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One of the current challenges in laser optics is to take advantage of the resonant modes within particles to
obtain high-quality microcavities with low threshold. We present a study of the effect that the internal reso-
nances of individual particles have on the emitted intensity, and demonstrate how optimal tuning of the size
and separation of the particles can enhance the quality factor by more than four orders of magnitude. The
potential applications of this work on the design of an optimal microcavity and on a random laser are dis-
cussed. © 2004 Optical Society of America
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1. INTRODUCTION

The optimization of laser cavities that allow high-Q cavity
modes has been an active field of research since the de-
velopment of the laser.1 In particular, the development
of ultrahigh-Q, ultralow-threshold lasers is one of the key
issues in the contemporary optical physics and quantum
electronics community, with applications ranging from
frequency stabilization of semiconductor diode lasers to
environmental sensing by trace absorption detection in
compact, integrated structures.2 Of particular interest
are small optical resonators that use microspheres3–6 and
microcylinders7,8 as laser gain media since it has been
shown that in some cases they present Q values as high
as 1010.5,9

Other more complex cavities have been explored, such
as periodic lattices in one or two dimensions that sustain
three-dimensionally bound modes of the radiation field.10

However, all these high-Q cavities are based on geom-
etries that present high symmetries. Lately, a novel ap-
proach to laser cavities has appeared that takes advan-
tage of randomness in the system. These are based on
novel materials that have been termed random lasers,11,12

and that exhibit light amplification as a result of laser
pumping of a gain medium in a strongly scattering envi-
ronment. In these cases it is the multiple scattering that
acts as a laser cavity12–15 when gain exceeds losses.15–17

Within such random media with gain, distinct lasing
modes have been measured,18–20 and coherence of the
emitted light has been observed.21 In theoretical studies

it has been shown22,23 that the emission peaks correspond
to modes in the random system,24 and that these may be
selectively excited.23 So far, the numerical methods that
have been utilized to model light amplification in systems
with complex geometries have been based on finite-
difference-time-domain methods22,23 and the dipolar
approximation.25 A common approximation that models
the incoherent contribution of the emission spectrum is
the diffusion approximation,15,26 which is very convenient
because most of the equations involved have an analytical
solution.

Our approach to increasing the Q factor in microcavi-
ties is to make use of the interaction between particles to
excite a collective resonance. Collective resonances occur
when the multiple scattering between the particles is
such that a resonance may be excited in both scatterers.
Similar effects have been studied for dielectric particles
on substrates27,28 that form the basis of photonic-force
microscopy.29,30 We here present a theoretical study of
the effect that collective particle resonances have on the Q

factor of cylindrical scatterers with gain. We study this
effect for two and three cylinders and show how the Q fac-
tor increases in some cases by four orders of magnitude in
the presence of a collective resonance when compared
with the case of isolated scatterers. To obtain accurate
numerical results, we rigorously solve the scattering inte-
gral equations by using a two-dimensional (2-D) method
that is applicable to any geometry.31,32 Even though the
study presented is for a small number of scatterers and is
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thus closely related to microcavity lasers, we believe that
the development of laser powders with controlled particle
diameter such that the excitation of collective resonances
is possible will significantly increase the Q factor in ran-
dom lasers and lower their threshold.

This work is organized as follows: In Section 2 we
present the scattering equations that model light propa-
gation in a medium with a collection of M arbitrarily
shaped scatterers. Gain is introduced among the scatter-
ers through the resonance approximation for a collection
of atoms.1 In Section 3 we present results for an isolated
cylinder, two cylinders, and three cylinders versus the
population inversion and the wavelength. In Section 4
we discuss the implications of our findings.

2. SCATTERING EQUATIONS

We shall study the scattering cross section and the inten-
sity distribution of a collection of scatterers with a com-
plex dielectric constant induced through population inver-
sion. For a material with dielectric constant en , we will
introduce gain by assuming a three-level laser, in which
case the (now spatially dependent) dielectric constant
may be modeled through the resonance approximation for
a collection of atoms as1

e laser~r! 5 enF1 2

3l3

4p2

grad
1→0

Dva
1→0

DN01~r!L~v, va
1→0!G ,

(1)

where l is the wavelength, grad
1→0 is the decay rate from

the excited level to the ground level in seconds, Dva
1→0 is

the FWHM line width of the atomic transition from level
1 to the ground level, and DN01(r) 5 N0(r) 2 N1(r) is
the population difference between level 1 and the ground
state, with N t ' N0(r) 1 N1(r) being the total electron
density. We shall assume that N2 ! N0 1 N1 because of
the fast decay rate of level 2 to excited state level 1
(grad

