper
bound and largest value of N for this range. The upper and lower
bounds are defined by the most restrictive set of transmission
ratios for which the motor does not saturate or exceed its thermal
limits. It should be noted that if no such range exists, then the

motor cannot provide the desired torque and motion trajectories
for any transmission ratio.

3 Design Application

As an example application of the method presented above, con-
sider the design of an electromechanical drive system for the
swing phase of a one degree-of-freedom transtibial prosthesis. In
this example, a passive mechanism is assumed to provide ankle
torque during the stance phase of walking, while an actuated sys-
tem is used to provide dorsiflexion of the prosthesis during swing
phase. In this drive system, the power associated with the powered
push off phase of gait is not supplied by the drive system, allow-
ing a low-powered motor to be utilized. The actuator for this sys-
tem must be compact and deliver the desired kinematics and
kinetics for the application. To determine the actuator design for
this system, the kinematics and kinetics of the joint must be deter-
mined, candidate motors must be selected, and the transmission
optimization must be applied to each candidate motor.

The necessary actuator kinematics and torque for this applica-
tion can be seen in Fig. 4. It should be noted that viscous damping
dominates the system dynamics, and because of this, the optimum
transmission ratio described in Ref. [2] will not provide an accu-
rate solution for this application. The product of the joint angular
velocity and torque yields a curve with qualitatively the same
shape as the torque curve shown in Fig. 4(d) with a peak joint
power over the cycle of 9.5 W.

3.1 Candidate Motor Selection. Based on the peak joint
power requirement of 9.5 W, two candidate motors were selected
for the application: a Maxon EC 16 8 W motor and a Maxon EC
45 12 W motor. A brief overview of the relevant motor specifica-
tions for both candidate motors is given in Table 1. In this design
example, the supply voltage was set at 48 V.

3.2 Transmission Optimization. For each of the two candi-
date motors and the desired kinematic and kinetic output trajecto-
ries shown in Fig. 4, the RMS current and RMS power of the
motor were calculated for a wide range of transmission ratios
using the previously described method. In this analysis, transmis-
sion mechanical efficiency was assumed to be 80% (g¼ 0.8).
Additionally, the transmission ratios that minimize each of these

Fig. 4 Desired output dynamics of robotic ankle prosthesis actuator for dorsiflexion of the ankle during level
ground walking: (a) ankle angle, (b) ankle angular velocity, (c) ankle angular acceleration, and (d) ankle torque
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two quantities were calculated using Eqs. (9), (10), and (14).
Transmission bounds were also calculated using Eqs. (16) and
(17). A plot of these curves, their minima, and the feasible trans-
mission bounds are shown in Fig. 5. The thermal limits, given by
Eq. (17), are plotted as dark gray vertical dashed lines, while the
torque and speed saturation limits given by Eq. (16) are plotted as
light gray vertical dashed lines. It should be noted that the upper
thermal and saturation bounds are off the right end of the plot for
the EC 16 motor in Fig. 5. The double y-axis plot allows for all of
the relevant curves and points to be plotted on a single plot for each
motor and transmission combination generating the desired output
trajectories. The RMS motor current is plotted against the left y-
axis, while the RMS motor power is plotted against the right y-axis.
The maximum continuous current, as given by the motor data
sheets, is also plotted as a dashed horizontal line to give reference
for the current curves with respect to the limitations of the motor.
Transmission selection should be performed by attempting to mini-
mize the motor current and/or power associated with performing
the desired activity (minimums of the curves in Fig. 5) subject to
the feasible limitations imposed by saturation and thermal limits of
the motor and electrical supply (vertical lines in Fig. 5).

From Fig. 5, a motor and transmission pairing can be made
with knowledge of that pairing’s effect on important system per-
formance parameters. The RMS current of the motor should be
minimized to minimize Joule heating of the motor, while the
RMS power curve should be minimized for the longevity of a
battery-powered device. Additionally, the flatness of the curves
can be examined in the regions of interest to see if small changes in
transmission ratio have large effects on the performance metric
curves (RMS(i) and RMS(Pin) as a function of N). By examining the

shapes of these curves, small transmission ratios can be chosen while
still approaching the minima of the performance metric curves.

