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OPTIMAL WELL-POSEDNESS AND FORWARD SELF-SIMILAR
SOLUTION FOR THE HARDY-HENON PARABOLIC EQUATION
IN CRITICAL WEIGHTED LEBESGUE SPACES

NOBORU CHIKAMI, MASAHIRO IKEDA AND KOICHI TANIGUCHI

ABSTRACT. The Cauchy problem for the Hardy-Hénon parabolic equation is stud-
ied in the critical and subcritical regime in weighted Lebesgue spaces on the Eu-
clidean space R?. Well-posedness for singular initial data and existence of non-
radial forward self-similar solution of the problem are previously shown only for
the Hardy and Fujita cases (v < 0) in earlier works. The weighted spaces enable
us to treat the potential |2|” as an increase or decrease of the weight, thereby we
can prove well-posedness to the problem for all v with — min{2,d} < ~ including
the Hénon case (7 > 0). As a byproduct of the well-posedness, the self-similar
solutions to the problem are also constructed for all v without restrictions. A non-
existence result of local solution for supercritical data is also shown. Therefore
our critical exponent s. turns out to be optimal in regards to the solvability.

1. INTRODUCTION

1.1. Background and setting of the problem. We consider the Cauchy problem
of the Hardy-Hénon parabolic equation

Ou — Au = |- ["Ju|*"tu, (t,z) € (0,T) x D,
u(0) = uo € LI(RY),

where T >0, d € N,y € R, a € R, D :=R?if v >0 and D := R?\ {0} if

v < 0. Here, d; := 0/0t is the time derivative, A := ijl 9?/0x3 is the Laplace

operator on RY u = wu(t,z) is the unknown real- or complex-valued function on

(0,7) x RY, and ug = up(x) is a prescribed real- or complex-valued function on

R?. In this paper, we assume that the initial data u, belongs to weighted Lebesgue
spaces LI(R?) given by

LIRY) = {f € MRY); [|f]lzg < o0}

endowed with the norm
1
1l = ( / (|x|8|f(af)|)qdfv) |
Rd

where s € R and ¢ € [1,00] and M(R?) denotes the set of all Lebesgue measurable
functions on RY. We express the time-space-dependent function u as u(t) or u(t, )

(1.1)
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depending on circumstances. We introduce a exponent ap(d,y) given by

2
aF(d77) =1+ ;77

which is often referred as the Fujita exponent and is known to divide the existence
and nonexistence of positive global solutions (See |20, Theorem 1.6]).

The equation (1)) with v < 0 is known as a Hardy parabolic equation while that
with v > 0 is known as a Hénon parabolic equation. The elliptic part of (L), that
is,

—Ap = |z[]¢]* g,z €R,

was proposed by Hénon as a model to study the rotating stellar systems (see [§]),
and has been extensively studied in the mathematical context, especially in the
field of nonlinear analysis and variational methods (see [6] for example). The case
~v = 0 corresponds to a heat equation with a standard power-type nonlinearity, often
called the Fujita equation, which has been extensively studied in various directions.
Regarding well-posedness of the Fujita equation (v = 0) in Lebesgue spaces, we
refer to [7,26,27], among many. Concerning the global dynamics and asymptotic
behaviors, we refer to [4L[13[14] for the Fujita and Hardy cases of (ILI]) with Sobolev-
critical exponents. Articles [I0l[11] give definitive results on the optimal singularity of
initial data to assure the solvability for v < 0. In [22], unconditional uniqueness has
been established for the Hardy case v < 0. Concerning earlier conditional uniqueness
when v < 0, we refer to [IL2]. Lastly, we refer to [15] for the analysis of the problem
(1) with an external forcing term in addition to the nonlinear term.
Let us recall that the equation (1)) is invariant under the scale transformation

ux(t,z) = )\%u()\zt, Az), A>0. (1.2)

More precisely, if u is the classical solution to (LI), then u, defined as above
2
also solves the equation with the rescaled initial data Aot up(Ax). Under (L2, the

L1(R%)-norm scales as follows: [|uy(0)||zs = )\_SJF%_gHu(O)HLg. We say that the
space LI(RY) is (scale-)critical if s = s. with

24y d
- — 1.
114 (13)

S¢ = SC(Q) = SC(dafyu «, Q) =

subcritical if s < s., and supercritical if s > s.. In particular, when s = s, = 0,
d(a—1)
L 2 (RY) is a critical Lebesgue space.

One of our purposes in this article is to establish well-posedness results in the
critical and subcritical cases (s < s..) for all the range of the parameter ~ such that
—min{2,d} < v, including the Hénon case (v > 0). In terms of well-posedness in
function spaces containing sign-changing singular data, the equation ([LT) has been
studied mainly for v < 0 (Hardy case). As far as we know, there has been no result
concerning well-posedness in the sense of Hadamard (Existence, uniqueness and
continuous dependency) of the Hénon parabolic equation v > 0 for sign-changing
singular data. For the Hardy and Fujita cases that are well-studied, our results
provide well-posedness in new function spaces (See Remark [[L7]). We stress that
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the use of weighted spaces enables us to treat the equations for all v in a unified
manner.

Our second purpose of this article is to prove the existence of forward self-similar
solutions for all of Hardy, Fujita and Hénon cases, without restrictions on the expo-
nent «. A forward self-similar solution is a solution such that uy, = u for all A > 0,
where wy is as in ([L2)). In [25) Lemma 4.4], the existence of radially symmetric

self-similar solutions for d > 3, v > —2 and a > 1 + 2C49) g established. Later,

d—2
the case ap(d,y) <a <1+ % is treated in [9] under some additional restriction

on v, namely v < 0 for d > 4 and v < v/3—1 for d = 3. In [1, Theorem 1.4],
the existence of self-similar solutions that are not necessarily radially symmetric has
been proved for all a > ap(d, ), but only for the Hardy case v < 0 (See also [3]).
Our result (Theorem [[9) covers all the previous results and asserts the existence of
non-radial forward self-similar solutions for v and « such that —min(2,d) < v and
a> ap(d, 7).

In earlier works, the crux of the matter has been the handling of the singular
potential |z|7. If v < 0, the conventional methods are to regard the potential

|x|7 as a function belonging either to the Lorentz space L%’C’O(Rd) ([ML22]) or

d

the homogeneous Besov space B{IE’;V(Rd)’ 1 < g <o ([3]), and apply appropriate
versions of Holder’s inequality to establish suitable heat kernel estimates. In contrast
to their previous works, in this article, we treat the potential |z|? as the increase
or decrease of the order of the weight in L?(R?)-norms, thereby covering the Hénon
case (7 > 0) as well. In this regard, the introduction of the weighted spaces is
crucial to our results. Indeed, if the data only belongs to the critical Lebesgue
space, then we may only treat the Hardy case (7 < 0) in our main theorem (See
Remark [[.7] below). The proofs of the well-posedness results rely on Banach’s fixed
point theorem. The essential ingredient in the proof of various nonlinear estimates is
the following linear estimate for the heat semigroup {e'®},~o on weighted Lebesgue
spaces:

e fllgs, < CE 20707 | £,
(see Lemma [2.1] for precise statement), which is known in the literatures such as [23]
except for the end-point cases. In this article, we first extend the above estimate to
the end-point cases (i) 1 <p<qg=o00, (i1) p=q=1, (iti) 1 =p < q< o0, (iv)
p=q=o00and (v) (p,q) = (1,00).

To complete the picture of the admissible range of our well-posedness results, we
also discuss the non-existence of positive distributional local solutions to (I.1I) for
suitable supercritical data ug € LY(R?) with s > s..

1.2. Main results. In order to state our results, we introduce the following auxil-
iary function spaces. Let 2/([0,T) x R?) be the space of distributions on [0,7) x R?.

Definition 1.1 (Kato class). Let 7" € (0,00], s € R and ¢ € [1, 0o].
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(1) In the critical regime, i.e. s = s., where s. is defined by ([[3)), for s < s, the
space K*(T') is defined by
(T) = {u € 2((0,T) x RY ; [ul

endowed with a norm

xa(ry < oo for any T" € (0,T)}

lullsry == sup £7 [[u(t)]| e
0<t<T

We simply write £* = K*(c0) when T' = oo, if it does not cause confusion.
(2) In the subcritical regime, i.e. s < s., for s < s, the space K°(T) is defined by

K*(T) = {u e 2'([0,T) x RY ; |lu

gy < 00 for any T" € (0, T)}

endowed with a norm

[ullgezy == sup = [[u(t)|s-
0<t<T
For t € R, we introduce the heat kernel g, : R? — R, given by
|2
gu(x) == (dmt) "S55 2 e RY (1.4)
We denote by {e'®};>¢ the free heat semigroup defined by

(ep)(@) := (g0 * ¢)(2)
for o € L}, (R?), where * denotes the convolution with respect to the space variable.
Let S'(R?) denotes the space of the Schwarz distributions. For ¢ € S'(R?), e'®¢p is
defined by duality.