2→1
@ grad

1→0). In Eq. (1) L is the Lorenztian line
shape1 for the laser transition:

L~v, va
1→0! 5 H 2~v 2 va

1→0!/Dva
1→0

1 1 @2~v 2 va
1→0!/Dva

1→0#2

1 i
1

1 1 @2~v 2 va
1→0!/Dva

1→0#2J , (2)

where v 5 2pc/l is the frequency, c being the speed of
light in vacuum, and va

1→0 is the frequency of the transi-
tion from level 1 to the ground state corresponding to a
wavelength l laser . All calculations presented in this

work were performed by choosing the values shown in
Table 1 for the constants in Eqs. (1) and (2); these values,
taken from Ref. 22, are based on real materials.12 The
behaviors of the complex dielectric constant and the index
of refraction versus wavelength for different inversion
populations N1 /N t are shown in Fig. 1, where we have as-
sumed a dielectric constant en 5 5.76 in Eq. (1) corre-
sponding to an index of refraction of nn 5 2.4.

As seen from Eq. (1), the dielectric constant within
the cylinders is spatially inhomogeneous because it de-
pends nonlinearly on the pumping intensity and emitted
field within the cylinder through DN01 .1 Since we are
interested in studying the changes in scattering cross sec-
tion of a collection of scatterers with the (emitted) wave-
length, we will not address the laser dynamics, and there-
fore will not solve the nonlinear problem self-consistently
as was done in Refs. 22 and 23. To include the pop-
ulation inversion in Eq. (1), we will consider that the
spatially dependent dielectric constant within each scat-
terer may be written as e laser(r) 5 e1 1 de laser(r), where
e1 5 ^e laser(r)& is the average dielectric constant within
each cylinder and de laser(r) 5 e laser(r) 2 ^e laser(r)& is the
deviation from the average value. This expression for
e laser implies that we consider average population differ-

ences DN10 5 N̄0 2 N̄1 where N̄0 and N̄1 are the electron
density in the ground and excited states, respectively, av-
eraged within the volumes of the scatterers. In the 2-D
case where the scalar wave equation may be applied, the
equations for the electric field in terms of e1 and de laser ,
and for an arbitrary scattering geometry of total volume
V, are written as33

¹2E0~r! 1 e0

v2

c2
E0~r! 5 0 r ¹ V,

¹2E1~r! 1 e1

v2

c2
E1~r! 5 aEpump~r! 2 de laser~r!

v2

c2
E1~r!

r P V, (3)

where e0 is the background dielectric constant, c is the
speed of light in vacuum, Epump is the pump field, a is a
constant with units of inverse area, and E0 and E1 are

Fig. 1. Values of the dielectric constant and index of refraction
inside the scatterers for N1 /N t 5 0, 30, 70, and 100%, for (a)
real, (b) imaginary parts of the dielectric constant e1 and (c) real,
(d) imaginary parts of the index of refraction n1 .

Table 1. Optical Parameters Used in Eqs. (1)

and (2) to Derive the Dielectric Constant

in the Presence of Gain

Constant Value Constant Value

en 5.76 va
1→0 376,991 rad/ns

nn 5 Aen 2.4 Dva
1→0 94,000 rad/ns

N t 3.311 3 1023 nm23 l laser 500 nm

grad
1→0 1 ns
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the fields outside and inside the scatterer, respectively.
At this point we shall make use of the findings reported in
Ref. 34 where the authors prove that the main contribu-
tion to the scattered intensity from inhomogeneous
spheres comes from the volume-averaged dielectric con-
stant. Following Ref. 34 we may therefore neglect de laser

when compared with e1 5 ^e laser(r)&. (The implications
of this approximation are under study and will be pre-
sented in a future paper.) Introducing this approxima-
tion into Eq. (3) and applying Green’s theorem we find the

following 2-D scattering integral equations for a collection
of M scatterers of volume V i defined by surface S i :

E~r! 5 2(
i51

M

F i
1~r! r ¹ V i51...M ,

E i~r! 5 Epump~r! 1 F i
2~r! r P V i , (4)

where

Fig. 2. Scattering cross section in log–scale for a single cylinder for s polarization versus population of the excited level N1 /N t in % and
wavelength in nm for R 5 (a) 125, (b) 250, (c) 500, (d) 750, (e) 1000, (f) 1500 nm.
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F i
1~r! 5

1

4p
E

Si

@¹G0~r 2 r8!E i~r8!