The difference in the shapes of the curves in Fig. 5 for the two
motors can be largely attributed to the motors’ construction. The
EC 16 motor is an internal rotor brushless motor, while the EC 45
is an external rotor flat brushless motor. The difference in con-
struction is reflected in the differences in the two motors’ rotor
inertias and torque constants (Table 1). The high torque density of
external rotor motors allows for small transmission ratios, but at
the cost of high rotor inertias [22,23]. These high rotor inertias
become significant to the system dynamics at high transmission
ratios due to reflected inertia. The effects of the large rotor inertia
can be seen in Fig. 5(b) in which the performance metric curve
minima is much more pronounced than the internal rotor counter-
part shown in Fig. 5(a). At high values of N, the reflected inertia
becomes very large and the motor consumes large amounts of cur-
rent in order to accelerate and decelerate the rotor inertia.

For this application, the EC 45 motor would be paired with a
transmission ratio of approximately 250:1 in order to minimize
both the maximum motor current and RMS motor power. The EC
16 motor would be paired with a transmission ratio of approxi-
mately 600:1 in order to stay within the transmission bounds while
maintaining a minimal transmission and minimize power con-
sumption. The plots shown in Fig. 5 help to illustrate tradeoffs in
the actuator design. The shapes of the curves, the feasible trans-
mission ratio ranges, as well as the minimums can aid in the actu-
ator design process. The tradeoffs illustrated by this method must
be balanced with other design constraints such as size or mass
limits or other characteristics of the actuator.

4 Discussion

As demonstrated by the previous example, consideration of the
dynamics of a motor is important in the choice of motor and trans-
mission ratio, particularly for applications involving substantial
variation in motion. By including the dynamic characteristics of a
motor in a systematic process for selecting a transmission ratio,
higher performance actuation systems can be designed. The
method of actuator design and transmission ratio selection pre-
sented here provides a quantitative method for examining the
tradeoffs between different transmission ratio choices on relevant
system performance characteristics. Specifically, the tradeoffs

Table 1 Motor specifications

EC 16 EC 45

Nominal power (W) 8 12
Rotor inertia, J (g cm2) 0.85 52.3
Torque constant, Ks (mN m/A) 18.7 30.5
Supply voltage, V (V) 48 48
Max continuous current, icont (A) 0.461 0.766
Terminal resistance, R (X) 20.5 6.42

Fig. 5 Actuator RMS current, peak current, and RMS power plotted against transmission ratio with feasible
transmission bounds marked by vertical dashed lines. Dark-dashed lines indicate thermal bounds, gray vertical
dashed lines indicate a torque or speed limitation, and the horizontal dashed lines are the motor’s specified
maximum continuous current. Current values are plotted against the left y-axis, while power values are plotted
against the right y-axis. Two motors executing the same task are plotted in this figure: (a) EC 16 8 W (The upper
thermal bound is off the right end of the plot) and (b) EC 45 12 W.
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between motor current consumption and power consumption are
considered. In this regard, the curves as shown in Fig. 5 may be of
more use to designers than the specific optima described in this
paper. From this standpoint, a designer can balance the perform-
ance characteristics that are most relevant or critical for a given
application. Similarly, different motors performing the same
desired task can be quantitatively compared. The relative size,
power consumption, and electrical requirements of different can-
didate actuators can be quickly examined in this way.

As can be seen from Eq. (16), increasing the supply voltage to
the motor can increase the size of the solution set of transmission
ratios for the motor. However, there is a limit to how much the
supply voltage can be increased. At some point, torque and speed
saturation will no longer be the limiting factor constraining the
range of transmission ratios for the actuator, and instead the ther-
mal limitations of the motor will be the most constraining factor.
A supply voltage and transmission ratio may be chosen simultane-
ously using this method so that the smallest electrical supply that
still allows for successful actuator performance is chosen. This
insight may enable one to more appropriately size the electrical
supply voltage for a given actuator.

This simple model-based method provides a procedure by
which transmission ratio, N, can be chosen, although the physical
implementation of the transmission (gearhead, cable drive, etc.)
must be determined by the designer. The inclusion of transmission
efficiency in this model also allows designers to examine the
effects of using different transmission types with different effi-
ciencies for the same application.

The previously mentioned method presented by Pasch [2] is
intended for purely inertial loads, while the method presented in
this paper can accommodate an arbitrary desired output kinematic
and kinetic trajectory. For systems in which the inertial torques
dominate the system kinetics, the method presented in this paper
will yield similar optimal solutions to the Pasch and Seering
method, and for systems with purely inertial loads (sext ¼ I€h), the
two methods will yield identical solutions.