In what follows, we denote by C°(R?) the space of all smooth functions with
compact support. We also denote by £4(R%) the closure of C§°(R?) with respect to
the topology of LI(R?). Next we give a definition of mild solution as follows.
Definition 1.2 (Mild solution). Let 7" € (0,00], 5§ < s, and ug € LL(R?). Let
Y = Ks(T)if 5=s. and YV := K5(T) if 5 < s.. A function u : 0, 7] xR% — Cor R
is called an LL(R?)-mild solution to () with initial data w(0) = uq if it satisfies
uwe C([0,T]; LYRY)) N'Y and the integral equation

u(t, z) = e®ug(x) +/0 et=mA {| A, )| )} (x)dr (1.5)

for any ¢ € [0,7] and almost everywhere z € R?. The time T is said to be the
maximal existence time, which is denoted by T, , if the solution cannot be extended
beyond [0,7"). More precisely,

There exists a unique solution u of (L.TI)
in C([0,T]; LYR?)) NY with initial data ug |
(1.6)

We say that w is global in time if 7}, = 400 and that u blows up in a finite time
otherwise. Moreover, we say that u is dissipative if T;, = 400 and

T = Thn(ug) == sup {T >0;

Jim [Ju(t) |z = 0.
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The following is one of our main results on local well-posedness of (1) in the
critical space L (R?).

Theorem 1.3 (Well-posedness in the critical space). Let d € N, vy € R and a € R

satisfy
v > —min(2,d) and o> ap(d,7). (1.7)
Let q € [1,00] be such that
I 2 2 (d—2)a—d—~
<qg< d - 1.
a<g<oco an q<mm{d(a—1)’d(a—1)+ Ao =17 } (1.8)

and let s € R be such that
dla—1) 2 1 . (d—2)a—d—~
— — < . 1.
Se - <d(a—1) q)_s<mm{sc, Se + ol = 1) (1.9)

Then the Cauchy problem (L)) is locally well-posed in LI (R?) for arbitrary data
uy € L (RY) and globally well-posed for small data ug € L1 (RY). More precisely,

the following assertions hold.
(i) (Emistence) For any ug € L (R?) with ¢ < oo (Replace L°(R?) with L°(R?)
when q = 00), there exist a positive number T and an LI (R)-mild solution

u to (L) satisfying

lullicszy < 2lle"uol

K5 (T) (1.10)

Moreover, the solution can be extended to the mazimal interval [0,T,,), where
T, is defined by (LQ).

(17) (Uniqueness) Let T > 0. If u,v € K*(T) satisfy (LH) with u(0) = v(0) =
uy € L1 (R?) (Replace LZ(RY) with L2(R?) when g = o), then u = v on
[0,7].

(#1i) (Continuous dependence on initial data) Let u and v be the LI (R?)-mild
solutions constructed in (i) with given initial data uy and vy respectively. Let
T(ug) and T(vg) be the corresponding ezistence times. Then there exists a
constant C' depending on ug and vy such that the solutions u and v satisfy

|u — U||L°°(0,T;Lgc)nics(T) < Cllug — v

for some T" < min{T (uyp), T'(vo)}.

(iv) (Blow-up criterion) If u is an LI (R)-mild solution constructed in the asser-
tion (i) and T,, < oo, then ||ul/xs(r,,) = oo.

(v) (Small data global existence and dissipation) There exists 9 > 0 depending
only on d,v,a,q and s such that if ug € S'(RY) satisfies ||e®uglxcs < eo,
then T, = oo and ||u||xs < 2e9. Moreover, the solution w is dissipative. In
particular, if |luollrz is sufficiently small, then [|e"ug|/cs < &o.

q
L.

Remark 1.4 (Optimality of the power « for the nonlinearity). By the blow-up
result in [20], the condition a > ap(d,v) is known to be optimal. Indeed, if a <
ap(d,v), then the solutions of (LI]) with positive initial data blow up in a finite
time.
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Remark 1.5 (Uniqueness (i7)). In (i7), T is arbitrary and there is no restriction
on the size of the quantity |lu|/xs¢r). We note that this uniqueness result concerns a
so-called conditional uniqueness since we can prove that u € °(T') is a solution to
() if and only if u € C([0, T]; L (R*))NK*(T) is a solution to (II), provided that
ug € L1 (R?). See Remark 25 below. We note that for the Hardy case, unconditional
uniqueness has been established by [22] in the Lebesgue framework.

Example 1.6 (Small data global existence (v)). We give a typical example of
the initial data wuo satisfying the assumptions in (v) : uy € Li.(R?) such that

loc
2
lug(z)| < clz| =1 for almost all € RY, where c is a sufficiently small constant.
This initial data in particular generates a self-similar solution. See Theorem
below.

Remark 1.7 (New contributions for 7 # 0). For the Hardy case v > 0, Theorem
is new concerning sign-changing solutions for singular initial data. Theorem
also gives a new result in the Hardy case (v < 0). In particular, when s. = 0, that

dla-1) (R%). Theorem

d(a—1)
24y
24y

is, ¢ = , the critical space is the usual Lebesgue space L

d(a—1)
gives a new well-posedness result in the usual Lebesgue space L2 (R9) for
d>2and —2 < v <0.

Remark 1.8. We note that s. is always positive when v > 0 while s. can be either
negative or non-negative. In other words, the initial data uy must have a stronger
decay at infinity when ~ > 0.

We next discuss global existence of forward self-similar solutions to (ILIl). As
mentioned earlier, the result below is not known in the literature for large v > 0.

Theorem 1.9 (Existence of forward self-similar solutions). Let d € N, v € R and
2

a € R satisfy (L1). Let o(x) := w(a:)|x\_£, where w € L®(R?) is homogeneous

of degree 0 and ||w|| 1~ is sufficiently small so that ||e"®¢||ics < €9, where &9 appears

in Theorem[L.3 Then there exists a self-similar solution us of (1) with the initial
data ¢ such that us(t) — ¢ in S'(R?) as t — 0.

The following theorem deals with the local well-posedness of ([LT]) in the subcrit-
ical space LL(R?) with 5 < s,.

Theorem 1.10 (Well-posedness in the subcritical space). Let d € N, v € R and
a € R satisfy (LT). Let s € R be such that

d v ~ 2+7
—— . 1.11
max{ a’a—1}<8<a—1 (1.11)

Let q € [1,00] be such that

s 1 . 2 1 s 1/2+~ _
<¢< d —2<= — = 2 (1=-2),= —
a<qg<oo an d<q<mm{d(a—1)’a< d)’d(a—l s)}

(1.12)
and let s € R be such that
5 d d d _
8+7§s and ——<s<min{ﬂ——,s}. (1.13)
o q o q
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Then the Cauchy problem (L)) is locally well-posed in LYR?) for arbitrary data
ug € LYR?Y). More precisely, the following assertions hold.

(i) (Ewistence) For any ug € LYR?), there exist a positive number T depending
only on ||lugllza and an LYR?)-mild solution u to (L)) satisfying

HUH;Es(T) < 2| Ks(T)

Moreover, the solution can be extended to the mazimal interval [0,T,,), where
T, is defined by (LGl).

(ii) (Uniqueness in K*(T)) Let T > 0. If u,v € K3(T) satisfy [LH) with u(0) =
v(0) = ug, then u=v on [0,T].

(i13) (Continuous dependence on initial data) For any initial data uy and vy in
LYURY), let T(ug) and T(vg) be the corresponding existence time given by
(1). Then there exists a constant C depending on ug and vy such that the
corresponding solutions u and v satisfy

lu — UHLoo(o,T;Lg)nﬁs(T) < Clluo — wol| 2
for some T" < min{T (uop), T'(vo)}.
(iv) (Blow-up criterion) If T, < oo, then limy_,7, ¢ [|u(t)||L2 = co. Moreover, the

following lower bound of blow-up rate holds: there exists a positive constant C
independent of t such that

||lu(t) (1.14)

a2

- sc—8

(T —t) e
for t € (0,1,,).

Remark 1.11. Note that (II2) implies 5 < s, ie., ug € LYR?) is a scale-
subcritical data.