2 G0~r 2 r8!¹E i~r8!#dS8 r ¹ V i

F i
2~r! 5

1

4p
E

Si

@¹G i~r 2 r8!E i~r8!

2 m iG i~r 2 r8!¹E i~r8!#dS8 r P V i ,

(5)

n denoting the surface normal pointing outwards, the
symbols 1,2 representing the surface integral when
considered from outside or inside, respectively, and G0,i is
the Green’s function in 2D,35 that is, G0,i(r 2 r8)
5 piH0

(1)(2pAe0,iur 2 r8u) and ¹G0,i(r 2 r8)
5 piAe0,iH1

(1)(2pAe0,iur 2 r8u), where H0,1
(1) are the

zeroth- and first-order Hankel functions of the first kind,
respectively. In the s polarization mode m 5 1, whereas
for p polarization m i 5 Ae0/Ae i. To obtain Eq. (5) we
have made use of the boundary conditions E i

1(r)urPSi

5 E i
2(r)urPSi

and m in¹E i
1(r)urPSi

5 n¹E i
2(r)urPSi

,

where the superscripts 1,2 denote the field taken from
the outside or the inside of volume V i , respectively.
Equations (4) and (5) can be solved numerically to any de-
gree of accuracy by discretizing the surfaces S i and solv-
ing the coupled equations through matrix inversion.
This method is well known in scattering from random
rough surfaces31–33,36,37 and has been implemented in the
study of interactions between particles and
substrates,27,28,38 so it will not be described here. A de-
tailed implementation of the method is presented in Ref.
32. A comparison of the different methods for solving the
scattering equations can be found in Ref. 39. One of the
main advantages of the method employed here is that all
resonances (surface and bulk) are accurately obtained
without need of high sampling. This is one of the main
drawbacks of finite-difference-time-domain methods,
since in the presence of resonances it is well known that
the number of elements must be increased considerably.39

Once the boundary values E i and ¹E i have been ob-
tained the scattered intensity is well defined for all values
of r through Eq. (4). Considering a plane wave as an in-
cident pump intensity, we define the scattering cross sec-
tion of the collection of M 2-D objects of average radius R

in the far field as40

Csc 5

1

M

l

2pR

1

p
E

0

2p uE~r, u !u2

P inc

rdu r @ l, (6)

where E is given by Eq. (4), and P inc is the average power
incident on the system. In the limit where there is no in-
teraction between the objects Csc 5 ( i51

M Csc
i /M, where

Csc
i is the scattering cross section of object i isolated.

(When all objects have the same geometry and orienta-
tion, Csc 5 Csc

1 ). We wish to emphasize that even though
in the following we consider only cylindrical scatterers be-
cause of their high Q factor, Eqs. (4) and (5) can be applied
to any collection of scatterers with arbitrary geometry
and orientation. In this work we have defined the Q fac-
tor as

Q 5

Dvres

vres

, (7)

where vres is the resonance frequency and Dvres is the
FWHM of the resonance in hertz.

3. RESULTS AND DISCUSSION

A. Results with a Single Cylinder
The parameters used for Eqs. (1) and (2) are shown in
Table 1, where the center wavelength for the laser tran-
sition is l laser 5 500 nm, with FWHM of '12 nm. To
maintain our findings as general as possible we shall
study the resonances for the following cylinder radii:
R 5 125, 250, 500, 750, 1000, and 1500 nm, correspond-
ing to R 5 l laser /4, R 5 l laser /2, R 5 l laser ,
R 5 3/2l laser , R 5 2l laser , and R 5 3l laser , respectively,
and in the wavelength range l 5 460– 540 nm. As men-
tioned before, gain is introduced through the variation of
the average population inversion DN01 . We will consider
all possible values of N1 /N t from 0% to 100% even though
the 100% case corresponds to the limit uEpumpu → `.