One limitation of this method is that it assumes that transmission
efficiency is constant across different values of the transmission
ratio. To accommodate for this limitation, an explicit expression
for transmission efficiency as a function of transmission ratio, tor-
que, and velocity could be substituted into the equations described
previously and the new minima could be found either analytically
or numerically. Another limitation to the method is that it does not
include the inertia of the transmission itself. However, if the trans-
mission inertia is significant, the torque required to accelerate and
decelerate the transmission inertia can be included in the desired
kinetic trajectory, thereby accounting for this impedance. It should
also be pointed out that this method assumes that power can flow
both into and out of the actuator. Because of this, there is an
implicit assumption that the actuator is being controlled by a servo
amplifier capable of regeneration.

The treatment of motor dynamics in the selection of transmis-
sion ratio also illuminates the fact that high transmission ratios are
not always more beneficial for achieving a desired torque trajec-
tory. As can be seen in Fig. 5(b), high transmission ratios decrease
system performance due to the effects of the reflected rotor inertia.
Even in cases of small motor inertia, there is a plateau beyond
which larger transmission ratios produce only small gains in cur-
rent and power minimization. In fact, for any motor performing
any application, the motor current and power will approach infin-
ity at both very small and very large transmission ratios, suggest-
ing an optimum value of N will always assume an intermediate
value between these two extremes.

5 Conclusions

The authors have presented here an extension of prior literature
focused on the optimal selection of a transmission ratio. In partic-
ular, this work considers the influence of passive electrical and
mechanical properties of the motor on transmission selection for a

general load and extends prior work on the subject by: (1) provid-
ing optimal solutions in terms of electrical power, specifically in
the sense of minimizing RMS current and RMS electrical power,
respectively; (2) presenting these respective optimal solutions in
closed-form analytical manner (where possible); and (3) present-
ing the feasible limits of the motor in the context of rated electri-
cal characteristics. In addition to providing a quantitative solution,
the method makes clear that in general, an optimal transmission
ratio will exist between a lower bound associated with meeting
steady-state output torque requirements, and an upper bound asso-
ciated with dynamic effects in the motor, which are exacerbated at
higher transmission ratios.
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Nomenclature

b ¼ generalized viscous damping
i ¼ motor current
I ¼ load inertia

icont ¼ maximum continuous motor current
J ¼ motor rotor inertia

Ks ¼ motor torque constant
L ¼ motor inductance
N ¼ transmission ratio

NT ¼ transmission ratio bound due to thermal limit
N�j ¼ optimal transmission ratio with respect to j
Pin ¼ power into actuator

R ¼ motor terminal resistance
V ¼ electrical supply rail voltage

VR ¼ voltage across motor windings
VEMF ¼ back EMF voltage

Vin ¼ voltage applied to motor
b ¼ motor impedance term
e ¼ asymmetric efficiency term
g ¼ transmission mechanical efficiency
h ¼ actuator output position

hm ¼ motor position
sm ¼ motor torque

sext ¼ actuator output torque

Appendix: Derivation of Root-Mean-Square Minima

It should be noted that all the vector operations mentioned
above are elementwise multiplication, but vector operations in
this section obey standard vector operations and “ 8 ” indicates ele-
mentwise multiplication.

To minimize Eq. (8), an explicit expression of RMS(i) can be
written as

RMS ið Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
iiT

size ið Þ

s
(A1)

In order to minimize Eq. (A1) and subsequently Eq. (8), the
numerator inside the radical in Eq. (A1) should be minimized.
This minimization is done by taking the derivative of this numera-
tor with respect to N, setting that expression equal to zero and
solving for N

@iiT

@N
¼ 2i

@i

@N

� �T

¼ 0 (A2)

Substituting Eq. (7) for i in Eq. (A2), the following expression can
be derived:

101013-6 / Vol. 139, OCTOBER 2017 Transactions of the ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/dynam

icsystem
s/article-pdf/139/10/101013/6023188/ds_139_10_101013.pdf by guest on 16 August 2022



2

Ks

e 8 sext

N
þ J€hN

� � � e 8 sextð ÞT

N2
þ J€h

T

� �
¼ 0 (A3)

The expression in Eq. (A3) can then be simplified to an expression
in which each term is a scalar

2

Ks

� e 8 sextð Þ e 8 sextð ÞT

N3
þ J2N€h€h

T

� �
¼ 0 (A4)

and subsequently solved for N

N ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e 8 sextð Þ e 8 sextð ÞT

J2€h€€h
T

4

s
(A5)

This expression for N can then be simplified to match the expres-
sion seen in the primary text in the below equation

N�RMSðiÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RMS e 8 sextð Þ

RMS J€hð Þ

s
(A6)
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