Finally, for the scale-supercritical case, i.e. s > s., we prove non-existence of a
weak local positive solution, whose definition is given below. More precisely, we may
prove that there exists a positive initial data uo in LI(RY) with s > s. that does
not generate a local solution to (II]) even in the distributional sense.

Definition 1.12 (Weak solution). Let 7' > 0. We call a function u : [0,7) xR? — R
a weak solution to the Cauchy problem (L) if u belongs to L*(0,T; L%, .(R%)) and

if it satisfies the equation (1)) in the distributional sense, i.e.,

/Rdu(T’,:c)ﬁ(T’,x) dzx —/ wo()n(0, ) da

Rd

=/ u(t, ) (An+n) (8, 2) + || |u(t, )" ult, ©) nt, z) dedt (1.15)
[0,T"] xR

for all 77 € [0, 7] and for all n € C*2([0, T] x R?) such that suppn(t,-) is compact.

We remark that our LZ(R?)-mild solutions are weak solutions in the above sense.
See Lemma in Appendix.
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Theorem 1.13 (Nonexistence of local positive weak solution). Let d € N and
v € R. Assume that ¢ € [1,00], @ € R and s € R satisfy o > max(1,ap(d,v)) and
s > s.. Then there exists an initial data uy € LI(RY) such that the problem (1))
with w(0) = ug has no local positive weak solution.

The rest of the paper is organized as follows: In Section 2, we prove the linear
estimates and nonlinear ones in weighted Lebesgue spaces. Section 3 is devoted to
the proof of Theorems [[3] and We then give a sketch of the proof of
Theorem in Section 5. In Appendix, we collect some elementary properties
related to our function spaces and prove Lemma

2. LINEAR AND NONLINEAR ESTIMATES

Throughout the rest of the paper, we denote by C' a harmless constant that may
change from line to line.

2.1. Linear estimate. The following estimate for the heat semigroup {e'®};5¢ in
weighted Lebesgue space is known except for the endpoint cases (see [17,23]).

Lemma 2.1 (Linear estimate). Let d € N, 1 <p < q < o0 and

d 1
——<s'§s<d<1——). (2.1)
q p
In addition, s < 0 when p =1 and 0 < s' when ¢ = oo. In particular, 2.1 is
understood as s = s =0 when p =1 and q = oco. Then there exists some positive
constant C' depending on d, p, q, s and s such that

s—

_d(1_1y_s=s
e fll s, < Ct 20072 | f]

L
for all f € LP(RY) and t > 0. Moreover, condition 1)) is optimal.

We mainly focus on the endpoint cases in the following proof.

Proof. The inequality for 1 < p < ¢ < oo follows from Lemma 3.2, [I7, Proposition
C.1] and the fact that the weight function |z|* belongs to the Muckenhoupt class
A, if and only if _% <s<d(l- %)

For the endpoint exponents, we divide the proof into five cases : (i) 1 <p < q=
0o, (it) p=q=1, (iit) 1=p<qg<oo, () p=qg=o0 and (v) (p,q) = (1,00).
It suffices to prove the inequality for e® f and then resort to a dilation argument as
in the proof of [I, Proposition 2.1].

Throughout the proof of this lemma, we write a < b if a < Cb with some constant
C.

(i) 1 <p<q=o0: Since |z|* < |z —y|* + |yl if s >0, we have

2] e /()] < / z — ¥ gz — )| F(@)| dy + / W9 — )| @) dy = I + .
R R4
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For I, Holder’s inequality with % + z% =1, p>1, leads to

S
7

ns ([ = ot ate = ay) 1

SIS

p
Lo

thanks to Lemma (5.2 (1) with ¢ = p/, a = s and b = &/, where 0 < s < z% and
s' > 0. Similarly, Holder’s inequality and Lemma [5.2] (2) with ¢ =p' and ¢ = s— '
yields

=

2 S /]

D
Lg»

Y K e S

where 0 < s — ¢ < z%‘ Thus, || fllrs < ||f|lze provided that 0 < ' < s <

d(l—%).

(17) p=q=1: We have |y|™* < |z —y|™® + |2|7° if s <0 and thus

120, 5 [ ol [ ate =)l =ol ol )] dydo
s [ el [ oo = plallrw) dyds
R4 R4

< s’ . s s
< [ ([ et ate = le =l o) 171
T / ( |a:|5’—Sg<x—y>dx) Wl ) dy < If
Rd R4

Ly

thanks to Fubini’s theorem and Lemma with ¢ =1, a = —s', b = —s and
c=s—s, where 0 < —¢' <d, 0< —s and 0 < s—s <d. Thus, [[e® |, <|f]
provided that —d < s’ < s <0. ’

(17i) 1 =p < q < co: By Holder’s inequality with 1 = % + i, q < oo, we have

L

|2 f ()] < (/ \y\‘sqg(fﬁ—y)quls\f(yﬂdy)q ||fHZ
Rd

for s < 0. Taking the LY (R%)-norm of the both sides of the above, we obtain

A . |5 s(1—q) 2\ d )d )q qi’l
161, < ([ bt ([ 2t = st an ) ) 51,
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Since |y|~? < |z — y|7% 4 |z|7% if s < 0, Fubini’s theorem and Lemma with
g=q, a=—5, b=—s and ¢ = s — ¢ yield

/ |$‘s/q (/ |y|—sqg(x_y)q‘y‘s|f(y)‘dy) d
R4 R4
< s’q o —qs . q s .
< [t ([ o= ol ot - wrbalsl s ) d
—(s—s')q N
[ 1elen ([ ot = ula 1l dy) do

< [ et ([ el =i -ate =)o) dy
# [Pl ([ (el 9t — s ) dy 5 1

Ll

where 0 < —5' < g, 0<—-sand 0<s—¢5 < g. Thus, [le®fllre, < [|f]lz: provided
that —§<s’§s§0.
(iv) p=q = oo: Since |z|* < |z —y|* +|y|* if s >0, we have

ol @) < bt [ lol~gta = ) dyl i
< ([ e =ato—way+ [ oo =) dy) I < 11z
R R

thanks to Lemma B2 with ¢ =1, a=s, b=5s and ¢ = s — s, where 0 < s < d,
0<s and 0 <s— ¢ <d. Thus, ||6Af||L§§> S || fllzee provided that 0 < 5" <5 < d.
The case (v) (p,q) = (1,00) is trivial. We complete the proof of the endpoint
estimates.

Next, we prove the optimality of (1) for 1 < p < ¢ < oo by contradiction.
Suppose that the inequality holds when s < _Cgl- We notice that every function g

in LY, (R?) must satisfy h|1r|1 inf |x\g+8/\ g(x)| = 0 thanks to Corollary 5:41in Appendix.
z|—0

In particular, we have li|rr|1ir01f|g(x)| =0as 0 < —¢ — g. Since 0 < g +s<d, a
Tr|—

function f defined by
C, |z] <1
)=

0, else,
where C' is a positive constant, belongs to LP(R?). However, clearly

lim inf |'® f ()] # 0,

|z|—0

which implies that e'® f ¢ L (R?) and leads to a contradiction.
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The optimality of the upper bound of (2] is based on the fact that the space
(Rﬂ,ﬁd(l—l)<sdmt

LP(R?) contains functions that are not in L} >

loc

fl) {\xr el <1

0, else,

so that it belongs to LP(R?) as p(d —s) < d (Note that the space LP(R?) is defined
for all measurable functions). A standard argument then shows that €' f does not
make sense for the function f. Indeed, for every ¢ > 0 and every x such that |z| < 1,
the estimates hold:

7‘1

—y|?
) =t [y > )t [ ety =,

ly|<1 ly|<1

where we have used |r—y| < 2. Thus e'® is not well-defined in L?(R?) if d (1 - 1—1?) <
s. When s =d(1 — %), it suffices to take

L 1Y) ?
o= {1 (s (e ) T el

0, else,

where p > a > 1, and show that e® f is not well-defined for the function by carrying
out the same argument as above. Thus, we conclude the lemma. O

2.2. Nonlinear estimates. Given ug € L? (R?) in the critical regime (resp. LI(R?)
in the subcritical regime) and T > 0, let us define a map ® : u +— ®(u) on (7))

(resp. K*(T)) by
®(u)(t) == e ug + N(u)(t) (2.2)
with

N(u)(t) := /0 DAL P F(u(r, )Ydr and F(u) = |u|* tu. (2.3)

2.2.1. Critical case. The following are the stability and contraction estimates in the
critical regime. The assertion (2) below for § < 1 is not required in the proof of
existence but is used in the proof of uniqueness.