Results for the isolated case are shown in Fig. 2. The
case with R 5 125 nm (R 5 l laser /4) is represented in
Fig. 2(a) where, for the small particle size, we find a Ray-
leigh scatterering behavior40 and, since no resonances are
present, only a relatively small increase in Csc due to gain
is found. From results obtained for a collection of many
R 5 125-nm particles (results not shown) we have found
that Csc increases proportionally with the number of par-
ticles, and thus, in the limit of a large number of particles,
we predict that results similar to those shown in Ref. 25
would be obtained, in which the scatterers act as point di-
poles. By using Rayleigh scatterers with gain we do not
expect a significant increase in the Q factor, whatever the
distance between them (we recall that the scattering co-
efficient ms changes as ms 5 rCsc

1 , where r is the particle
density40,41).

More interesting results are found for the
R 5 250-nm (R 5 l laser /2) case shown in Fig. 2(b), since
for this particle size there is a single resonance present in
the l 5 460– 540-nm range. The modulus of the scat-
tered intensity for this particle radius is shown in Fig. 3
for the N1 /N t 5 50% and 90% cases. This resonance
corresponds to the (n, ,) 5 (5, 1) Mie resonance in s po-

Fig. 3. Modulus of the scattered electric field for s polarization
for the R 5 250-nm case presented in Fig. 2(b) for N1 /
N t 5 (a) 50%, (b) 90%, corresponding to wavelengths
l 5 512.5 nm [Mie resonance (n, ,) 5 (5, 1) for n1 5 2.4] and
l 5 516.2 nm, respectively. White indicates stronger electric
field values.
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larization for cylinders and is located at l 5 512 nm (cor-
responding to size x 5 2pR/l of x 5 1.5325 for n 5 2.4).
This is a morphology-dependent resonance27 for which
the principal mode number n 5 5 indicates the order of
the Bessel and Hankel functions describing the partial-
wave radial field distribution, and the order , 5 1 indi-
cates the number of maxima in the radial dependence of
the internal field distribution. It is well known that cav-
ity Q increases as n increases and as , decreases, and that
for a given R, the , 5 1 modes have the highest theoret-
ical Q.42 The most important features of Fig. 2(b) for this
particle size with the optical properties shown in Fig. 1
are (a) that the resonance is maintained and increases
with the pump intensity (similar results were found in
Ref. 22 for the one-dimensional case), (b) the increase in
Csc is nonlinear, and (c) no other resonances appear in the
wavelength range 460–540 nm, which means a high free
spectral range. The case R 5 250 nm will be studied in
more detail below. Similar results were obtained for the
R 5 500-nm case (R 5 l laser), where we found, however,
a shorter free spectral range.

Figures 2(d), (e), and (f) show the cases for R 5 750,
1000, and 1500 nm, respectively. All these particle sizes
have the following feature in common: Since their larger
sizes lead to the appearance of multiple resonances, slight
changes in the index of refraction influence considerably

the resonance spectrum. We see that changes in the
population inversion induce changes in the complex index
of refraction (see Fig. 1) and the modes are not main-
tained. Therefore, even though some of these modes
have higher Q factors than for the R 5 250-nm and
R 5 500-nm cases [Figs. 2(b) and (c)] as a result of higher
principal mode numbers n, the free spectral range will not
only be shorter than in the R 5 250-nm case, but we ex-

Fig. 4. Scattering cross section in log–scale for a single cylinder for s polarization versus N1 /N t and l for an optimized radius
R 5 243.9 nm for which the Mie resonance (n, ,) 5 (5, 1) is located at the maximum gain wavelength l 5 500 nm. The inset shows
a normalized value of the real and imaginary parts of the index of refraction for comparison and indicates the location of the
(n, ,) 5 (5, 1) resonance.

Fig. 5. Modulus of the scattered electric field for s polarization
for the R 5 243.9-nm case presented in Fig. 4 for N1 /
N t 5 (a) 60%, (b) 70% corresponding to wavelengths
l 5 500.0 nm and l 5 503.5 nm, respectively. Note how a very
small change in N1 /N t causes a dramatic change in the reso-
nance. White indicates stronger electric field values.
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pect that as the pumping intensity increases the lasing
peaks will appear at different wavelengths, thus inhibit-
ing a stable lasing mode.