Lemma 2.2. Let T € (0,00] and d € N. Let v € R and o € R satisfy (L1).

(1) Let q € [1,00] be such that

L. 2 2 (d—2)a—d—~
== * . (24
B R U e TR sl S
Let s € R be such that
. <s and max —C—l,sc—z < s < min 8(;,sc+(d_2>a_al_7 J
a—1 q o o =T

(2.5)
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where s, is as in ([L3]). Then there exists a positive constant Cy depending only
on d, o, v, q and s such that the map N defined by (2.3]) satisfies

IN () lics () < Collullies(r (2.6)

for all uw e K*(T).
(2) Let q € [1,00] be such that

Q< q=< 00,
. 2 2 0d—2)(a—1)—2—~ (2.7)
and q<mm{ﬂa—n’ﬂa—n dla—1)1+6(a—1) J’
where 6 € (0,1] (ﬁ <0 if d=1). Let s € R be such that

PR R S P
0 \da-1) q)
d 2

and max{—g, Sc—m

(d—2)a—d—2 }.

} <$<min{8c, Se+ 100 -D)a-1
(2.8

Then there exists a positive constant Cy depending only on d, «, v, q, s and
0 such that the map N defined by (2.3) satisfies

0(a—1)
IN(u) = N(©)lle=zy < Cr (lullesay + [llcse)

Ks(T)
)(1—9)(a—1

)
X (HUHLOO(O,T;L‘SIC) + ||UHL°°(0,T;L‘§C) |u — vl K8 (T)
(2.9)

for all u,v € K5(T) N L>(0,T; L2 (RY)) (u,v € K5(T) if §=1).

Remark 2.3. Note that ([27) and (Z8]) for § = 1 are equivalent to (24 and (2.3,
respectively. The estimate (2Z9) fails for § = 0 as C is divergent as ¢ — 0.

Proof. We first prove (2.6]). We have

_d(a—=1)

[N () ()]l s SC/O(t—T) s sl L PR (u(r)| g dr

Ls

by Lemma 2Tl with ¢ = ¢, p = 4, s = s and s’ = 0 := as — v, provided that

1§§§q§ooand—§<s§as—7<d(1—%),i.e.,
d d d
a<q< oo, Lgs and ——<s<i——. (2.10)
a—1 q «Q q
As |- PE@) 5 = lullgy, we have

t _d(afl)_l a—1)s— _(scfs)a o
[N (u)(®)l[rg < C/ (t—m)" 2 OIS ol Ry,
0

where the last integral is bounded by

Sc—s _1 c
t_QB<a2 (30_3)71_u)a
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where B : (0,00)* — Ry is the beta function given by B(z,y) := fol 7711 —
t)¥~1dt, which is convergent if and only if

2
Se —— < 8 < 5. (2.11)
o'

Gathering (2.10) and (2.I1)), we have condition (ZI). For such an s to exist, it
suffices to take v, a and ¢ so that conditions (L7)) and (2.4 are met.

We next show (2Z9)). Since there exists a constant C' = C(«) such that
|F(u) — F(v)] < C(lu|* ' + [v|* Yu—v| foral wu,vecC, (2.12)

we have

t — 1
IN(w)(t) = N(v)(t)|| 2 < C / (t — 7)) Os+(1=0)50) =)
0
<[ Pul*= + [ol* )| = ol|| s dr,

thanks to LemmaRIlwith g =¢, p=2, s =sand s’ = 0 := (a—1)(0s+(1—0)s.)+
s —, provided that 1 < £ < ¢ < oo and _Cgl <s<(a—1)Os+(1—0)s.)+s—7 <
d(1—-2), 6€(0,1], ie.,

q

=94=00 S 0 \dla—1) ¢ =9

d 1 24
d —- ct——m——|d—2-— .
an q<s<s 1 9( 1>( )

(2.13)

By Holder’s inequality with % =

[ (= o = o] 2
L&

)(1—9)(a—1) ||

< ([lu| )

g+ [[ollg lullg, + llvlls, w =g

Thus,
[N (u)(t) = N(v)(#)]| g

<Ct—™ 2 B <9a ; 1(30—3),1 - W(sc —s))

=0 )y — v|ies

0(a—1)
x (llellicscry + llvllcscr)) (Il oz + I0ll=(o7:22,))
in which the last beta function is convergent if # > 0 and
2
Ola—1)+1
Gathering (2.13)) and (2.I4]), we deduce that the restrictions for s are (2.8]). Conse-

quently, for such an s to exist, it suffices to take ¢ such that (27)). Finally, for such

a ¢ to exist, one must have 0 < Wla—l)) Zo4+0(d—2D)} e, a> 1+ - 2

Sc — <5 < Se. (2.14)
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and 0 < ==, both of which hold thanks to (L.7). This concludes the proof of the
lemma. 0J

The following is the stability estimate for the critical norm.

Lemma 2.4. Let T € (0,00] and d € N. Let v € R and o € R satisfy (L) . Let
q € [1,00] be such that

1 , 2 2 (d—2)a—d—v
<qg< d - 2.1
a<g<oco an q<mm{d(a—1)’d(a—1)+ Ao 1) } (2.15)
and let s € R be such that
dla—1) 2 1 , (d—2)a—d—~
_ —_ )< )
Se - <d(a—1) q) < s<m1n{sc, Se + ala—1) , (2.16)

where s. is as in (L3)). Then there exists a positive constant Cy depending only on
d, o, 7, q and s such that the map N defined by [2.3]) satisfies

[N ()| s 0,722,y < Collulligs(r

for all u,v e K°(T).
Proof. Let T' > 0 and u,v € K*(T"). We have

N Olks, < [ (=) 50t

<08 (-9 1- LI s

K*(T)
thanks to Lemma 2Tl with ¢ = ¢, p = £, s = s, and s’ = as — v, provided that
1§a§q§ooand—5<sc§as—7<d(1—%),i.e.,
Se + d+ d
—2<7v, a<qg<o and 7<s<—7——.
! ! q

The final beta function is convergent if (ZII) holds. Since s, — 2 < 5 the
restrictions on s are (2.16). For such an s to exist, ¢ must satisfy (m) in addition

to a < ¢ < oo. Indeed, SC;"Y < s, is equivalent to 1 < < 2 _ and =YY < s, is
q (a—l) «a

equivalent to % < L (1 — d2+7

- m) . This completes the proof of the lemma. O

Remark 2.5. Note that the above lemma along with Lemma 1] imply that a
solution u € K*(T) yields the regularity v € C([0,T]; L1 (R?)), if uy € LI (R?).
Thus, if we allow the abuse of notation, the equivalence K*(T') = C((0, T]; L2 (R%))N
IC*(T") holds as solution spaces of (L.]).

2.2.2. Subcritical case. The following are the stability and contraction estimates in
the subcritical regime.

Lemma 2.6. Let T € (0,00] and d € N. Let v € R and o € R satisfy (LT). Fix

seR so that

~ 2+
s < i

(2.17)

a—1"



WELL-POSEDNESS OF HARDY-HENON EQUATION 15

Let q € [1,00] be such that

1 , 2 1 ~ 1/24+y
<g< d = — = 21—, = -
G=d=oo q<““{dm—1wa< Ma—n)’d<a—1 %}

(2.18)

and let s € R be such that

2
7 <s and max {’sv— —, —C—Z} <s< min{aH_—7 — gl’ sc} , (2.19)
a—1 a  q @ q

where s. is as in (L), Then there exist positive constants Co and C, depending
only on d, «, v, q, S and s such that the map N defined by (Z3) satisfies

INlgory < CoT T 09 |

T (Jull =) llu =l
for all u,v € K(T).
Remark 2.7. Note that 1 <3 (2“ —5) in (2I8) amounts to 5 < s, so the power

a—1

of T in (2.20) and (2.21)) s positive.
Proof of Lemmal2.6. We have

o (2.20)

and

[N (u) = N(v)|

KCs(T) < Cl

Ks(T) (2.21)

dla—1) 1

t
HM@@MSCA@—ﬂ‘% 05|y (7 [, dr

< Ot 36955 (=9 g (Q(SC —s),1— @) ]| %

9 Ks(T)’
thanks to Lemma 2T with ¢ = ¢, p= £, s =5 and s’ = as — 7, provided that
1§§§q§ooand—§<s§as—7<d(1—%),i.e.,

d d d
a < q < oo, Lgs and —-<s <ﬂ——.
a—1 q « q

The final beta function is convergent if s — % < 5§ < S.. Thus, the restrictions on s
are (2.19). For such an s to exist, ¢ must satisfy (2.I8]). Finally, for such a ¢ to
exist, we immediately see that s must satisfy ([2.17]).

The proof for the difference is similar to the above so we omit the details. This
completes the proof of the lemma. O

Lemma 2.8. Let T € (0,00] and d € N. Let v € R and o € R satisfy (L7T). Fix
5 so that (LII) is satisfied. Let q € [1,00] be such that

s 1 1 s\ 1/2 ~
a<g<oco and —2<6<min{a(1—§),E((yt?—s)} (2.22)

and let s € R be such that

§} , (2.23)
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where s. is as in (L3)). Then there exists a positive constant 52 depending only on
d, v, a, s, q and s such that the map N defined by (23) satisfies

~ a-l Sc—S
IN ()| o o.mi12) < CoT™F = ful

%S(T)
for all u e K:(T).
Proof. We have

_d(a-1)

t
IN(u)(®) 2 < © / (t — 7y~ "5 KDy ()3 dr

a—1

<Ct=

(se=3) g (%{(a —1)(se—8)+s—s},1— @) X ||l

%s (T) Y

thanks to Lemma 2. Il with ¢ = ¢, p= %, s =5 and s’ = as — 7, provided that
1<1<g<o0and —§<§§as—7<d(1—%), ie.,
s 1 5+ d+ d
a<qg<oo, ——<- and 7§s<—fy——.
d q « Q@ q

The final beta function is convergent if s — % < § < § < 8. Since §— % < ng”

(by 5 < s, < 2£2), the restrictions on s are (Z23). For such an s to exist, ¢ must
satisfy (2.22) and —L= < 5. Finally, for such a ¢ to exist, s must satisfy (([L.TI]) since

a—1
d d 2
— < max{q ——, 7 and alt) <d.
a—1 a a—1 a—1
This completes the proof of the lemma. O

2.2.3. Upgrade of reqularity. The following lemma is used to show the regularity of
the LL(R?)-mild solution.

Lemma 2.9. Let p,q € [1,00] and s,s" € R. Under condition (L), let pairs (q, s)
and (p,s’) be such that either

{ d 1( d)} d+~ d
a<g<oo, max<{——, — - - <s < - —,
q « q o q (2.24)
{0 s ”y—ozs}<1<1 d< ' < min{ } :
max < 0, ——, - < -, —— <5 <min{s, as —v}.
d d P q p
or p p
a < g < oo, max{0,1}§s<ﬁ——,
a a q (2.25)

p=o00, 0<s <min{s, as—~}.

Let u be the L1 (R?)-mild solution of (1) with initial data uy € S'(R?) on [0,T,,)
such that

sc(g)—s
sup 5 Jlu(t)] g < oo,
t6[07T77L)
Then it follows that
se( )*S/
sup t B
t6[07T77L)

u(t)]| e, < c0.
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Proof. We use a similar argument as in [21] (See also [I]). Let

sc(@)—s

A:= sup t lu(t)]| 2 < oo.

te[0,Trm)
Let t € (0,7,,). We use the integral representation

u(t) = e2%u(t/2) + / O] F(u(r, )} dr.

2

It follows from Lemma 2T with g =p, p=¢q, s = s and s = s, that

if
d , 1 .
1<g<p<oo and —-<s<s<d|1l—-~- (0<sifp=0c0). (2.26)
p q
On the other hand,

!

T N s U P

<C’A"/ﬁ(t—7‘)

2

thanks to Lemma 2T with ¢ =p, p= 1, s’ =" and s = as — v, provided that

d
1<><p<oo and ——<s’§o¢s—7<d(1—g) (0<sif p=00).
p q
(2.27)
i.e.,aﬁqﬁoo,%ﬁ%,—g<s’§a5—7(OSS’Sas—vifp:oo)and
s < % — g. The final integral is convergent if

d 1 — - d d
1__(E__)_M>o, ie., a(—+s)—2—7——<sl. (2.28)
2\q p 2 q p

Thus, we have

Q=

selr)—
sup 5 Ju(t)], < C(A + A%)
tE[O Tm) °
under (2.26), ([2.27) and (228). Since s < d%’ —g from (2.27)), we have a(g +
s) —2—7y— % < —%. Thus, the conditions for §' are that in ([224). By tedious
but straightforward computations, we may easily see that under condition (L), the

necessary and sufficient conditions of ([2.26]), (2.27) and [2.28)) are ([2.24]) or (M)

Hence, the lemma is proved.
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3. LOCAL WELL-POSEDNESS AND SELF-SIMILAR SOLUTIONS

3.1. Proof of Theorem [1.3l In order to prove Theorem [[.3] we prepare the fol-
lowing lemma.

Lemma 3.1. Let positive numbers p > 0 and M > 0 satisfy
p+CoM*< M and 2C,M*' <1, (3.1)
where Cy and Cy are as in Lemmal22. Under conditions (L), (L8) and (L9), let
T € (0,00] and ug € S'(R?) be such that e"®uq € K5(T). If || uol|xcs(r) < p, then a
solution u to (L)) ewists such that u—e'®uy € L>(0,T; L1 (RY))NC((0,T]; L1 (R?))
and ||u|csry < M. Moreover, the solution satisfies the following properties:
(1) u—ePug e L0, T; LL(RY)) for o such that
Se <o < as—7. (3.2)
(ii) u — ePuy € C([0,T); LL(R?)) and PI% |u(t) — e®ugll e =0 for o such that
%

B2) and o > s..

(147) wlfiHOI u(t) = ug in the sense of distributions.
—>

(tv) Let v > 0. Then the solution u satisfies

sc(pg)—
sup t gt lu(t)|| e < 00
<t<T 8

0

where
p(;:%, 0s <sg<s and 0<0<I.

In particular, if v >0, u(t) € L>®(RY) for t > 0.
Remark 3.2. To meet ([B1]), it suffices to take M = 2p and
M < min {(200)—ﬁ, (201)—ﬁ} .
Remark 3.3. If ug € LI (R?), then uq satisfies the assumptions of Lemma Bl with
T = oco. Indeed, letting ¢ =¢q, p=¢q, s =s. and § = s in Lemma 2. we obtain
e < Ct”

Sc

e uo 7 luoll s,

provided that —g < s < s <dl- é), ie, v > —2 and o > ap(d,7). Thus,
ePug € K5.

Proof of Lemmal3.1. Setting the metric d(u,v) := ||[u — v||xs(r), we may show that
(IC°(T'), d) is a nonempty complete metric space. Let Xy := {u € K*(T) ; ||ullcsr) <
M} be the closed ball in IC°(T) centered at the origin with radius M. We prove
that the map defined in (2.2)) has a fixed point in X;. Thanks to Lemma 2.2 and

B0, we have
19 ()]

ko) < [lePuollicsry + Collullery < p+ CoM* < M

and
[@(u) = @@)llsry < Cr (Jhu

xo(r) < 200 M Hlu—v)

o + ) lu=v e

(3.3)



WELL-POSEDNESS OF HARDY-HENON EQUATION 19

for any w,v € Xy, where 2C; M1 < 1. These prove that ®(u) € X, and that ®
is a contraction mapping in X,;. Thus, Banach’s fixed point theorem ensures the
existence of a unique fixed point u for the map ® in X,;, provided that ¢ and s
satisfy (2.4]) and (ZH]). The fixed point u also satisfies, by construction, the estimate
Jullcecry < .

Having obtained a fixed point in K*(T) for some T, we have u — e'®uy €
L>(0,T; L1 (R?)) by Lemmalﬂl provided further that (2I5) and (2.I6) are satis-
fied. Weseethatl ( ok qg>0, a>1and v > —2 imply

vy d Se+ 1y dla—1) 2 1
max = < —— =5, — — -
a—1" ¢ a a dla—1) ¢

so 21 s the stronger lower bound for s. Thus, s must satisfy (). Combining

Z4) “and (ZI5), we end up with
1

R s ] (o ) B G ) S

which in fact amounts to (LS.