Based on the results inferred from Fig. 2, we will now
concentrate on the R 5 250-nm case for the resonance
shown in Fig. 3. We shall now study if it is possible to
enhance the Q factor of the (n, ,) 5 (5, 1) resonance by
changing the particle radius so that the resonance maxi-
mum falls on the maximum gain value l 5 l laser

5 500 nm (see Fig. 1), which corresponds to R

5 243.9 nm. Results similar to those of Fig. 2(b) are
shown in Fig. 4, where we see that the scattering cross
section increases, but that the resonance is not main-
tained for N1 /N t . 65% (the inset of Fig. 4 shows where
the resonance maximum falls with respect to the real and
imaginary values of the index of refraction). This result
was not anticipated, since one expects that higher Csc val-
ues would be obtained when gain is increased. The rea-
son for this sharp drop in the scattering cross section may
be understood in terms of the Mie coefficients.40 It is
well known that the sharpest Mie resonances are found
for poles of the Mie coefficients lying closest to the real
axis.43,44 Through numerical analysis performed by
changing the real and imaginary parts of n1 for
R 5 243.9 nm and l 5 l laser 5 500 nm, we found that
the sharpest peak for the Mie coefficients for n 5 5 is
located at a complex index of refraction n1 5 nopt

5 2.4105 2 0.0115i. Therefore, as gain increases, n1

approaches this value (see Fig. 1) until an optimum gain
at which un1 2 noptu is minimum. Further increase of
the gain leads to increases in un1 2 noptu, therefore mak-
ing the peak smaller and less sharp. In Fig. 2(b) we see
that this nopt value is reached for R 5 250 nm at N1 /
N t 5 90%, and that it is surpassed for R 5 243.9 nm in
Fig. 4 at N1 /N t . 65%. The form of the amplitude of
the scattered field at the resonance and immediately after
is shown in Fig. 5, where it is clearly seen that at
N1 /N t 5 70% the sharp resonance is lost and a new reso-
nance with much smaller Q is formed. Results similar to
those shown in Figs. 4 and 5 were obtained when tuning
the resonance at different positions that were equivalent
to placing the maximum Csc shown in Fig. 4 at different
N1 /N t values. The results for R 5 250 nm correspond to
a shifting of this maximum to the N1 /N t 5 95% position.
From these results it is clear that by selectively changing
the size within a very small range, we may tune the reso-
nance to l 5 l laser , thus lowering the threshold consider-
ably. However, if we surpass a certain pump intensity,
this high Q factor will be lost abruptly. If stable lasing
modes for a large range of pumping intensities are de-
sired, then the instance shown in Fig. 2(b) in which the
resonance maximum does not coincide with l laser is the
most appropriate. If lasing modes with higher Q and
lower threshold are desired, then the instance shown in
Fig. 4 where the resonance maximum coincides with l laser

is the most appropriate; however, this high Q factor will

Fig. 6. Scattering cross section in log–scale for two cylinders of R 5 250 nm and N1 /N t 5 50% for s polarization versus l and the
distance between their centers d in nanometers.
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be lost at high pump intensities. This in fact can be used
to create a Q switching mode, since we expect that pump-
ing intensities that create a population difference that
places the system close to the maximum value of the reso-
nance will create an unstable situation in which the maxi-
mum Q factor will be reached and lost cyclically.

B. Results with Multiple Cylinders
Once we have studied the optimization of a particular
resonance for an isolated cylinder, the following questions
are investigated: Can the high Q of this optimized reso-
nance be increased further in the presence of additional
particles? What configuration of particles produces the
maximum result? We have studied the R 5 250-nm case
shown in Fig. 2(b) for two and three cylinders, maintain-
ing a constant separation between their centers (in the
three-cylinder case the axes of the cylinders were at the
vertices of an isosceles triangle). The change in the scat-
tering cross section for two cylinders at a separation d be-
tween their centers is shown in Fig. 6 for the N1 /
Nt 5 50% case (no gain or absorption). As expected, a
sinusoidal pattern is seen as the separation d increases
corresponding to constructive and destructive interfer-
ence. Since a maximum in Csc is found for d 5 850 nm,
we have maintained this distance and introduced gain in
both cylinders, as was done before. Results for this con-
figuration are shown in Fig. 7, where we find a very

strong increase in Csc as compared with Fig. 2(b) of four
orders of magnitude. The amplitude of the scattered
field for the N1 /N t 5 90% case is shown in Fig. 8, where
we see that this high Csc arises as a result of the develop-
ment of a collective resonance. We see that the same
resonance shown in Figs. 3(b) and 5(a) appears at both
cylinders simultaneously. The minima found in Fig. 6
correspond to the case when the resonance is fully excited
in only one of the scatterers. Obviously, such high-Q
resonances as those shown in Fig. 7 will be practically im-
possible to obtain experimentally because of surface de-