We next prove the assertion (i)—(éi7). Fix a solution u € K*(T') with ¢ and s as

in (L.8) and (L9). We have

t d(a—=1) 1
NGOz <€ [ (6= r) A u(o)yar
0

t (a—1) sc s)a
SC/ (t_T)_dz—ql_%(as—’y—cr)T Gl I
0

]Cs

K=(T)

(3.5)
thanks to Lemma ZIl with ¢ = ¢, p = Z, s’ = 0 and s = as — 7, provided that
1 <1< ¢qg<o0and —g <0<as—7<d(1—5) The power of ¢ in the final
line is non-negative if o > s.. The use of Lemma [Z1] along with the convergence of
the beta function require, in addition to (L&) and (L9)), that o satisfies (8:2)). For
such a ¢ to exist, one needs *2 < s, which is assured by ([L9). If 0 > s, (i.e., if
% < s,) then the power of t is positive, thus the right-hand side of (B3] goes to

zero as t — 0. Hence, the assertions (ii) and (iii) are proved.

s)+a—s’ - (sc—zs)a) « Il

Finally, we prove the assertion (iv). Fix a solution u € K*(T) with ¢ and s as in
(L8) and (T9). Here, we notice that under v > 0, the lower bound of (L9) always

satisfies ( )
0 dla—1 2 1
IV _ =
max{(), a} =% « <d(a—1) q) ’

which implies that the condition (Z25) of Lemma is always satisfied as well.
Thus, Lemma immediately implies

sc(o0)—s’

sup t

[u(t)] L < o0
te[0,T)
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for
0 < s <min{s, as —~}.
We also have u € K°(T) by assumption. Thus, the conclusion follows from Propo-

sition [5.11 (3). O
We start by proving the uniqueness of our solution.

3.1.1. Proof of (i1). Let T > 0 be given and fixed. We prove the uniqueness in
IC*(T"). Under conditions (L), (L8) and (L9), let v and v be two solutions to (L5
belonging to C([0,T7]; L? (R?)) N K*(T) with the same initial data uy € LI (R?)
(up € LL(RY) if ¢ = OO)E such that

ullics(zy + lJv]ls(ry < K,

for some positive constant K. Let us recall that we have the following two limits at
our disposal:

. tA _
Jim [[e™ ol |cs(r) = 0 (3.6)
and
. A _
}lgnOHu € UOHLO"(O,T;LZC) 0. (3.7)

The former is the well-known fact stemming from the density of C§°(R?) in L? (R%)
(See Proposition [5.1]in Appendix). The latter is shown by the triangle inequality
and the continuity at ¢ = 0 of solutions for both the linear and nonlinear problems.

Let w :=u —v. By (212), we have
[F(u) = F(v)] < Cle®ug|*Hu — o] + C(lu — ePup|*™ + o — e uo|* ™) [u — o],

which implies that |w| < C(I; + Is+ I3) (thanks to the maximum principle), where
t
I, = / et=mA {\ . |7|emu0\a_1|w\} dr,
0
t
him [ D3] Plu= eBufful} dr
0

t
and I3:= / elt=mA {I- o= eup|*Hwl|} dr.
0

Given ¢ and s satisfying (L8) and (L9), we may always choose 6 so that (2.1
and (Z8) are satisfied. Indeed, (Z7) and (Z8) become ([Z4) and () as 0 — 1,

respectively, which are weaker than the assumptions on ¢ and s in Theorem
The only condition that has to be considered independently is s, — % <ﬁ — %) <
s in (28) (as this is not a strict inequality), but this causes no problem since
Se — 4 <ﬁ - %) < 8. — d(o‘a_l) <d(a2—1) - %) holds for any 6 € (0,1]. Thus, we
may use estimate ([2.9)) freely for our ¢ and s.

*We assume ug € L (RY) if ¢ = oo in order to utilize the density, which is needed in the proof

of (B6) and (B.7).
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By the same calculation leading to (2.6]), we deduce that

[Pealees @ 'y l[wllescr).- (3.8)

For I, estimate (2.9]) implies

O(a—1 (1-6)(a—1)
||[2|/CS(T)§C||U—€tAUo||;c( Ve — || S0 s llw sy 59
o— 1 0)(a 1 :
< CK [lu = e[|S0 0w s r)
Similarly, we have
a— (1-6)(a—1)

sllicsry < CEP@ [lo = || S0 0 lwllcsery. (3.10)

Gathering (8.8)), (3.9) and (BI0), we deduce that there exists some positive constant
C independent of T, ug, u and v such that

|wllxcs () < CN(T, ug, u, v)||w||xcs ()
where
1 9 @ 1 1 0 a—1
N (T, ug, u, v) == iyl = e gl S0 ) + [lo = e uoll So ey

Since 0 < 6 < 1, the above quantity goes to zero as 1" tends to zero, thanks to (3.7)
and ([3.6). Thus, there exists some 7" such that

1
||w] ]CS(TI) S §Hw| ]CS(T/)

for instance, which implies the uniqueness on the interval [0, 7"]. Set
T =sup{t € [0,7]; u(t) =v(r), 0 <71 <t}
The preceding argument shows that 7% > 0. Now assume by contradiction that

T* < T. By continuity of u and v, we have u(T*) = v(T*). Setting u*(t) = u(t+T%)
and v*(t) = v(t + 1), we may express the solutions as

u*(t) = e u(T*) + /0 AL F(u(T +7,0)) dr
and  v*(t) = e u(T) +/0 (t=7) M| PFE@(T +7,-))} dr,

where 0 <t < T — T*. By a similar calculation as above, we may show that

|w* —v*||ics(ry < N(T,u(T*),u,v)||u" — v*| K (T)

which implies again that there exist some 7" such that u*(t) = v*(¢t) for ¢ € [0,7"],
e, u(t) =wv(t) for t € (T*, T* +T"), a contradiction. Thus, u(t) = v(t) on the
whole interval [0,7]. This completes the proof of Theorem [I.3 - (17).
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3.1.2. Proof of (i). Let up € L% (R?) (up € LX(RY) if ¢ = 00). We recall that
Cg°(R?) is dense in the space L? (R?) by Proposition 5.1}, which ensures the prop-
erty ([B.6). Thus, there exists some real number 7' that is small enough so that
le"®ug || cs(r) < p. Now Lemma B.T] asserts that

HUHLO"(O,T;LZC) < HetAuOHLOO(O,T;LZC) + Ca|u| %S(T) < [Juol i, t CoM*.

The time-continuity at ¢ = 0 follows from a well-known argument (see [17)23]
for example). Thus, u is an L (R?)-mild solution to () on [0,77] such that
|ullcs(ry < M. To deduce the estimate (LI0), it suffices to take p = ||e"®ug| k=)
and M as in Remark Given ug € L7 (R?), let the maximal existence time
T, = T (ug) be defined by (L0) with s = s.. By a standard argument, uniqueness
ensures that the solution can be extended to the maximal interval [0,75,).

3.1.3. Proof of (iii). Given two initial data wug,vy € LI (R?), we next show the
Lipschitz continuity of the flow map. Let u and v be two solutions associated
with the initial data uy and vy, respectively, constructed in (i) with the estimate
ullics(ry < 2|le"ugl|xcs (). Let w := u—v and wg := ug—vo. We carry out the same
calculations as before to see that there exists a positive constant C'5 such that

leolleoirszs, ey < e o zoeiomzs oy + Ca (Il + Ioligry ) o

< llwoll g, +2C5 M~ ||w]

Ks(T)

Ks(T) s

where M = max{|e"®ug||xcs(r), [|e"vol|ics¢r}. By taking T smaller if necessary
(2C5M~* < L for instance), we deduce the Lipschitz stability on the short time-
interval [0, 7.

3.1.4. Proof of (iv). We prove the blow-up criterion by a contradiction argument.
Let T, < oo and suppose that ||u||xs(z,,) < 0o holds. Let u be a maximal solution
and let ¢ty € (0,7),), to be fixed later. We aim to prove there exists an ¢ > 0 such
that

e u(to)lxs(rntoe) < P (3.11)
where p > 0 is the constant as in Lemma B Once ([B.I1) is proved, the solu-
tion w can be smoothly extended to T, + . Moreover, u is unique in C([0, 7, +
el; L1 (RY) N K*(T,, + ) by (i), which contradicts the definition of Tj,. Thus,
HUHK“’(Tm) = o0 if T, < 0.

Let us concentrate on proving (BI1I). We may express the maximal solution as
follows:

t
u(t + to) = e®u(ty) + / DAL F(u(to 4+ 7))} dr, 0<t< T, —to.
0

Thus, we have

e u(to) llics (1, -0)

< [Ju(- + o)

ICs (Tm—to) _I_

/0 MDA [P (ulto + 7))} dr

Ks (Tm _t())
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For the first term, we have

hic+ )iy = sup Tl t)le = sup (s — t0) % u(s)
0<t<Tm—to to<s<Tpm,
T —t kR se=s T —t =R
s( ) p ||U(S)||Lq§( ) llle-crns.
to to<s<Tm t()
(3.12)

For the second term, Lemma yields

Since the right-hand sides in ([812) and [BI3) go to 0 as ¢ty — T},,, we may fix some
to close enough to T), so that

< Collu(- +to)]
K3 (Tm—to)

/0 D] P F(ulto + 7))} dr

ooty (3.13)

K (T —t0) < 2‘36585.

le"u(to)]

Let ¢ € (0,7, — to), to be fixed later. Then, we have

Sc—s

Sc—s 2 Sc—s
swp T Bulty) g = sup (*) 57 e 1) |
2e<t<Tm—to+e e<s<Tm—to S
s+e\ T
< ap ( ) € u(to) et
e<s<Tim—to S
< 2% e ulto) oz < 5.
(3.14)
where we have used
sup S+E§2.

e<s<Tm—to S

On the other hand, since u(ty) € LI (R?), we may fix some & > 0 such that

p
HetA“(tON Ks(2e) < > (3.15)
By (BI5) and (3.14), we deduce that
e uto)llics (1 —tote) < e ulto) sy +  sup 77 [[ePu(to)| 1o
2e<t<Trm—to+e
p P
<D, P

which proves ([B.11)).

3.1.5. Proof of (v). Taking T" = oo in Lemma B we deduce the global exis-
tence. Lastly, we show that if T}, = oo, then the solution is dissipative. We sketch
the proof, as most of the computations are similar to the previous ones. We take
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{uon tnso0 € C°(RY) such that wug, — ug in Lgc(Rd) and decompose the integral
equation into

tl
0) = ¢+t )+ [ ()
0

+ [ Ry ar

where 0 < ¢’ < t. The first and second linear terms obviously tend to 0 as n — oo
and t — oco. On the other hand, we may let ¢’ so close to t so that the fourth term
is small. Now that # is fixed, the third term can be written as e*~*)2 f(#') with
f(t') € L7 (R?), so we may use the semigroup property of e and an approximation
argument again. This completes the proof of the theorem.

3.2. Proof of Theorem
Lemma 3.4. Let real numbers T € (0,00), p >0 and M > 0 satisfy

a—1

p+ CoT T =N < M and 20,77 Gt < 1, (3.16)

where Cy and Cy are as in Lemma [Z8. Under conditions [(I7), (LX) and ([J),
let ug € S'(RY) be such that e®uy € K*(T) for T fized as above. If ||| (1) <
p, then a solution u to (L)) ewists such that u — e"®ug € C([0,T]; LYR?)) and
ull e (ry < M-

Remark 3.5. To meet condition (B.16]), it suffices to take M = 2p and T such that

2

T < min {(20150)—((171)%307@’ (2066\'1)_ (a—l)%sc—g) } p_r,g

Proof of Lemma[34) Setting the metric d(u,v) := ||u — v|
(K*(T), d) is a nonempty complete metric space. Let Xy = {u € K5(T); ||ul

Rs(1ys We may show that

IES(T) <
M} be the closed ball in K%(T") centered at the origin with radius M. Similarly to
the critical case, we may prove that the map defined in (2.2]) has a fixed point in
Xy, thanks to Lemma 226 and (3I6). Thus, Banach’s fixed point theorem ensures
the existence of a unique fixed point u for the map ® in X M-

Having obtained a fixed point in K*(T'), we deduce u— e®uqy € L>(0,T; LYRY)
thanks to Lemma 2.8, provided further that (LIT]), (2:22]) and (2.23) are satisfied.
We see that s < s < s, imply

{ v 2} S+
max ,§—— <
a—1 « Q

SO % is a new lower bound for s. In conjunction with this stronger lower bound
517 < s, there also appears a new upper bound for 1. More precisely, for such an s
(€3 q

satisfying (2.19) and (2.23)) to exist, ¢ must satisfy, in addition to (2.I8) and (2.22)),
1 1 /2 ~
<—(O‘+7—s>. (3.17)

5 da \ a—1
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Indeed, gy < s, is equivalent to % < (2 A) We notice that (1 — £) <
11— fapy) and Lt ) > L2 - “) as —= < 5. Thus, combining ([2.I8)
and (BI7T), we deduce that the conditions for ¢ are (LI2) O

We omit the proofs of (i), (i) and (éi7) of Theorem as they are standard.
We only prove (iv).

3.2.1. Proof of (iv). Let uyg € LLR?) be such that T,, = T,,(up) is finite and let
u € C([0,Ty,); LYRY)) be the maximal solution of (II). Fix ¢y € (0,7,,) and so
that we may express the maximal solution by

t
u(t+t0):emu(t0)+/ (t=7) {| "F(u(to+7,-)}dr, 0<t<T,—
0

We observe that

Julto)llze + Co(Ty — o) T <O M* > M

holds for all M > 0, where Cy is as in (Z20). Otherwise there exists M > 0 such
that B

lu(to)ll g + Co(Tm = t0) T 91 < M
so that one may argue as in the proof of existence to obtain a local solution such
that |lu(t+1o)[ze < M for t € (0,15, —to] and in particular, u(7;,) is well-defined
in LI(R?), contradicting the definition of T,,. Let M = 2||u(to)|| s so that

~ a—1 _3
lu(to)ll s + 2 Collu(to)1s (L — o) "= *= > 2u(to) | 22,

which yields (LI4). In particular, [lu(¢)||rs — oo as ¢ — T},. Thus, we conclude
Theorem [L.I0.

3.3. Proof of Theorem [I.9. Let ¢(z) := \x|_% for x # 0. We first claim that
a initial data ug given by wg(z) := cip(x) with a sufficiently small ¢ satisfies the
all assumptions of (v) in Theorem with T" = oo, thereby generating a global
solution to the Cauchy problem (LI]) with the initial data uy. Since v € L}, .(R?)
as a > ap(d,7), ¥ € S'(RY) and ey is well-defined. Since s < s., there exist
S1,8 € R such that s < s; < s, < Sg. As in the proof of [I, Theorem 1.3],
we can prove that 1) can be decomposed into ¥ = 1 + 2, Y1 = X|g>1% and
Yy = Xjzj<1¥ so that ¢y € LI (R?) and ¢ € L% (R?). This implies that the
estimate ||e (1¥nllze, + l2llze,) holds, thanks to Lemma 1l By the

homogeneity of the data, we deduce |[e'®1|xs < oo. Thus, if the constant c is
taken small enough so that (v) in Theorem [L.3]is satisfied, the initial data ug = ¢y
generates a unique global solution to (ILTI).

Let ¢ := w1 be as in the assumption of Theorem [L9 Then we note that ¢ is
homogeneous of degree —O:'I. We show that the global solutlon w to (T with the
initial data ¢, which is obtained by (v) in Theorem [[3] is also self-similar. To

this end, for A > 0, let ¢, be defined by ¢,(z) := Agw()\x). Since the identity
lealles = [l¢]lics holds for all A > 0, it follows that ¢, also satisfies the assumptions
of (v) in Theorem As uy given by ([I2)) is a solution of (L) with initial data
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ox, and |Juy||s = ||u|cs for all A > 0, we deduce that v must be self-similar since
v = ¢. We denote the global self-similar solution u by us. The fact us(t) — ¢
in §'(R?Y) as t — +0 follows from (4ii) in Lemma Bl This completes the proof of
Theorem [L.9

4. NONEXISTENCE OF LOCAL POSITIVE WEAK SOLUTION

In this section we give a proof of Theorem [[LI3] As the argument is standard,
we only give a sketch of the proof. For the details, we refer to [12, Proposition 2.4,
Theorem 2.5].

4.1. Proof of Theorem [I.13l Let 7" € (0,1). Suppose that the conclusion of
Theorem [LT3 does not hold. Then there exists a positive weak solution u on [0, 7T)
(See Definition [LT2). Let

t T
= (z)o (7).
where n € C5°([0,00)) and ¢ € Cg°(RY) are such that

1, o<t 1, |z <t
t) =< - = and =< -
i) {0, t>1, ¢() {0, 2| > 1.

Let [ € N with [ > 3, which will be chosen later. We note that 1, € C12([0,T) xR9)
and the estimates [0, {¢r(t, z)}'| < Sp(t,2)'~! and |0§j{¢T(t,:ﬂ)l}| < Sopp(t, )t
hold for j =1,...,d. We define a function I : [0,7") — R>( given by

I(T):= |z u(t, 2)* Y dtd.