Fig. 7. Scattering cross section in log–scale for two cylinders of R 5 250 nm separated by d 5 850 nm (see Fig. 6) for s polarization
versus N1 /N t . The inset shows a normalized value of the real and imaginary parts of the index of refraction for comparison and in-
dicates the location of the (n, ,) 5 (5, 1) resonance.

Fig. 8. Modulus of the scattered electric field for s polarization
for two cylinders of R 5 250 nm separated d 5 850 nm for the
N1 /N t 5 90% case presented in Fig. 7 corresponding to
l 5 515.9 nm.
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fects, since high symmetries are needed. However, it is
clear from Figs. 6 and 7 that the presence of a second par-
ticle increases the scattering cross section nonlinearly
when collective resonances are excited, i.e., when the con-
figuration is optimized. Also, from Fig. 6 we infer that
the collective resonance does not have a sharp peak at a
certain separation, but that it is maintained for a range of
over 50 nm. Similar results were obtained for three cyl-
inders, where the optimum separation was again in the
vicinity of d 5 850 nm.

The increase in Q factor when a collective resonance is
excited is more clearly shown in Fig. 9 for the isolated cyl-
inder, two cylinders, and three cylinders at a separation
d 5 850 nm for R 5 250 nm. From this figure we see
that there is an increase of four orders of magnitude of
the Q factor when comparing the isolated cylinder with
the two-cylinder case. We see that the addition of a third
cylinder does not help in increasing the Q factor but con-
siderably lowers the threshold. We once again see a de-
cay of the Q factor as we increase gain above a certain
value for the same reasons presented in Subsection 3.A.
We would like to point out that these results were ob-
tained for a resonance with high free spectral range [see
Fig. 2(b)]. As we increase the size of the cylinders (see
Fig. 2), the decrease in the free spectral range will result
in a decrease of the Q factor. Also as mentioned in Sub-
section 3.A, for larger radii we expect that as the pumping
intensity increases, the lasing peaks will appear at differ-
ent wavelengths, thus inhibiting a stable lasing mode.

4. CONCLUSIONS

We have presented results for the scattering cross section
of one, two, and three cylinders with gain versus wave-
length and population inversion. From the work pre-
sented here, the following main conclusions may be
drawn:

1. The optimal size for a stable, cylindrical, microcav-
ity laser is such that a very few well-separated reso-
nances are excited within the lasing FWHM.

2. By selectively tuning the position of the resonance
maximum through changes in the radius, it is possible to
lower the threshold.

3. Depending on the resonance, it is possible that af-
ter a certain gain, the Q factor decreases, raising the pros-
pect of Q switched microcavities.

4. The presence of a second identical scatterer in-
creases the Q factor nonlinearly; in the cases presented
here we have shown an increase of four orders of magni-
tude when a collective mode is excited at certain opti-
mized separations.

5. This increase in the Q factor does not continue as
additional particles are included; however, the threshold
is found to decrease.

Even though the results presented here are for a small
number of particles, we anticipate that important conclu-
sions may be reached for the development of high-Q-
factor and low-threshold random lasers. In particular,
scatterers with gain of small size (R , l laser/4) will not
produce high-Q lasing. Also, we predict that high Q fac-
tors and low threshold values will be obtained when the
average distance between particles is optimized so that
collective particle resonances may be excited for particle
sizes in the range of l laser/2 < R < l laser . Additionally, if
large particle sizes are used (R . l laser), we expect that
there will be an overlap of the lasing modes, and the emis-
sion will be continuous. On the other hand, if small par-
ticles in the range l laser/2 < R < l laser , or small overall
system sizes of the order of a few l laser are used, discrete
lasing peaks will be observed as reported in Ref. 17.
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