/[O,T)x{|m|<\/T}
We note that I(T) < oo, since u € L¥(0,T; L%, (R?)). By using the weak form

2 loc

(LIT) and the above estimates, the estimates hold:
/ﬂ)vT)X{|~’U|<\/T}

I(T) —l—/x<ﬁuo(x)¢l (%) dx =
C

1
<= a2 dt da.
T Jo,r)%{|2|<vT}

w(Oh + AYh) dt do

Here we choose [ as
2ce
a—1
By Holder’s inequality and Young’s inequality, we may estimate the integral in the
right-hand side above by

[
——+1-2>0, ie, [>
«

C

L 1 1 1
T—l/ lulebgt dtde < I(T)a - T K(T)o < =I(T) + ==K (T).
[0.7)x{|al<vT} 2 T
where 1 = é+$, ie., o/ = =% and
—YNo! _ 7 1_¢+4
K(T> = / (|x‘ a) dtdx = T/ |(L“ o1 dr =C7T 20a-172
[0,7)x{|x|<vT} || </T
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due to a > 1+ 7/d. Summarizing the estimates obtained now, we have

& & R
/m @ ( ﬁ) de < I(T) +2 /| o ( ﬁ) iz < OT- 755+,

(4.1)
We now choose the initial data ug as
el el <0,
() = {0 otherwise
with
d
5<min{s—|——,d}. (4.2)
q

Then ug € LI(R?) and by T < 1 and 3 < d, we have

T Bd Bd
uo(z) ¢’ (—) de =T "2 / ly| P! (y) doe = CT = 4.3
/x<\/T VT lyl<1 (43)
Combining (1)) and (3], we obtain

B_ 247
0<C<T?2 %0 -0 asT —0, (4.4)

where

B 24y .

——————>0 ie. >

2 2a-1) Le. B
which leads to a contradiction. Thus the proposition holds if we take (3 satisfying
([@2) and (£35), which amount to s > s. and a > ap(d,~y). The proof is complete.

2ty

— (4.5)

5. APPENDIX

We list basic properties of the weighted Lebesgue spaces L4(RY).

Proposition 5.1. Let s € R and q € [1,00|. Then the following holds:

(1) The space L1(RY) is a Banach space.
(2) C&(RY) is dense in LY(R?) if ¢ and s satisfy

d 1
1<g< oo and ——<s<d(1——).

q q
(3) For s1,82 € R, q1,q2 € [1,00], we have
1 llze < A2 11

for s =0s1 + (1 —0)ss, %:q%jth;f and 0 € (0,1).

Proof. (1) The space LI(R?) is a Lebesgue space with a measure du = |z|*? dz. See
any standard textbook for the proof of its completeness.

(2) Recall that the weight |z|*¢ belongs to the Muckenhoupt class A, if and only if
—g <s<d(l-— %) when ¢ € (1,00), and |z|® € Ay if and only if —d < s < 0 when
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¢ = 1. Now the density follows from [I6][Theorem 1.1].
(3) For s and ¢ as in the assumption, we have

g < A0 1 ATl 12 £l = ANy N1

The following pointwise bound is well-known in the literature.

2
||

Lemma 5.2. Let d € N, g € [1,00) and a,b,c € R. Let g(x) := (47) " 2e 1.
(1) There exists a constant C' depending only on d, q, a and b such that
sup [ (ol kel ~ )"y <
zcR4 JRd

provided that 0 < a < g and b > 0.
(2) There exists a constant C' depending only on d, q and ¢ such that

sup / (ly|g(z — y))7dy < C
Rd

xcRd

provided that 0 < ¢ < g.

Proof. In what follows, we shall use the fact that there exists an absolute constant
C such that

g(z) < C{z)™ (5.1)
for any N € N, where (z) := (1 + |z]?)2. Let

1) i= [ (ol = ylata =)y

- / Iyl — yl*g(z — y)) dy + / Iyl — yl*g(z — 4))* dy
ly|<|z—yl [y|>]|z—yl
= Il(l’) + [2(1’)
Thanks to (5.1) and 0 < b, we have
Li(z) <C ly| "z —y)" T dy < C ly|~*9(y) " dy < oo,

lyl<|z—yl lyl<|lz—yl
if aqg < d. Moreover, we have
hiz) <O o=y Vgl — )y <€ [ ol gty < oc,
ly|>|z—yl R4
if @ >0 and (a —b)g < d. Thus, I(x) < oo uniformly with respect to € R% The
proof for the second inequality is similar so we omit it. O
We recall the following elementary characterization of L!(R?)-functions.

Proposition 5.3. If f € L'(R?), then
liminf |z]|¢|f(z)| = liminf ||| f(x)| = 0.

|z|—0 |x|—o00
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Proof. We show the contrapositive. Suppose that lilnll i%f |2|%| f(z)] = ¢ > 0. Then
T|—

there exists some positive § such that § < |z|f(x)| for |z| < 4. Thus,

5
/||<6\f(x)\dx20/0 r~tdr = cllogr] = 400,

which implies f ¢ L'(R?). The second equality is similarly proved. O

As a corollary, we have the following.

Corollary 5.4. Let s € R and p € [1,00]. If f € LP(RY), then

h‘rr‘lmf|x| sty rlg(x)| _l‘lf{llnﬂﬂ *5 »lg(x) = 0.

Finally, we give a proof of the fact that the LZ(R?)-mild solutions also satisfy the
equation ([II)) in the distributional sense.

Lemma 5.5. We assume the same assumptions as in Theorem[I.3 (resp. Theorem
[L10). Let u be a LYR?)-mild solution on [0,T) in the sense of Definition [L2
Then w is a weak solution in the sense of Definition .12,

Proof. We prove the critical case only, since the subcritical case can be treated in
the similar manner. Let 7' > 0 and u be an L? (R?)-mild solution on [0,7]. First
we prove u € L*(0,T; leOC(Rd)). Let Q C R? be a compact subset of RY. We also
assume that ¢ > « since the case q = « can be treated in the similar manner with
a slight modification. Since s, —2 < s < (d+7)/a —d/q, by the Hélder inequality,
the following estimates hold:

a a(y—as)
elieorason < | ( / o5 dx) )
<o =

which implies that u belongs to L{(0, T Lw loc(Rd)) Next we prove that u satisfies
the weak form (LIH). Let n € C%2([0, T] x R?) be such that for any t € [0, 7],
suppn(t,-) is compact. Let 7" € (0,7T). Since C§°(R?) is dense in L (R?) thanks

to Proposition 1] there exists a sequence {ug;} C C5°(RY) such that the following
identity holds:

Ks(T < 09,

jli_)fgo |uo — uogl[Lz. = 0.

By this identity and the integration by parts, we can prove the following identity:

/[ s (etAuo)(:)s)(An + Om)(t, z) dzdt
0,7"]xRd

_ /R (M Bug) (@) (T, @) d /R uo()n(0,2) da.
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Thus it suffices to prove the identity

/ N(u(t,x))(An + Om)(t, z) dedt = — / || " F (u(t, x))n(t, x) ddt,
[0,T"] xR [0,T7]xRe
(5.2)

where N is defined by (23). We write G(t,z) := |z|"F(u(t,z)). Then we can
express N(u) as

N(u) = /Ot eIAG(1) dr.

Moreover, the equality

(sc—s)a

sup ¢ 2 |G| 2 = [lulls(r) < o0
te[0,T] o
is valid, where o := as — 7. Since the time interval [0,7] is compact, by using

mollifiers with respect to the time variable and the space variables, we can find
{G,} € C5°([0,00) x R?) such that
(sc—s)a

lim sup 2| G(t) — G(t)]| & = 0. (5.3)

J=%0 te(0,T] Ls

We define a sequence {N;} as
t
N;(t,x) = / IAG (1, 2) dr.
0

In a similar manner as the proof of Theorem [[.3] we can prove that

oy < C sup £ 2 |Gy(t) = G| 2 — 0
te[0,T] Ls

[N; = N (u)]

as j — o0o. By this fact, we deduce that

R.H.S of (B2)) = lim N;(t, x)(An + 0m)(t, z) dxdt.
77700 J[0,T"] x R4
Since G; is smooth, so is N; and hence, by the integration by parts, the identity
/ N;(t,x)(An+ 0m)(t, z) de dt = / Gj(t,x)n(t, x) dx dt.
[0,77] x R4

0,T7] x R4

holds for any j. By taking the limit j — oo in the right-hand side and (53], we
have

lim N;(t,z)(An+ 0m)(t, ) dedt = / G(t,z)n(t, x) dzdt.

3= J[0,177] xR [0,T7]xRd

Thus we obtain (5.2]), which completes the proof of the lemma. O
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